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Chapter

Equilibrium Structures and
Stationary Patterns on Magnetic
Colloidal Fluids
Ricardo Peredo Ortíz, Martin Hernández Contreras

and Raquel Hernández Gómez

Abstract

In this chapter, we review the experimental and theoretical modeling of struc-
tural and dynamical properties of colloidal magnetic fluids at equilibrium.
Presently, several prototype experimental systems are very well characterized. We
survey the different models, which help to reach a comprehensive knowledge of
these complex magnetic fluids. One prime example is the ongoing investigation of
the realistic interparticle potentials that drive the formation of the different phase
states observed experimentally. Further, a stochastic equation approach for the
description of tracer diffusion, viscoelasticity, and dielectric relaxation at equilib-
rium in colloidal ferrofluids is discussed.

Keywords: ferrofluids, viscoelasticity, colloidal magnetic fluids,
magnetohydrodynamics, dielectric relaxation, diffusion stochastic dynamics

1. Introduction

Colloidal magnetic fluids are made up of nanometer and micron-size ferromag-
netic particles dispersed either in electrolytes or in organic solvents [1]. Due to their
easy manipulation with magnetic or electric fields, they are having a significant
impact on diverse technological applications ranging from biomedicine [2] and
photonic devices [3, 4] up to fundamental studies that motivate the development of
modern theories of nonequilibrium condensed matter [5–10]. In this chapter, we
review the studies of static structural and dynamical properties in colloidal
magnetic fluids, which provide a comprehensive description of their bulk phase
behavior at thermal equilibrium. Presently, model magnetic colloidal systems can
be prepared with tunable interaction among particles of the hard sphere and long-
range dipolar types [11–14], especially the colloidal system constituted of micron-
size polystyrene spheres that are electrically charged and dispersed in organic
solvents [11]. In such a system, particles acquire an induced electric dipole moment
under the external static electric field. Confocal microscopy has allowed the deter-
mination of its three-dimensional bulk phase diagram as a function of applied
electric field and by taking into account the presence of a 1:1 salt. The electric and
magnetic dipole pair interaction potential is symmetric. Consequently, a
corresponding change of physical units leads to an equivalent description of the
magnetic fluid phase diagrams. Novel Monte Carlo simulation methods have
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confirmed the different experimental phases [15, 16]. Integral equations and
density functional theories have assisted in the understanding of the phases formed
by molecular liquids [17], and they have been used to gain qualitative insight into
the expected phases as a function of volume fraction and dipolar strength of colloi-
dal magnetic fluids [18–23]. Likewise, the structure factor and diffusion coefficient
of magnetic suspensions made of maghemite nanoparticles dispersed in water and
equilibrium with electrolyte solutions have also been reported [24–31]. The
measured structure factor provides the microscopic arrangements of particles
accurately. Here, we provide a Langevin stochastic approach that allows the deter-
mination of the translational and rotational diffusion of the particles in ferrofluids
[32, 33]. These dynamic properties, in turn, allow quantifying the viscoelastic and
dielectric moduli of the structural evolution of the fluid toward their equilibrium
states [34]. This approach may help to interpret recent experiments of passive
microrheology [35, 36] and Altern Current spectroscopic techniques that measure
the viscoelastic dynamics and dielectric relaxation of colloidal magnetic fluids. It is
expected these theoretical methods be extended to help to understand the
corresponding experimental observations of similar dynamics in two-dimensional
paramagnetic colloids [37] and under external fields.

2. Experimental observations of structural properties of magnetic fluids

The importance of knowing the phase diagram of a ferrofluid resides on the
information it provides about the undetermined underlying effective interaction of
the ferromagnetic particles [13]. For maghemite nanoparticles in aqueous solutions,
there have been attempts to determine such electrostatic potentials by using the
measured parameters such as dipole strength and fluid density as inputs in
Brownian dynamics simulations to reproduce the observed bulk structure factor
[30, 31].

2.1 Importance of an experimental phase diagram of maghemite colloid

There is a set of experiments in a well-characterized system of electrically
stabilized maghemite nanometer-size particles, which are dispersed in water
[24–29]. Its stabilization is reached with the citrate electrolyte. By fine-tuning the
salt concentration, the particle’s interaction was shifted from repulsive, where they
form a solid glass phase, into long-range attractive interactions that yield a fluid or
gas state behavior. These experiments have prompted the determination of the
corresponding pairwise interaction among particles [13]. The proposed interaction
consists of a Yukawa repulsive part, a Van der Waals short-range attraction and
includes an angular averaged attractive long-range pair dipole potential. There have
not been attempts to predict the phase diagram with these potentials. However, the
modeled interactions were used to determine with Brownian dynamics the
observed structure factor [30, 31]. By using a generic model of pair dipole interac-
tions together with an effective attraction associated with density gradients,
Lacoste, et al. [38] considered a quasi-two-dimensional layer of a dilute ferrofluid
subjected to a perpendicular magnetic field, and with the help of a mean field
energy approach, they found modulated phases given by stripes and hexagonal
formations. The Gibbs free energy they considered for inhomogeneous systems has

the general shape G ¼ FH � μϕ r
!

� �

, where FH is the Helmholtz energy; the chemi-

cal potential μ constrains the average local composition ϕ r
!

� �

or space-dependent
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volume fraction of particles at the position r
!
to have a total fixed value

Ð

dr2ϕ r
!

