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Abstract

We prove existence and uniqueness of mild solutions to Sobolev type fractional nonlocal
dynamic equations in Banach spaces. The Sobolev nonlocal condition is considered in terms of
a Riemann—Liouville fractional derivative. A Lagrange optimal control problem is considered,
and existence of a multi-integral solution obtained. Main tools include fractional calculus,
semigroup theory, fractional power of operators, a singular version of Gronwall’s inequality,
and Leray—Schauder fixed point theorem. An example illustrating the theory is given.
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1 Introduction

Fractional differential equations have attracted the attention of scientists, in reason to their ac-
curate, helpful, and successful results in fields such as mathematical modelling of physical, en-
gineering, and biological phenomena. Both theoretical and practical aspects of the subject are
being explored. In particular, fractional differential equations provide an excellent tool to de-
scribe hereditary properties of various materials and processes, finding numerous applications in
viscoelasticity, electrochemistry, porous media, and electromagnetism. The reader interested in
the development of the theory, methods, and applications of fractional calculus is referred to the
books [IHI] and to the papers [I0HI7]. For recent developments in the area of nonlocal fractional
differential equations and inclusions see [I8H24] and references therein.

The study of fractional control systems and fractional optimal control problems is under intense
investigation [25H27]. Those control systems are most often based on the principle of feedback,
whereby the signal to be controlled is compared to a desired reference signal and the discrepancy
used to compute corrective control actions [28]. The fractional optimal control of a distributed
system is an optimal control problem for which the system dynamics is defined by means of frac-
tional differential equations [29]. In our previous work [22], we introduced multi-delay controls
and we investigated a nonlocal condition for fractional semilinear control systems. The existence
of optimal pairs for systems governed by fractional evolution equations with initial and nonlocal
conditions, is also presented by Wang et al. [24] and Wang and Zhou [30]. Here we are con-
cerned with the study of fractional nonlinear evolution equations subject to fractional Sobolev
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nonlocal conditions. Sobolev type semilinear equations serve as an abstract formulation of partial
differential equations, which arise in various applications, such as in the flow of fluid through
fissured rocks, thermodynamics, and shear in second order fluids. Moreover, fractional differential
equations of Sobolev type appear in the theory of control of dynamical systems, when the con-
trolled system and/or the controller is described by a fractional differential equation of Sobolev
type [BI]. The mathematical modeling and simulations of such systems and processes are based
on the description of their properties in terms of fractional differential equations of Sobolev type.
These new models are claimed to be more adequate than previously used integer order models, so
fractional order differential equations of Sobolev type have been investigated by many researchers,
e.g., in [32H35]. Motivated by these facts, we introduce here a new nonlocal fractional condition
of Sobolev type and we present the optimal control of multiply integrated Sobolev type nonlinear
fractional evolution equations. The problem requires to formulate a new solution operator and
its properties, such as boundedness and compactness. Further, we present a class of admissible
multi-integral controls and we prove, under an appropriate set of sufficient conditions, an existence
result of optimal multi-integral controls for a Lagrange optimal control problem, denoted in the
sequel by (P)). More precisely, we are concerned with the study of fractional nonlinear evolution

equations
“DP[Lu(t)] = Bu(t) + f(t, W (1)) (1)

subject to fractional Sobolev nonlocal conditions
LDy [Mu(0)] = uo + h(ul(t)), (2)

where ¢ D¢ and LDtPO‘ are, respectively, Caputo and Riemann—Liouville fractional derivatives
with 0 < o« <landte J=[0,a]. Let X and Y be two Banach spaces such that Y is densely
and continuously embedded in X, the unknown function u(-) takes its values in X and ug € X.
We consider the operators L: D(L) C X - Y, E:D(E)CX Y and M : D(M) C X — X,
W(t) = (Bi(t)u(t),...,Br(t)u(t)), such that {B;(¢) : ¢ = 1,...,r, t € J} is a family of linear
closed operators defined on dense sets S1,...,.5, in X with values in Y. It is also assumed that
f:JxX" =Y and h:C(J: X)— X are given abstract functions satisfying some conditions
to be specified later. In Section [2] we present some essential notions and facts that will be used
in the proof of our results, such as, fractional operators, fractional powers of the generator of an
analytic compact semigroup, and the form of mild solutions of ([I)—([). In Section Bl we prove
existence (Theorem [I]) and uniqueness (Theorem 2] of mild solutions to system ()—(2]). Then,
in Section [ we prove existence of optimal pairs for the (IP)) Lagrange optimal control problem
(Theorem[B]). We end with Section[B] where an example illustrating the application of the abstract
results (Theorems [ 2l and B) is given.

2 Preliminaries

In this section we introduce some basic definitions, notations and lemmas, which will be used
throughout the work. In particular, we give main properties of fractional calculus [3L[4] and well
known facts in semigroup theory [36H38].

Definition 1. The fractional integral of order a > 0 of a function f € L!([a,b],RT) is given by
1 1
Ift)= = | t—s)*" d
210 = gy [ =T s
where T is the classical gamma function. If a = 0, we can write I® f(t) = (go * f)(t), where

=t >0
o t = F(a) ’ ’
)= { @0

and, as usual, * denotes convolution of functions. Moreover, lin% ga(t) = 6(t), with § the delta
a—

Dirac function.



