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Abstract.

In this paper, we introduce a new class of meromorphic multivalent functions in the puncturedunit discU* = {z € C: 0 < |z| < 1}. We
obtain various resultsincluding coefficients inequality, convex set, radius of starlikeness and convexity, 6-neighborhoods , arithmetic
mean and extreme points .
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1. INTRODUCTION

Let 2, 4be the class of functions of the form :

f(z)——+ z azkt (peN,a=0) (1)
-
are analytic and meromorphic multlvalent in the punctured unit discU* = {z € C: 0 < |z| < 1}.

Consider a subclass H' of the class I, consisting functions of the form :

<3

1
@)=+ ) aa, @ 20peN) @
k=1-a
The convolution (or Hadamard Product) of two functions, f is given by (2) and

g(z) = ——+ Z b z¥*P, (by=0,peN) 3)

is defined by

(P D)@ = e + Z iz, (peN,a20)
Definition(1):
Let f € H'be given by (2), theclass H(p,a, 3, 1) is defined by

z(f(z)) -1 -R(f@) Ak
)

2-Coefficient Bounds:

1
H(p,a, B, 1) ={f € H < W, aZO,,O<BS1,0<uSp

+a

%)

In the following theorem, we obtain the sufficient and necessary condition to be the function fin the class H(p,o, 3, 1) -

Theorem(2.1):
Let feH" . Then the function f € H(p, o, B, 1) if and only if

[(k+p@—-—w—pp+1lay <(p+)@2-wW+up-1, (5)

o

Proof :
Letf € H(p, a, B, 1) . Then

It

k

(@) + (1 - (@) L () + (1 - B)(E@) + 2(f@)) + B(F(2))
| 2(f@) +B(f2)) | 2(f(2)) + B(f(2))
_ [z + B a2 ] 4 (1= P[P + TR a 2] B + 35 a2 ]|
220+ + By ] + Bl 00 + T,z I
B ‘—Z(p + )z PO 42372 (k4 p)agzKtP 4+ (1 — Bz~ PHI + (1 — B) By _q 2P + Bz PO 4 gy az 1P|
B —(p+)z=Cr + ¥ (k+ p)azkt? + Bz~ PO + By azktp |

~ ‘[—Z(p +0) + [(1 = B) +Bl]lz~ 0+ + TR _[2(k +p) + [(1 = B) + Bl]ayz"*P
- [—(p + ) +Blz=®+0 + X, [(k+p) + Blagzk+?

Since |Re(z)| < |z|for all z, we have

Re {[ 20+ )+ [(1=B) +Blz P + ¥ _[2k+p) +[1-B) + B]]akzkﬂ’} .
[+ +Blz @0 + 32 [(k+p) + Plagz .

If we choose z to be real and let z— 17, then

D Ik+ P =W -+ Lag < (p+ 02— W +up—1
=1

k=1-a
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Conversely, assume the inequality (5) holds true and |z| = 1 ,then, we obtain
|2(f@) + (1 - B)(f@) + «(f) +B({@)| - n|2(f@) + B(t))|

=|-2(p + )z~ ®PTO + 237 (k+p)azitP + (1 — Pz P + (1 - B T a kP + Bz 4 By az | —
u|—(p +@)z7 PO 4 3 (k+ p)agzktP + pz= Pt + gy akzk+p|

=|[-2(p+ @) + [(1 — B) + Bl|z~ P+ + ¥, [2(k +p) + [(1 — B) + Bl]ayz"*?| —  p|[-(p+ )+ Blz P+ + 32, [(k+p)+
Bakzk+p

<3}

<[1-2(p+0)]+ Z [2(k+p)+ 1]ay + p(p +a) —up — u Z [(k + p) + Blak

k=1-a k=1-a

= D+ P@ - -+ U~ (p+ @ - W) —pp+1<0,
=1—

k o

by hypothesis .

Then by Maximum modulus Theorem, we havef € H(p, a, B, ) .0

Corollary(2.2):
Let f € H(p, o, B, ) . Then

p+a)2-wW+up-1
k+pC2-wW-ps+1

ag < , k>1—-a.

