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Planets with masses between 0.1 − 10M⊕ are believed to host dense atmospheres. These atmospheres
can play an important role on the planet’s spin evolution, since thermal atmospheric tides, driven by the
host star, may counterbalance gravitational tides. In this work we study the long-term spin evolution
of Earth-sized exoplanets. We generalize previous works by including the effect of eccentric orbits and
obliquity. We show that under the effect of tides and core-mantle friction, the obliquity of the planets evolve
either to 0◦ or 180◦. The rotation of these planets is also expected to evolve into a very restricted number of
equilibrium configurations. In general, none of this equilibria is synchronous with the orbital mean motion.
The role of thermal atmospheric tides becomes more important for Earth-sized planets in the habitable
zones of their systems, so they cannot be neglected when we search for their potential habitability.

1. Introduction

In 1995, Mayor & Queloz detected the first exoplanet
orbiting a Sun-like star. This was just the first of many,
and ten years later more than 150 exoplanets were already
known. It was at that time that a planet with a mass lower
than 10M⊕ was found orbiting the low-mass star GJ 876
(Rivera et al. 2005). This was the first “Earth-sized” planet
to be found, also called “Super-Earth”.

This new class of planets with mass lower than 10M⊕,
is believed to have an icy/rocky core surrounded by a dense
gaseous envelope (Alibert et al. 2006). As an example, for
a planet with a mass of 8M⊕, Rafikov (2006) showed that
∼ 87.5% of its mass may be made of rock, while ∼ 12.5%
may be a H2−He gaseous envelope. We may compare these
results with the values of the planet Earth, whose atmo-
sphere represents only 0.0001% of the total mass, and for
Venus, whose atmosphere/mass ratio is 0.01%.

There are many differences between the so-called
“Super-Earths” and the telluric planets of the Solar System,
and also much to be discovered about these new worlds.
Still, the use of our knowledge on the telluric planets to
study the properties of similar exoplanets is of major inter-
est. In particular, because some of these planets may be or-
biting in the habitable zone (HZ) (see e.g. Udry et al. 2007),

the study of their spin evolution to infer their possible cli-
mate becomes important in the search of life elsewhere in
the Universe. Although most of these planets will be quite
different from the Earth, in the remaining of the paper, the
term Earth-sized planet denotes a planet with mass smaller
than 10M⊕ orbiting in the vicinity of the HZ, or closer to
their parent star.

The HZ is defined as a range of distance to the star where
the insolation received by an Earth-sized planet is adequate
to allow its surface to maintain liquid water (Kasting et al.
1993; Kopparapu et al. 2013b,a). But to say that a planet
is in the HZ is not the same as to say a planet is habitable.
There are other factors, as the obliquity, eccentricity, atmo-
sphere composition, or tidal effects, that should also be con-
sidered when assessing habitability.

Several efforts have been made to explore these and
other factors that may contribute to the habitability of an
exoplanet. As an example, Barnes et al. (2013) show that
tidal heating can induce a runaway greenhouse on explanets
orbiting low-mass stars, which may cause all the hydrogen
to escape, and so may all the water. On the other hand,
modeling by Barnes et al. (2008) show that Earth-sized ex-
oplanets orbiting in the HZ of an M-dwarf can support life.
These planets may have strong enough magnetic fields that
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might protect their atmospheres and surfaces. But to in-
fer about the habitability of a planet, there is an effect that
should not be neglected: tidal dissipation. Tidal interac-
tions will contribute to the planetary spin evolution, having
an impact on the final obliquity, spin rate, and eccentricity
(e.g. Heller et al. 2011).

Since Earth-sized exoplanets are believed to have dense
atmospheres, when studying their spin evolution, we have
to consider two kinds of tidal effects: the traditional bodily
tides of gravitational origin (gravitational tides), but also
thermal atmospheric tides. The former tends to despin the
planet, while the latter may counteract the gravitational tidal
effect on the planet’s rotation (Gold & Soter 1969). In
the Solar System, Venus and the Earth are the only tel-
luric planets having a significant atmosphere. From these
two, only Venus is believed to have reached a final equi-
librium rotation rate (Dobrovolskis 1980; Correia & Laskar
2001, 2003b). Because all known Earth-sized exoplanets
are closer to the parent star than Venus is to the Sun, it is
expected that they have also reached rotational equilibrium
(Laskar & Correia 2004; Correia et al. 2008). Therefore,
their environments are probably more similar to Venus than
to the Earth. We can thus use the model developped for the
undestanding of the spin evolution of Venus (Correia et al.
2003; Correia & Laskar 2003b) for investigating the possi-
ble spin evolution of the Earth-sized exoplanets.

In this work we expect to be able to infer about the
present rotation of Earth-sized planets. Unlike Venus,
whose orbit is almost circular, most of these exoplanets
have non-zero eccentricities. Thus, the above mentioned
model for Venus’ rotation needs to be generalized in order
to include the effect of the orbital eccentricity. We also as-
sess if these planets can only evolve to final obliquity of 0◦

and 180◦ (Correia et al. 2003), or if they can present inter-
mediate stable obliquities. In section 2 we present the equa-
tions of motion that describe the long-term spin evolution
of a terrestrial planet. We also describe the contribution of
the main dissipative effects: the gravitational tides, thermal
atmospheric tides, and core-mantle friction. In section 3 we
present a dynamical analysis for the spin evolution and for
the final equilibrium rotation states. In section 4 we present
numerical simulations for the spin evolution starting with
different initial rotation periods and obliquities. We apply
our model to the known Earth-sized planets as well as fic-
titious Earth-sized planets in the HZ of Sun-like stars. We
end this study by presenting our conclusions in section 5.

2. Equations of motion

2.1. Conservative motion

The Hamiltonian of the motion can be written using the
classical canonical Andoyer’s action and angle variables
(Andoyer 1923; Kinoshita 1977) but these variables be-
comes degenerate due to a simplifying assumption that is
done here: The planet is considered to be a rigid body with
moments of inertia A = B < C, and we merge the fig-
ure axis with the direction of the angular momentum (gy-
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Fig. 1.— Andoyer’s canonical variables. L is the projec-
tion of the total rotational angular momentum vector L on
the principal axis of inertia k, and X the projection of the
angular momentum vector on the normal to the orbit K.
The angle between the line of nodes γ and a fixed point of
the equator A is the hour angle, θ, while the angle between
a reference point in the orbit and the line of nodes γ is the
precession angle, ϕ.

roscopic approximation)1. We are then left with only two
action variables (L,X) and their conjugate angles (θ, ϕ)
(Néron de Surgy & Laskar 1997)2. The quantity L = Cω,
with rotation rate ω, is the the angular momentum along the
C axis, and X = L cos ε, where ε is the obliquity, is its
projection on the normal to the quasi-inertial ecliptic plane.
The variable θ is the hour angle between the equinox and
a fixed point of the equator, and ϕ is the precession angle
(Figure 1). Averaging the Hamiltonian over the rotation an-
gle and the mean anomaly, we get3 (Kinoshita 1977; Néron
de Surgy & Laskar 1997; Correia & Laskar 2010b)

H =
L2

2C
− αX

2

2L
, (1)

where

α =
3GM∗

2a3(1− e2)3/2
Ed
ω
' 3

2

n2

ω

(
1 +

3

2
e2
)
Ed (2)

is the “precession constant”, while quantities G, M∗, a,
n, and e are the gravitational constant, stellar mass, semi-
major axis, mean motion, and eccentricity, respectively.

1The figure axis of a solid is its principal axis of inertia with maximum
momentum of inertia. In the case of the Earth, the angle between the axis
of figure and the angular momentum is of the order of 7× 10−7 radians.

2In the section 2 in Néron de Surgy & Laskar (1997), the actions are the
same (L,X), but the notations for the conjugate angles are (l,−ψ) in-
stead of (θ, ϕ).

3Since A = B, we neglect the effect from spin-orbit resonances. Correia
& Laskar (2003b) have shown that thermal tides drive the spin away from
these equilibria. A full description of the Hamiltonian withA 6= B can be
found in Correia & Laskar (2010a).
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Quantity Ed is the dynamical ellipticity4,

Ed =
C −A
C

=
kfR

5

3GC
ω2 + δEd , (3)

where R is the planet radius, and kf is the fluid Love num-
ber. The first part of this expression corresponds to the flat-
tening in hydrostatic equilibrium (Lambeck 1980), and the
second corresponds to the departure from this equilibrium.

Since Andoyer’s variables are canonical, the spin equa-
tions of motion are easily obtained from the mean Hamilto-
nian (Eq.1) as

dL

dt
= −∂H

∂θ
,

dX

dt
= −∂H

∂ϕ
,

dϕ

dt
=
∂H
∂X

, (4)

which gives

dL

dt
=
dX

dt
= 0 , and

dϕ

dt
= −α cos ε , (5)

that is, the rotation rate and the obliquity are constant, and
the planet precesses at a constant rate.

2.2. Tidal effects

Tidal effects arise from planetary differential and inelas-
tic deformations caused by a perturbing body. There are
two types of tidal effects: the gravitational tides and the
thermal atmospheric tides. The estimations for both effects
are based on a general formulation of the tidal potential,
initiated by Darwin (1880).

2.2.1. Gravitational tides

Gravitational tides are raised on the planet by a perturb-
ing body because of the gravitational gradient across the
planet. The force experienced by the side facing the per-
turbing body is stronger than that experienced by the far
side. These tides are mainly important upon the solid (or
liquid) part of the planet, and are independent of the exis-
tence of an atmosphere.

Since the planets are not perfectly rigid, there is a dis-
tortion that gives rise to a tidal bulge. This redistribution of
mass modifies the gravitational potential generated by the
planet in any point of the space. The additional amount of
potential, the tidal potential Ug , is responsible for the mod-
ifications in the planet’s spin (and orbit), and it is given by5

(e.g. Lambeck 1980):

Ug = −k2
GM2

∗
R

(
R

r∗

)3(
R

r

)3

P2(cosS) , (6)

where r and r∗ are the distances from the planet’s center of
mass to a generic point and to the star, respectively, S is the
angle between these two directions, P2 are the second order
Legendre polynomials, and k2 is the second potential Love
number.

4When A 6= B, after averaging over the fast rotation angles we can replace
A by (A+B)/2 (e.g. Boué & Laskar 2006).

5We neglect terms in (R/r)4.