� �

.

Their model is a thin film of ferrofluid with a constant magnetic field acting
perpendicular to the fluid layer. Since external fields produce an inhomogeneous
distribution of particles, the volume fraction becomes a local function of position.
FH is constructed at mean field level to have the following terms: the internal energy

of the pair dipole-dipole interactions 1=2ð Þ∑i, j i 6¼jð Þ Vdd r
!
ij

� �

and the rotational free

energy Frot of an ideal gas of paramagnetic dipoles with polar angles as the only
degrees of freedom under a constant magnetic field. Frot is obtained from the
partition function in the canonical ensemble calculated with the total energy of

dipole m̂i with fieldH
!
interactions �∑i m̂i� H

!
, the entropic energy contribution due

to all possible spatial configurations of the finite size particles in the volume avail-
able �kBT ϕ lnϕþ 1� ϕð Þ ln 1� ϕð Þ½ � as given by the lattice gas. kB is the Boltzmann
constant and the room temperature T. The energy of particles that arise from
gradients in their concentration and therefore setting their average available local

volume is 1=2ð Þ
Ð

dr2 ∇ϕ r
!

� �h i2
, which is provided by a continuous version of the

lattice gas model. The ferroparticles are all equal, and their energy of pairwise

interaction for two dipoles separated with the center-to-center vector distance r
!
is

given by Vdd ¼ � m2=rij
4

� �

3rij
! � ûirij

! � ûj � ûi � ûi

h i

, wherem is the particle’s constant

dipole moment, and ûi is the unitary vector orientation of particle i. Thus, the
resulting mean Gibbs energy G is mapped from the lattice gas model into a contin-
uous position dependence representation. The free energy is a function of the local
dipole moment and concentration m rð Þ,ϕ rð Þ. A ferrofluid in a continuous single
phase such as a dispersed homogenous ferrofluid is an equilibrium state with an

average concentration ϕ and bulk dipole moment m. This state is characterized by
the minimum of the free energy, that is, ∂G=∂m ¼ 0, ∂G=∂ϕ ¼ 0, which provides
the average values of bulk dipole moment and concentration above. However, it is
observed that for specific magnitudes of the external field and ferrofluid concen-
tration, there appears chaining of particles that coalescence into sheets, which at
higher field strength evolve to labyrinthine structures. The nucleation of these
structures starts with the formation of magnetization domains associated with small
clustering of particles with sizes on the order of a few microns. Short-wavelength
thermal fluctuations of this size are capable of describing the formation of
nonuniform phases. One way to analyze the formation of these phases uses the
expansion of the free energy difference [38] ΔG φ;mð Þ ¼ G φ;mð Þ �G φ;mð Þ up to
second order in the fluctuations of dipole magnetization δm ¼ m rð Þ �m, and con-

centration δϕ ¼ ϕ rð Þ � ϕ about their mean values. In the two-dimensional Fourier
space representation, the free energy difference is a quadratic form ΔG ¼ 1=2π2ð Þ
Ð

d2 k
!

a δm k
!� ��

�

�

�

�

�

2

þ bδm k
!� �

δϕ � k
!� �

þ c δϕ k
!� ��

�

�

�

�

�

2
� �

with a, b, c related to the

material parameters of ferrofluid external field m and ϕ. The uniform phase
becomes unstable to the formation of modulated nonuniform phases if the deter-
minant of the integrand gets negative at the minimum of wave number [38].

It has been recognized that ferromagnetic particles of 10 -nm size remain
dispersed [39]; however, when particles have larger sizes up to the micron scale,
experiments find they do assemble into chains, rings, and nets were several chains
bound together into an amorphous structure [40]. A mean field theory that takes
into account such topological structures was developed to explain the liquid-gas
phase transition by the formation of Y-like bounds of chains in the network [41].
There remains a quantitative verification of this theory with its experimental
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counterpart and with computer simulations. Another method to validate the pro-
posed model of particle’s interaction is based on the parameters that appear in the
Lennard-Jones potential that represents the Van der Waals attractions together with
the pair dipole-dipole potential, and by fitting the predicted magnetization curve as
a function of the applied magnetic field to the experimental one [42]. Even though
there is not yet a realistic model interaction potential that represents the interaction
of ferromagnetic particles, the use of fitting parameters as mentioned above has led
to the prediction of the structure factor and the birefringence as a function of the
applied field, which shows qualitative agreement with the experimental values
[22, 29–31].

2.2 Experimental phase diagram of a charged and sterically stabilized
electrorheological colloidal suspension under an electric field

Yethiraj et al. [11] made a colloidal system of charged and sterically stabilized
polymethyl methacrylate spheres of micron size in an organic solvent to have dipole
moments on particles induced by an electric field. This monodisperse suspension
shows both long-range repulsion, and attractive anisotropic interaction potential
that is fixed with the addition of salt, whereas the dipolar interaction is controlled
by the external electric field. For low Reynolds numbers and in an infinite fluid, a
solid spherical particle that sinks in the fluid reaches a terminal velocity due to a
balance of the friction force exerted by the fluid that opposes the gravitational
force on the particle. If the fluid has a dynamic viscosity η and mass density ρf ,

and the spherical particle possesses a mass density ρm, then the steady velocity is