3- Convex set
Theorem(3.1):

The classH(p, a, B, wis convex set .

Proof:

Let f and g be the arbitrary elements of the classH(p,a,B,).Then for every e(0<e<1), we show that
(1 - e)f(z) + eg(z) e H(p, o, B, ).

Thus, we have

(1 - )f(2) + eg(z) = z~®+ + Z [(1 = &)ay + eby],
k=1-a
and

[es)

k+pC2-wW-ps+1

L Gra@-w+u-1 (L= exggen

o

=(1_e)z (k+p)(2—u)—uB+1]k ez k+p)2—-wW—pp+1 o

P+@—w+up—1|° p+oQR-W+up—1| =

k=1-a k=1-a

This completes the proof .
4- Convex Linear Combination

In the following theorem , we prove the class H(p, a, B, ) is closed under convex linear combination .

Theorem(4.1):
Let the function f; (i = 1,2)defined by

fi(z) =z~ P+ 4 Z ay,z¥"P, (aki =0,i=12)
k=1-a
be in the class H(p, o, B, 1) .Then the function F defined by

F@ = 27040 4 ) (aga? + ay )2 ©)
k=1—-a
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belongs to the class H(p, , B,y) , where

y QCr+a)—DIk+p)2—-—w —pp+ 11> —[2k+p) + 1][(p + (2 — W) + pup — 1]
T (p+a)-B)k+p2 - —pB+ 12— ((k+p)—B)[(p+a)(2—p) +pp —1]?

Proof :

We must find the largest y such that

(p+a)2—p+up— 1> (ar® +a?) < 1

a

i ((k+p)(2—u)—uﬁ+1
k=1—

Since f;j(z) € H(p, o, B, 1), (i = 1,2), we get

i (k+P)(2—u)—uB+1Za_2
L \p+a)2-w+up-1 ki

k

3 o (k+p)(2—u)_“BJrla | 2
s k=1_q(p+ﬂ)(2—u)+uﬁ_1 k,i

a

IA

1, i=12) ™

For fi(z) € H(p, o, B, ), (i = 1,2), we have

i 1<(k+p)(z—u)—us+1
2

2
(p+a)(2—u)+u[3_1> (a1 ? +a?) <1 .

k=1-a
But F € H(p, o, B, w) if and only if

i ((k+p)(2—y)—yB+1
p+2-y)+yp—1

)(31(,12 +ag,?) <1 (€C)]
k=1-a

The inequality (9) will be satisfied if

[(k+p@2-y)—yB+1] [(k+p)(2—p —pp+1]?
[(p+)2-y)+yB—1] " [(p+)2—wW+pup—1]2 ’

k=>1—-a.

So that

! QC+a)—DIk+p)2—w —pp+ 11> —[2(k+p) + 1][(p + ) (2 — W) + pup — 1]?
T (p+ ) -B)Ik+p2 - —pB+112—((k+p)—B)[(p+a)(2—p) +pp —1]?

5- Radius of starlikeness and convexity
Theorem(5.1):
Let f € H(p, @, B, w). Then the function defined by

Z

A . A
F(z) = Ff t}\f(t)dt =7+ 4 Z makzkﬂ’ AS> =1 (10)
0 k=1-a

ismeromorphically multivalent starlike in the disc |z| < R; ,where

R = inf A+k+ D+ a)[k+p)(2—-M) +Mp-—1]
VTR U A+ 200+ 3p)[(p + ) (2 — M) — MB + 1]

k+a1+2p
} .n=21-a 11

Proof:

We show that

zF (2)
F(z)

Ryis given by (11), in view of (10) ,we have

<(p+a) in |z|<R; . 12)

+(p+a
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' - © A — © A
|2F (2) + (p + OF(@)| _ —(p+ o)z~ 4 Rl G Pazk*? + (p + )z~ P+ + (p + a) Zk:1_amak2k+p|
= — = 7y
| F(Z) | Z (pt+a) + Zk=1_umakzk+9 |
0 A 0 A
Zk=1_am [k + o+ 2p]akzk+l’ < Zk=1—um [k + o+ Zp]ak|Z|k+°‘+2p