Expressing the tidal potential given by expression (6) in
terms of Andoyer angles (θ, ϕ), we can obtain the contribu-
tion to the spin evolution from expressions (4) using Ug at
the place ofH. As we are interested here in the study of the
secular evolution of the spin, we also average Ug over the
periods of mean anomaly and longitude of the periapse of
the orbit. This work is done with the help of the algebraic
manipulator TRIP (Laskar 1989, 1994), which expands the
potential in Fourier series, as in Kaula (1964) and Correia
& Laskar (2010b). For a planet orbiting its host star, where
the star is both the perturbing and interacting body (r = r∗),
we then find for the averaged equations of motion:

dL

dt
= Kg

∑
σ

bg(σ)Λgσ(x, e) , (7)

dX

dt
= Kg

∑
σ

bg(σ)Υg
σ(x, e) , (8)

where

Kg = −GM
2
∗R

5

a6
, (9)

and x = X/L = cos ε. The coefficients Λgσ and Υg
σ are

polynomials in the eccentricity (Kaula 1964). For a planet
with moderate eccentricity, we may neglect terms in e4 and
greater, and obtain the following expansion for the previous
equations:

1

Kg

dL

dt
= bg (2ω + 3n)

147

128
e2 (1− x)

4

+ bg (2ω + 2n)
3

32

(
1− 5e2

)
(1− x)

4

+ bg (2ω + n)
3

128
e2
(
37 + 70x+ 37x2

)
(1− x)

2

+ bg (2ω)
3

8

(
1 + 3e2

) (
1− x2

)2
+ bg (2ω − n)

3

128
e2
(
37− 70x+ 37x2

)
(1 + x)

2

+ bg (2ω − 2n)
3

32

(
1− 5e2

)
(1 + x)

4

+ bg (2ω − 3n)
147

128
e2 (1 + x)

4

+ bg (ω + 3n)
147

64
e2
(
1− x2

)
(1− x)

2

+ bg (ω + 2n)
3

16

(
1− 5e2

) (
1− x2

)
(1− x)

2

+ bg (ω + n)
3

64
e2
(
1− 2x+ 37x2

) (
1− x2

)
+ bg (ω)

3

4

(
1 + 3e2

) (
1− x2

)
x2

+ bg (ω − n)
3

64
e2
(
1 + 2x+ 37x2

) (
1− x2

)
+ bg (ω − 2n)

3

16

(
1− 5e2

) (
1− x2

)
(1 + x)

2

+ bg (ω − 3n)
147

64
e2
(
1− x2

)
(1 + x)

2
, (10)

and
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1

Kg

dX

dt
= −bg (2ω + 3n)

147

128
e2 (1− x)

4

− bg (2ω + 2n)
3

32

(
1− 5e2

)
(1− x)

4

− bg (2ω + n)
3

128
e2 (1− x)

4

+ bg (2ω − n)
3

128
e2 (1 + x)

4

+ bg (2ω − 2n)
3

32

(
1− 5e2

)
(1 + x)

4

+ bg (2ω − 3n)
147

128
e2 (1 + x)

4

− bg (ω + 3n)
147

32
e2
(
1− x2

)
(1− x)

2

− bg (ω + 2n)
3

8

(
1− 5e2

) (
1− x2

)
(1− x)

2

− bg (ω + n)
3

32
e2
(
1− x2

)
(1− x)

2

+ bg (ω − n)
3

32
e2
(
1− x2

)
(1 + x)

2

+ bg (ω − 2n)
3

8

(
1− 5e2

) (
1− x2

)
(1 + x)

2

+ bg (ω − 3n)
147

32
e2
(
1− x2

)
(1 + x)

2

− bg (3n)
441

64
e2
(
1− x2

)2
− bg (2n)

9

16

(
1− 5e2

) (
1− x2

)2
− bg (n)

9

64
e2
(
1− x2

)2
. (11)

The coefficients bg(σ) are related to the dissipation of the
mechanical energy of tides in the planet’s interior, responsi-
ble for a time delay ∆tg(σ) between the position of “max-
imal tide” and the sub-stellar point. They are related to the
geometric lag δg(σ) as:

bg(σ) = k2 sin 2δg(σ) = k2 sin (σ∆tg(σ)) . (12)

Dissipation equations (10) and (11) must be invariant under
the transformation (ω, x) by (−ω,−x) which implies that
b(σ) = −b(−σ). That is, b(σ) is an odd function of σ (Cor-
reia et al. 2003). Although mathematically equivalent, the
couples (ω, x) and (−ω,−x) correspond to two different
physical situations (see Correia & Laskar 2001).

2.2.2. Thermal atmospheric tides

The differential absorption of the Solar heat by the
planet’s atmosphere gives rise to local variations of temper-
ature and consequently to pressure gradients. The mass of
the atmosphere is then permanently redistributed, adjusting
for an equilibrium position. More precisely, the particles
of the atmosphere move from the high temperature zone
(at the sub-solar point) to the low temperature areas (e.g.
Arras & Socrates 2010). Observations on Earth show that
the pressure redistribution is essentially a superposition of

two pressure waves: a diurnal tide of small amplitude and
a strong semi-diurnal tide (Bartels 1932; Haurwitz 1964;
Chapman & Lindzen 1970).

As for gravitational tides, the redistribution of mass in
the atmosphere gives rise to an atmospheric bulge that mod-
ifies the gravitational potential generated by the atmosphere
in any point of the space. The tidal potential Ua responsi-
ble for the spin changes is given by6 (e.g. Correia & Laskar
2003a):

Ua = −3

5

p̃2
ρ̄

(
R

r

)3

P2(cosS) , (13)

where p̃2 is the second order surface pressure variations,
and ρ̄ is the mean density of the planet.

To find the contributions to the spin we use expressions
(4) together with the averaging method over fast varying
angles (mean anomaly and longitude of the periapse), which
gives:

dL

dt
= Ka

∑
σ

ba(σ)Λaσ(x, e) , (14)

dX

dt
= Ka

∑
σ

ba(σ)Υa
σ(x, e) , (15)

where

Ka = −3M∗R
3

5ρ̄a3
. (16)

The ba(σ) factor is now:

ba(σ) = p̃2(σ) sin (σ∆ta(σ)) = p̃2(σ) sin 2δa(σ)

= |p̃2| sin 2(δa(σ) + π/2) = −|p̃2| sin 2δa(σ) ,(17)

where ∆ta is the atmosphere’s delayed response to the stel-
lar heat excitation, and δa is the corresponding geometric
lag. The amplitude of the bulge, p̃2, is the second order
surface pressure variations (Chapman & Lindzen 1970):

p̃2(σ) = i
γ

σ
p̃0

(
∇ · υσ −

γ − 1

γ

Jσ
gH0

)
= i
Pσ
σ
, (18)

where γ = 7/5 for a perfect diatomic gas, p̃0 is the mean
surface pressure, υσ is the tidal winds velocity, Jσ is the
amount of heat absorbed or emitted by unit of mass of air
per unit time, and H0 is the scale height at the surface. The
imaginary number in equation (18) causes the pressure vari-
ations to lead the star (i = eiπ/2).

The coefficients Λaσ and Υa
σ are also polynomials in the

eccentricity, but different from their analogs for gravita-
tional tides (Eqs. 10 and 11). However, for zero eccentric-
ity they become equal, i.e., Λaσ(e = 0) = Λgσ(e = 0),
and Υa

σ(e = 0) = Υg
σ(e = 0). Once more, for a planet

with moderate eccentricity, we can neglect terms in e4 and

6We did not include the diurnal surface pressure variations, because they
correspond to a displacement of the center of mass of the atmosphere
bulge, which has no dynamical implications. We also neglect terms in
(R/r)4.
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greater, and obtain the following expansion for equations
(14) and (15):

1

Ka

dL

dt
= ba (2ω + 3n)

27

32
e2 (1− x)

4

+ ba (2ω + 2n)
3

32

(
1− 3e2

)
(1− x)

4

− ba (2ω + n)
3

32
e2 (1− x)

4

+ ba (2ω)
3

8

(
1 + 5e2

) (
1− x2

)2
− ba (2ω − n)

3

32
e2 (1 + x)

4

+ ba (2ω − 2n)
3

32

(
1− 3e2

)
(1 + x)

4

+ ba (2ω − 3n)
27

32
e2 (1 + x)

4

+ ba (ω + 3n)
27

16
e2
(
1− x2

)
(1− x)

2

+ ba (ω + 2n)
3

16

(
1− 3e2

) (
1− x2

)
(1− x)

2

− ba (ω + n)
3

16
e2
(
1− x2

)
(1− x)

2

+ ba (ω)
3

4

(
1 + 5e2

)
x2
(
1− x2

)
− ba (ω − n)

3

16
e2
(
1− x2

)
(1 + x)

2

+ ba (ω − 2n)
3

16

(
1− 3e2

) (
1− x2

)
(1 + x)

2

+ ba (ω − 3n)
27

16
e2
(
1− x2

)
(1 + x)

2
, (19)

and

1

Ka

dX

dt
= −ba (2ω + 3n)

27

32
e2 (1− x)

4

− ba (2ω + 2n)
3

32

(
1− 3e2

)
(1− x)

4

+ ba (2ω + n)
3

32
e2 (1− x)

4

− ba (2ω − n)
3

32
e2 (1 + x)

4

+ ba (2ω − 2n)
3

32

(
1− 3e2

)
(1 + x)

4

+ ba (2ω − 3n)
27

32
e2 (1 + x)

4

− ba (ω + 3n)
27

8
e2
(
1− x2

)
(1− x)

2

− ba (ω + 2n)
3

8

(
1− 3e2

) (
1− x2

)
(1− x)

2

+ ba (ω + n)
3

8
e2
(
1− x2

)
(1− x)

2

− ba (ω − n)
3

8
e2
(
1− x2

)
(1 + x)

2

+ ba (ω − 2n)
3

8

(
1− 3e2

) (
1− x2

)
(1 + x)

2

+ ba (ω − 3n)
27

8
e2
(
1− x2

)
(1 + x)

2

− ba (3n)
81

16
e2
(
1− x2

)2
− ba (2n)

9

16

(
1− 3e2

) (
1− x2

)2
+ ba (n)

9

16
e2
(
1− x2

)2
. (20)

Neglecting the tidal winds υσ , from expression (18) we
have

Pσ ∝ Jσ ∝ r−2 . (21)

As a consequence, in the computation of the averaged ex-
pressions for Λaσ and Υa

σ we used a factor r−5, correspond-
ing to the r−2 from Pσ together with the contribution in
r−3 from the tidal potential (Eq. 13).

2.2.3. Tidal models

The dissipation of the mechanical energy of tides in the
planet’s interior is responsible for the phase lags δ(σ). A
commonly used dimensionless measure of tidal damping
is the quality factor Q, defined as the inverse of the “spe-
cific” dissipation and related to the phase lags by (Efroim-
sky 2012, Eq. 141)

Q−1(σ) =
∆E

2πE
= | sin 2δg(σ)| , (22)

where E is the total tidal energy stored in the planet, and
∆E is the energy dissipated per cycle. We can rewrite ex-
pression (12) as:

bg(σ) = sign(σ)
k2
Q(σ)

. (23)
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Fig. 2.— Commonly used models for frequency depen-
dence of tides: visco-elasctic (Eq. 24, red), viscous or linear
(Eq. 26, blue), constant−Q (Eq. 27, green), and an interpo-
lated model between the linear and the constant one (Eq. 75,
dashed line).

The present Q value for the planets in the Solar system
can be estimated from orbital measurements, but as rheol-
ogy of the planets is badly known, the exact dependence
of bg(σ) on the tidal frequency σ is unknown. Many differ-
ent authors have studied the problem and several models for
bg(σ) have been developed so far, from the simplest ones to
the more complex (for a review see Efroimsky & Williams
2009). The huge problem in validating one model better
than the others is the difficulty to compare the theoretical
results with the observations, as the effect of tides are very
small and can only be detected efficiently after long periods
of time. Therefore, here we only describe the most com-
monly models that are used (Fig. 2).

