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functions as well as in the standard Clifford analysis setting. We improve and
generalize most of those previous results in this direction and additionally other

gﬁ%ﬁ:gd:ﬁalysis consequent results are presented. In particular, the expression of the jump of the
Teodorescu transform generalized IT-operator across the boundary of the domain is obtained as well as an
Pi-operator estimate for the norm of the IT-operator is given. At the end an application of the
Beltrami equation generalized IT-operator to the solution of Beltrami equations is studied where we

give conditions for a solution to realize a local and global homeomorphism.
© 2015 Elsevier Inc. All rights reserved.

1. Introduction

In [30], Vekua established the main properties of the most important integral operators in complex anal-
ysis. In particular, the complex IT-operator, which plays a mayor role in the theory of generalized analytic
functions as well as in the branch of the complex analysis deeply connected with partial differential equations
by using functional analytic methods, was introduced and studied in detail. Generalizations of the complex
IT-operator to higher-dimensional versions are already considered in recent times [7,9,10,22,23,25,27-29].
Although a thorough treatment is listed, it is nevertheless restricted mainly to the setting of quaternion-
valued functions and there is still a strong need for developing further details. The advances achieved in
higher dimensions use only the standard orthogonal basic, without achieving a significant progress. The
latter is why in this paper we confine attention to the generalized Clifford analysis setting by the help of
two arbitrary orthogonal bases.
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Starting from his definition of a generalized Teodorescu transform, see [27,28], Sprossig proposed a gen-
eralization of the complex Il-operator in the Clifford analysis setting, which turns out to have most of
the useful properties of its complex origin. The definition is stated in terms of Teodorescu transform and
Cauchy—Riemann operator arising in standard Clifford analysis of a Euclidean space. In [23,25] the gener-
alization of the complex II-operator is based now in two different orthonormal bases associated respectively
with the Teodorescu transform and Cauchy—Riemann operator.

In the study of the properties of the generalization of II-operator, one of the qualitative disadvantages
of the change of standard orthonormal basic and its conjugate for two different orthonormal bases is the
absence of a generalized Borel-Pompeiu representation formula, which allows to extend to the corresponding
situations a series of fundamental applications of its standard antecedent. Recently, in [1] there was given
such a Borel-Pompeiu representation formula, but in the context of quaternionic analysis. In this paper we
offer direct extension of the formula to the Clifford analysis setting.

An important question, which is in the focus of the present paper, is the study of the jump of the
generalized IT-operator across the boundary of the domain.

One of the important applications of the complex Il-operator is to the solution of Beltrami systems.
Higher-dimensional Beltrami systems in the framework of quaternions were first studied by Shevchenko
in 1962 [26], and later on by P. Cerejeiras, K. Giirlebeck, U. Kéhler, and others [6,5,9,10,14—-16]. Hereby,
also the question of local and global homeomorphic solutions was studied. Later on A. Koski [17] studied
the solvability of Beltrami equations for VMO-coefficients. For the study of Beltrami equations in the last
section we first give estimates for the norm of the generalized Il-operator in Section 4. This will allow us in
the last section to apply our II-operator to the solution of Beltrami equations, and to give conditions for a
solution to realize a local and global homeomorphism.

2. Preliminaries

Let {e1,e2,...,e,} be an orthonormal basis of R™. Consider the 2"-dimensional real Clifford algebra
Ry, generated by e1,es, ..., e, according to the multiplication rules e;e; 4 eje; = —26; ; where d; ; is the
Kronecker’s symbol. The elements e4 : A C N, := {1,2,...,n} define a basis of R ,,, where e4 = ep, - - - ep,
if A={hi,....h} (1 <hy <---<hp<n)and ey = ¢y = 1. Any a € Ry, may thus be written as
a=3,cn, asea where ay € Ror still as a = >7)_[a]y, where [a]y = 2_|A|=k @A€4 is a so-called k-vector
(k € NV :=N,, U{0}). If we denote the space of k-vectors by Rgf%, then Ry, = > 1, @Réﬁ)l.

In such a way, the spaces R and R™ will be identified with RB?T)L and R((f,)l respectively. Moreover, each
element = = (zg,21,...,7,) € R""! can be written as

T =xo+ inei € R(()?T)L &) R&BL
i=1
and they are often called paravectors. For each z € RB?T)L S Ré},)l it is remarkable that

of =Tz =af + i+ +ap = |z (1)

The extension of (1) to a norm of a € Rg ,, is straightforward and leads to
la|?* = [aa)o = [aa)o = Zai.
A

We will use the conjugation, defined by a = ZAQN” aa€z, where

k(k+1)
2

€p = (—l)kehk---ehl =(-1) ea, ifea=ep, ---ep,.
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The following properties of the norm and conjugation in Clifford algebras are well-known and can be found
in many sources, see for instance [8].

Proposition 1. Let a,b € R ,,, then

(i) ab="ba,

(i1) lal = | — al = |al,
(iii) [ablop = [ablo = {(a,b)gen, where (-,-ygm denotes the standard scalar product in R™,
(iv) |ab| < 2"/|a|[b],

(v) if b is such that bb = |b|?, b # 0, then b is invertible and |ab] = |ba| = |a||b].

Suppose € is a bounded domain, with sufficiently smooth boundary I, in R**!. We will be interested
in functions f : @ — Ry, which might be written as f(z) = >, fa(z)ea with f4 R-valued. Property,
such continuity, differentiability, integrability, and so on, can be ascribed coordinatewisely or directly. A left
(unitary) module over Rg, (left Ry ,-module for short) is a vector space V together with an algebra
morphism L : Ry, — End(V), or to say it more explicitly, there exists a linear transformation (also called
left multiplication) L(a) of V such that

L(ab+ ¢) = L(a)L(b) + L(c)

for all a € Ry, and L(1) is the identity operator. In the same way we have a right (unitary) module if
there is a so-called right multiplication R(a) € End(V') such that

R(ab+ c) = R(b)R(a) + R(c).