V ¼ ρf � ρm

� �

gd2=18η, where g is the gravitational acceleration and d the particle

diameter. Thus, the effect of gravity is diminished by matching the density of the
particles to that of the solvent. The Van der Waals attraction that otherwise would
produce aggregation was reduced by matching the index of refraction to the visible.
The Van der Waals attractive energy of two spherical particles is Vvdw rð Þ ¼ � A=12ð Þ
d2= r2 � d2

� �

þ d2=r2 þ 2 ln 1� d2=r2
� �	 


, where r is the separation distance of the

spheres’ centers [43]. Therefore, the Hamaker constant [44] A ¼ 3hν np � ns
� �2

np þ ns
� �2

=16
ffiffiffi

2
p

np
2 þ ns

2
� �3=2

can be made zero if the optical refractive index of the
colloidal particles np is equal to that of the solvent ns for an appropriated selection of
the frequency ν of the visible light. Here, h is the Planck constant. With confocal
microscopy studies, they observed in real-space representation crystalline struc-
tures controlled by the repulsive part of the potential, which induces a structure of
random hexagonal close packing. For longer-range repulsion, it becomes face-
centered cubic (fcc), and one can also find a body-centered cubic phase (bcc). As a
function of the electric field, a dipolar phase diagram was established. For low field,
there is a sequence of fluid-bcc-fcc (phase-centered cubic) phases. For larger values
of the field, there is string formation that coalesces into sheets that in turn coarsen
to form body-centered tetragonal crystallites. Moreover, for increasing volume
fractions, the string fluid crystallizes to a space-filling tetragonal phase. Such a rich
variety of phases can be generated controllably by the concentration of the electro-
lyte. High salt concentration screens the electrostatic repulsion becoming short-
distance hard sphere interaction whereas the small content of salt increases the
spatial range of the potential. The dipolar interaction is controlled by the external
electric field. Consequently, due to the symmetric form of the electric and magnetic
dipolar potential, a simple change of physical units leads to the similar conclusions
to be expected for a colloidal magnetic ferrofluid. For oily ferrofluids, the short-
range Van der Waals attraction and hardcore repulsion are modeled by the
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Lennard-Jones interaction energy VLJ rð Þ ¼ 4ε0 d=rð Þ12 � d=rð Þ6
h i

with ε0 the poten-

tial depth that can be estimated experimentally. For ferrofluid in an aqueous solvent
of dielectric constant ε and monodisperse spherical particles, due to the presence of
salt at density ρi, the Yukawa potential Vyuk rð Þ ¼ Q∗ exp �κ r� dð Þ½ �=r, κ2 ≔
4πe2ρi=εkBT is used instead, where e is the electron charge. Q∗ is the effective
electric charge of a particle that can be measured with electrophoresis experiments.

2.3 Theoretical models of phase diagrams of dipolar colloidal fluids: computer
simulation and optimization techniques

Finite-temperature calculations of ground state free energies with Yukawa
repulsion and dipolar-dipolar interactions of varying strength were performed by
Hynninen and Dijkstra [15]. In their calculations, they used canonical Monte Carlos
simulations to obtain the free energy minimum as a function of volume fraction and
dipolar strength in three-dimensional model systems. They found a phase diagram
that contains the same phases as was observed by Yethiraj et al. [11]. However,
additionally, they predicted a new hexagonal close-packed phase at the hard sphere
repulsion limit and body-centered orthorhombic when the repulsion becomes long
range by lowering the content of electrolyte in solution. Their method allows
quicker and reliable determinations of the three-dimensional phase diagram than
the evolutionary algorithm method that searches for the ground state at zero tem-
perature for two-dimensional systems [45]. The bulk phase diagram has not been
searched yet with genetic algorithm (GA) at finite temperature. A particular detail
of GA is that to look for the minimum of the free energy, the derivative of the
energy function at each evolution step is required for finding the best-adapted
crystal structures (individuals) in the population, which is made up of several
crystal structures produced by the algorithm. The search of the best-adapted indi-
viduals (crystal phase) is done in the energy landscape. For fixed pressure and finite
temperature, the Gibbs free energy as a function of pairwise interaction strength
and particles concentration in the fluid yields a three-dimensional plot of the free
energy known as energy landscape, which has local minima and maxima. The global
minimum of an equilibrium crystal structure is reached with the assistance of a local
gradient algorithm that requires the derivative of the energy. Such a procedure
makes an indirect search of the crystal structure by sampling the energy landscape.
Thus, it becomes technically more involved to implement than the Hynninen et al.
method of MC ground state energy searches. In Figure 1, we provide two
nonequilibrium states of local minima that result from the application of a genetic
algorithm approach at zero temperature and fixed pressure.

Recently, Spiteri and Messina [16] have proposed an efficient nonlinear optimi-
zation technique that allows predicting the crystal phases of dipolar colloids at zero
temperature without the need to use derivatives of the free energies. It was found
that for a monodisperse repulsive hard sphere plus dipole-dipole interaction, the
predicted phase diagram has the same phases as was previously found by Hynninen
et al. [15] and that a knew so-called clinohexagonal prism span all known ground
state structures at any density. There remains to be verified if this prediction fulfills
at a finite temperature also.