The visco-elastic model Darwin (1908) assumed that the
planet behaves like a Maxwell solid7 of constant density ρ,
and found:

bg(σ) = kf
τb − τa

1 + (τb σ)2
σ , (24)

where τa = υe/µe and τb are the time constants for damp-
ing of the body tides,

τb = τa(1 + 19µeR/2Gmρ) . (25)

The Maxwell solid model is usually accepted as a good ap-
proximation of the planet’s response to tidal perturbations,
although more complete visco-elastic models exist (for a
review see Henning et al. 2009). However, it depends on
many uncertain parameters and it is not of practical use
when we aim to do simple approximations and consider-
ations on the tidal evolution. In addition, while it can be

7A Maxwell body behaves like an elastic body over short time scales, but
flows like a fluid over long periods of time. It is characterized by a ho-
mogenous rigidity (or shear modulus) µe and by a viscosity υe.

appropriate to simultaneously describe the elastic and vis-
cous response of the solid body, it is questionable whether
it is still valid for the atmospheric deformation is response
to thermal gradients.

The viscous or linear model In the viscous model, it is
assumed that the response time delay to the perturbation
is independent of the tidal frequency, i.e., the position of
the “maximal tide” is shifted from the sub-stellar point by
a constant time-lag ∆tg (e.g Mignard 1979). As usual we
have σ∆tg � 1, the viscous model becomes linear:

bg(σ) = k2 sin(σ∆tg) ≈ k2 σ∆tg . (26)

The viscous model is a particular case of the visco-elastic
model and is specially adapted to describe the behavior of
planets in slow rotating regimes (ω ∼ n).

The constant-Q model For the Earth, Q changes by
slightly more than an order of magnitude between the Chan-
dler wobble period (about 440 days) and seismic periods of
a few seconds (e.g. Anderson & Minster 1979; Karato &
Spetzler 1990). Thus, it is also common to treat the specific
dissipation as independent of frequency:

bg(σ) ≈ sign(σ)k2/Q . (27)

The constant-Q model can be used for long periods of time
where the tidal dissipation does not change much, as is the
case for moderately rotating planets. However, for slow ro-
tating planets, the constant-Q model is not appropriate as it
gives rise to discontinuities for σ = 0.

2.3. Core-mantle friction

We assume that the Earth-sized planets have internal
structures similar to that of our planet, that is, these plan-
ets are composed of a solid mantle and a liquid core. We
suppose that the liquid core is inviscid, incompressible and
homogeneous. We also suppose that the internal structure
of the planets is unchanged in time, since the core formation
time (or condensation velocity) is poorly known.

If there is slippage between the liquid core and the man-
tle, an additional source of dissipation of rotational energy
results from friction occurring at the core-mantle boundary.
Indeed, because of their different shapes and densities, the
core and the mantle do not have the same dynamical el-
lipticity and the two parts tend to precess at different rates
(Poincaré 1910). This tendency is more or less counter-
acted by different interactions produced at their interface:
the torque N of non-radial inertial pressure forces of the
mantle over the core provoked by the non-spherical shape
of the interface; the torque of the viscous (or turbulent) fric-
tion between the core and the mantle; and the torque of the
electromagnetic friction, caused by the interaction between
electrical currents of the core and the bottom of the magne-
tized mantle.

Poincaré (1910) classic study shows that the core re-
sponds to the precession with a rotation velocity ωc, whose
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vector is inclined by a small angle χ with respect to the
mantle velocity vector ω = ω k (Rochester 1976; Correia
2006):

δ = ω − ωc , (28)

and

sinχ =

∣∣∣∣δ × k

ωc

∣∣∣∣ . (29)

Sasao et al. (1980) demonstrated that the pressure inertial
torque may be expressed in a general way by:

N = ωc ×Lc − Pc, (30)

where Pc is the precession torque over the core and Lc its
angular moment:

Lc = Ĩc · ωc, (31)

with

Ĩc =

Ac 0 0
0 Ac 0
0 0 Cc

 . (32)

Cc and Ac are the principal inertial moments of the core.
The core’s dynamical ellipticity is then given by Ec =
(Cc − Ac)/Cc. The lower part of the mantle has irregu-
larities that prevent the border between the two layers from
being a perfect ellipsoid. According to Hide (1969) the
height of these bumps may reach a few kilometers. Thus,
for the dynamical ellipticity of the mantle, we establish that
Ec = Ech + δEc, that is, Ec has a hydrostatic component
and a non-hydrostatic component. For Earth, Herring et al.
(1986) provide the value δEc = 1.2× 10−4.

The two types of friction torques (viscous and electro-
magnetic) depend on the differential rotation between the
core and the mantle and can be expressed by a single ef-
fective friction torque, Φ. As a general expression for this
torque we adopt (Rochester 1976; Mathews & Guo 2005)

Φ = −(κ+ κ′ k×) δ , (33)

where κ and κ′ are effective coupling parameters. Both pa-
rameters account for viscous and electromagnetic stresses
at the core-mantle interface, that can be written as: κ =
κvis + κem, and κ′ = κ′vis + κ′em. Estimations for these
coefficients can be found in the works of Mathews & Guo
(2005) and Deleplace & Cardin (2006). In the simplified
case of no magnetic field, the coupling parameters are only
given by the viscous friction contributions, which can be
simplified as (Noir et al. 2003; Mathews & Guo 2005):

κvis = 2.62
√
ν|ω|/Rc and κ′vis = 0.259

√
ν|ω|/Rc ,

(34)
where Rc is the core radius and ν the kinematic viscos-
ity, which is poorly known. Even in the case of the Earth,
the uncertainty in ν covers about 13 orders of magnitude
(Lumb & Aldridge 1991), the best estimate so far being
ν ' 10−6 m2s−1 (Gans 1972; Poirier 1988; Wijs et al.
1998).

The contributions for spin variations of a planet may be
obtained writing the equations of angular momentum con-
servation for the core and mantle:

dLm

dt
= Pm −N −Φ , (35)

dLc

dt
= Pc +N + Φ , (36)

where the Pm is the precession torque over the mantle and
Lm is its angular momentum.

A general formulation for the equations of motion, valid
for the both fast and slow rotation regimes of the planet, can
be written as (Correia 2006):

dL

dt
' −κAcCcωα

2 cos2 ε sin2 ε

(CcEcω)2 + κ2
, (37)

dX

dt
' 0 . (38)

3. Dynamical Analysis

3.1. Obliquity Evolution

Until now, we have been expressing the variations of the
spin in Andoyer’s variables. Despite their practical use,
these variables do not give a clear view of the obliquity vari-
ation. Since x = cos ε = X/L, one obtains:

dx

dt
=

1

L

(
dX

dt
− xdL

dt

)
. (39)

For tidal effects (τ = g or τ = a), we express dx/dt
using the eccentricity series for dL/dt and dX/dt (Eqs.10,
11 and 19, 20):

dx

dt
= −Kτ

ω

∑
σ

bτ (σ) (Υσ − xΛσ)

= Kτ
1− x2

ω

∑
σ

bτ (σ)Θσ(x, e) . (40)

We thus have
dx

dt
∝ 1− x2

ω

dω

dt
, (41)

meaning that the obliquity variations are smaller than the
rotation rate variations for initially fast rotating planets, and
that ε̇ ∝ − sin ε.

For the core-mantle friction effect, the variation of ε is
easily computed from expression (39), since dX/dt ' 0
(Eq.38).

dx

dt
' − x

L

dL

dt
= −x

ω

dω

dt
(42)

It also follows that

X = cte. ⇒ xω = cte. (43)
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3.2. Gravitational tides alone

From expression (18), we notice that for the initial stages
of the evolution (σ � n) atmospheric tides are weak. The
same is true for core-mantle friction (Eq. 37). As a con-
sequence, gravitational tides dominate the spin evolution
for fast rotating rates, thermal tides and core-mantle friction
only playing a role for slow rotations (Correia et al. 2003).
Therefore, most studies on the spin evolution only consider
gravitational tides. For a better comparison with our study,
we recall here the main consequences of this effect alone.

If we assume a fast initial rotation, planets spend most
of their evolution in the ω � n regime. In this case, dω/dt
evolves independently of the dissipative model, because all
the terms in expression (10) have the same sign. Thus, in
this regime gravitational tides always decrease the rotation
rate, since Kg < 0 (Eq. 9).

When the planet arrives in the slow rotation regime (ω ∼
n) some of the terms in equation (10) become negative and
we can no longer generalize our conclusions to all dissipa-
tive models. However, in the vicinity of tidal frequencies
near zero (σ ≈ 0), except for the constant−Q model, all
dissipative models can be made linear (Fig. 2). Then, adopt-
ing the linear dissipation model described in section 2.2.3,
we can write

bg(σ) ' k2σ∆tg =
k2
Qn

σ

2n
, (44)

where Q−1n = 2n∆tg is the specific dissipation factor for
small frequencies. For small eccentricity, the highest tidal
frequency is σ = 2ω + 3n (Eq. 19), so this approximation
is valid8 for Qn & 5.

In the limit of slow rotation rates, we can then simplify
expression (10):

dω

dt
= −K0

[
ω

(
1 + x2

2

)
− n

(
1 + 6e2

)
x

]
, (45)

where

K0 = −3Kgk2∆tg
C

(
1 +

15

2
e2
)
. (46)

Thus, for each obliquity there is an equilibrium value for
the rotation rate ωe, obtained when dω/dt = 0:

ωe
n

=
(
1 + 6e2

) 2x

1 + x2
. (47)

For ω > ωe the rotation rate decreases, while for ω < ωe it
increases.

3.3. Equilibrium damping time

In order to check if the spin of a given planet is still
evolving or if it can be found at its equilibrium rotation, we
can compute an evolutionary characteristic time and then
compare it to the age of the host star. Since gravitational

8Assuming ω = n and sin δ ≈ δ for δ < 0.5.

tides are the dominant effect for the most part of the evolu-
tion, we can use this effect alone to estimate the characteris-
tic time τeq needed to reach the equilibrium rotation. Thus,
from expression (45) we get:

τeq ∼
1

K0
=

GC

3k2∆tgR5

1

n4
=

ma6

9GM2
∗k2∆tgR3

, (48)

with C ' mR2/3 and n4 = G2M2
∗/a

6. In Table 1 we
computed the characteristic times for existing Earth-sized
exoplanets. We notice that, except for GJ 667C g, all known
planets have a τeq lower than the age of the system, and so
it is believed that they have already reached an equilibrium
rotation state.

