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By means of Riemann boundary value problems and of certain convenient systems of
linear algebraic equations, this paper deals with the solvability of a class of singular
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vanishing on the unit circle. All the possibilities about the index of the coefficients in the
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end of the last section.
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1. Introduction

The theory of singular integral equations with shift (SIES) and in particular that of
Cauchy singular integral operators with shift (SIOS) were studied a long time ago as

*Preprint of an article published in [Analysis and Applications 13(1) (2015), 1-21] [Article DOI:
10.1142/S0219530514500468] ©|[copyright World Scientific Publishing Company] [Journal URL:
http://www.worldscientific.com/worldscinet /aa]



2 L. P. Castro, E. M. Rojas, S. Saitoh, N. M. Tuan, P. D. Tuan

they are applied in many fields of mathematics and physics. Particularly, the theory
of SIES and boundary value problems for analytic functions founded by Hilbert and
Poincaré are particularly applied in many theories such as the theory of the limit
problems for differential equations with second order partial derivatives of mixed
type, the theory of the cavity currents in an ideal liquid, the theory of infinitesimal
bonds of surfaces with positive curvature, the contact theory of elasticity, and that
of physics of plasma. Moreover, the theory of SIOS contributes theoretically in a
significant way not only to the theory of Fredholm operators (Noetherian opera-
tors according to the terminology of Russian-language literature) and to that of
one-sided invertible operators but also to the theory of general and abstract opera-
tors within C*-algebras (see [1,6,9,14,15,25,26,28,29] and references therein). In the
previous decades, the theory of SIES has been considered an attractive object of
study due to a great variety of reasons. Vekua’s paper [37] was by its own means
an initial motivation, and it is considered to be the first paper in which SIES were
considered.

In the case where no shifts or rotations arise, the theory is already rather com-
plete. For instance, note that the Fredholm theory of singular integral operators
with piecewise continuous coefficients on composed Lyapunov curves acting on
Holder spaces (with power weights) was already constructed by R. Duduchava in
the early seventies [11,12,13] (cf. also the book by I. Gohberg and N. Krupnik [16]).

In recent years, many papers devoted to particular investigations and containing
solutions in explicit form of SIES have been published (see [3,4,5,8,17,18,19,20,21]).
The most general and important class among the SIES reducible to Riemann bound-
ary value problems that can provide explicit solutions in a certain sense, is that of
singular integral equations with a Carleman shift. However, there are only a few
special types of such SIES which are possible to solve completely in some extent
or by means of Riemann boundary value problems (see [28,36]). Anyway, abstract
normalization procedures are known for obtaining the solutions of consequent nor-
malized problems of singular integral operators with Carleman shifts and degenerate
coefficients within the framework of Lebesgue spaces on the unit circle (or the real
line); cf. [10,22,23,24,33].

In this paper, we study the solvability of a class of singular integral equations
with rotations on the unit circle and with degenerate kernel in the case of a van-
ishing coefficient (and where the rotation is considered as a Carleman shift). This
leads to an advance of the knowledge since we obtain consequent solutions for the
problems in analysis which previously where only known for cases where no degen-
erate coeflicients were occurring. Anyway, all this happens subjected to the known
condition that a certain difference between the square of the coefficients (after an
action of the rotations) do not vanish — which is in fact a known necessary condition
for the existence of solutions. Within our method we will face a consequent linear
boundary value problem for analytic functions — to which type the pioneering works
of Riemann, Hilbert, Haseman, Carleman, Muskhelishvili, Gakhov and Vekua gave
significant main initial contributions.
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In view to formulate our initial problem we will now fix some notation. Let
F={teC:|t|=1} and X = H*(T"), with 0 < p < 1, be the Holder space on T
Additionally, we will consider the following operators in X:

W) = w(ert). (S0 = = pov. [ i
(M)(O) = - [ mir.Op(r)ir
T

r
where €1 = exp(2%), n € N, g, = £1" and m(7, t) is a given function satisfying the
Holder condition in (7,t) € T' x T. Since the operator W is an involution of degree
n, one can construct the projections P; (j = 1,...,n) satisfying the following
identities:

P _IZk 1€ er” - ka+17 j:1a27"'an7
PlP—(S iPj, j=1,...,n,

k] b " (1.2)
%% :Zj 15]P k=1,...,n,

Po+Po+--+ P+ P =1,

where §;; is the Kronecker symbol (see [8,34]).