Definition 2. The Riemann-Liouville fractional derivative of order a > 0, n—1 < a <n,n € N,
is given by
1dr Mt f(s)
L na
DYf(t) = =———— ————ds, t>0,
1®) I'(n— «) dt» /0 (t — s)atl-n ’
where function f has absolutely continuous derivatives up to order n — 1.

Definition 3. The Caputo fractional derivative of order @« > 0, n—1 < o < n, n € N, is given by

n—1
@ t
C na _ L _ 2 r(k)
Df(t) = “D (f(t) S <o>> >0,
k=0
where function f has absolutely continuous derivatives up to order n — 1.

Remark 1. Let n — 1 < o < n, n € N. The following properties hold:
(i) If f € C™([0,00)), then

“Df(t) = ! )/Ot( RO ds =1""fM (1), >0,

I'n—« t—g)atl-n

(ii) The Caputo derivative of a constant function is equal to zero.

(iii) The Riemann-Liouville derivative of a constant function C is given by

C

LDa —
atC 'l -a)

(x —a)~ .

If f is an abstract function with values in X, then the integrals which appear in Definitions IH3]
are taken in Bochner’s sense.

Let (X, | - ||) be a Banach space, C(J, X) denotes the Banach space of continuous functions
from J into X with the norm |lul|; = sup{|ju(¢)| : ¢ € J}, and let £(X) be the Banach space of
bounded linear operators from X to X with the norm ||G||zx) = sup{||G(u)|| : [Jul| = 1}. We
make the following assumptions:

(H1) E:D(E) C X =Y is linear, closed, and L : D(L) C X - Y and M : D(M) C X — X are
linear operators.

(Hz) D(M) C D(L) C D(F) and L and M are bijective.

(H3) L™ .Y = D(L) € X and M~! : X — D(M) C X are linear, bounded, and compact
operators.

Note that (Hs3) implies L to be closed. Indeed, if L~! is closed and injective, then its inverse is
also closed. From (H;)-(Hs) and the closed graph theorem, we obtain the boundedness of the
linear operator EL~!: Y — Y. Consequently, EL~! generates a semigroup {Q(t),t > 0}, Q(t) :=
ePL7"t We suppose that My := sup,s ||Q(t)|| < co and, for short, we denote Cy = ||[L™!| and
Cy=||M1.

According to previous definitions, it is suitable to rewrite problem ([I)—(2) as the equivalent
integral equation

Lu(t) = Lu(0) + ﬁ /0 (t — s)* HEu(s) + f(s, W(s))]ds, (3)

provided the integral in (3] exists for a.a. ¢t € J.
Remark 2. Note that:

(i) For the nonlocal condition, the function u(0) is dependent on .



(ii) “D}=*[Mu(0)] is well defined, i.e., if « = 1 and M is the identity, then (@) reduces to the
usual nonlocal condition.

(iii) Function u(0) takes the form

. 1 b M Mug + h(u(s))]
M= v+ v /0 s 9

where Mu(0)|i=0 = vo.
(iv) The explicit and implicit integrals given in ([B)) exist (taken in Bochner’s sense).

Throughout the paper, A = EL™! : D(A) C Y — Y will be the infinitesimal generator of
a compact analytic semigroup of uniformly bounded linear operators Q(-). Then, there exists a
constant My > 1 such that ||Q(¢)|| < My for ¢ > 0. Without loss of generality, we assume that
0 € p(A), the resolvent set of A. Then it is possible to define the fractional power A%, 0 < ¢ < 1, as
a closed linear operator on its domain D(A%) with inverse A~9. Furthermore, the subspace D(A%)
is dense in X and the expression |ullq = ||A%u||,u € D(A?) defines a norm on D(A?). Hereafter,
we denote by X, the Banach space D(A?) normed with ||ul|,.

Lemma 1 (See [37]). Let A be the infinitesimal generator of an analytic semigroup Q(t). If
0 € p(A), then

(a) Q(t) : X — D(A?) for every t >0 and g > 0.
(b) For every u € D(A?), we have Q(t)A%u = A1Q(t)u.
(c) For every t > 0, the operator A1Q(t) is bounded and ||A1Q(t)|| < Myt~ 9e~“".
(d) If 0 < ¢ <1 and u € D(A?), then ||Q(t)u — ul| < Cyt?||A%ul|.
Remark 3. Note that:
(i) D(A?) is a Banach space with the norm |lul|, = ||A%/ for u € D(A?).
(ii) f 0 < p < g <1, then D(A?) — D(AP).
(iii) A7 is a bounded linear operator in X with D(A?) = Im(A™9).