3.4. Thermal tides effect

We now include in our analysis the effect from thermal
atmospheric tides to the spin evolution (section 2.2.2). As
shown earlier, the averaged variation of the spin can be
expressed by equation (10) for gravitational tides and by
equation (19) for atmospheric tides. Considering that the
planet’s obliquity is small (ε ∼ 0), we can neglect terms of
order ε2 or higher in equations (10) and (19). In this case,
the variation of the spin caused by gravitational tides is then
(Correia et al. 2008):

Tg =
dL

dt

]
g

=
3

2
Kg

[
(1− 5e2)bg(2ω − 2n)

+
1

4
e2bg(2ω − n) +

49

4
e2bg(2ω − 3n)

]
.(49)

In the same way, for thermal atmospheric tides we obtain

Ta =
dL

dt

]
a

=
3

2
Ka

[
(1− 3e2)ba(2ω − 2n)

− e2ba(2ω − n) + 9e2ba(2ω − 3n)

]
.(50)

As the time-lag from gravitational and atmospheric tides
is poorly known, in this section we use again the viscous
model. Since σ∆t is usually small, then:

bg(σ) ' k2σ∆tg and ba(σ) ' −|p̃2|σ∆ta. (51)

For atmospheric tides it is also necessary to consider
the response of the surface pressure variations to tidal fre-
quency (Eq. 18). We use the “heating at the ground” model,
described in Dobrovolskis & Ingersoll (1980). It is sup-
posed that all the stellar flux absorbed by the ground, Fs, is
immediately deposited in a thin layer of atmosphere at the
surface. The heating distribution is then written as a delta-
function just above the ground (Jσ = gFs/p̃0). Besides the
good agreement with the observations, this approximation
is justified because tides in the upper atmosphere are decou-
pled from the ground by the disparity between their rotation
rates. Neglecting υσ over the thin heated layer, equation
(18) becomes:

Pσ = Fs/(8H0) ∝ L∗/a2, (52)
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where L∗ is the star luminosity and a the semi-major axis.
The average evolution of the rotation rate can then be

obtained adding the effects of both tidal torques acting on
the planet:

dL

dt
= Cω̇ = (Tg + Ta). (53)

Substituting in previous expression Tg and Ta given by
equations (49) and (50) together with the viscous dissipa-
tive model (Eq. 51), we have9:

ω̇

−K0
= ω − (1 + 6e2)n− ωs

[(
1− 21

2
e2
)

sign(ω − n)

− e2sign(2ω − n) + 9e2sign(2ω − 3n)

]
,(54)

with
ωs =

KaFs∆ta
16H0Kgk2∆tg

∝ L∗R

M∗m
a . (55)

3.5. Equilibrium final states for the rotation rate

An equilibrium final state occurs when ω̇ = 0. From
equation (53) this happens when Tg = −Ta. When e = 0
(see Correia & Laskar 2001),

f(ω − n) = −Tg
Ta

= −Kgbg(2ω − 2n)

Kaba(2ω − 2n)
= 1 , (56)

where f(x) is an even function of x. For the dissipative
model in use, we can assume that f(x) is monotonic close
to equilibrium, and so we have10:

|ω − n| = f−1(1) = ωs . (57)

This means that there are two final possibilities for the equi-
librium rotation of the planet:

ω± = n± ωs. (58)

If ωs < n, all final states correspond to prograde final ro-
tation rates (Fig. 3a,b). Retrograde rotation appears only if
the planet evolves to the ω− state together with ωs > n.
As we can see in Table 1, this is the case of planet Venus
(Fig. 3c).

For moderate values of the eccentricity and using equa-
tions (49) and (50), equation (56) can be rewritten as:

f(ω − n) = 1− e2
(

2 +
g(ω)

ba(2ω − 2n)

)
(59)

where

g(ω) =
Kg

4Ka

[
bg(2ω − n) + 49bg(2ω − 3n)

]
−ba(2ω − n) + 9ba(2ω − 3n) . (60)

9Eqs. 54 and 55 are similar to Eqs. 5 and 6 in Correia et al. (2008). How-
ever, in the present work there is a factor 21/2 instead of 3 in the term
e2sign(ω− n), because we have included the effect from Ω(e) in the ex-
pression of ω̇ and removed it from the definition of ωs. In Correia et al.
(2008) there was also a factor 1/2 missing in the expression of ωs.

10In the case e = 0, we see that ωs is also the synodic frequency.
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Fig. 3.— Variation of ω̇ with ω/n (Eq. 54) for (a) ωs/n =
0.05, (b) ωs/n = 0.55, and (c) ωs/n = 1.92, using differ-
ent eccentricities (e=0.0, 0.1, 0.2). The equilibrium rotation
rates are given by ω̇ = 0 and the arrows indicate whether it
is a stable or unstable equilibrium position.
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When we compute the inverse function of previous equation
and use ωs from expression (57) we get:

|ω − n| = f−1(1)− e2
(

2 +
g(ω)

ba(2ω − 2n)

)
∂f−1

∂x

∣∣∣∣
x=1

,

(61)
which means that we now have four final possibilities for
the equilibrium rotation of the planet:

ω±1,2 = n± ωs + e2δ±1,2 , (62)

with

δ±1,2 =

(
2 +

g(ω)

|ba(2ω − 2n)|

)
∂f−1

∂x

∣∣∣∣
x=1

. (63)

Adopting the dissipation model from equation (51) and us-
ing expression (54), we find that ω+

2 occurs when ω > 3n/2
and:

ω+
2 = (1 + 6e2)n+ ωs

[
1 + e2

(
9− 21

2
− 1

)]
= n+ ωs + e2

(
6n− 5

2
ωs

)
. (64)

Similarly, we find the ω+
1 state when n < ω < 3n/2

ω+
1 = n+ ωs + e2

(
6n− 41

2
ωs

)
, (65)

when n/2 < ω < n we have the ω−1 state

ω−1 = n− ωs + e2
(

6n+
1

2
ωs

)
, (66)

and finally for ω < n/2 we have

ω−2 = n− ωs + e2
(

6n+
5

2
ωs

)
. (67)

Then, expression (63) can be rewritten as:

δ−1,2 = 6n+

(
3

2
± 1

)
ωs (68)

and

δ+1,2 = 6n−
(

23

2
± 9

)
ωs . (69)

Because the set of final states ω±1,2 must also verify

ω−2 < n/2 < ω−1 < n < ω+
1 < 3n/2 < ω+

2 , (70)

in general, and depending on the values of ωs and e, these
four equilibrium rotation states cannot coexist all simul-
taneously. In particular, when we adopt the viscous tidal
model (Eq. 51), the final states ω−1 and ω+

1 never coexist
with ω−2 . At most three different equilibrium states are
therefore possible, obtained when ωs/n is close to 1/2, or
more precisely, when

1/2− 6e2

1− 5e2/2
<
ωs
n
<

1/2− 6e2

1− 41e2/2
. (71)

Conversely, we have that ω+
1 is the single final state that

exists whenever ωs/n < 6e2(1 + e2/2).
In Figure 3 we plot some examples for the rotation rate

evolution for some ωs and eccentricity values. We see that
when ωs/n is close to zero only the final equilibrium state
ω+
1 is possible (Fig. 3a). For ωs/n = 1.92, the Venus value,

two final equilibrium states are possible: the ω−2 and the
ω+
2 (Fig. 3c). However, when ωs/n = 0.55 we still have

two possible states for e = 0.0 (ω−1 and ω+
1 ), but there are

three possible final states for e > 0.1 (ω−1 , ω
+
1 and ω+

2 )
(Fig. 3b).

In Figure 4 we plot the possible equilibrium rotation
states as a function of ωs/n for eccentricities of e = 0.0,
0.1, and 0.2. Depending on ωs/n and the eccentricity val-
ues, the planet may have one, two, or three possibilities to
evolve. If ωs/n is close to 0.5 the planet has more pos-
sible final states (Eq. 71): if the eccentricity is zero, the
planet has two possible final states, but if the eccentric-
ity of the planet is 0.1 or 0.2 there are three possibilities.
We can also note that for e = 0, retrogade states appear
when ωs/n ≥ 1, but for e = 0.1 and e = 0.2 the rotation
rate must be slightly higher. More exactly, it is needed that
ωs/n ≥ (1 + 17e2/2), i.e., ωs/n ≥ 1.09 for e = 0.1, and
ωs/n ≥ 1.34 for e = 0.2.

3.6. Application to already known exoplanets

Although we have witnessed in the last few years an in-
crease in the discovery of Earth-sized exoplanets, the phys-
ical data for these planets are still scarce. Hence, we can
only do some assumptions that allow us to infer some con-
straints on their final spin evolution. We assume here that
these planets are rocky with a dense atmosphere like Venus
(Alibert et al. 2006; Rafikov 2006). We can call these Earth-
sized exoplanets as V-type planets. Using the empirical
mass-luminosity relation L∗ ∝M4

∗ (Cester et al. 1983) and
the mass-radius relation for terrestrial planets11 R ∝ m0.274

(Sotin et al. 2007), we get from equation (55):

ωs
n
∝ L∗R

M∗m

a

n
= k(aM∗)

2.5m−0.726 . (72)

k is a coefficient of proportionality containing the param-
eters that we cannot constrain for these planets (H0, Fs,
k2, ∆tg and ∆ta). Assuming that all unknown proper-
ties of the Earth-sized planets are the same as for Venus
(2π/ωs = 116.1 day and so ωs/n = 1.9255), we com-
pute12:

k =
ωs
n

(aM∗)
−2.5m0.726 = 3.73 (AUM�)−2.5m0.726

⊕

(73)

11For transiting close-in planets with low density, the coefficient in the mass-
radius relation appears to be higher than 0.274 (e.g. Lissauer et al. 2011),
but as the density approaches the Earth’s value, this relation fits more cor-
rectly (e.g. Pepe et al. 2013).

12We found here a slightly different value for k than in Correia et al. (2008),
where the value was k = 3.32 (AU M�)−2.5m0.726

⊕ . This difference
was probably a misprint, because we found no problem with the expres-
sions involving k presented in that paper.
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(a)

(b)

(c)

Fig. 4.— Equilibrium positions of the rotation rate as a
function of the ratio ωs/n for three different values of the
eccentricity: (a) e = 0.0, (b) e = 0.1, and (c) e = 0.2.
The solid red line corresponds to the ω+

1 state, the dotted
red to the ω−1 state, the solid blue line to the ω+

2 state, and
the dotted blue line to the ω−2 state.

Using the previous equation, we can estimate the ωs/n ratio
for all known Earth-sized planets (Table 1).

As shown in equation (72), ωs/n is a function of the
product aM∗. To see how the equilibrium rotation rate

(a)

(b)

(c)

Fig. 5.— Equilibrium positions of the rotation rate as a
function of the product aM∗ for three different values of
the eccentricity: (a) e = 0.0, (b) e = 0.1 and (c) e = 0.2.
The solid red line corresponds to the ω+

1 state, the dotted
red line to the ω−1 state, the solid blue line to the ω+

2 state,
and the dotted blue line to the ω−2 state.

states depend on these parameters, in Figure 5 we plot the
number of values of the equilibrium rotation states as a
function of aM∗, for eccentricities e = 0.0, 0.1, and 0.2.
We can compare Figure 5 with Table 1, where the planet’s
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Fig. 6.— (a) ξ(σ) vs σ with σc/n = 2; (b) behavior of
bg(σ) using the interpolated model smoothed by ξ (σ).

parameters and the possible final equilibrium states are pre-
sented. The actual rotation state of the planet Venus corre-
sponds to the ω−2 equilibrium state. For the remaining ex-
oplanets here studied, only one equilibrium rotation state is
possible, the ω+

1 state. There is only one exception, planet
HD 40307 f , which has two possible equilibrium states (ω+

1

and ω−1 ), but their values are too close to be distinguished
in a future direct observation of the planet.