2.4 Experimental structure factors and diffusion coefficients

The microstructural order inside of the ferrofluid is determined by the potential
interaction among particles. The measured structure factor yields the details of the
particles’ spatial geometric arrangement. The water-based maghemite ferrofluid is
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electrostatically stabilized. The interparticle interaction was modeled in Ref. [13] with
a Yukawa repulsion part together with the anisotropic dipolar potential. The highest
peak of the structure factor regarding wave number k, as a function of applied field,
shows the same qualitative tendency as the experimental peak. For the same type of
pair potential, a calculation of the structure factor using the rescaled mean spherical
approximation of liquid theory was developed byWagner et al. [46]. Their calculated
structure factor compares well with the measured one in a cobalt-based aqueous
colloid. Their fabricated ferrofluid has a polydispersity in particle sizes, which were
successfully taken into account via a Shultz distribution. The microstructure in the
suspension has also been modeled by Pyanzina et al. [47] with an analytical pair
correlation function obtained through a thermodynamic expansion of the density and
dipole strength. They find excellent agreement between the theoretical calculation
and molecular dynamics data for the scattering vector dependence of the pair corre-
lation at the dilute limit. The agreement improves at low volume fraction whereas at
higher concentrations, the coincidence occurs only about the main first peak.
Recently, we determined with Langevin dynamics simulations the structure factor in
model monodisperse ferrofluids of spherical particles that interact through Lennard-
Jones plus dipolar pair potentials. As previously found [17, 42], we also find that at
the low colloid density and dipole strength, the particles are well dispersed; however,
for higher dipole moment, there is chaining of particles. If the concentration rises,
then the system shows a small cluster with few particles as can be seen in Figure 2 of
the structure factor S kð Þ.

The contact values at k = 0 yield the compressibility modulus. The material
parameters of maghemite colloid were used [40]. At low densities and magnetic
moment, there is liquid order. For higher dipole moments, formation of chain appears.

Figure 1.
Genetic algorithm prediction of minimum local structures at two densities of equally sized ferroparticles in the
aqueous colloidal magnetic fluid at T ¼ 0K and constant pressure. X, Y, and Z are Cartesian coordinates. Both
structures are simple cubic cells. The bottom structure has the highest density and the lowest enthalpy energy.
Black arrows depict the direction of the particle’s dipole moment.
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Figure 3 is a plot of the collective diffusion coefficient DC normalized to the free

diffusion of a single particle D0 in the hydrodynamic limit of zero wave number. It

is given asDc ¼ D0=S k ¼ 0ð Þ. In the left-hand side plot of Figure 3(a)with symbol ∘
the collective diffusion coefficient increases as the magnitude of dipole moment
increases at high-density limit of ρ∗ ¼ 0:9. However, a reverse behavior is shown by

this collective diffusion property when the density is very low ρ∗ ¼ ρd3 ¼ 0:1 (plot
with a symbol ●, ρ ¼ N=V, N the number of particles, and V the volume of the
fluid). We should note that in the former case, there occurs the formation of chains,
and at the highest concentration, the particles are dispersed.

The researchers in Ref. [46] also measured the wave vector-dependent collective
translational diffusion coefficient in the absence of an external field using X-ray

Figure 2.
Simulation results of structure factor versus wave number. The contact values at k=0 yield the compressibility
modulus. The material parameters of maghemite colloid were used [40]. At low densities and magnetic
moment, there is liquid order. For higher dipole moments formation of chain appears.

Figure 3.
Calculated collective diffusion coefficient Dc normalized to the free particle diffusion constant at the
hydrodynamic limit of low wavenumber k = 0. Notice that at high density, ρ∗ ¼ 0:9, this property increases
(left, black square symbol).
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correlation spectroscopy. Such a dynamical property has a known linear dependence
on the particles’ hydrodynamic interactions (HIs). The proposed theoretical hydro-
dynamic function that captures the HI among particles overestimates the experi-
mental data. On the other hand, Meriguet et al. [29] used small-angle neutron
scattering to measure the incoherent scattering function at the fixed magnetic field.
The incoherent part gives in the long-time overdamped regime, the single transla-
tional diffusion coefficient for long wave vectors k, and the coherent part provides
the collective diffusion as a function of k. Using liquid theory definitions of these
two dynamical functions, their comparison with the experimental values yields good
agreement at all wave scattering vectors k. The same collective diffusion coefficient
can be measured by forced Rayleigh scattering also [26]. In this technique, the
fluctuations in concentrations of the particles are considered a dynamic variable.We
note that similar studies have been undertaken in the case of rodlike macromole-
cules in suspension such as Tobacco mosaic virus [48]. Explicit statistical mechanics
derivations for the dynamical collective correlation functions (intermediate scatter-
ing function) have been given that fit well Brownian dynamics simulations just at
long wave numbers but fail at intermediate and short k values. In Refs. [32–34], we
proposed a Langevin equation theory for a tracer ferroparticle whose motion is
coupled to the cloud of the other colloidal magnetic particles with which it interacts.