Remark 4. Observe, as in [39)], that by Lemma[I] (a) and (b), the restriction Q4(t) of Q(t) to X,
is exactly the part of Q(¢) in X,. Let u € X,. Since ||Q(t)ully < [|A7Q(t)u] = |Q(t)A%u|| <
1QWNNA%u] = [|QE)[[[ullg, and as ¢ decreases to 07, [|Q(H)u — ully = [[A1Q(t)u — Aul| =
1Q(t)A%u— A%u|| — 0 for all u € X, it follows that {Q(t),¢ > 0} is a family of strongly continuous
semigroups on X, and [|Q4(t)| < |Q(#)]] < My for all ¢ > 0.

In the sequel, we will also use ||¢||z»(sr+) to denote the LP(J,RT) norm of ¢ whenever ¢ €
LP(J,R") for some p with 1 < p < co. We will set ¢ € (0,1) and denote by €, the Banach space
C(J,X,) endowed with supnorm given by ||u|lcc = sup,c s ||ullq for u € Q4.

Motivated by [22/[32,[40], we give the definition of mild solution to ({I)—(2).

Definition 4. A function v € Q, is called a mild solution of system ([I)—()) if it satisfies the
following integral equation:

u(t) = Sa(t) LM~ {vo + I‘(ll—a)/o [”"Jfgf))] ds] +/0 (t — 8)2~ Ta(t — ) f (s, W(s))ds,

where
5.0)= [ 176 OQE 00, T = [ 1706 OQU 0D
0 0
Cal0) = ée—l-éwa(e—é) >0, wa(6) = %i(—w-le-an-lw sin(nra), 6 € (0,00),
n=1 '

with (, the probability density function defined on (0,00), that is, (,(8) > 0,6 € (0,00) and
22 Cal0)do = 1.



Remark 5. For v € [0, 1], ones has

/ 67, (6 d9—/ 6 Mwa(ﬁ)dﬁz%

(see [41]).
Lemma 2 (See [321[40LAT]). The operators Sy (t) and Ty (t) have the following properties:

(a) For any fized t > 0, the operators So(t) and Ty (t) are linear and bounded, i.e., for any

u€ X, ||Sa(tyull < CrMollull and || Ta(t)ul < FEitllul.

(b) {Sa(t),t >0} and {Tw(t), t > 0} are strongly continuous, i.e., for u € X and 0 <t1 <ty <
a, we have ||Sq(t2)u — So(t1)ul| = 0 and || Ta(t2)u — To(t1)ul| = 0 as t; — ta.

(c) For every t > 0, So(t) and T, (t) are compact operators.

(d) For any u € X, p € (0,1) and q € (0,1), we have AT, (t)u = A1"PT,(t)APu, t € J, and

aCy M,T a
| A9T, ()| < F(;Tl@qgt @ 0 <t<a.

(e) gorMﬁ:L’ed t > 0 and any u € Xg, we have ||Sa(t)ullq < CiMollullq and || Ta(t)ully <
1o
A THIM

(f) Sa(t) and Ty (t), t > 0, are uniformly continuous, that is, for each fired t > 0 and € > 0 there
exists g > 0 such that ||Sa(t+€)—Sa(t)]|q < € fort+e >0 and |e| < g, |Ta(t+€)—Ta(t)|lq <€
fort+e>0 and le| < g.

Lemma 3 (See [42]). For each ¢ € LP(J, X) with 1 <p < oo,

hm/ [t + g) — b(t)|[Pdt = 0,

where P(s) =0 for s ¢ J.

Lemma 4 (See [41]). A measurable function G : J — X is a Bochner integral if |G|| is Lebesgue
integrable.

3 Main results

Our first result provides existence of mild solutions to system (I)-([). To prove that, we make
use of the following assumptions:

(F1) The linear closed operators {B;(t)}
spectively from X, into Y.

are defined on dense sets S,...,S, D D(A), re-

i=T,r
(F3) The function f : J x X; — Y satisfies: for each W € X7, in particular, for every element
w € M;S;, i =1,...,r, the function t — f(¢,W(t)) is measurable.

(F5) For arbitrary u,u* € X, satisfying |lullq, [|u*||; < p, there exists a constant L(p) > 0 and
functions m; € Ll(J R+) such that

1F(&W) = FE W < Ly(p)[ma(t) + - -+ mq(8)]]Ju — w7l

for almost all t € J. Here, W*(t) = (B1(t)u*(t),..., B.(t)u*(t)),i=1,...,7.

(Fy) There exists a constant ay > 0 such that

£ W) < ap(L+7ully) forall WeX; and teJ.



(F5) The function h : C(J : X4) — X4 is Lipschitz continuous and bounded in X4, i.e., for all
u,v € C(J,Xq) there exist constants ki, ks > 0 such that

1A (u) = h(v)llg < kaflu = vllg and |[R(u)]lq < k.
Theorem 1. Assume hypotheses (F1)-(F5) are satisfied. If uy € X, and ag < 1 for some
2 <a <1, then system [@)~@) has a mild solution on J.
The following lemmas are used in the proof of Theorem [I

Lemma 5. Let operator P : Q) — €y be given by

_ N S S A TR (IO
(Pu)(t) = Sa(t)LM {0+ ) /O d]

Il -« (t—s)™
t
+/ (t— )Tt — ) f (s, W(s))ds. (4)
0
Then, the operator P satisfies Pu € .