Given either a left or a right multiplication we can always construct a right or a left multiplication by using
any anti-automorphism of the algebra, for instance

A bi-module is a module which is both a left- and a right-module, or with other words, a module where left
and right multiplications commute, i.e.

L(a)R(b) = R(b)L(a), for all a,b € Ro.,,.

If V is a vector space of Ry ,,-valued function we consider the left (right) multiplication defined by point-wise
multiplication

(L(a)f)(z) = a(f(z)) and (R(a)f)(x) = a(f(z)).
Also a mapping K between two right modules V and W is called an R ,,-linear mapping if
K(fa+g) = K(f)a+ K(g).

We should also mention what is understanding in this paper by a (left or right) Clifford Banach module
(see [18] for example). We say that X is a left Banach Ry ,-module if X is a left Rg ,-module and X is also
a real Banach space such that for any a € Ry, and z € X:

laz||x < Klal||z]|x, (2)
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for some k£ > 0. In particular, equality occurs in (2) if a € R. Similarly one can define a right Banach

R, ,-module.

These considerations give rise to the following right modules of Rg ,-valued function defined over any

suitable subset E of R™*+1;

C*(E,Rq,), k € N'U{0} — the right module of all R ,,-valued functions, k-times continuously differ-
entiable in E. It becomes a right Banach module with the norm

Ifllex = sup > |Dg f(x)]

*€E o<k

where o denotes a multi-index and D the corresponding partial derivative. In particular, we also have
C>®(E,Ro,n) = ey C*(E,Ro ). Let us remark that the above norm is equivalent to the norm coming
from the inductive limit.

By using the corresponding Hélder-semi-norm we can introduce C%*(E, Ry ), u € (0,1] as the right
Banach module of all p-Hélder continuous and Rg ,,-valued functions in E.

L,(E,Rp,) (1 < p < o0) denotes the right module of all equivalence classes of Lebesgue measurable
functions f : E — Ry, for which |f|P is integrable over E. With the norm

1/p

1m0y = / FOPd] <o
E

L,(E,Ry, ) becomes a right Banach module.
C§°(E,Rp ) — the space of all infinitely differentiable functions with compact support in E. An impor-
tant property of the space C§°(E, Ry ) is its density in the spaces CO(E, Ry ) and L,(E,Ro ).

Furthermore, the above proposition allows us to introduce the following sesquilinear form (also called

symmetric inner product in the literature) for two functions f,g: Q — Rg

(f,9):=fg.

In particular, this sesquilinear form is a real-bilinear mapping and a Clifford-linear mapping in the second

argument. Furthermore, this sesquilinear form gives rise to an Ry ,-valued sesquilinear form

()2 = [ FE@0() .
E

This form satisfies the following properties:

1.
2.
3.

(-y)4 s sesquilinear
<fa gb>2 = <fa g>2 b with b S RO,?L

{f,9)2 = (9: f)a

Furthermore, the right Rg ,-module Lo (E, Ry ,,) equipped with this sesquilinear form is complete under the

norm

1]l = / FO(©)lode. (3)

E
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which makes it a Clifford—Hilbert module. Many facts from classic Hilbert spaces carry over to the notion
of a Hilbert module. In particular, a generalization of Riesz’ representation theorem is valid in the sense
that a linear functional ¢ is continuous if and only if it can be represented by an element f; € V such that

¢(g) = <f¢7g>2-

Additionally, there are some important inequalities involving the sesquilinear form and the norm coming
from the real-valued inner product:

o Cauchy—Schwarz inequality: |{f, g)2| < 2n/2||f||L,,(E,ROm,)||9HLQ(E,R0,”) with % + % =1

lafllzzm ko) < 27/2lalllfllLa(p ko, for all a € Ron, but [|afllz, sz, = lalllfllL.(z,.,.) Whenever a
is a paravector or belongs to the paravector group

Hf||L2(E7RO,n) < ‘<fa f>2| < 2n/2||f||L2(E,Ro,n)
[l Lo R0 ) < SUP|g]l 1, (m,r0 ) <1 [(Fr )2l <272 £l LoERo )

The same statements are also true for any other Clifford Hilbert module coming from a tensor product
between the elements of the Clifford basis and elements of a real or complex Hilbert space [12].

In the same way we can introduce S as the corresponding Schwartz space of rapidly decaying functions.
Its dual space S’ given by the continuous linear functionals is the space of tempered distributions. Again,
this can be either defined componentwisely or via the sesquilinear form (f, g)2 but the space &’ is again
considered as a right module. Let us remark that strictly speaking if we consider & as a Fréchet right
module its algebraic dual S’ is the space of all left-Rg ,,-linear functionals over S, but it can be identified
with elements of a right-linear module by means of the standard anti-automorphism in the above mentioned
way.

This allows us to introduce the Sobolev space W;(E,Rom), k€ NU{0}, 1 < p < o0, as the right module
of all functionals f € &’ whose derivatives' DS f for |a| < k belong to L,(FE,Rg ), with norm

1/p

Ifllw, e = D IDGAIL, (B 7o)
le]| <k

Let us remark that we only consider Sobolev spaces with non-negative exponent, which means that duality
discussions between Sobolev spaces are not required for this paper, but can be dealt with similarly as to
the above argument. For more details we refer to the classic book [4].