The aM∗ value for all planets listed in Table 1 is small
as a consequence of the present limitations of the detection
techniques: at present we are only able to detect Earth-sized
planets orbiting very close to low-mass stars, for which
gravitational tides dominate.

3.7. Generalization to Earth-sized planets

With the continuous increase in the precision of de-
tection methods, we expect to soon find planets orbiting
Sun-like stars as distant from them as the Earth or Venus
are from the Sun (e.g. D’Odorico & CODEX/ESPRESSO
Team 2007). Foreseeing this situation, we applied the pre-
vious calculations to long-period Earth-sized planets, that

may eventually be found in the HZ of these systems.
Assuming that the planet’s mass and radius are the same

of Venus and a host star with the mass of the Sun, we made
calculations for three different values of the eccentricity
(e = 0.0, 0.1, and 0.2), varying for each one the value of
the semi-major axis a. As expected, more possible equi-
librium rotation states appear (Table 2). For the same ec-
centricity we note that the difference in the rotation period
of the several equilibrium states is enlarged by the distance
to the star. We can also see that for higher values of aM∗
retrograde states may be possible. Setting ω−2 < 0 (Eq. 67)
and substituting ωs/n by equation (72), we may find the
value of rotation rate needed for a retrograde state:

aM∗ ≥
[

1

3.73

(
1 +

17

2
e2
)]0.4

. (74)

Thus, for zero eccentricity a retrograde state is possible
when aM∗ & 0.59, for e = 0.1 a possible retrograde states
appears when aM∗ & 0.61, while for an eccentricity of
e = 0.2, we need aM∗ & 0.66 for retrograde rotation. This
is also confirmed in Figure 5, where we can see that plan-
ets with eccentricities of e = 0.1 and 0.2 have a retrograde
equilibrium state for a aM∗ product higher than 0.6. Ta-
ble 2 and Figure 5 are also in agreement on the number of
states when aM∗ is around 0.45 AU M�. Although only
two states can be found when the eccentricity is zero, for
eccentricities of 0.1 and 0.2 we find three equilibrium states.

4. Numerical Simulations

4.1. An Interpolated Dissipative Model

During the spin evolution of the planets, the tidal fre-
quency varies and so does the dissipation factors b(σ)
(Eqs. 12, and 17). Because the rheology of the planets
is poorly known, the exact dependence of the dissipa-
tion on the tidal frequency is unknown. In section 2.2.3
we described the most commonly used dissipation models
(Fig. 2). However, the visco-elastic model seems inappro-
priate for atmospheric tides, while the viscous one is not
realistic for σ � n, and the constant−Q for σ � n. More
complex models exist (e.g. Efroimsky & Williams 2009),
but for simplicity we adopt here an interpolated model that
behaves like the linear model for small values of σ and
like the constant−Q model when σ increases (e.g. Ćuk &
Stewart 2012). This model is also in agreement with the an-
alytical simplifications from section 3. It is also very close
to the models obtained by Remus et al. (2012) in their con-
struction of a tidal model for small and moderate spin rates
based on hydrodynamical equations (see Fig. 4 in Remus
et al. 2012).

For gravitational tides the time-lag is then given by

bg(σ) = k2σ∆tg(σ) =
k2

2Qn

[σ
n

+
(

2 sign(σ)− σ

n

)
ξ(σ)

]
,

(75)
where ξ(σ) is a function varying between 0 and 1, used to
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make a smooth passage between the two regimes:

ξ (σ) =
1

2
+

1

2
tanh

(
|σ|
n
− 2

)
. (76)

In Figure 6 we plot the above expressions as a function
of the tidal frequency. The transition of regime occurs for
σc = 2n, and Qn corresponds to the dissipation Q−factor
during the constant phase.

For thermal atmospheric tides13, the time-lag ∆ta(σ) is
simply obtained from expression (55):

∆ta(σ) = ∆tg(σ)
16H0Kgk2
KaFs

ωs . (77)

4.2. Choice of Parameters

Since much is unknown about exoplanets, we need to
make some assumptions in our simulations. As we al-
ready stated, we consider here V-type planets. We assume
that these planets with masses lower than 10M⊕ have a
structure similar to the terrestrial planets of the Solar Sys-
tem, and a dense atmosphere capable of influencing their
spin evolution. Thus, for a given exoplanet, we adopt
for the unknown parameters the corresponding value from
Venus14. Therefore, in our simulations we take the poten-
tial Love number k2 = 0.28, Qn = 50, the mean den-
sity ρ̄ = 5.24 × 103 Kg m−3, and the stellar energy that
reaches the planet surface Fs = 100 Wm−2. For the man-
tle dynamic ellipticity we adopt δEd = 1.3 × 10−5 and
for the kinematic viscosity ν = 10−6 m2s−1. For the core
radius Rc = 3.1 × 106 m, the planet structure coefficient
C/mR2 = 0.336, and the ratio between the core moment of
inertia and moment of inertia Cc/C = 0.084 (Yoder 1995,
1997).

In our simulations we start with Pin = 1 or 2 day, a rota-
tion period that is faster than the predicted present rotation.
Since some of these planets orbit very close to the star, and
hence end up with fast equilibrium rotations (e.g. planet
55 Cnc e, whose final rotation is estimated to be 0.733 day),
we also tested the possibility of planets evolved from a
slower rotation to a faster one, with Pin = 25 day. The
results of these simulations are presented in the next two
sections.

4.3. Application to already known exoplanets

In Figure 7 we show the spin evolution for the planets
HD 40307 b and g with time. We adopted Pin = 1 day and
initial obliquities ranging from 0◦ to 180◦, with a step of
5◦. Although the initial rotation rate is the same for planets

13Actually, expression (18) is only valid as long as |p̃2| � p̃0 (the average
pressure at the ground). To avoid discontinuities when σ = 0, in our
numerical simulations we adopt an interpolate function for p̃2(σ) as in
(Correia et al. 2003, Eq. 46).

14The Earth and Venus’ parameters are very similar, in particular when we
want to extrapolate for exoplantes with masses ranging from 0.1 to 10M⊕.
We prefered to use Venus’ parameters in order to better compare with pre-
vious studies on the Solar System.

b and g, the initial ratio ω/n is much higher for planet g, be-
cause the mean motion n is smaller. As a consequence, the
characteristic evolution time-scale is about 100 yr for planet
b, while it is 1 Gyr for planet g. Those values are in agree-
ment with the ones computed using equation (48) (Table 1).
After that time all trajectories reach a final equilibrium for
the spin, but depending on the initial value of the obliquity,
the exact time can be different. Contrary to what we could
expect, initial obliquities close to 180◦, usually take less
time to reach the equilibrium than lower initial values. This
can be understood, since for high obliquities there are more
harmonics with significant value that contribute to the spin
evolution (Eqs. 10, 11).

At first glance it may seem that there are two final equi-
librium rotation states: one for final obliquities equal to 0◦,
and another for 180◦. However, all initial obliquities evolve
into the 2π/ω+

1 final rotation state, the only possibility for
these two planets (Table 1). For the initial obliquities close
0◦, the rotation rate is always positive and the obliquity
is decreased to zero degrees. For initial obliquities close
180◦ the obliquity evolves into this value, while the rota-
tion rate slows down until zero and then increases in the
other way, until it stabilizes at a negative value −2π/|ω+

1 |.
This is the same as having a planet with zero obliquity ro-
tating prograde, that is, the couple (−ω, π − ε) is math-
ematically equivalent to (ω, ε). Therefore, there are two
different paths, but they lead to the same final equilibrium.
This has also been described for Venus (Correia & Laskar
2001, 2003b).

It is also interesting to note that for initial obliquities
around 90◦, the rotation rate decreases to a value lower than
that of equilibrium, and then it increases again until equilib-
rium is reached. This behavior is in agreement with expres-
sion (47).

Comparing the rotation rate and the obliquity evolutions
shown in Figure 7 we also note that the obliquity is initially
slightly constant and takes more time to reach the equilib-
rium than the rotation rate. The explanation for this be-
havior is given in section 3.1. As we can see from expres-
sion (41), the obliquity variation is inversely proportional to
the rotation rate. Thus, for a fast initial rotation, the obliq-
uity does not change much. This is particularly visible for
HD 40307 g, since the initial rotation ω � n. However, as
the rotation rate decreases we observe a strong variation in
the obliquity. Finally, the obliquity slowly decreases into
zero, since dx/dt ∝ (1− x2)⇔ dε/dt ∝ − sin ε (Eq. 40).

In Figure 8 we show the obliquity evolution with the
rotation rate ω/n for many systems listed in Table 1 (in-
cluding HD 40307 b and g), always starting with an initial
rotational period P = 1 day. We observe again the di-
chotomy in the obliquity evolution: it can only end up in
0◦ or 180◦. This result was demonstrated in Correia et al.
(2003) for Venus’ parameters, but it seems to remain valid
for all Earth-sized planets, even for those in eccentric or-
bits. This is in agreement with the assumption ε ' 0◦ that
we made when looking for final states (section 3.5).

As a result of the obliquity’s dichotomy, it appears that
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(a) (b)

(c) (d)

Fig. 7.— Spin evolution with time for the planets HD 40307 b (left) and HD 40307 g (right), with Pin = 1 day and initial
obliquities ranging from ε = 0◦ to 180◦. We plot the obliquity (top) and ω/n (bottom) evolution. Each line represents a
different initial obliquity value. The lower lines in the ω/n plot corresponds to the initial obliquities closer to 180◦.

all planets have two possible final states, one prograde and
another retrograde. For most of them only one final rota-
tion state is possible, we are just observing the equivalent
couples (ω, ε) and (−ω, π − ε). However, in one case, for
HD 40307 f (Fig. 8e), we can indeed observe two final rota-
tion possibilities, the states ω+

1 and ω−1 (Table 1). Because
these two states are so close to each other, it is nonetheless
very difficult to distinguish them in the figure.

For all planets shown in Figure 8 we also observe that the
obliquity evolves into its final position at 0◦ or 180◦ always
before ω/n = 0. The reason is that for very slow rotation
rates, core-mantle friction becomes dominating over tidal
effects (Eq. 42), quickly driving the obliquity to its final po-
sition. Therefore, the transition from positive into negative
rotation rates only occurs at obliquities very close to 0◦ or
180◦.

In the case of 55 Cnc e (Fig. 8g) we initially have ω/n ≈
0.76, that is, the initial rotation period of the planet is slower
than the orbital period. As a consequence, contrarily to the
remaining examples in Figure 8, the rotation rate needs to
increase its value to reach the equilibrium value near the
synchronous rotation. We indeed observe this behavior for
initial obliquities close to 0◦. However, for initial obliq-
uities higher than 30◦, the rotation rate still decreases to
a lower ratio ω/n < 0.76, before evolving into to the fi-

nal equilibrium rotation. The explanation for this behav-
ior can be found in equation (47): for non-zero obliquities,
the equilibrium rotation rate is below the synchronous ro-
tation, so as long as the obliquity remains high we have
0 < ω/n < 1.