Proof. Let 0 <t; <ty <aand ag < % We have

[(Pu)(t1) = (Pu)(t2)llq

|

: ) /Otl(tl —8) " [uo + h(u(s))]ds}

5a(t0) = Salt2)IEM o0+

q

+saepar [t | "l =) (12— ) o + hu(s))lds| q
4 ‘ Sa(ts) LM~ [F(%Q) /t t (ts — ) [uo + h(u(s))]ds]

+ / (1 — ) U Talts — )£(5, W(s)) — Talts — 5)f (s, W(5)) | ods
+ / s — 97— (b — ) [Ttz — 5)F (s, W(5))ds
+ / (s — )7 Tults — 5)f (5, W(5)) | gds.

We use Lemma [2] and fractional power of operators, to get

l—o
I(Pues) = (Pu) el <Cll2 [l + (ks + ull) s ] 50 (8) = St
L R T
_ 11—«
+ oMl (1 + o) 2 2

+/0 (11 — )" AT (b1 — ) — Talta — )]l £ (s, W (s))1ds
+/0 (= 9)7 = (t2 = 8)° | AT (t2 — )| (s, W (s) s

+/ (ta — )" [ AT (b2 — )] £ (s, W (s))1ds

t1



—Q

<Call2l anl + (b2 + ol =5 | 150(01) = St

t —t 17a+t1—01_t1—01
G| I [<k2+|uo|q>(2 L Wi }

r2-a)

t —t l—«
LML [(kz ; |uo|q>%}

T(2—a)

QOME =) oy [t =)t = ) — (12— ) s
?ZI+M2F<§2__£ / "= 97— (12— )7 (12— 5) 9 (5, W ()
iﬁlfif_‘qii / (t — )71 (s, W (s) | ds.

From Lemma Pl and Hoélder’s inequality, one can deduce the following inequality:
[(Pu)(t1) — (Pu)(t2)llq
l-«

< ol [Ioll + (ks + o) =y | 15at1) = Sa(e2)l

to — ) T 4 i — e
G| I [<k2+||uo||q><2 L Wi ]

re2-a)

_ 11—«
+ C1Cs My||L|| [(k2 + ”uO”q)%]

(/ "t =8 (12— s)qﬂ“‘ds)%
« (/Ot (11 — 5)2(0‘1)ds)% + (/Ot (b — 5)°1 — (5 s)°‘1|2ds>

?%TZ—F(EQ__q)IIchu,X)
)

=

tl—oz
< LI lunlly + (e + ol =5 | 1500) = (el
to —t) 1T 4l — gl
e R e

T oMol [ (ks + o)l 2
T T(2-a)

CYCquF(2 - q) [ 1 a—1 @ Cga R 2
+ mﬂfﬂcux) [ ﬁtl (A |(t1 — S) (t2 3) |2d3>

1 1
a 2 1 ova Coea ) 2

+ (/0 |(t1 _ S)afl _ (tg _ S)a1|2d8> — 2qa (té 2qa (tg _ tl)l 2q )
1

(t2 _ tl)a(lq)] ,

+

a(l —q)
which means that Pu € €.

Lemma 6. The operator P given by @) is continuous on €.



Proof. Let u,u* € Q4 and ||u — u*|| < 1. Then, |[ulloc <1+ [Ju*|lec = p and

! t o — h(u")|ds
el KSR IO

1(Pu)(®) — (Pu*)(®) ] = \

Sy (t)LM ™! [

q

+ / (t = ) Y Tult = 8)[f (5, W (5)) — (5, W*(5))]llgdls
0

<ISaOLM gy [ (=97 14700 = h(u) s

+ /O (t = 8)* A Ta(t = s)l[[|f (s, W(s)) = (s, W"(5))llds

alfa .
< ClCZklMOHLHmHU—U llq
. aCy M2 —q) [ ot
+ Ly(p) S ma(t) ST [ gyt s
! 2 T +a(l=q) Jo ‘
al—oz .
< ClC2k1MO||LHm||U—U lloo

+ L) 2t A et =

Therefore,
al—oz
1(Pu)(t) = (Pu")(B)lloo < CLC2kiMol|L]l

I2-a)
R M P T L

[l = u"[loo

and we conclude that P is continuous. O

Lemma 7. The operator P given by [{) is compact.

Proof. Let ¥ be a bounded subset of ;. Then there exists a constant 7 such that ||ul|e < 7 for
all u € 3. By (Fy), there exists a constant 7 such that || f(¢, W(¢))|| < ay(1 +rn) = 7. Then PX
is a bounded subset of Q. In fact, let u € ¥. Using Lemma [2] (a) and (d), we get

So(t) LM} [vo + F(ll—a) /0 [uo(jfgf))] ds}

(P ®)] < \

t — s a—1 — s S S S
+/0 (t = 8)* | Tult — ) (5, W(5))|| 4

a
< CuCattolLl ol +

el + uol)|

+ / (t =) AT (t = s)|[1f (s, W (s)) | ds
0

] Ja ]
< C1Ca M| L] _|\U0||q + m(kz + ||U0Hq)_
aCiMIT(2 —q) /t _ 1
+ =—>=7 t—s gota dS
Tita—q) Jo' ™"
] a ]
< C1Ca M| L]| _HUqu + m(kz + ||U0Hq)_

OéCquF(2 - q)'r 1 ta(lfq)
F(l+a(l-q) a(l-q)



Then, we obtain

aCy M,T'(2 — q) Ta®(1—9)
Il+al-q)all-q)

We conclude that PY. is bounded. Define II = PY. and II(¢) = {(Pu)(t)|lu € X} for ¢t € J.