Let ¢ := {0 ot ... ¢"} C R(()?,)l & R((JTT)L. By abuse of notation, we will write ¢ := {¢0,%1,...,9"}. On

the set C*(Q, Ro,,) we define respectively the left and the right Cauchy-Riemann operators by:

)= S w L e = Y0 Sy (@
i=0 !

o0x;
i=0 7t

For simplicity of notation we continue to write J; instead of BT
L
Let A, 11 be the (n + 1)-dimensional Laplace operator. It is easy to prove that the equalities

YD.YD=YD.YD=DY.DY =D .D¥ = A, (5)

L' paf= 9 yhere o = (0, -+ s an) € (NU{0})" ! is a multi-index and |a| = ag + - + an.

dxy° - Owon
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hold, if and only if
YT+l YT =205, 0j €N

Note that last equality yields

20,5 = 0+ B = 0 =2 [0 | =2 () ©

thus, factorization (5) holds if and only if ¢ represents an orthonormal basis of R*+! = RE{)}} &) ]R&)l.
Any set 1) with the property (6) is called structural set. It is evident that ¢ and ¢ are structural sets
simultaneously. One can find basic properties of the structural sets in [23,24] and the references given therein.

Remark 2.1. In the case n = 1 (Ro1 = C), the only structural sets that we can find have the form
P = {e¥, +ie"?} where 0 < 6 < 27. In other words, in complex analysis, all structural sets are equivalent to
one of the sets {1,i} or {1, —i}.

For fixed ¢ and 2 we introduce the sets

YO, Roy) i=ker YD = {f € CH(Q,Ro.) : YD[f] = 0},
MY (Q, Ry ) := ker DV = {f € C1(Q,Rp,,) : DY[f] = 0q}.

Sometimes, elements of these sets are called 1)-hyperholomorphic functions (left or right respectively). Denote
by ©,+1 the fundamental solution of the Laplace operator A, 41

1

7|x|17n.
(L =mn)[S”|

Ont1(z) =

Of central importance is the fundamental solution (= the Cauchy kernel for the corresponding theory)
of the operators ¥ D and DY, which is given, thanks to the relation (5), by:

Kofa) = " DI@11)(0) = D¥100al(w) = r

Here z;; := i zp if o = S g xie; and |S"| is the area of the unit sphere S™ in R"*!. The kernel K
has the following important properties:

1. Ky € C®R"1\{0}, Ry ,).
2. Ky € YM(R1N\{0}, Ro,,) N MY (R"1\{0}, R ).

2.1. Stokes formula

One of the most crucial facts in standard Clifford analysis is the existence of a Stokes formula. Here we
present this formula for an arbitrary structural set 1), see for instance [23] and elsewhere.

Let Q C R™"*! be a bounded domain with a sufficiently smooth boundary I'. The following theorem is
standard in classical analysis.
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Theorem 1 (Gauss’ formula). For f € C1(Q,R) and any i € NO we have

/ ni(€) - F(€) dT¢ = / aLF(E) d
Q

r

where n;(€) is the i-th component of the outward unit normal vector on T' at the point £ € T.
As a consequence a Stokes formula for Ry ,-valued functions yields the following theorem.

Theorem 2 (Stokes formula). Let f,g € C1(Q,Rq.,) and ¢ be a structural set. Then

/g(§)~nw(€)~f(£) dle :/(D’”[g](ﬁ)‘f(f)Jrg(f)”"D[f](f)) dg, (7)

T Q
where ny(§) = Y iy ni(E)Y'.

Proof. Using the Gauss’s formula coordinatewisely directly we have:

/ (D¥l)f + " DI de =[S (@ulgli f + g vidilf]) de

Q

b\

n

0i [gw f] de = Z/ : [gw' f) de

7 1T

L

s
Il
o

ni (gy'f)dle= [ g ( ) Jdle
[+%

:/gnwfdrg. O
r

3

|
H—

0

.
I

Remark 2.2. In the case n = 1, for the structural sets {1,i} and {1, —i}, and taking into account the
commutativity in C, one can obtain the complex versions of (7), see for example [30, p. 24].

2.2. Integral operators

The Cauchy kernel generates the following two important integrals:
YTalf] /Kw E—x)- f(&)ds, xeR™,

and
PUKr(f)(e) = [ Kole =) np(©) 1) dTe, w g T

While the first is a generalization of the usual Teodorescu transform, the second represents a boundary
exotic operator which connects two arbitrary structural sets ¢ and ¢. When ¢ = ¢, ¥ Kr reduces to the
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usual Cauchy type integral
CKrlf)e) = [ Kole =) nu(©) - S(©) dre
r

The singular version of #*¥ Kp[f] on I, denoted by ¥ Sr[f], is given, as usual, by
PYSp[f] = 22V Kp(f].

The integral which defines the operator #¥Sp[f] is to be taken in the sense of the Cauchy principal value.
In the case of ¢ = 9, it is known (see [23]) the exact relation between the boundary value of ¥ K1[f] and

$8olf] = ¥ 5clf]. )
Let us introduce the notations QO := Q and Q= := R"T1\ ©, then the following result holds.

Theorem 3 (Plemelj-Sokhotski formulas). Let f € CO*(T',Rg.,), u € (0,1]. Then we have:

KA = Dim  VEf]() = 5 [SelA0 = 0)].

Q*>z—tel

The Stokes formula leads immediately to three important consequences, which are widely known and can
be found in many sources.

Theorem 4 (Cauchy integral theorem). Let f € YIM(Q,Rgn) NCO(QLRe,) and g € MY(Q,Rg,n) N
C°(Q,Rg,n). Then

/ 9(€) - nu(€) - F(€) dTe = 0. (8)

r

Theorem 5 (Borel-Pompeiu (Cauchy-Green) formula). Let f € C*(Q,Rq.,). Then

f(z) ifx e,

[ Kute =) nu©) 1@ dre = [ Kol - ) DI = {O o eRNT
T 0 '

Theorem 6 (Cauchy integral formula). Let f € YOM(Q, Ry ) N C°(Q, Ro.). Then

f(z) ifze,

| L )
0 if z € R™TH\ Q.

/K%@x%nwﬂ~ﬂ0ﬂk{
T

Remark 2.3. Particularly, for ¢ = ¥ = ¥s := {1,e1,...,e,}, Theorems 4, 5 and 6 have been known for a
long time, see for instance [7,9,11].