M
dV tð Þ
dt
¼ �ζ0 � V tð Þ � ζ0TR �W tð Þ þ f 0 tð Þ þ F tð Þ,

I � dW tð Þ
dt

¼ �ζ0R �W tð Þ � ζ0RT � V tð Þ þ t0 tð Þ þ T tð Þ:
(1)

V,W are the translational and angular velocities of the tracer particle and
referred to a space-fixed frame at the center of mass of the tracer and following the
orientation of the main tracer axis of symmetry. M and I are the mass and particle’s
matrix of the moment of inertia, respectively. There are neither hydrodynamic
interactions among particles nor external magnetic fields. The first two terms in
Eq. (1) are the solvent friction force and torque. The short-time free particle diag-

onal friction tensors ζ0, ζ0TR, ζ
0
RT, ζ

0
R represent hydrodynamic drag forces and

torques. These friction and random forces are the only quantities that convey
information on the nature of the solvent. They need to be measured experimentally
or provided by a free parameter. Moreover, they ignore the molecular degrees of
freedom of position and orientation coordinates and momenta. They are coupled to

the thermally driven solvent random forces f 0 and torques t0 by fluctuation-
dissipation theorems [32–34]. The total force and torque F, T on the tracer by the

rest of the colloidal particles, which are at the concentration n r
!
;Ω; t

� �

¼

∑N
i¼1δ r

! � r
!
i tð Þ

� �

δ Ω�Ωi tð Þð Þ, are given by

F tð Þ ¼
Ð

d3 r
!
dΩ∇ψ r

!
;Ω

� �

n r
!
;Ω; t

� �

,

T tð Þ ¼
Ð

d3 r
!
dΩ r

! �∇þ ∇Ω

h i

ψ r
!
;Ω

� �

n r
!
;Ω; t

� � (2)

with Ω ¼ θ;φð Þ being the polar angles, ψ r
!
;Ω

� �

¼ VLJ þ Vdd μ0=4πð Þ is the pair
potential with μ0 the magnetic permeability of vacuum, and ∇Ω ¼ û � d=dû the
angular gradient operator. The total force and torque are calculated using the probe’s
dipole located along the Z axis direction of its local frame, that is Ω ¼ 0;0ð Þ. The
unitary Cartesian vector û of the orientation of any other particle is in the direction of
that particle’s axis of symmetry. The Langevin equation is coupled to the diffusion

8

Pattern Formation and Stability in Magnetic Colloids



equation of the concentration of particles around the tracer through the total force on
the tracer, which is linear in the instantaneous concentration of particles.

M
$
� dV
$

tð Þ
dt
¼ �ζ

$
0� V
$

tð Þþ f
$
tð Þ þ

ð

d3 r
!
dΩ∇
$

ψ r
!
;Ω

� �h i

n r
!
;Ω; t

� �

(3)

Here, V
$
¼ V;Wð Þ, ∇

$
¼ ∇; r

! �∇þ ∇Ω

� �

: and the diffusion equation of the con-

centration ∂n r
!
;Ω; t

� �.

∂t ¼ �∇ � V
$

n tð Þ
h i

can be linearized altogether with Eq. (3)

in δn tð Þ ¼ n tð Þ‐neq r
!
;Ω

� �

around the local equilibrium concentration of particles

neq r
!
;Ω

� �

≔ n r
!
;Ω; t

� �D E

. Thus, in the center of mass of the tracer, and using general

results of linear irreversible thermodynamics, the diffusion equation reads

∂δn r
!
;Ω; t

� �

∂t
¼ ∇

$
neq r

!
;Ω

� �h i

� V
$
�
ðt

0
dt0

ð

d3 r
!0dΩ0

ð

dr00dΩ00L r
!
; r
!0;Ω;Ω0; t� t0

� �

�σ�1 r
!0; r
!00;Ω0;Ω00

� �

δn r
!00;Ω00; t0

� �

þ ∇
$
� j r
!
;Ω; t

� �

:

(4)

where the Onsager coefficient L ¼ ∇
$
� j r
!
;Ω; t

� �

� ∇
$
� j† r

!
;Ω; t

� �D E

is related to

the spatial variation of the stochastic current j r
!
;Ω; t

� �

. † means transpose and

complex conjugate (adjoint operator). The inverse of the static correlation function
σ fulfills a relationship with the potential and concentration function [32–34]. Using

methods of Green functions Eq. (4), one solves for δn r
!
;Ω; t

� �

, and the result is

further substituted into the linearized version in the concentration of Eq. (3) yield-
ing the tracer Langevin equation

M
$
� dV
$

tð Þ
dt
¼ �ζ

$
0� V
$

tð Þþ f
$

tð Þ �
ðt

0
dt0Δ ζ

$
t� t0ð Þ� V

$
tð Þþ F

$
tð Þ (5)

F
$
are fluctuating forces arising from the spontaneous departure from zero of the

net force and torque on the tracer. It satisfies the fluctuation-dissipation relation-

ship with the tracer-effective friction coefficient F
$

tð ÞF
$
† 0ð Þ

D E

¼ kBTΔ ζ
$

tð Þ.
T ¼ 300K is the room temperature. As a result, explicit expressions for the tracer
translational and rotational friction coefficients are given regarding the equilibrium

concentration neq r
!
;Ω

� �

that embodies the microstructure of the particles inside of

the liquid, and the direct pair potential ψ ,

Δζ
$

tð Þ ¼ kBT

4πð Þ2
ð

d3 r
!
d3 r
!0d3 r

!00dΩdΩ0dΩ00 ∇
$
neq r

!
;Ω

� �h i

� σ�1 r
!
; r
!0;Ω;Ω0

� �

χ r
!0; r
!00;Ω0;Ω00; t

� �

∇
$00neq r

!00;Ω00
� �h i†

:

Δζ
$

tð Þ ¼ 1

kBT 4πð Þ2
ð

d3 r
!
d3 r
!0d3 r

!00dΩdΩ0dΩ00 ∇
$
ψ r
!
;Ω

� �h i

� χ r
!
; r
!0;Ω;Ω0; t

� �

σ r
!0; r
!00;Ω0;Ω00

� �

∇
$00neq r

!00;Ω00
� �h i†

(6)
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The propagator χ is obtained from the diffusion Eq. (4), and it is related to the

van Hove function C r
!
;Ω; r

!0;Ω0; t
� �

≔ δn r
!
;Ω; t

� �

δn r
 0

Ω
00

� �D E

¼
Ð

d3 r
!00dΩ00

χ r
!
; r
!00;Ω;Ω00; t

� �

σ r
!00; r

!0;Ω00;Ω0
� �

whose dynamical evolution is attained from

Eq. (4) after multiplying both sides by δn r
!
;Ω; t ¼ 0

� �

and taking further an

ensemble average. The resulting dynamical equation of the van Hove function has

at t = 0 the initial condition
Ð

d3 r
!00dΩ00σ r

!
; r
!00;Ω;Ω00

� �

χ r
!00; r

!0;Ω00;Ω0; t ¼ 0
� �

¼

σ r
!
; r
!0;Ω;Ω0

� �

. The properties in Eq. (6) depend on the knowledge of the structure

factor of the ferrofluid, which takes into account the micro-structural order of
particles inside the ferrofluid as dictated by the underlying interaction potential. It
is valid at high concentrations but ignores hydrodynamic interactions among parti-
cles. For monodisperse colloids, the tracer is equal to the other particles and the
fluid is homogeneous. Thus, the distribution of particles is neq r;Ωð Þ ¼
ρg r ¼ r

!
�

�

�

�

�

�;Ω;Ω0 0;0ð Þ
� �

. Notice that the pair correlation function is defined

between the tracer orientation Ω
0 0;0ð Þ, and another particle with Ω θ;φð Þ, separated

by the mean distance r ¼ r
! � r

!0
�

�

�

�

�

�. Due to the spatial symmetry of the potential ψ ,

the pair correlation function has the rotationally invariant expansion g r;Ω;Ω0ð Þ ¼
g rð Þ þ hΔ rð ÞΔþ hD rð ÞD1, with Δ≔ û1 � û2, D1 ≔ 3

^
r
!
12 � û1

^
r
!
12 � û2 � û2 � û1

h i

, where

^
r
! ¼ r

!
=r, û is the unitary dipole vector with orientation û ¼ û θ;φð Þ. Using the Fick

approximation for the Onsager coefficient, L r; r0;Ω;Ω0ð Þ ¼ ρ D0∇2 þD0
R∇Ω

	 


δ r� r0ð Þδ Ω� Ω
0ð Þ, the unknown propagator in Eq. (4) χ ¼ exp �tL∘σ�1ð Þ, ∘≔

Ð

d3 r
!
dΩ can be fully determined. For a spherical particle, the free translational and

rotational diffusion coefficients are D0 ¼ kBT=ζ
0, D0

R ¼ kBT=ζ
0
R, with ζ0 ¼ 3πηsold,

ζ0R ¼ πηsold
3, and ηsol the solvent viscosity. Taking the Laplace transform Δζ ωð Þ ¼

Ð∞
0 dteiωtΔζ tð Þ of the friction tensor in Eq. (6), it yields the real part of the transla-

tional and rotational diffusion coefficients of the tracer at the longtime overdamped

regime D ¼ kBT= ζ0 þ ReΔζ ω ¼ 0ð Þ
	 


, DR ¼ kBT= ζ0R þ ReΔζR ω ¼ 0ð Þ
	 


[34], where

ReΔζ ¼ ζ0

6π2ρ∗

ð∞

0
dxx4

S00,0 xð Þ � 1
� �2

τ∗s, iso

S00,0 xð Þ

þ 128πζ0ρ∗μ∗4

3

ð∞

0
dxj2 xð Þ2 6þ x2

� �

2τ∗2s,1 þ 3τ∗2s,0
	 


,

ReΔζR ¼
128πρ∗μ∗4ζ0R

105

ð∞

0
dxj1 xð Þ2 6þ x2

� �

67τ∗2s,1 þ 38τ∗2s,0
	 


,

(7)

jl is the spherical Bessel function of order l, τ∗s, iso ¼ 1= x2 1þ 1=S00,0 xð Þ
� �	 


,

τ∗s,α ¼ S11,α xð Þ= 8π x2 þ 6ð Þ½ �, x≔ kd. The structure factor components of the dipolar

liquid are

S00,0 xð Þ ¼ 1þ ρ∗

d3
g xð Þ � 1½ �, S11,0 xð Þ ¼ 1þ ρ∗

3d3
hΔ xð Þ þ 2hD xð Þ½ �,

S11,1 xð Þ ¼ 1þ ρ∗

3d3
hΔ xð Þ � hD xð Þ½ �: (8)
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These correlation function components are obtained from the Fourier transform
of their definitions

g rð Þ ¼
∑i, j i 6¼jð Þ δ r� r

!
ij

�

�

�

�

�

�

� �D E

N4πρ∗r2 , hD rð Þ ¼ 3
2

∑i, j i 6¼jð Þ δ r� r
!