A
— [oe]
A DY SN voeri Gl

A
Zk 1 u)\+k+1a |Z|k+a+2p

Then (12) be satisfied if

MKk + 2a + 3p)

— |zt < 1 (13)
_a()\+k+ Dp+a)

Hence, by Theorem(2.1),(13) will be true if

Ak + 2a + 3p)
A+k+Dp+a

[k+p)2-M)+MB—1]

| |k+a+2p
T [p+)(2-M)-MB+1]

or equivalently

2] < A+k+D(P+)[k+p)(2—M) +Mp—1] T
= | AMk+2a+3p)[(p+a)(2—M) —MB +1]

For k > 1 — a, The result follows by setting |z| =
Theorem(5.2):

Let the function f given by (2) be in the class H(p, a,,4) . Then the function F defined by (10) is meromorphically multivalent
convex in the disc |z| < R,, where

R ey e e IEELET as
Proof:
It is sufficient to show that
z:(())+(p+a+1)‘<(p+a) in |z] <R, 15)

In view of (10) we have
|ZF"(Z) +(p+a+1DF(2)
| F'(2)
ooy K+ P+ p = Dad !+ (p + at D[=(p + )z CH 4 T2, (k+ paz 1|

| ~(p + o)z *erD) 5, I (+ pagzitet |

|(p +a)(p+a+ 1)z~ @D 4 3o

oo A - o A
i1 oy (Kt p)(k+ a+ 2plaziP! oo Yciagpg KAPIK+at 2p)ay|z|<+or?p

P 0 A 1| = = ) A
—(p+a)z (p+otl) 4 Zk:l—am (k+ p)akzk+P 1 —(p+ )z (ptatl) 4 Zk:l—am (k+ p)ak|z|k+°‘+2P

Then (15) be satisfied if

— Ak +p)(k + 2a + 3
Z( P)( i p)ak|z|k+°‘+2pS1. (16)

A+k+1D(p+ a)?
k=1—a

Hence, by Theorem (2.1),(16) will be true if

AMk+p)(k+ 20+ 3p)I [kerarzp [k+p)(2—-M)+MB—-1]
A+k+D(p+ a)? T p+a)(2—-M)-MB+1]°

or equivalently

) < [k DO+ Pk + p)(2 = M)+ MB— 1]}
~ (AMk+p)k+2a+3p)[(p+a)(2—-M)—-MB+1]

)

forkeN ,k = 1, The result follows by setting |z| =
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6- Neighborhoods properties

In the following the earlier work on neighborhoods of analytic functions by Goodman[3] and Ruscheweyh[5] for the elements
of several famous subclasses of analytic functions and Altintas and Owa[1] considered for a certain family of analytic
functions with negative coefficients, also Liu and Srivastava[4] and Atshan[2] extended for a certain subclass of
meromorphically univalent and multivalent functions .
We define the & —neighborhood of function feZ, , by
Ns(f) = {geEp,a 1g(z) =z~ (+0 4 Z b z¥*P and Z klay —by] <8,0<6< 1} 17)
k=1—a k=1-a

For the identity function e(z)=z, we have

Ns(e) = {geZP,a 1g(z) = 270+ 4 Z b, z¥*P and Z klby| < 8} (18)
k=1—a k=1-a

Definition(2):

f(z)

A function f € Z,, 4 is said to be in the class H®(p,q, B, u) if there exists a function g € H(p,a,B, u) such that e

0,zel,0<e<1)
Theorem(6.1):
If g € H(p,q,B,u) and

1|<1—

81+pR-wW-pp+1
0=1-— 19
A-[C-W(A+p) —(+®)—2(us—-2)] (19

Then N5(g) « H(p,a,B, 1) -
Proof:
Let f € N5(g) .Then we find from (17) that

kla, —b,| <8,
k=1-a

which implies the coefficient inequality

. 5
. e _ -
lay — byl < 1—a , (20)
k=1-a
Since g € H(p, &, B, 1) , then by using Theorem (2.1), such that

(o5}

Z » <(p+a)(2—u)+uﬁ—1
KT O+p-w-—pp+1’

k=1—a
We have
N (p+0@—W+up—1
k:Z—abk SU+DE-w-wp+1 (21)
Using (20) and (21), we get
f@) _ ‘ Zicsi—glax — byl _ S(1+p)(2—1) —up+1 L
g(z) 1-2iobe — (1— 0()[(2 -wW(@+p) - (p+a) -2 - 2)]

Hence, by Definition(2) f € H(p, a, B, 1) for 6 given by (19) .
7- Arithmetic mean

In the next theorem ,we will prove the arithmetic mean property .