3. »¥YIIg-operator and its integral representation
From [11] it is known that in the case of the standard structural set ¢ of R, the operator
Y To  WE (L, Ro,) = Wt (Q,Ro.n)
is a continuous mapping for 1 < p < oo, k € N. Using an orthogonal transformation of coordinates we obtain

the same property for general structural sets. Therefore, the operator ¥ D¥T, is well defined on L, (£, Rg_,)
and on C%*(Q, R ). On these spaces we have that
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G DYy = 1T,
where I stands for the identity operator.
Definition 1. For a pair of structural sets ¢, 1) we define the operator ¥*¥IIg by
#YTg = YDV Ty.

Applying the differential theory of singular integral operators we get an integral representation formula
for the ¢*¥TIg-operator, which generalizes those obtained in [7, Theorem 4] and [9, Theorem 2] as well as
[10, Theorem 3.2] for the quaternionic case.

Theorem 7. Let Q € R"" and f € L,(Q,Ro,n), p € (1,00), then for all z € Q we have

“ilalfle) = [ ( Lo (”“)(5_”3)“”(5_”5)‘”) 1) de
Q

[S*[|§ — [+ [S*[1§ — =["+?
Yo Y
* ni 1 /(@)
= [ cuhle - )€ e+ ZELEL 4, (10)
Q

where , yA(E — z) == —?D,Y D¢ [0,11(€ — z)].

Proof. From [19, Theorem 11.1, Chapter XI| we get for f € L,(Q,Roy), i € N2, that 9; [YTo[f]] €
L,(92,Rg.,). Moreover, we have

0; [wTQ[f]] (x) = -1 /@ {%] f(&)d¢ — / u(z, 0) cos(7, x;)dSy f(z) ¢,

S™|
8B[0,1]
€—2)p
where r = —z|, 7=¢—2,0 = —— andux,9:7:f.
< ] 2 W) = S =t

It is easily seen that the outward unit normal vector on 9B|0, 1] at the point 8 is precisely 6. Moreover,
— T
& ® is the i-th component of the unit vector parallel to 7, we have

€ — |
that cos(7, z;) = n;(#). Then, using the Gauss’s theorem we get the equality

/ (i, 0) cos(7, ;)dSy = / ni(0)6y dSy = / s, [eﬂ do

dB[0,1] 9B[0,1] B[0,1]
(n+1)/2

n+1 + 1)

taking into account that cos(7, x;) =

:1/}_(

On the other hand,

o, { € —x)y } _ I A (nt V(& —2i) (€~ a)y

|€ = z[ntT € — | t3

From this we obtain our representation formula by summation over <. O
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From the mapping properties of T, it is easy to see that
2¥T0g : Wy (L, Rom) = Wi (L, Ro,p),

for 1 < p < oo and k € NU {0}. Applying the theorem of Calderon and Zygmund (see [19, Chapter XI,
3.1]) for k = 0 we obtain the following result:

Theorem 8. Suppose 1 < p < oco. Then for Q C R"*! we have that
#¥T0g  Ly(92,Ro,n) — Ly(Q, Ry )
1S a continuous mapping.
Particularly, for ¢ = 1, an important consequence of Theorem 7 follows.

Corollary 1. Let ¢ be a structural set and Q@ C R a bounded domain. Then, for all f € L,(Q,Ry,),
p € (1,00), we have

f(z) ifw e,
0 if v € RPN\ Q.

o[ f)(x) = YD Tolf)(z) = {
This property can be extended to the case = R"**1,
Corollary 2. Let 1 be a structural set. Then, for all f € L,(R"™ Ry ,,), p € (1,00), we have
VU gnsa [f)(2) = ¥ D Tgnsa [f](x) = f(2).

Proof. Suppose that f € C§°(R" Ry ,,), then there exists a suitable compact subset K C R™*! such that
f(z) =0 for all x ¢ K. Using Corollary 1

flx) ifzekK,

w,wHRnH [f](z) = waTRnﬂ[f](x) - ¢D¢’TK[f](x) = {O P \K

Then we get that ¥ D¥Tga+1[f](x) = f(z) for all z € R*"!. Finally, taking into account the density of
Cse (R Ry ,,) in L,,(R" ™1 Ry ,,) and the continuity of the operator ¥**IIga+1 in the space L,(R"*1 Ry ),
we obtain the desired result. 0O

3.1. Generalized Borel-Pompeiu formula

We are now proceeded to derive an essential integral formula, to be called generalized Borel-Pompeiu
formula, which expresses a very profound relation among the operators YD, YT and ¥% K.

Theorem 9 (Generalized Borel-Pompeiu formula). Let f € C*(Q,Ro.,). Then:

#Malfl(e) = [ Kole —a)-ng()- £(6) de — [ Kol —a)- "D d6. v gT. (1)

Remark 3.1. The above formula may be written in a shorter way as:

PUTIg[f](x) = PV Kr[f](@) + PTa" DIf)(x), = ¢T.
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Proof. Let z € Q. Using the Stokes formula (7) for the structural set ¢ and the functions g(¢) = ©,,41(£ —x)
and f(§), in the multiply connected domain Q. := Q\ B[z, €] (¢ > 0 small) we have the equality

/@n+1(€ —x)-ny(8) - f(§) dle — / Ont1(§ =) -ng(€) - £(€) dle
r OB(w,e€)

= [ Kule—a) 1@ de+ [ Ounle—a) TDUNE de. (12)

Qe

Further, for every £ € 0B(z,€) we have

[£(©)]

Onsa(6 =) m5(©) - FO)] = (g

By hypothesis f is a continuous function in the compact set Q and then, there exists M > 0 such that
If(6)] < M,V & € QUT. Consequently,

M M
/®n+1(€—$)'na(§)'f(f)drf <W / dréz(n_lf’

dB(z,€) OB(z,€)

which implies that

li [ ©ua(€— 0 mp(e) - £(€) dle =0 (13)
OB (x,€)
On the other hand,
OT(f)e) = [ Kole = o) 1(6) de = limy [ Kole— ) 1) de, (14)
Qe
and
[ st =) DI de =ty [ (e - 2)-"DISI(E) de (15)