Obviously, I1(0) = {(Pu)(0)|u € X} is compact. For each g € (0,t), t € (0,a], and arbitrary ¢ > 0,
let us define I, 5(t) = {(Py,su)(t)|u € X}, where

1P D)l < CLCM L] [n+ (ks +n>] n

re2-a)

(Pasu)) = Qe™0) [~ L7600 — g0)Lar [ e R ds} o

Q) [ TN (a / T L0 0)Q(( - 50 - g%)de) £ (s, W (s))ds

= /OO “Ha(0)QE ) LM [”0 T (1 1_ ) /Ot_g M(Jfr—hi?)iwds} v

ta / / — 9P LG (0)Q(E — 5)°0) £ (5, W (5))dbds.

Then, since the operator Q(g“d), g*6 > 0, is compact in X, the sets {(Pysu)(t)lu € L} are
relatively compact in X,. This comes from the following 1nequaht1es

[(Pu)(t) = (Pg,5u)(t)llq

" a -1 1 " [uo + h(u(s))]
/0 L™ a(0)QE0) LM [vo+ F(l—a)/o e ds} do

<

q

ST L[t o+ hu(s)
AL R e W =

N
|
T, a 14 ! Tl BN ds| do
[ raoau o u e

q

+

: T(1-a) 3 =9
[ maenine sy [l of
T / t / Ot~ 5 L G (0)QU( — 9)°0) 1 (s, W (s)déds

/ / = 5)" T LT (0)Q((t — 5)70) f(s, W (5))dfds

/t 9/ —8) T LT (O)Q((t — 5)0) f (s, W (s))dbds q

/||L Ya(®Qt“0) LM Y|

T / e H‘”

A { * e / g ds] H‘w

+a// —8)* LTI () A%Q((E — $)*0)|I]| f (s, W (s))[|dOds

/ |L71a(0)Q(t*0) LM ||

_Sa—l -1 q _5)e 5 s <
+a/t_g/6 0t — ) VLY Ca (O A%Q(E — $)°0) £ (s, W (s))l|dbd



gqamMﬂM%(@ﬂM| }/@
+a@mwﬂmm (ks + lluoll) }/ a0
+ M oﬂ’/ / — )2 L (0)(t — )99~ 9d0ds
+01qu/t /5 O(t — )1 (0)(t — 8) 10 1dOds
L
< CACaMal L] [Foll + (ks + o) }/@
+Q@%Mﬂ%hﬂbﬂmmﬁia}
t )
+CquaT/O /0 019t — s)" T 1¢, (0)dOds
+01qu/tt /;o 0179t — 5)" T (0)dOds
L
< G [lunlly + (e + ol }/@

g
+ C1Ce Myl L | [|U0||q + (k2 + |luollq )m}

t é
+ Oy M,ar (/ (t—s)_o‘q+°‘_1ds>/ 0'~9¢,(0)do
0 0

+ Cquar% < /t :q(t - s)—aq+a—1ds>

and

t t
1
/ (t _ S)—aq-i—a—lds < ta(l_q), / (t _ S)—ozq-‘ra—lds <
0 t—g a(l -

a(l —q)
so that

11—« 5
mamwwawwmsa@MwmDmnﬂb+wm@%jalégww

11—«
+a@muﬂmm+%+wm%i;{

5
Maa(lﬂz)/ 019, (6)do
a(l—q) 0
CiMyarT'(2 —q) 1 4200
I(1+a(l—q) a(l—q)
Therefore, II(t) = {(Pu)(t)|u € £} is relatively compact in X, for all ¢t € (0,a] and, since it is

compact at ¢t = 0, we have relatively compactness in X, for all ¢t € J.
Next, let us prove that II = PX is equicontinuous. For g € [0, a),

[(Pu)(g) = (Pu)(0)llg <CallvollqllSalg)L = 1lq

gl—a
I'2-a)

Oc(lfq),

+ C1Co Mo |[L| | (k2 + [luollq)

aCiM,T(2—¢q) T
T(1+a(l—g) a(l—q)?

10



and for 0 < s < t1 <ty <a, ||(Pu)(t1) — (Pu)(t2)|lq < L1 + Io + Is + 14 + I5 + I, where

tlfoc
L —CHMﬂmm+@rwwm¢éfab&mn—&mﬂm
- (b —t) 7+t =t
I, = CiCyMy|L| [(k2+|u0|q) @ o) 7
I3 = ClC2MO||LH (k2+HuOH )M
Y TrT2-a) |’
aCy M, (2 — g T a1 ([ . . 3
R v L G M CER RS CEPR T I
_ aCiM,I'(2—q) /a a—1 a—12 :
L= Firan gy lleox | [ 1 =) = (=) Pds
T o RS
o (3 )
_aCiMI(2 - q) 1 i)
Is = I‘(1+a(1 _q))HfHC(J,X)a(l _q) (tg tl) .