In Figure 9 we show again the obliquity evolution with
the rotation rate ω/n for the same systems in Figure 8, but
now starting with a slower rotation period Pin = 25 day.
Since most planets discovered so far are close-in planets
with orbital periods smaller than 25 day, we now have an
initial rotation rates ω < n for these planets. As a con-
sequence, we observe an identical behavior as the one de-
scribed for 55 Cnc e with Pin = 1 day (Fig. 8g).

Although the spin evolution with ω < n (Fig. 9) is com-
pletely different from the situation with ω > n (Fig. 8), the
final rotation states are exactly the same. Different initial
conditions lead to alternative evolutionary paths, but the fi-
nal picture is the same. However, when ω < n we observe
that there are much more trajectories increasing its obliq-
uity to 180◦. This behavior is related to the onset of core-
mantle friction. From equation (43) we have that 1) this
effect is stronger for slow rotation rates; 2) when this ef-
fect becomes dominating, the obliquity evolves into 180◦ if
ε > 90◦ (xf = x0ω0/ωf ). Indeed, in Figure 9 we clearly
observe that when ω/n ∼ 0 there is a sudden inversion of
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

Fig. 8.— Obliquity evolution with the rotation rate for several Earth-sized planets taken from Table 1 with an initial rotation
period of Pin = 1 day: (a) to (f) HD 40307 b to g; (g) 55 Cnc e; (h) GJ 1214 b; (i) HD 215497 b; (j) µArae c; (k) GJ 667C c;
(l) HD 85512 b.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

Fig. 9.— Obliquity evolution with the rotation rate for several Earth-sized planets taken from Table 1 with an initial
rotation period of Pin = 25 day: (a) to (f) HD 40307 b to g; (g) 55 Cnc e; (h) GJ 1214 b; (i) HD 215497 b; (j) µArae c; (k)
GJ 667C c; (l) HD 85512 b.
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e = 0.0 e = 0.1 e = 0.2
(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

Fig. 10.— Obliquity evolution with the rotation rate for several hypothetical Earth-sized planets taken from Table 2 with
an initial rotation period of Pin = 2 day. The eccentricities are e = 0.0 (left), e = 0.1 (middle), and e = 0.2 (right). The
products semi-amjor axis times mass of the parent star are (from top to bottom) aM∗ = 0.10, aM∗ = 0.42, aM∗ = 0.50,
and aM∗ = 0.60 (units in [AU M�]).
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the obliquity trend, whose final evolution is dictated by the
90◦ threshold.

We conclude that gravitational tides control the initial
stages of the evolution, and that thermal atmospheric tides
are only important in the definition of the final equilibrium
rotation. Core-mantle friction only becomes important in
the slow rotation regime (ω ∼ n), but for very slow rota-
tions it rules over both tidal effects.

4.4. Earth-sized planets in the Habitable Zone

Since most existing terrestrial planets are very close to
their parent stars and/or orbit low-mass stars, usually there
is only one final equilibrium rotation rate, given by state ω+

1

(Fig. 5, Table 1). In the examples from Figures 8 and 9, only
for HD 40703 f two final states are possible, but yet they
are very close to each other and hardly distinguishable. As
a consequence, in the simulations from previous section, we
were unable to observe evolutionary paths leading to very
different configurations, such as retrograde rotation.

In section 3.7 we investigated the most favorable orbital
parameters that lead to multi-final states configurations. We
saw that this correspond to planets not very close to the star
(Eq. 74), which may coincide with the HZ of their systems.
Therefore, in order to observe more interesting evolutionary
behaviors, we have also performed simulations for hypo-
thetical Earth-sized planets around a Sun-like star, starting
with an orbital period of 2 day. The final results from the
simulations are in agreement with the equilibria states listed
in Table 2.

In Figure 10 we plotted some representative examples
for different eccentricity and semi-major axis values. Al-
though the initial rotation period is the same in all simula-
tions, the initial ratio ω/n increases with the semi-major
axis (since the mean motion decreases as the planet is
moved away from the star). We still observe that the only
possible final obliquities are ε = 0◦ and 180◦.

For different semi-major axis the main feature is the
number of trajectories with increasing or decreasing obliq-
uity. For close-in planets (a < 0.1 AU) the picture is very
similar to the real Earth-sized planets studied in section 4.3,
but as the planet moves away from the star (or the stellar
mass increase), more obliquities evolve into 180◦. This is a
direct consequence of thermal atmospheric tides, that push
the obliquity toward 180◦, and whose relative strength with
respect to the gravitational tides increases for distant planets
around Sun-like stars.

For a specific semi-major axis value, the global picture
does not vary much for different eccentricities. However,
the final evolution can be quite different, since the num-
ber of final states and their specific values can change com-
pletely (Table 2). For planets in circular orbits (e = 0.0)
only two final states are possible, symmetrical around syn-
chronous rotation (ω = n ± ωs) (Figs. 4 and 5). How-
ever, the rotation periods only become substantially differ-
ent from the synchronous rotation when planets are suf-
ficiently distant from the star, since the effect from ther-
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Fig. 11.— Detail of the final obliquity evolution with the
rotation rate for (a) a = 0.60 AU, e = 0.0, and (b) a =
0.42 AU, e = 0.2. Two and three final equilibrium rotation
states can be distinguish, respectively.

mal atmospheric tides is more significant there. In partic-
ular, one of these states becomes retrograde for aM∗ >
0.59 AUM� (Eq. 74). Indeed, when aM∗ = 0.6 AUM�
(Fig.10j), we can already observe a retrograde rotation state,
2π/ω−2 = −821 day, obtained whenever the initial obliq-
uity is higher than 60◦. The detailed final evolution near
ε ' 0◦ is shown in Figure 11a. Note, however, that while
for initial 60◦ ≤ ε < 120◦ the obliquity is reduced to zero
and the final state is reached through negative rotation, for
ε ≥ 120◦ the obliquity evolves into 180◦ and the rotation
rate is stabilized at positive rotation of 821 day. These fi-
nal evolution scenarios are very similar to the case of Venus
(a = 0.72 AU), for which the presently observed rotation is
also retrograde (Correia & Laskar 2001, 2003b).

For non-circular orbits, the final evolution of the planets
become more interesting. For instance, when e = 0.1, the
simulation with a = 0.42 AU (Fig. 10e) shows three final
possibilities for the spin (all prograde): for initial obliquities
ε ≤ 40◦ trajectories go to the final state 2π/ω+

2 = 64 day;
for 40◦ < ε < 100◦ they go to the final state 2π/ω+

1 =
68 day, and for ε ≥ 100◦ they go to the final state 2π/ω−1 =
176 day.

Similarly, for e = 0.2 and the same semi-major axis a =
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0.42 AU (Fig. 10f), we still have the same three final states,
but with slightly different periods. In Figure 11b we show
the detailed final evolution near ε = 0◦ in this case, where
the three distinct equilibria can be observed. For e = 0.2
with slightly higher semi-major axis or stellar mass (aM∗ =
0.5 AU M�) (Fig. 10i), we still observe three final states,
but the final state ω−1 is replaced by ω−2 , while for aM∗ =
0.6 AU M� (Fig. 10l) we are back to two final states (the
ω+
1 final state disappears).

When we look at hypothetical Earth-sized planets with
three possible final states, we observe that their sequence
is always the same: lower values of initial obliquities corre-
spond to the ω+

2 state, intermediate initial values correspond
to the ω+

1 state, and higher initial obliquities to the ω−1 or
ω−2 final states. The final equilibrium of the planet depends
on the value of the rotation rate ω/n when the obliquity
reaches 0◦. Indeed, in the final evolution zooms shown in
Figure 11 we observe that the rotation of the planet evolves
into to the equilibrium state that is closer to the rotation rate
when it reaches ε = 0◦.

5. Discussion and Conclusion

In this paper we have studied the long-term spin evolu-
tion of Earth-sized exoplanets. Our study includes not only
the commonly-used gravitational tides, but also thermal at-
mospheric tides and core-mantle friction. In addition to pre-
vious works, we also considered the effect of the obliquity,
and the effect of non-circular orbits with moderate eccen-
tricity (e < 0.3).

Our model contains some uncertain parameters related
to the dissipation within the planets, but we can gather all
this information in a single parameter, ωs, which is a mea-
surement of the relative strength between gravitational and
thermal tides. Therefore, by varying this parameter, we can
cover all possibilities for the rotation of Earth-sized planets.
For a planet with moderate eccentricity and low obliquity,
at most four final equilibrium positions are possible. For ec-
centricities higher than e ∼ 0.5, terms of higher degree in e
should be considered that may generate additional equilib-
rium positions, not included in the present study.

We have shown that gravitational tides control much of
the evolution, in particular for initially fast rotating rates
(ω � n). However, when the planet enters in a slow ro-
tating regime (ω ∼ n), core-mantle friction drives the final
evolution of the obliquity, that can only be stabilized at 0◦ or
180◦. Thermal tides can then play an important role in de-
termining the final equilibrium rotation rate, depending on
ωs/n. This ratio increases rapidly with the semi-major axis
and mass of the star because ωs/n ∝ (aM∗)

2.5. Thus, the
effect of the atmosphere on the spin is more pronounced for
planets that orbit Sun-like stars at not very close distances.

The already discovered Earth-sized planets (Table 1) are
mainly close-in planets around low-mass stars, since the ra-
dial velocity technique and transits are more sensitive to the
detection of short-period planets. As a consequence, for
these planets, the effect of atmospheric tides is extremely

small with respect to the gravitational tides (ωs/n ∼ 0).
Indeed, the amplitude of the thermal tides varies as (1/a5)
(Eqs. 14−18, 52), while the gravitational tides amplitude
varies as (1/a6) (Eqs. 7−9). For close-in planets, the equi-
librium rotation is thus essentially driven by the gravita-
tional tidal torque. Only few of these planets can be sta-
bilized with a rotation rate ω < n, because for e > 0.1
these final states only exist if aM∗ > 0.2 AUM� (Fig. 5).

As the detection techniques improve, we expect that in
the near future many Earth-sized planets will be found fur-
ther away from the central star. These planets are more in-
teresting for habitability studies, since the surface tempera-
ture may sustain liquid water as on Earth. However, thermal
atmospheric tides also become more important for this spe-
cial category of planets, so they cannot be neglected when
we inspect their habitability. They prevent the planet to
evolve into synchronous rotation, which can help to redis-
tribute the stellar flux over the surface, but on the other hand
they can also develop life-unfriendly environments such as
the retrograde rotation observed for Venus.