Letting € — 0 in (12) and using (13), (14) and (15) we see that
YTalf) / O,u41(6 — ) - PDIFI(E) de - / Ors1(§ — ) - m(€) - F(€) dTe.
Applying the operator ¥D in both sides of the above equality we obtain:

¢ DTyl / Ko — ) - n(€) - £(€) dTe — / Ko — x) - PDII(€) de,

and (11) is proved.
The proof for the case z € R\ Q is similar. First, we use again formula (7) but now in 2 and then
the task is only to apply the operator D in both sides of the resulting equality. O

Remark 3.2. In the quaternionic case, formula (11) is the one presented in [1].
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4. Properties of the ¥*¥II-operator

The ideas presented in [8,11] allow us to establish the following results about the decomposition of
Ly (2, Rg ).

Theorem 10. Let ¢ be a structural set. Then, the Hilbert space La(Q, R ) permits the following orthogonal
decomposition with respect to the inner product (3)

Lo(%Rop) = (La(Q,Ron) N YIM(Q, Ry 1)) & ED(MO/Q1 (2, Ro.))- (16)

There VIO/21 (2, Ro.,) denotes the subspace of all functions of W3 (Q, Ry ) whose traces in T' vanish.
The above orthogonal decomposition generates a pair of mutually complementary orthoprojections
YP: Lo(Q,Ron) — La(Q,Ro.n) NYM(Q,Rop),
$Q: L(®,Ro,p) — FD(W (9 o,0).

In the following we state and prove a collection of properties of the ¥*¥IIg-operator extending the results
given in [7,9,14,31] for the particular case of ¢ = 1), and ¢ = ¥ = ).

Theorem 11. Let o, ), ¥ be three arbitrary structural sets and f € W]}(Q,Rom), 1 < p < oo. Then, the
following equalities® holds in €

?DPVTIf] =V DIf], "o

“OTIDIf] = #DPITI[] - # D K], (18)
P = (T =PI D) ], 1

(PDPUTT 99 T D) [ f] = P DKy ], 0
PEr# VIV Kr(f] = #VT17 Kr[f] 2!

Proof. The proofs of these equalities are based in the use of the classical or generalized version of the
Borel-Pompeiu formula.

17): PDPVII[f] = ED(E,EKF 4 ¢TQED)[f] = ED[f],

(
(
(19
(
(

18); VT D[f] = *DYTY D[f] = ¢ D(¥711 — YO K1)[f],

): PKp#UTIf] = (#VTT = PTo? DDV Ty)[f] = (#VT1 = PTY DY DVT)[f] = (#TT — T D)[f],
20): (PDPYIL =P TP D) [f] = (YD — YD + *D? Kp)[f] = *D? Kr[f] (see (17) and (18)),

):

21): PKpP VIV Kp[f] = (PYI — PToY D) (I — Y To? D)[f] = #YI(I — Y To?Y D)[f] = ¢YTIYKr[f]. O

Remark 4.1. Some particular choices of 9 allow to different versions of the above formulas. Indeed, making
¥ =1 and ¥ = P in the equalities (18) and (20) respectively we have

YYIIYD[f] = ¢D[f] — *DYKrlf],
(FDPT 5 TP D)(f] = PDP K f). 2

2 Equalities (17) and (20) extend those obtained in [30, 8.21 and 8.22].
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Moreover, if we compare (19) and (21) with the generalized Borel-Pompeiu formula we get
Corollary 3. Let f € W) (%, Ron). Then, we have in Q that
PERPUII] = PV Kr(f)(). (23)
The following result extends that proved in [7,9,14,31]. Also generalize the particular case given in [10].
Proposition 2. For any pair o, of structural sets we have

YT im ¥ Q — im ?Q, (24)
#U11 : im VP +— im PP, (25)

Proof. It is sufficient to use (22) and (17). O

In addition, note that property (25) can be written in a more complete form using the equality (17) as
follows.

Proposition 3. *¥II[f] € im?P < f € im VP.
Our next results again generalize those proved in [7,9,10].
Theorem 12. Let f € W;(Q,Ro’n), 1<p<oo, k€N, then
VRISV f] = Y D¥To? DY To[f] = Y D(I — ?Kr) Y Tolf] = [ — Y D? Kr¥Tal[f].
Observe that interchanging ¢ and v in the above equality we get
PYIIVAILf] = f — ?DYKr?Talf].

Therefore, as a consequence of the previous theorem, we obtain immediately the one-sided invertibility of
the #¥II operator in those spaces of functions where tr¥Tq or tr*Tq vanishes.

Proposition 4. For an arbitrary structural set v, we have
fe imwQ =4 trFETQ[f] = O,

where Op stands for the function x € I' — 0 € R.

Proof. (=) Let f € im¥Q, then there exists u 614321 (Q,Ryg.,,) such as f = ¥D[u]. Then,
UTa[f]) = *Ta¥ D[u] = u — “Kr[u] = u = trr¥To[f] = Op.
(<) Let trp¥Tq[f] = Op. We have

Op = trr?To[f] = trr?ToYPlf] + trr ' To Y Q[f] = trr Y To Y P[f] = Or.

Then, using that the function YT Pf] is harmonic in €, we can conclude that it is identically zero
in Q. Therefore, YD¥To¥P[f] = 0 = YP[f] = 0o = f € im¥Q. O

From Theorem 12 and Proposition 4 we have the following result.
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Proposition 5 (One-sided invertibility of the #*VII operator).