Now, we have to verify that I;, j =1,...,6, tend to 0 independently of u € ¥ when 3 — ¢;. Let
u € ¥. By Lemma [ (c) and (f), we deduce that limy, 4, I3 = 0 and limg, ¢, Iy = 0. Moreover,
using the fact that |(t; —s)®~ — (t2 — 8)*71| = 0 as t3 — t1, we obtain from Lemma [3] that

a
/ (b — )91 — (12 — $)°12ds — 0 as t2 — £1.
0

Thus, limy, 4, Is = 0 since ga < % Also, it is clear that lim, ¢, Io = Is = I = 0. In summary,
we have proven that P¥ is relatively compact for ¢ € J and II(t) = {Pulu € X} is a family of
equicontinuous functions. Hence, by the Arzela—Ascoli theorem, P is compact. O

Proof of Theorem [l We shall prove that the operator P has a fixed point in Q,. According
to Leray—Schauder fixed point theory (and from Lemmas BHT), it suffices to show that the set
A = {u e Qq4u = BPu,p € [0,1]} is a bounded subset of ;. Let u € A. Then,

[ llq = [15(Pu)(®)llq

Su(H) LM {v0+ 1 )/Ot [u0+h(u(5))]ds]

= Il -« (t—s)™

q

+ A (t —_ 5)0‘7 HTa(t — S)f(& W(S))”qu

-«

oy e + lluolla)

< CLCy Mol L] {[lvollq +

[ =9 AT = )15 W) s
0

< C1CoMo|| L] |lvollg +

e’

F(2—o¢)(

ko + |luollq)

araC1M,I'(2 - q) t _ g)—gata—1 r u s
e [ (14 rull)d

-«

a
< CACabtalLl [l + g7 (k2 + ol

_ a(l—q) — t
apaCiM,D(2—q) a 4 warCiMeL(2 - q) / (t =) 10F " fu| o ds.
Tl+a(l—q) a(l—q) Tl+all—q) J
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Based on the well known singular version of Gronwall inequality, we can deduce that there exists
a constant R > 0 such that |u||c < R. Thus, A is a bounded subset of Q,. By Leray—Schauder
fixed point theory, P has a fixed point in Q,. Consequently, system (I)—(2]) has at least one mild
solution u on J. O

Theorem 2. Mild solution u(-) of system [@)—[@) is unique.
Proof. Let u*(-) be another mild solution of system ({l)—(2]) with Sobolev—fractional nonlocal initial

value M1 [vo + F(llfa) fot [“U(Jgﬁ(;;ﬁf”] ds}. It is not difficult to verify that there exists a constant

p > 0 such that |jullg, [|[u*]lq < p. From

w1y | B2S L

* / (t = )" Talt = (s, W(s)) = £, W ()]s,
0

hut) - w* ()], < \

q

we get

L o = il + au(s) — w(s)
% < %
Ju0) =l < G {llo = w5l + s | Al ds

T

aCy M,T(2 - q) /t _gatael

+ Ls(p m;(t) =———————= t— )9ty (s) — u*(s)|| ds.
10 T e =g €9 Jis) = u(5)]
Again, by the singular version of Gronwall’s inequality, there exists a constant R* > 0 such that

[u(t) = u(#)llg < C1C2Mo|| L[| R*|[uo = ugllg,

which gives the uniqueness of u. Thus, system (I)—([2) has a unique mild solution on J. O

4 Optimal multi-integral controls

Let Z be another separable reflexive Banach space from which the controls uy, ..., u; take their
values. We denote by V;(Z) a class of nonempty closed and convex subsets of Z. The multifunction
w:J — V§(Z) is measurable, w(-) C A, where A is a bounded set of Z. The admissible control
set is Upqg = SP, = {uj € LP(A)|u;(t) € w(t) a.e.}, j =1,k, 1 < p < 0o. Then, Uyq # 0 [43].
Consider the following Sobolev type fractional nonlocal multi-integral-controlled system:

“DF [Lu(t)] = Bu(t) + f(t,W(t)) +/0 [Biui(s) + - - + Brug(s)]ds, (5)

LDy [Mu(0)] = uo + h(u(t)). (6)
Besides the sufficient conditions (F})—(F5) of the last section, we assume:
(Fs) B;j € L*(J,L(Z,X,)), which implies that Bju; € LP(J, X,) for all u; € Uyq.

Corollary 1. In addition to assumptions of Theorem [, suppose (Fs) holds. For every uj € Ugq
and pa(l — q) > 1, system @E)—@) has a mild solution corresponding to u; given by

(1) = Sty o+ s [ Lot Mg

+/O (t—s)* 1T (t — s) [f(s,W(S))—i—/os[Blul(n)—|—~-~—|—Bkuk(n)]dn ds.