In future works, more complete tidal models should be
tested (e.g. Efroimsky & Williams 2009; Remus et al. 2012;
Ferraz-Mello 2013), as well as the effect from collisions
(e.g. Correia & Laskar 2012) and spin-orbit resonances (e.g.
Correia & Laskar 2010a).
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Andoyer, H. 1923, Cours de Mécanique Céleste (Gauthier-
Villars, Paris)

Anglada-Escudé, G. & Tuomi, M. 2012, Astron. Astrophys.
, 548, A58
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Boué, G. & Laskar, J. 2006, Icarus, 185, 312

Callegari, N. & Rodrı́guez, Á. 2013, Celestial Mechanics
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Ćuk, M. & Stewart, S. T. 2012, Science, 338, 1047

Darwin, G. H. 1880, Philos. Trans. R. Soc. London, 171,
713

Darwin, G. H. 1908, Scientific Papers (Cambridge Univer-
sity Press)

Deleplace, B. & Cardin, P. 2006, Geophys. J. Int. , 167, 557

Delfosse, X., Bonfils, X., Forveille, T., et al. 2013, Astron.
Astrophys. , 553, A8

Dobrovolskis, A. R. 1980, Icarus, 41, 18

Dobrovolskis, A. R. & Ingersoll, A. P. 1980, Icarus, 41, 1

D’Odorico, V. & CODEX/ESPRESSO Team. 2007, Mem-
orie della Societa Astronomica Italiana, 78, 712

Dumusque, X., Pepe, F., Lovis, C., et al. 2012, Nature , 491,
207

Efroimsky, M. 2012, Celestial Mechanics and Dynamical
Astronomy, 112, 283

Efroimsky, M. & Williams, J. G. 2009, Celestial Mechanics
and Dynamical Astronomy, 104, 257

Endl, M., Robertson, P., Cochran, W. D., et al. 2012, Astro-
phys. J. , 759, 19

Ferraz-Mello, S. 2013, Celestial Mechanics and Dynamical
Astronomy

Forveille, T., Bonfils, X., Delfosse, X., et al. 2011, ArXiv
e-prints

Forveille, T., Bonfils, X., Delfosse, X., et al. 2009, Astron.
Astrophys. , 493, 645

Fressin, F., Torres, G., Rowe, J. F., et al. 2012, Nature , 482,
195

Gans, R. F. 1972, J. Geophys. Res. , 77, 360

Gautier, III, T. N., Charbonneau, D., Rowe, J. F., et al. 2012,
Astrophys. J. , 749, 15

Gilliland, R. L., Marcy, G. W., Rowe, J. F., et al. 2013,
Astrophys. J. , 766, 40

Gold, T. & Soter, S. 1969, Icarus, 11, 356

Hadden, S. & Lithwick, Y. 2014, Astrophys. J. , 787, 80

Harpsøe, K. B. W., Hardis, S., Hinse, T. C., et al. 2013,
Astron. Astrophys. , 549, A10

Haurwitz, B. 1964, Science, 144, 1415

Heller, R., Leconte, J., & Barnes, R. 2011, Astron. Astro-
phys. , 528, A27

Henning, W. G., O’Connell, R. J., & Sasselov, D. D. 2009,
Astrophys. J. , 707, 1000

Henry, G. W., Howard, A. W., Marcy, G. W., Fischer, D. A.,
& Johnson, J. A. 2011, ArXiv e-prints

Herring, T. A., Gwinn, C. R., & Shapiro, I. I. 1986, J. Geo-
phys. Res. , 91, 4745

20



Hide, R. 1969, Nature , 222, 1055

Holman, M. J., Fabrycky, D. C., Ragozzine, D., et al. 2010,
Science, 330, 51

Howard, A. W., Johnson, J. A., Marcy, G. W., et al. 2009,
Astrophys. J. , 696, 75

Howard, A. W., Johnson, J. A., Marcy, G. W., et al. 2011,
Astrophys. J. , 726, 73

Howell, S. B., Rowe, J. F., Bryson, S. T., et al. 2012, Astro-
phys. J. , 746, 123

Jenkins, J. S., Tuomi, M., Brasser, R., Ivanyuk, O., & Mur-
gas, F. 2013, Astrophys. J. , 771, 41

Jontof-Hutter, D., Lissauer, J. J., Rowe, J. F., & Fabrycky,
D. C. 2014, Astrophys. J. , 785, 15

Karato, S. & Spetzler, H. A. 1990, Reviews of Geophysics,
28, 399

Kasting, J. F., Whitmire, D. P., & Reynolds, R. T. 1993,
Icarus , 101, 108

Kaula, W. M. 1964, Rev. Geophys. , 2, 661

Kinoshita, H. 1977, Celestial Mechanics, 15, 277

Kopparapu, R. K., Ramirez, R., Kasting, J. F., et al. 2013a,
Astrophys. J. , 770, 82

Kopparapu, R. K., Ramirez, R., Kasting, J. F., et al. 2013b,
Astrophys. J. , 765, 131

Lambeck, K. 1980, The Earth’s Variable Rotation: Geo-
physical Causes and Consequences (Cambridge Univer-
sity Press)

Laskar, J. 1989, in Modern methods in celestial mechanics
(Editions Frontières), 89–107

Laskar, J. 1994, Description des routines utilisateur de
TRIP (preprint)

Laskar, J. & Correia, A. C. M. 2004, in ASP Conf. Ser. 321:
Extrasolar Planets: Today and Tomorrow, 401–409
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Poincaré, H. 1910, Bull. Astron., 27, 321

Poirier, J. P. 1988, Geophysical Journal, 92, 99

Queloz, D., Bouchy, F., Moutou, C., et al. 2009, Astron.
Astrophys. , 506, 303

Rafikov, R. R. 2006, Astrophys. J. , 648, 666

Rappaport, S., Barclay, T., DeVore, J., et al. 2014, Astro-
phys. J. , 784, 40

Rappaport, S., Sanchis-Ojeda, R., Rogers, L. A., Levine,
A., & Winn, J. N. 2013, Astrophys. J. , 773, L15

Remus, F., Mathis, S., & Zahn, J.-P. 2012, Astron. Astro-
phys. , 544, A132

Rivera, E. J., Butler, R. P., Vogt, S. S., et al. 2010a, Astro-
phys. J. , 708, 1492

Rivera, E. J., Laughlin, G., Butler, R. P., et al. 2010b, As-
trophys. J. , 719, 890

Rivera, E. J., Lissauer, J. J., Butler, R. P., et al. 2005, Astro-
phys. J. , 634, 625

Rochester, M. G. 1976, Geophys. J.R.A.S., 46, 109

Sanchis-Ojeda, R., Rappaport, S., Winn, J. N., et al. 2013,
Astrophys. J. , 774, 54

Sasao, T., Okubo, S., & Saito, M. 1980, in IAU Symp.78:
Nutation and the Earth’s Rotation, 165–183

21



Sotin, C., Grasset, A., & Mocquet, A. 2007, Icarus, 191,
337

Steffen, J. H., Fabrycky, D. C., Agol, E., et al. 2013, Mon.
Not. R. Astron. Soc. , 428, 1077

Torres, G., Fressin, F., Batalha, N. M., et al. 2011, Astro-
phys. J. , 727, 24
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Table 1:: Characteristics and equilibrium rotation rates of Earth-sized planets
with masses lower than 10M⊕ (see text for notations).

Name M∗ Age ∗τeq m sin i a e ωs/n 2π/n 2π/ω−
2 2π/ω−

1 2π/ω+
1 2π/ω+

2

[M�] [Gyr] [Gyr] [m⊕] [AU] [day] [day] [day] [day] [day]

Venus 1.00 4.5 2.3 0.82 0.723 0.007 1.9255 224.7 −242.9 76.8
Koi-1843 b 1) 0.46 — 10−11 0.44 0.0048 0.0 10−6 0.179 0.179 0.179
Koi-55 b 2) 0.5 0.02 10−12 0.44 0.0060 0.0 10−6 0.241 0.241 0.241
Koi-55 c 2) 0.5 0.02 10−11 0.66 0.0076 0.0 10−6 0.345 0.345 0.245
Koi-2700 b 3) 0.632 — 10−9 0.86 0.0158 0.0 10−5 0.912 0.913 0912
Kepler-42 d 4,5) 0.158 — 10−7 0.95 0.0154 0.0 10−6 1.756 1.756 1.756
α Cen B b 6) 0.93 — 10−7 1.1 0.04 0.0 0.0009 3.024 3.026 3.021
Kepler-307 c 7) 0.98 — 10−6 1.5 0.108 0.0 0.0101 13.095 13.229 12.964
Kepler-65 d 8,9) 1.25 2.9 10−6 1.7 0.084 0.0 0.0091 7.954 8.026 7.882
Kepler-78 b 10,11) 0.81 — 10−11 1.9 0.0089 0.0 10−5 0.341 0.341 0.341
Kepler-11 b 5,12,13) 0.95 6 − 10 10−6 1.9 0.091 0.0 0.0051 10.287 10.340 10.235
Kepler-42 c 4,5) 0.13 — 10−10 1.9 0.0060 0.0 10−7 0.427 0.427 0.427
GJ 581 e 14) 0.31 7 − 9 10−7 1.9 0.028 0.32 10−5 3.074 2.281
Kepler-177 b 7) 1.07 — 10−4 2.0 0.2217 0.0 0.0618 36.86 39.288 34.714
Kepler-11 f 5,12,13) 0.95 6 − 10 10−3 2.0 0.2495 0.0 0.0617 46.703 49.773 43.989
HD20794 c 15) 0.70 5.8 10−3 2.4 0.2036 0.0 0.0152 40.106 40.723 39.508
HD20794 b 15) 0.70 5.8 10−4 2.7 0.1207 0.0 0.0038 18.307 18.376 18.238
GJ 667C e 16) 0.33 > 2 10−2 2.7 0.213 0.02 0.0024 62.5043 62.208
GJ 667C f 16) 0.33 > 2 10−3 2.7 0.156 0.03 0.0011 39.176 38.926
Koi-111 c 8) 0.796 — 10−4 2.7 0.15 0.0 0.0090 23.739 23.955 23.527
Koi-117 b 8) 1.142 — 10−7 2.8 0.1044 0.0 0.001 3.155 3.158 3.151
Kepler-42 b 4,5) 0.13 — 10−8 2.9 0.0116 0.0 10−7 1.148 1.148 1.148
Koi-82 c 8) 0.799 — 10−5 2.9 0.086 0.0 0.0021 10.306 10.328 10.284
Kepler-11 c 5,12,13) 0.95 6 − 10 10−6 2.9 0.106 0.0 0.0055 12.933 13.005 12.862
Koi-115 d 8) 1.105 — 10−6 3.0 0.075 0.0 0.0033 7.137 7.161 7.113
Kepler-307 b 7) 0.98 — 10−6 3.1 0.0927 0.0 0.0004 10.414 10.456 10.371
Kepler-20 e 17) 0.912 8.8 10−6 3.1 0.0507 0.0 10−3 4.366 4.37 4.363
HD 40307 e 18) 0.77 4.5 10−3 3.5 0.1886 0.15 0.0121 34.093 30.364
HD 85512 b 15) 0.69 5.6 10−2 3.5 0.26 0.11 2.048 58.295 53.858
Koi-82 d 8) 0.799 — 10−5 3.8 0.067 0.0 0.0009 7.087 7.093 7.08
Kepler-114 d 7) 0.56 — 10−6 3.9 0.0835 0.0 0.0007 11.777 11.785 11.769
HD 40307 b 18) 0.77 4.5 10−7 4.0 0.047 0.2 0.0003 4.214 3.557
Kepler-62 c 19) 0.69 3 − 11 10−3 4.0 0.0929 0.0 0.0014 12.451 12.468 12.433
Kepler-79 e 20) 1.165 3.4 10−3 4.1 0.386 0.012 0.1816 81.155 99.056 68.663
HD156668 b 21) 0.772 4 − 13 10−6 4.2 0.0500 0.0 0.0004 4.648 4.65 4.46
Kepler-36 b 22) 1.071 6 − 8 10−4 4.5 0.1153 0.0 0.0068 13.818 13.912 13.725
GJ 676A d 23) 0.71 — 10−7 4.4 0.0413 0.15 0.0002 3.638 3.2612
GJ 667C c 16) 0.33 > 2 10−3 4.5 0.123 0.27 0.0004 27.428 21.381
Kepler-10 b24) 0.895 7 − 16 10−9 4.6 0.0168 0.0 10−5 0.863 0.863 0.863
GJ 667C g 16) 0.33 > 2 6.39 4.6 0.549 0.08 0.0172 258.64 245.92
HD20794 d 15) 0.70 5.8 10−1 4.8 0.3499 0.0 0.0355 90.357 93.679 87.262
Kepler-68 c 25) 1.079 5 − 8 10−4 4.8 0.0906 0.0 0.0036 9.587 9.622 9.553
Koi-115 c 8) 1.105 — 10−7 5.1 0.062 0.0 0.0014 5.364 5.372 5.357
61 Vir b 26) 0.95 6 − 12 10−7 5.1 0.050 0.12 0.0006 4.215 3.909
GJ 667C d 16) 0.33 > 2 10−1 5.1 0.276 0.03 0.0029 92.192 91.445
HD 40307 f 18) 0.77 4.5 10−2 5.2 0.247 0.02 0.0178 51.097 51.894 50.095
GJ 581 c 14) 0.31 7 − 9 10−5 5.4 0.073 0.07 10−4 12.9349 12.581
Kepler-57 c 27) 0.83 — 10−5 5.4 0.1 0.0 0.0022 12.678 12.706 12.651
GJ 667C b 16) 0.33 > 2 10−6 5.6 0.0505 0.13 10−5 7.216 6.62
GJ 433 b 28) 0.48 — 10−6 5.8 0.058 0.08 0.0001 7.364 7.103
HD1461 c 29) 1.08 — 10−5 5.9 0.1117 0.0 0.0052 13.121 13.189 13.053
Kepler-305 c 7) 0.76 — 10−6 6.0 0.0732 0.0 0.0007 8.298 8.304 8.292
GJ 581 d 14) 0.31 7 − 9 10−2 6.0 0.22 0.25 0.0012 67.692 53.918