PP PTT = Lmwq in im¢Q,

VETIPYIT = I 5q  in imVQ.
In the remainder of this section we concentrate in the case 2 = R"*1,
Theorem 13. Let ¢, ¥ be two arbitrary structural sets and f,g € Lo(R"1, Ry ,,), then

<%¢Hf7 g>2 = <f7 QMaHg>2 : (26)

Proof. If g € C°(R" Ry ,,), then, there exists a compact subset K C R"T! such that g(x = 0 for all
x ¢ K. It is obvious that, if we take a ball B such that K C B strictly, we have ¥Tgn+1?D[g] = ¥T5%D]g].
Then, according to the formula (11),

YTygn11%D]g] = YT¥Dlg] = Y D*Tlg] — ¥?Koplg) = * D*Tp[g]
=Y D¥Tgn+1[g] = #1[g].

It is easy to check for all pairs u,v € Lo(R"*1 Ry ,,) that
<“1’Tu,v>2 = —<’U,,ETU>2,
and with the additional supposition of v € C§° (R, Ry ,,) we get
(*Du,v), = — <u,¢Dv>2 .
Then, for all pairs of functions f € Ly(R" ™ Ry ,,) and g € C§° (R Ry ,,) we obtain
(PVT1f,9), = (*DVTf,g), = —(*Tf,?Dg), = (f,*T?Dg), = (f,**Ilg),

Finally, by density of the space C§°(R" ™! Ry ,,) in La(R" ™! Ry ,,) and using the continuity of the operator
¥¥TIgn+1 in this space, the desired result fails. O

The formula (26) shows that #¥II and ¥*?II are adjoint operators in the space La(R™" 1, Ry ).
Theorem 14. Let ¥, ¢, 1 be three arbitrary structural sets and f € Loy(R" ™ Ry.,). Then
SEIPVI f] = PV f]. (27)

Proof. Suppose that f € C5°(R" 1, Ry ,), then there exists a compact subset K C R"™! such that f =0
in R"*1\ K. Let B, := B(0,7), where r > 0 is a fixed number such that K C B,. Let € R"*! be an
arbitrary point and R > méx{|z|,r}. Then, by virtue of the classical Borel-Pompeiu formula inside the ball
Bgr := B(0, R)

UTgnss [f](2) = P Kopg " Tan+1 [f)(2) + #Tp,? DY Tpn [f]().

But

v 1 1
Koo T 1) < B/ = [PTO)] ase. (28)
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and for any £ € dBg, |{ — x| > dist(z,0Bgr) = R — |z|, then

1 1

e = R Ja)" (29)

On the other hand

_ /1] _ Al
| Tns1 [£1(€)| = | T, [£1(€)] < |Sn1d ist(&, By) ™" = W (30)

Using (29) and (30) in (28) we obtain

R’n
(R—|z))" (R—7)"
= lim YKpp,YTrn1[f](z) = 0.

R— oo

|PKopp? Tene [f](z)| < C |1l

Then,
YTint1 [f](x) = PTn+1% DV Tn+1 [f](2).
Applying in both sides of this relation the operator YD we obtain for f € C§°(R"*!, Ry ,,) that
P f] = Y DY Tana [f)(2) = P PIPVII f] ().

We now apply again the density argument of C§°(R"™! Ry ,,) in La(R" ™! Ry ,,) and the continuity of
©%TIgn+1 in this space and the proof is complete. 0O

Remark 4.2. A more general result can be proved. Let ¢, 9, ¢, ¥ be four arbitrary structural sets. Then the
following equality holds

SUTPVTIff] = <DV PIIVT(f].
For the particular case of ¥ = 1) we obtain from (27) the both-side invertibility of the operator #-*II.
Corollary 4. Let ¢, 1 be two arbitrary structural sets and f € Ly(R" ™ Ry ,,). Then
LeIIPCTIf] = f. (31)

Remark 4.3. The relation (31) proves that in the space La(R"*1 Ry ,,) the operator #¥II has a both-side
inverse #*¥II~! which coincides with its adjoint ¥>*II. Indeed, from (31) we obtain that ¥>*II is the left
inverse of #'¥II, but interchanging ¢ and v we get that ¥**II is also the right inverse.

By virtue of Theorem 13 and Theorem 14 we obtain the following important result.
Theorem 15. Let U, p, 1 be three arbitrary structural sets and f,g € Lo(R" ™ Ry ). Then,
<<P,19Hf’s0,wng>2 — <f,19’¢l_[g>2. (32)
As a consequence, for the particular case of ¥ = ¢ we get that
PUTL s Ly(R™ Ry ) — La(R™H Ry ),

is a unitary operator.
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Proposition 6. Let ¢, ¥ be two arbitrary structural sets and f,g € Lo(R" T Rg ). Then

<%¢Hfa %ng> = fv g>2 )

HW waHLz(R”+1 Ro,n) ||f||L2 R™+1,Ro,n)

By a simple extension argument we can also obtain that ||W’wH f || Lo =1 for any bounded smooth

(Q7R0,n)
domain €.
One of the most interesting conjectures with respect to the complex Il-operator is the famous conjecture

by Iwaniec [13] about the norm of the complex II-operator:

1

= 1<p<2
Mz, =q*7"

p—1 2<p<o

Applying the Fourier transform F f(£) = 5= [, e 1@ f(2)dz to our #¥II-operator we get for the Fourier
symbol of our operator

F ) =3 Y e S F e

2
== iy

From the observation of the Fourier symbol we get the following connection between the ¥-¥II and the Riesz
transforms R; f(y) = [p. 2 f(z)da:

T— y|n+1

PYILf = Z Z O R;R;f.

i=0 j=0

Consider now the Cauchy problem for the heat equation Uy + AU = 0 with U(0,x) = u(x). Its solution
is given by U(t,z) = (]—'_16_|5|2t]-'u) (x). Also, we will denote by V' the corresponding solution with initial
data V(0,z) = v(z). Considering the sesquilinear form

(U, V) = U(z,t)V(x,t)dxdt
I
we obtain
(DU, §0,V) = / G (16 e Fu) (@) o (F Y (—ig;)e 1€ Fo) (a) dadt
0 R+l
- / (&) F0) @) D 9 (i€, Fo)(©) / o2 g
Rn+1 0
1

- / EFOE 77 76,70)(€) gzt

1 —_—
=3 / P! Ryu I Rijvdx.