Theorem(7.1):
Let f;(2), f,(2), ..., fi(z) defined by
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fi(z) = z7 P+ 4 Z az&P k= 1-aa,;=0,i=12,..,1 (22)
k=1-a

be in the class H(p, «, B, 1). Then the arithmetic mean of f;(z) i = 1,2, ...,1 defined by

1
ht) =162 23)
i=1

is also in the class H(p, a, B, 1).

Proof:
By (22)&(23) ,we can write

h(z) =

_—|p4

1
Z(Z—(p+a)+ Z ak‘iz(kﬂ)))
k=1-a

i=1

— =+ 4 Z ag; |20
k=1-a i=1

Since f; € H(p, a, B, u) for every (i = 1,2, ...,1 ) so by using Theorem (2.1), we prove that

[e] l
Z [(k+p)(2—w —pB +1] GZ ak,i)

k=1-«a i=1
1
=12
1
i=1
1

<7D [k+p)@=w - up+1]
i=1

—| =

el

M

[(k+p)2—w—pB+ 1]ak1>

k=1-a

[uny

=[kk+p@-w-pp+1]
The proof is complete .00
8- Extreme points
Now, we obtain the extreme points of the class H(p, a, B, W).
Theorem(8.1):
Let f_q4, =z~ D and

(p+a)(2—u)+u8—1zk+
k+pR-wW-pp+1

fork=1 —a,2 — a, ....Then f € H(p, a, B, W) if and only if it can be expressed in the form

fiorp(z) = 2700 P, (24)

() = ) terpficrp @ (25)

k=—a

wherepy, 20 andX_ Miyp = 1.

Proof:

Let f(z) can be expressed as in (25) . Then

(@ = ) el @)

k=—a
where  pyy, 20 and}P__, iy = 1.Then

) = Heapfarp@+ Y pisp@

k=1-a
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N (P+a)@—w+up—1
=y .,z @t 4 Z (Z—(p+a) + Zk+p
oot L Hie C+P)Z-w —pf+1

_ C @roQ@-wtup-1
_ (p+a)
= Za(k+p)(2—u)—uﬂ+1zk+p

[oe]
= z~(p+a) Z uk+pzk+p

(p+a)2—pw)+up -1

Where w1y = e+t

By Theorem (2.1), we have f € H(p, a, B, ) if and only if

o (k+p)Q2—p) —pB+1

<1
o G-+ ap -1
For
f(z) = z7®+0 4 Z Wip 2P
k=1-a
Hence

o

(k+p)(2—u)—uﬁ+1>< p+a)2-—w+up-1
G+roC-p+up—1 MG rpC-—p-up+1

] Z Mk+p=1_/'l—a+p£1
k=1-a

Conversely , assume f € H(p, a, B, ). Then ,we show that f can be written in the form :

k=1-a

f@ = teapfiern@

k=—a
Now,f € H(p, @, B, 1t) ,implies from Theorem (2.1)
. P+a)2-—p)+pup—1
P h+p) Q- —pp+1

(k+p)(2=p)—pup +1
+a)—p+up -1 *+P

HUgip = 1= Z Hi+p
k=1-a

Then f(z) = z~®+0 4 z A ypz* P

Setting ty1p = , k=1—-a,2—a,.. and

k=1-a
e 4 Z (p+a)2—p)+up— 1uk+ k+p
LU+ —w—pup+1 ve

= 0+ 4 z sy (feay — 2 @+O)
k=1-a

=z~ 0F®) (1— Z .Mk+p> Z Micp fierp
k

=1— k=—a

= Z_(p+a)l‘l—(x+p + Z uk+pfk+p
k=1-a

= :E: “k+pfk+p(z)

k=—a

The proof is complete .00
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