Continued on next page
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Table 1 – Continued from previous page
Name M∗ Age ∗τeq m sin i a e ωs/n 2π/n 2π/ω−

2 2π/ω−
1 2π/ω+

1 2π/ω+
2

[M�] [Gyr] [Gyr] [m⊕] [AU] [day] [day] [day] [day] [day]
Kepler-350 c 7) 1.00 — 10−5 6.1 0.1337 0.0 0.0066 17.856 17.974 17.74
Kepler-92 c 7) 1.21 — 10−4 6.1 0.1864 0.0 0.0242 26.722 27.386 26.09
GJ 1214 b 30) 0.15 3 − 9 10−9 6.3 0.0141 0.27 10−7 1.581 1.232
Kepler-87 c 31) 1.05 — 10−2 6.4 0.664 0.039 0.3934 192.864 313.124 138.723
HD 215497 b 32) 0.87 < 7 10−7 6.4 0.047 0.16 0.0003 3.990 3.534
Kepler-114 b 7) 0.56 — 10−6 6.5 0.048 0.0 0.0001 5.133 5.133 5.132
Koi-82 b 8) 0.799 — 10−5 6.6 0.116 0.0 0.0025 16.144 16.184 16.104
HD 40307 c 18) 0.77 4.5 10−5 6.6 0.0799 0.06 0.0009 9.401 9.2
Gl 876 d 33) 0.334 0.1 − 5 10−8 6.7 0.0208 0.207 10−6 1.897 1.588
Kepler-18 b 34) 0.972 8 − 12 10−7 6.9 0.0447 0.0 0.0004 3.501 3.503 3.5
GJ 3634 b 35) 0.45 — 10−7 7.0 0.0287 0.08 1.723 2.647 2.554
Kepler-9 d 36,37) 1.0 — 10−8 7.0 0.0273 0.0 0.0001 1.648 1.648 1.647
HD 40307 g 18) 0.77 4.5 2.16 7.1 0.6 0.29 0.131 193.452 148.585
Kepler-50 c 27) 1.23 — 10−6 7.1 0.0932 0.0 0.004 9.371 9.408 9.333
GJ 163 c 35) 0.4 1 − 10 10−3 7.3 0.1254 0.0094 0.0005 25.645 25.619
Kepler-11 d 5,12,13),∗ 0.95 6 − 10 10−4 7.3 0.159 0.0 0.0078 23.759 23.946 23.575
CoRoT-7 b 5,12,38 0.93 1 − 2 10−9 7.4 0.0172 0.0 10−5 0.854 0.854 0.854
Kepler-177 c 7) 1.07 — 10−4 7.5 0.2695 0.0 0.0386 249.402 51.383 47.567
HD 181433 b 39) 0.78 — 10−5 7.6 0.08 0.396 0.0008 9.358 6.535
HD 1461 b 29) 1.08 6.3 10−6 7.6 0.0634 0.14 0.0011 5.616 5.090
Kepler-50 b 27) 1.23 — 10−6 7.6 0.826 0.0 0.0028 7.818 7.840 7.796
HD 97658 b 5,12,40),∗ 0.85 3 − 11 10−6 7.9 0.0797 0.13 0.0012 8.914 8.172
Kepler-11 e 5,12,13),∗ 0.95 6 − 10 10−4 8.0 0.194 0.0 0.01120 32.021 32.410 31.641
Kepler-36 c 22) 1.071 6 − 8 10−5 8.1 0.1283 0.0 0.0057 16.22 16.313 16.127
Kepler-68 b 25) 1.079 5 − 8 10−6 8.3 0.0617 0.0 0.0009 5.389 5.394 5.384
55 Cnc e 41) 0.905 8 − 13 10−10 8.4 0.0156 < 0.06 10−5 0.758 0.733
CoRoT-7 c 42) 0.93 1 − 2 10−7 8.4 0.046 0.0 0.0003 3.737 3.738 3.736
GJ176 b 43) 0.5 — 10−5 8.4 0.066 0.0 0.0002 8.758 8.76 8.757
BD-061339 b 44) 0.7 0.4 − 8 10−7 8.5 0.0428 0.0 0.0001 3.866 3.866 3.865
Kepler-20 b 45) 0.912 7 − 12 10−7 8.6 0.0454 < 0.32 0.0003 3.696 2.743
HD 41248 c 46) 0.92 < 5 10−3 8.6 0.172 0.0 0.0078 27.164 27.377 26.954
Kepler-62 b 19) 0.69 3 − 11 10−6 9.0 0.0553 0.0 0.0002 5.718 5.719 5.717
HD 7924 b 47) 0.83 — 10−6 9.3 0.057 0.17 0.0004 5.449 4.769
HD 40307 d 18) 0.77 4.5 10−4 9.5 0.1321 0.07 0.0024 19.985 19.393
HD 69830 b 48) 0.86 4 − 10 10−5 10.2 0.079 0.1 0.0008 8.6625 8.1995
Kepler-21 b 49) 1.340 2 − 3 10−7 10.5 0.0425 0.0 0.0005 2.765 2.767 2.764
Kepler-89 b 50) 1.277 3.2 10−7 10.5 0.05 0.25 0.0007 3.614 2.879
µAra c 51) 1.08 6.4 10−5 10.5 0.0909 0.172 0.0020 9.639 8.408

∗ Using Eq.(48) with k2 = 1/3 and ∆tg = 640 s (Earth’s values).
References: 1) Rappaport et al. (2013); 2)Charpinet et al. (2011);3) Rappaport et al. (2014); 4) Muirhead et al. (2012);
5) Callegari & Rodrı́guez (2013); 6) Dumusque et al. (2012); 7) Xie (2014); 8)Hadden & Lithwick (2014); 9) Chaplin et al. (2013);
10) Sanchis-Ojeda et al. (2013); 11) Pepe et al. (2013);12) Lopez & Fortney (2013); 13) Lissauer et al. (2011); 14)Forveille et al. (2011);
15) Pepe et al. (2011); 16) Anglada-Escudé et al. (2013); 17)Fressin et al. (2012); 18) Tuomi et al. (2013);19) Borucki et al. (2013);
20) Jontof-Hutter et al. (2014); 21) Howard et al. (2011); 22) Carter et al. (2012); 23) Anglada-Escudé & Tuomi (2012); 24) Batalha et al. (2011);
25) Gilliland et al. (2013); 26) Vogt et al. (2010) 27) Steffen et al. (2013); 28) Delfosse et al. (2013); 29) Rivera et al. (2010a);
30) Harpsøe et al. (2013); 31) Ofir et al. (2014); 32) Lo Curto et al. (2010); 33) Rivera et al. (2010b); 34) Cochran et al. (2011);
35) Bonfils et al. (2011); 36) Holman et al. (2010); 37) Torres et al. (2011);38) Léger et al. (2009); 39) Bouchy et al. (2009);
40) Henry et al. (2011); 41) Endl et al. (2012); 42) Queloz et al. (2009); 43) Forveille et al. (2009); 44) Lo Curto et al. (2013);
45) Gautier et al. (2012); 46) Jenkins et al. (2013); 47) Howard et al. (2009);48) Lovis et al. (2006); 49) Howell et al. (2012);
50) Weiss & Marcy (2014); 51) Pepe et al. (2007).
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Table 2: Characteristics and equilibrium rotation rates of Venus-like planets orbiting a Sun-like star (M∗ = M�).

aM∗ e ωs/n 2π/n 2π/ω−1 2π/ω−2 2π/ω+
1 2π/ω+

2

[AU M�] [day] [day] [day] [day] [day]

0.1 0 0.014 11.550 11.711 11.394
0.2 0 0.077 32.67 35.411 30.322
0.3 0 0.213 60.018 76.291 49.466

0.42 0 0.495 99.419 196.749 66.515
0.5 0 0.765 129.138 549.406 73.168
0.6 0 1.207 169.756 −821.407 76.929

0.72 0 1.903 223.15 −247 76.857
0.1 0.1 0.014 11.550 10.826
0.2 0.1 0.077 32.67 33.378 29.209
0.3 0.1 0.213 60.018 71.154 48.857

0.42 0.1 0.495 99.419 176.455 68.275 64.600
0.5 0.1 0.765 129.138 418.391 71.625
0.6 0.1 1.207 169.756 −1382.504 75.973

0.72 0.1 1.903 223.15 −277.77 76.552
0.1 0.2 0.014 11.550 9.709
0.2 0.2 0.077 32.67 26.928
0.3 0.2 0.213 60.018 61.583 47.506

0.42 0.2 0.495 99.419 142.529 72.714 60.575
0.5 0.2 0.765 129.138 269.876 88.025 68.301
0.6 0.2 1.207 169.756 2398.654 73.856

0.72 0.2 1.903 223.15 −389.844 75.859
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