ij

�

�

�

�

�

�

� �

3
^
r
!

ij � û i
^
r
!

ij � û j�û i � û j

h iD E

N4πρ∗r2 ,

hΔ rð Þ ¼ 3
∑i, j i 6¼jð Þ δ r� r

!
ij

�

�

�

�

�

�

� �

ûi � ûj

D E

N4πρ∗r2
(9)

In Figure 4, Ref. [34] is provided a plot of the translational and rotational self-
diffusion coefficients of such a theory. In this picture, we compare the diffusion
coefficients with Langevin dynamics simulation results for the same diffusion coef-

ficients by using typical parameters of μ∗2 ¼ μ0m
2= 4πd3kBT
� �

for the real ferrofluid
made of Fe2O3. μ0 is the magnetic permeability of vacuum. The material data are:

[40] ε0 ¼ 5:45311� 10�23J, d ¼ 10�8m, particle mass and the viscosity are

m0 ¼ 2:70710Kg, ηsol ¼ 0:852� 10�3Kg=ms, respectively.

2.5 Diffusion microrheology of colloidal magnetic fluids under no external
electric or magnetic fields

Ferrofluids are complex fluids whose viscoelastic response to weekly applied
strain rates _γ tð Þ is represented by a constitutive equation for the shear stress

σ tð Þ ¼
Ð t
0 dt

0G t� t0ð Þ _γ tð Þwhere the dot means time derivative and the shear modulus
is G tð Þ. In the representation of frequency space ω, the shear is σ ωð Þ ¼ G ωð Þiωγ ωð Þ.
Mason and Weitz [49] assumed that the macroscopic temporal relaxation of G tð Þ is
the same time scale of the viscosity that affects a tracer particle that diffuses in the
viscoelastic fluid. Because the shear stress divided by the strain rate has dimensions
of viscosity, Mason et al. [49] defined the viscosity as η tð Þ ¼ σ tð Þ= _γ tð Þ. Thus, they
proposed that for spherical particles undergoing translational diffusion and in the
frequency space, it is G ωð Þ ¼ iωη ωð Þ ¼ iωζ ωð Þ=3πd for a particle experiencing

Figure 4.

Translational (rotational) self-diffusion coefficients D=D0 DR=D
0
R

� �

versus density (a) ((c)), and dipole
strength (b) ((d)). Simulation calculations are depicted with a black symbol and theory of Eq. (6) with ∘.
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effective friction ζ ωð Þ. Here, we propose under the same conditions that the complex

shear modulus of a ferrofluid is given by G ωð Þ ¼ G0 þ iG00 ¼ iω ζ0 þ Δζ ωð Þ
� �

=3πd ¼
iωη ωð Þ. Since the complex viscosity of a viscoelastic media is defined by η ¼ η0 � iη0,
we find for the elastic and dissipative moduli, respectively [34]

G0 wð Þ ¼ ωη00 ωð Þ ¼
ð∞

0
dx

P00
0 xð Þ ω∗τ∗s, iso

� �2

1þ ω∗τ∗s, iso

� �2 þ
P11
1 xð Þ ω∗τ∗s,1

� �2

1þ ω∗τ∗s,1

� �2 þ
P11
0 xð Þ ω∗τ∗s,0

� �2

1þ ω∗τ∗s,0

� �2

2

6

4

3

7

5
,

G00 wð Þ ¼ ωη0 ωð Þ ¼ kBTω
∗

3πd3
þ
ð∞

0
dx

P00
0 xð Þω∗τ∗s, iso

1þ ω∗τ∗s, iso

� �2 þ
P11
1 xð Þω∗τ∗s,1

1þ ω∗τ∗s,1

� �2 þ
P11
0 xð Þω∗τ∗s,0

1þ ω∗τ∗s,0

� �2

2

6

4

3

7

5
,

P00
0 xð Þ ¼

kBTx
4 S00,0 xð Þ � 1
� �2

18π3d3ρ∗S00,0 xð Þ
, P11

1 xð Þ ¼ �
32kBTρ∗μ∗4j2 xð Þ2S11,1 xð Þ

9πd3
,

P11
0 xð Þ ¼

48kBTρ∗μ∗4j2 xð Þ2S11,0 xð Þ
9πd3

, (10)

where ω∗ ¼ ωtB, tB ¼ d2=D0. Figure 5 provides a comparison of the viscoelastic
moduli of Eq. (10) with Langevin dynamics simulations for the same parameter as
those of Figure 4.

We notice that the effective viscosity at the overdamped regime ω ¼ 0, which
results from Eq. (10), is η0 ¼ tBGo, where the storage modulus of the ferrofluid is

Go ¼ kBT=3πd
3� �

D0=D. At low volume fraction ϕ ¼ πρ∗=6 of colloidal particles in
the magnetic fluid, we found the following expression of the viscosity
η0 ≈ ηsol 1þ 5ϕ=2ð Þ, which is the known exact Einstein result for low volume frac-

tions if we assume that the free parameter ζ0 can be replaced by the approximated

form proposed by Mazur and Geigenmüller ζ0 1þ 1:5ϕð Þ= 1� ϕð Þ [50], which
describes very well the free particle diffusion coefficient for all volume fractions.