]Rn«i»l
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Now, since we have

(P, v)y = (O 0> " RiRju, v)

i=0 j=0

= <Z ijjU, Z JRWE
j=0 i=0

=) 0,0,y pav)
7=0 i=0
= (YDU,?DV)

we get

oo

YDUPDV dxdt

0 Rn+1

|(P¥TTu, v)e| = . (33)

Here we could use the idea of estimates via Martingales (see [3] and references therein). But for the purpose
of this paper it is enough to apply the idea of Petermichl, Slavin and Wick [21] of using the Bellman function
technique. The proof of the following theorem is a straightforward application of the corresponding proofs
n [21] and [20].

Theorem 16. For the norm of the operator
YT Ly(R™ Ry ) — Ly(R™ Ry ), 1< p < o0,
we have the estimate

[#¥T 2, < 2"2(n+1)(p* - 1)
with p* = max {p, p%l}.

The principal point for the proof is that for each partial derivative Petermichl, Slavin and Wick [21]
provide the following theorem (adapted to our case).

Theorem 17. Let u,v € C3°(R™, H) with H being a Hilbert module and p > 2. Suppose that % + % =1 then

m

2} / / 10U, ) |05V (2, )| rdedt < (5" — D)l oy 0] -

i,j=1 m+1
R
+

Strictly speaking Petermichl, Slavin and Wick [21] proved the above theorem for the case of H being a
Hilbert space over a Grassmann algebra, but the proof can be easily adapted to the case of a Clifford—Hilbert
module with the obvious modifications.

Starting with formula (33) we can now write

|<%¢Hu,v>2|<2n/2<z / |8iUH(9iV|dCCdt+Z / 8¢U|ajV|dl‘dt>
=0

i= n+2 i£] ont2
R R

and apply the above theorem.
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Since the #*¥II-operator commutes with the partial derivatives we obtain the following theorem.
Theorem 18. For the norm of the operator
2T Wy (R R ) — WE(R™ Rg )
with 1 < p < oo, k€N, we get

Py < 272(n 4+ 1) (5" — 1),
Since it is well-known that ||*"¥TI|| > (p* — 1) we get the following estimate
P =1 < Py <272 (n+ 1)(p" — 1) (34)

with 1 < p <ooand k € N.
In the last section during our study of the application to higher-dimensional Beltrami equations this
result will be quite helpful.

5. Jump of #*¥II operator

The aim of this section is to find an expression for the jump of the function #¥IIg|[f] across the boundary
I" of the domain Q. To this end, we will need to assume the boundary I' to be a Lyapunov surface and
f € CO*(T',Rg.,). Without loss of generality we may regard f to be continuous out of I' and the class being
conserved. Therefore the representation (11) holds for x ¢ I.

We claim that, without difficulties Plemelj—Sokhotski formulas remain true also for the ezotic Cauchy
type integral #¥ K1. The success of our method will depend on using the Holder continuity of the outward
unit normal vector on a Lyapunov surface. Indeed:

Theorem 19. Let f € CO*(T',Ro.,), p € (0,1]. Then, we have

PUKES() == lim  #VKp[f](x) =

Q*sz—tel

(2 SE[£1(t) £ ng(t)ny (8) £(1)] -

| =

Proof. Note that, as a consequence of n,(§)ng(£) = 1, we have
UK (f)(a) = [ Kolé — ) 100 (Onp(©)] mo€)1(€) dTe = *Krlngnf)(o)
r

Next, the Plemelj-Sokhotski formulas applied to ¥ Kt [ngny f] show that

PUKELS) = 5 [PVl £ np(tne (1) . O

N | =

To proceed with, it is worth noting that the function T [f] is continuous on the whole R**1 if f €
L,(2,Rg.,), p > n+ 1. This result is obtained in [8, Proposition 8.1] in the case of standard structural set
@ = pg. The proof for an arbitrary ¢ is similar.

After the above preparations, we are now ready to give the expression for the jump of the function
¢%IIo[f] on the contour T', using the previous Plemelj-Sokhotski formulas. Precisely

(#Ta[f]) " (1) = (“YTalf])” () = np(tng(H)f(t), teT. (35)
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Remark 5.1. In the case of ¢ = 1) = 9, formula (35) can be found in [14, Deduction 3.9, p. 22].

Remark 5.2. Let n = 1, and T (being in this case a curve) consist of points ¢(s) = z(s) +iy(s), 0 < s <1,
where [ is the length of I' and s is the length of the arc counted from a fixed point on I" to ¢t. For the
structural sets s = {1,4} and 1, = {1, —i}, we have

dt q dt
Ny, = —t— and N7 =1i—.
Yt ds Pt ds

Then, applying (35) the jump of Pabee]] is given by

(Pernn)) " (@) (Perens]) @) = (ng,0) £0) =~ (%) 7).

This relation is exactly that obtained in [30, p. 62] for the jump of the classical complex II-operator.
6. Application of the #*¥IIg-operator to the solution of Beltrami equations

Let us now consider the following Beltrami equation ¥ Dw(z) = q(z) ?Dw(z), z € R"*1. This type of
Beltrami equations was first studied in [16] in the case of quaternionic analysis, where it was shown that
these equations have a solution of the form w(z) = ®(z) + Th(z), where ®(z) is a monogenic function
and h(z) a solution of the singular integral equation h = ¢¥*D® + ¢#¥IIh, if only [|¢#¥II|| < 1 in the
appropriate norm. This system includes the case of D and D as well as the case of Shevchenko [26]. Here
and in the following we consider the case of ¢ taking values in the paravector group P. This includes the
most important cases for applications. To obtain a global solution w we require q € W;(R"“, P),p>n+1,
lallw: gnt ko) < g < 1/[|#¥I1]|. We remark that in [16] the condition on the structural sets is 3 -)'_, oFyk
which is not satisfied by the standard choice 1* = J, k=0,...,n.