12



Proof. Based on our existence result (Theorem [Il), it is required to check the term containing
multi-integral controls. Let us consider

ot = [ (Tt - ) [ / Bun(n) + -+ Bkum)]dn] ds.

Using Lemma [2 (d) and Holder inequality, we have

le®ls < \ [e—orme-s [ "Braty(n) + -« + Bewe (n)]dnds

q

< [ AT B (Y + -+ (B (o) lds
< G B [ (e o) s
bt BBl [ (6= 7 (o)
< Hesenza 50~/ t‘s)’”_qw_l)“) e '“1(5)”%d5>p

0
aaCiMI'(2 —q)
)
+oo Bl <
)

|
(¢ = s)PErttang ) </ ol ds) ]
I

(
/
aaCiMI(2—¢q p—1 = pa(i—a)-
< Bl (—2——
S Tiraa—g) B0 Gaa =) @ Mlees

p—1
p—l P pa(l— q) 1
m) a7 fullne ]Z):|

where ||B1||oos - - - || Bk||loo are the norm of operators By, ..., By, respectively, in the Banach space
Loo(J, L(Z, X,)). Thus,

+---+||Bk||oo(

H(t (o) [ B+ Bl

q

is Lebesgue integrable with respect to s € [0,¢] for all ¢ € J. It follows from Lemma [] that

(t— )" Ta(t = 5) /08[51“1(77) + oo B (n)]dn

is a Bochner integral with respect to s € [0, ¢] for all ¢ € J. Hence, ¢(-) € Q4. The required result
follows from Theorem [II O

Furthermore, let us now assume

(F7) The functional £ : J x X, x Z¥ — RU {oc} is Borel measurable.

(Fs) L(t,,...,) is sequentially lower semicontinuous on X, x Z* for almost all t € .J.

(Fy) L(t,u,-,...,-) is convex on Z* for each u € X, and almost all t € J.

(Fio) There exist constants d > 0, ¢1,...,c, > 0, such that 1 is nonnegative and ¢ € L'(J,R)

satisfies
L(t,uyu, ) > () +dlully + e flunlly + -+ crllug

13



We consider the following Lagrange optimal control problem:

{ Find (u®uf,...,u)) € C(J, X,) x U,

such that J(u®ud, ..., ul) < F(ut% uy, ... uy) for all uj € Upq, (LP)

where

j(u”l""’”’“,ul,...,uk):/ L(t,ut " ug (t), ..., u,(t))dt
0

with u' denoting the mild solution of system (B)—(G]) corresponding to the multi-integral controls
u; € Uyq. The following lemma is used to obtain existence of a fractional optimal multi-integral
control (Theorem [B]).

Lemma 8. Operators Y; : LP(J,Z) — Q, given by

Tlul fO fO Blul( )dnds,

(Tru)( fo fo 8)Brug (n)dnds,
where pa(l — q) > 1 and j = 1,k, are strongly continuous.

Proof. Suppose that {u?},_g% € LP(J,Z) are bounded. Define ©;,(t) = (T;u})(t), t €

Similarly to the proof of Corollary [I, we can conclude that for any fixed ¢ € J and pa(1 — q) >
19.n(t)|lg,5 = 1,k, are bounded. By Lemma [2] it is easy to verify that ©;,(t), j = 1,k, a
compact in X, and are also equicontinuous. According to the Ascoli-Arzela theorem, {GJ,n( )}
are relatively compact in €,. Clearly, T;, j = 1.k, are linear and continuous. Hence, T; are

strongly continuous operators (see [43 p. 597]). O

J.
>1,
are

Now we are in position to give the following result on existence of optimal multi-integral
controls for the Lagrange problem (LP).

Theorem 3. If the assumptions (Fy )—(Fio) hold, then the Lagrange problem (LP) admits at least
one optimal multi-integral pair.

Proof. Assume that inf{J (u"* " uy, ... ug)|ut € Uyq} = € < +00. Using assumptions (F7)-—
(F10), we have € > —oco. By definition of infimum, there exists a minimizing feasible multi-pair
{(W™u", ..., ul’)} C Ugq sequence, where Uapqg = {(u,u1,...,u;)|u is a mild solution of system
@) -(@) corresponding to ui,...,u; € Usq}, such that J(u™, ul", ..., u}") — € as m — +o00. Since
{i, ... ,uM)} C Ugg, m = 1,2, {(u]*,...,u")} is bounded in LP(J,Z) and there exists a
subsequence, still denoted by {(uf,...,u)}, ul, ..., u? € LP(J, Z), such that

weakly
(U, ..o upt) — (u?,...,ug)
in LP(J, Z). Since Uyq is closed and convex, by Marzur lemma u?, ..., u) € U,q. Suppose u™(u")
is the mild solution of system (E)—(@]) corresponding to u*(u?),..., u?*(u?). Functions v™ and u°

satisfy, respectively, the following integral equations:

()= SaOLM [+ s [ bR g

4 / (t — )" Tt — ) [ﬂs, Wm(s) + / B )+ Bkumn)]dn] s,

W) = -1, 1 " [uo + h(u®(s))] <
(t)—Sa(t)LM |:O+F(1—Oz)‘/0 (t—s)o‘ d:|

S A [ﬂs, W) + | Baln) + -+ Bkuzmdn] ds.
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It follows from the boundedness of {u7}, ..., {uf"}, {ud}, ..., {ud} and Theorem [ that there exists
a positive number p such that ||u™]|, ||u®||ec < p. For t € J, we have

lu™ () = (O)lg < €S @)l + 1€ Ollg + 1ES @)llg + -~ + X (@)lg,

where

¢ u™(s)) — h(u®(s

SHORE /O(t—S)“_lTa(t—S)[f(S,Wm(S))—f(s,WO(S))]ds,

D) = / (t— ) Tt - ) /OsBl[um)—u?(n)]dnds,

e gy = /O(t—s)alTa(t—S) /OSBk[uZ”(n)—ui(n)]dndS-

The assumption (F5) gives

-«

a
IEX B)llg < ClO2M0k1||LHm

flu™ _UOHq-

Using Lemma [2] (d) and (F3),

&2 @)lla < Ly (o Zmz % /O<f—8>qa*“1||um<s>—u0<s>|qu.

From Lemma [8 we get

€Ut (1) MY iy X, asm — 00, j =1,k

Thus,
™ ¢) ||q<Z||5J+2 ()l + 10 Mok | Ll = ™ = ol
- . aclM F(2_q) K —qa+a—1), m 0
L) S m O R | (= s e (s) w5 s

i=1

By virtue of the singular version of Gronwall’s inequality, there exists M, > 0 such that

[™(t) = u” (t)lq < M. Z €52 (2)

which yields that

u™ — v in C(J, X,) as m — oo.
Because C(J, X,;) — L'(J, X,), using the assumptions (F7)—(F10) and Balder’s theorem, we obtain
that

a

e= lim [ Ltu™(E),ul(),... ul(t))dt

m—r oo 0

> /aﬁ(t,uo(t),u?(t),...,ug(t))dt
0

=J(W’ud, ... ,ud)
> €.
This shows that J attains its minimum at u9, ... ,ug € Uygq- O
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5 An example

Consider the following fractional nonlocal multi-controlled system of Sobolev type:

o« 2 t
% u(tv'r) - uzz(ta I):| + Wu(tvx) = / [ul(s,x) +oeee Uk(S, I)]dS + F(tv D;u(x,t)), (7)

0

8 i " uo(x) + ulsy, )
u(0,z) = =— )+ / " ds, |, x €[0,7], (8)
l 7;1"1—04 (ty — sp) K

u(t,0) =u(t,7) =0, 0<t<1, 9)
where 0 < a<1,0 <t <--- <ty <1and ¢, are positive constants, n = 1,...,m; the functions

u(t)(x) = u(t,x), f(t,-) = ( ), W(t)(x) = Dyu(x,t) and h(u(t))(z) = anl CnU(fmw)- Let us

take Bju;(t)(z) = uj(t,x), j = 1,k, and the operator D, as follows:
Diu(z,t) = (Opu(z,t),2u(z,t),. .., 0hu(z,t)).

Let X =Y = Z = L?[0,n]. Define the operators L, E, and M on domains and ranges contained
in L?[0, 7] by Lw = w — w", Bw = —w"” and M ~'w = w"”, where the domains D(L), D(E) and
D(M) are given by

{w e X :w,w are absolutely continuous, w” € X, w(0) = w(w) = 0}.

Then L and E can be written, respectively, as

Lw = Z(l +n?)(w, wp)w, and Fw = Z —n?(w, wy )wh,
n=1 n=1

where wy, (t) = (\/2/7)sinnt, n = 1,2, ..., is the orthogonal set of eigenfunctions of E. Further-
more, for any w € X, we have

oo 2
-1 -
2 Jwn, EL T w= 7?:1 m(% Wn, )W,

and

It is easy to see that L™ is compact, bounded, with ||L71|| < 1, and A = EL~! generates the above
strongly continuous semigroup Q(t) on L2[0, 7] with ||Q(t)|| < e™* < 1. If B; =0, j = 1, k, then,
with the above choices, system ()—(@) can be written in the form ([I)—(). Therefore, Theorems/I]
and 2 can be applied to guarantee existence and uniqueness of a mild solution to ([@)—(@).

Let the admissible control set be

k t
Usa = u; € Z | Z/ [[u; (s, @) || L2(j0,1),2yds < 1
=170

Choose o = 5 ,p=2and ¢ = 7. Find the controls uy (¢, z), ..., ux(t, z) that minimize the functional

J(uyug, ... u //|ut:1:|d3:dt+2/// lu; (s, 2)|*dvdsdt

subject to system ([@)-(@). If Bju;(t)(z) = u;(t,z), j = 1,k, then system (7)-() can be trans-
formed into (B)—(6l) with the cost function

Foroe) = [ @+ [ Qo+ + (o)l ar

We can check that aq = % X % = % < 1and pa(l —q) = 2%% = g > 1. Then all assumptions of
Theorem [3] are satisfied and we conclude that the optimal control problem has an optimal pair.
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