Figure 5.
Logarithmic plot of elastic G0 and loss G00 moduli as a function of dimensionless frequency ω∗ at three different
concentrations and fixed dipole moment. Theory for G0(G00) is denoted by ∘(∗) and that with simulation by •, ∗.
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2.6 Dynamic susceptibility response of a ferrofluid

The time-dependent magnetic susceptibility χ tð Þ of a ferrofluid can be measured
either under a time-oscillating external magnetic field or in its absence with Altern
Current dielectric spectroscopic techniques [51]. Our approach to calculating this
property is based on the diffusion equation Eq. (4) that leads us to an expression for
the collective dynamical property χ tð Þ regarding the friction Eq. (6). For this pur-
pose, we multiplied Eq. (4) by δn t ¼ 0ð Þ∑i, j ûi tð Þûj tð Þ, then we made a statistical

average and Fourier transformed to write the dynamical equation of the collective
magnetic tensor function

Mk tð ÞM�k t ¼ 0ð Þh i ¼ � m2μ0N=12π
� �

C11
,1 k; tð Þ,Mk tð Þ≔ μ

ffiffiffiffiffi

μ0
p

= 4πð Þ3=2
� �

�∑
N

i¼1

ð

d3 r
!
eik� r
!

i tð ÞdΩûx tð Þδn r;Ω; tð Þ, (11)

where C11
,1 is the transversal component of the van Hove function. We extended

the hydrodynamic approach of Hess and Klein [52] to include rotational Brownian
motion of the particles and derived the dynamical equation of the Van Hove
function

∂C k;Ω; tð Þ
∂t

¼
ðt

0
dt0dΩ0M k;Ω;Ω0; t� t0ð ÞC k;Ω0; t0ð Þ (12)

This equation is valid for colloidal suspensions of particles with axially symmet-
ric potentials, where the memory function M k;Ω;Ω0; tð Þ is related to the friction
Eq. (6), which does not require such an approximation on L [52]. The solution of
this equation for the transversal component of the van Hove function C k;Ω; tð Þ
leads to the complex susceptibility function in the frequency domain, and it is given

by χ k;ωð Þ ¼ 4πρ∗μ∗2=3ð Þ S11,0 xð Þ � iωC11
,1 x;ωð Þ

	 


þ 1. This equation reproduces

Figure 6.
Real χ0 and imaginary χ 00 magnetic susceptibilities of a ferrofluid normalized to the initial value of susceptibility
χ0. Picture (a) is a magnetic Cole-Cole plot and (b) depicts the susceptibility moduli versus frequency ω. The
susceptibilities were evaluated at kmax the value of the wave number at the highest first peak of the structure
factor, and k ¼ 0.
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similar results of a model molecular liquid of Wei and Patey [53] who, however,
used a Kerr dynamical equation for C. Since χ ¼ χ0 þ iχ00 in Figure 6, we provide
typical plots of the real and imaginary components of the magnetic susceptibility of
the ferrofluid Fe2O3.

Alternative kinetics methods for low-density ferrofluids are given in [40].

3. Conclusion

This review highlights several active research lines on the structure and dynam-
ics in ferrofluids. These investigations are motivated by many experimental obser-
vations that colloidal ferromagnetic particles both in bulk or in thin film aggregate,
building several macroscopic structures of practical and scientific interest. As for all
applications where colloidal materials are being processed, it is necessary to under-
stand the interparticle interactions to have better control of the resulting structures
and their properties. The interactions are known experimentally under specific
conditions through the measured phase diagrams [11]; it has been found [29] that a
useful potential that represents well the structure factor of ferrofluids is a Lennard-
Jones plus dipolar interaction between pairs of particles. Therefore, our use of this
potential in an evolutionary genetic algorithm leads to Figure 1, which shows
transient metastable crystalline structures of a monodisperse ferrofluid at T ¼ 0K.
On the other hand, Figure 2 shows the predicted structure factors using material
parameters of typical Fe2O3 ferrofluid. There we observe that for low particle
density and dipole moment, the particles are dispersed in the fluid, whereas for the
highest dipole moment system, they form chains. As a consequence, there are
noticeable effects on the collective diffusion coefficient as it is shown in Figure 3,
where we notice that as the strength of the dipole moment is increased for low-
density suspensions, this property drops because of particles’ association in larger
structures (chains). However, for higher-density suspensions, particles re-disperse
again, therefore, increasing their collective diffusion. In Section 2.4, we presented
the stochastic Langevin approach to describe the diffusion of a tracer particle in
colloidal magnetic fluids. Figure 4 provides theoretical predictions of this theory for
the longtime translational and rotational self-diffusion coefficients Eq. (7) of a
ferroparticle for the same material parameters of Fe2O3. We notice that the theory
prediction has an agreement with Langevin dynamics simulations. In Section 2.5,
we described our extension of a hydrodynamic theory of colloid dynamics [52] to
include the rotational Brownian motions of ferrofluid’s particles. As a result, we
derived an equation of the complex susceptibility χ k;wð Þ that depends on the
diffusion constants D ωð Þ, DR ωð Þ of a tracer particle in the colloid, which were given
in Section 2.4. Thus, in Figure 6, we show the predicted magnetic Cole-Cole plot
and real and imaginary components of the susceptibility moduli for Fe2O3

ferrofluid. There remain further studies to find the successful comparison of this
method with well-characterized magnetic colloidal fluids and computer simulations
in model ferrofluid systems.
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