One of the principal questions is if and when the solution of a Beltrami equation is a local or global
quasi-conformal homeomorphism. The basis for such a discussion is the following theorem [5] adapted to
our case:

Theorem 20. (See [6].) Let f be monogenic in zg, i.e. ¥ Df(z) =0 in a neighborhood of zy, then we have
tkJ¢(20) <n+1<Ip:|p|=1A?Df(Pz)|sezy =0,
where tk Jy(zo) denotes the rank of the Jacobian at the point 2.
We fix now the monogenic function ®(z) such that YD® = 0 and YD® = 1. Using the affine

transformation £ = (z — 2p) we can reduce our study to the point zy = 0. For each neighborhood
Us(0) = {¢€ e R**1) |¢] < §} we consider the function gs(€) = ¢(€)b(€) with

1 €] < 36,
o= 42(9) 3 (9) +3(9) -1 <o
0 €] > 4.

It holds [gsllwz 1 20,0) < llallwp s 2o, Il wa et o) < Cod" lallwy et o, Co = (53T +

2 3 6 n
wva tamry — nge) 8"
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Let us denote by W, ((Us(0),Rq,) the space of all W)(R""! Rg,)-functions with support in
Us(0). Then we have for the operator #¥Ils;, defined by #¥Ilsh = g¢s;¥¥Ilh, the mapping property
1 PR W, o.(Us(0),Ron) — Wy ,(Us(0),Ro,), 1 < p < oo. Moreover, from lallw: @+t ko) < Ge <
1/|| 1bl‘[||Wl R+ Ro ) P > T —|— 1, and ||q5||W1(Rn+1 Ron) S Cpb"llgllwimn+ir,,,) it follows that for all

\/— » (Us(0 ) Ron), p>n+1.

This implies that w = & + YThs, where hs is a solution of hy = qs + ©¥TIshs, is a solution of the

Beltrami-type equation ¥ Dw(¢) = ¢s(&) ? Dw(€) over R"T! and, moreover, also a solution of the Beltrami-

type equation ¥ Dw (&) = q(€) ¥ Dw(€) over Us(0). Finally, after applying the inverse transformation of our
affine transformation we get a solution of our original Beltrami-type equation ¥ Dw(z) = q(z) ¥ Dw(z) over

Us(zp). Additionally, by Banach’s fixed-point theorem and § < {1@ we obtain the estimate
3

C
h . <20 " 0" < 2"
1Rslw (g1 26,0) ellallwy @+t Ro. ) [ [y

Therefore, we get that for all € > 0 there exists a d such that

[hsllwmns Ry, < (36)

€
e o ey
where C), denotes the embedding constant of W (R"*!, Ry ), p > n+1, in C(R""!,Rg,), and we can use
Theorem 20.

From this theorem we have the condition

tk Jyle—o <n+1< 3p:|p| =1 APDew(pé)|e=o = 0.

We consider now the terms ? Déw(p€) and ? Dew(p€) at zero and transforming them into Y- , ¥4 (PTQ4),
where @) 4 are real symmetric matrices and P denotes our rotation written as a vector. Since it is enough
that one of the matrices () 4 is positive or negative definite we can restrict ourselves to the scalar part. This
leads to the following matrix:

34+ Coo  Con Co2 ... Con
Cio 3+Cu Cia ... Cis
(37)
C’nO Cnl Cn2 3 + Cnn

Hereby, we refer to [Gl for the coefficients and details. We only remark that the coefficients Cj; of system
(37) fulfil |C;;| < C,,Hw’wHHWI} ||h6||W1} for all indices ¢, j, where C), denotes again the embedding constant
of W1 in C(R" Ry ) [9].

12vn)

Moreover, from (36) we obtain that |Cj;| < H“" j=m € holds. Choosing now ”g, wn|| € < 1/3 the elements g¢;;
of our matrix (37) satisfy qi > >, [i5]-

This allows us to establish the following theorem.

Theorem 21. Suppose that q € WI}(R”H,RO,W) for a certain p > n+ 1 and ||q||W;(]Rn+1$]RO’n) <gq <1/
||‘P’¢H||W1} (Rn+1 R, ,) - SUppose also that g+1 is not a zero divisor for any point 2o in R™*1. Then the Beltrami-
type equation ¥ Dw(z) = q(z) ¥ Dw(z) has in each point zy a solution, which realizes a local quasi-conformal

mapping.

Using our norm estimate for the #*II-operator (34) we can state the following corollary.
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Corollary 5. A sufficient condition for the above theorem is ||Q||W;(Rn+1,R0,n) <qe < W.

Now, we assume q € W}} (R"1 Ry ,,) with

1
(0 = 1) min (|4, [P0 T )

lallws @n+1Ry ) < Ge <

for some p > n + 1. This means that we have ||Allw1@n+1ry.,.) < 15 Hﬁim” - < 3||H1”w1 and the solution
’ ¢ Wp p

w = ® + Th belongs to the space C'(R" "1 Ry ,,). Moreover, our linear system (37) again turns out to be
diagonal dominant.

The well-known theorem of Hadamard [2], which states, that a function w(z), where the Jacobian de-
terminant is not equal to zero in any point and w(z) — oo if |z| = oo, realizes a global homeomorphism,
together with our norm estimate of the #*¥II-operator (34) allows us to establish the following theorem.

Theorem 22. If g € W) (R""!, Ry ,,), lallws ®n+1,Ry ) < G < W; p* = max {p, p%l}, q+1 not

being a zero divisor at any point in R*T1, for some p > n + 1 then the function
w=®+4+Th,

with h being a solution of the corresponding singular integral equation, is a solution of the Beltrami-type
equation ¥ Dw(z) = q(z) ¥ Dw(z) which realizes a global homeomorphism.
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