We are now in a position to consider the main object of the present work in the
form of the following singular integral equation (in X), which cannot be reduced
to a two-term boundary value problem (see [28]),

alt)p(t) +HO[(S + M)Pl(t) + D — / 0 (b () ()T = (1), (19
j=1
where a, b, f, aj, b; € X (j =1,2,...,m) are given and S, M, P, (1 < ¢ < n) are
the operators defined in (1.1)—(1.2). In the general case of Carleman shift W, the
equation of the form (1.3) attracted the attention of many authors. Namely, under
the assumption that the coefficient a(t) does not vanish on T', the papers [3,4,7,8,
28,31] studied the solvability and obtained explicit solutions of their corresponding
equations (1.3) by means of Riemann boundary value problems.
Our main goal is to analyse the solvability and obtain eventual solutions of (1.3)
when the function-coefficient a(t) vanishes on I' in the sense that it has isolated
zero-points, i.e.

H )t (1.4)

where o; € ', 7; (j = 1,2,...,s) are positive integers and u(t) is a non-vanishing
function on I". Without loss of generality we may assume from now on that u(t) = 1.
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2. Some lemmas and preparing results
In order to state the main theorems, we need some preliminary and technical results.

For every a € X we write (K,)(t) = a(t)p(t).

Lemma 2.1. ([34], pp. 203) Suppose that a € X is fized. Then for every pair
(k,7), k,j € {1,2,...,n} there exists an element ar; € X such that PyK,P; =
K, ,; Pj; namely,

ari(t) = ;;s,ﬂ;ﬁia(sym). (2.1)
Lemma 2.2. (/34]) Let a € X be fized. Then for every pair (k,j), k,j €
{1,2,...,n}, (1.2) yields
PiKa,, = K,, P;
where ay;(t) is defined by (2.1).
We set
Qo ={a;, 1 =1,2,...,s},

Q:{ths;}rlai, w=12...,ni=1,2... s}

d
In the sequel, let T denote the arc length derivative operation on I'. Addition-

ally, let us denote by C(T') the set of all continuous functions on I', and by C*(I")
the set of all functions which together with their derivatives (with respect to the
arc length) up to the k-order (k € N) belong to C(I'). For every g € C*(T'), we use
the following notation
dk
{g(t)}(k,to) = ﬁg(t)

t=to

For g € C*(I") given, we write:
g =9@t) [ aleprrt),
u=1
pF#En—1

gr(t) = Prg™(t),

where a(t) is given by (1.4) with w(t) = 1, and Py is the projection as in (1.2).
Obviously, a € C4(T) for ¢ =0,1,...,r; — 1.

Lemma 2.3. Suppose g € Ci1(T');q = 0,1,...,7; — 1. Within this assumption,
{g(t)}(q o) = 0 for all a; € Qg if and only if

{g,:(t)}(qm) =0 forallk=1,2,...,n and t;, € Q.
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Proof. Suppose that {g(t)}(q,ai) =0, for all a; € Qp, ¢ =0,1,...,7; — 1. This
implies {g*(t)}(wm) =0, forallt;, € Q, ¢=0,1,...,r;—1. Hence, {gj;(t)}(q,tw) =
0, forallt;, €Q,¢=0,1,....r; =1, k=1,2,...,n.

Conversely, suppose that {gZ(t)}(qim) =0, forall t;, € Q, ¢ =0,1,...,r; —
1; k=1,2,...,n. It follows that

{Zg;(t)} =0, forall t;, € Q, ¢=0,1,...,r; — 1.
k=1 (Qatiu)

On the other hand,

n n n n
1 _1_ y
ZQZ@) = Z o Zfz g(gj41t) H a(eut1t)
k=1 k=1 j=1 e
n#j
n 1 n
11—
= [n > e j] g(ejr1t) [ ] alepst)
j=1 L k=1 p=1
n#j
n
=gt [T aleprit)y = g°(®).
p=1
n#En—1

We then have

{g*(t)}(q’tw) =0, forallt;, € Q, ¢=0,1,...,r; — L.
Hence,

{9(t)} g0y =0, for all a; € Qp, ¢ =0,1,...,7; — 1,

and the proof is complete. O

Lemma 2.4. Let o € T be fized. Assume that h € X is a function having a
continuous analytic extension in a neighborhood of T'. Then the equation

(t — ) p(t) = h(t), (2.2)

has a solution in X if and only if the following conditions are satisfied

{h(t)}(ga) =0, forallq=0,1,...,7r — 1. (2.3)
If this is the case, then the solution of equation (2.2) is given by
h(t) )
— t
i—a) if t#a
o(t) = (2.4)
h(t T, .
7{(2() if t=a.

Moreover, the solution also has an analytic extension in a neighborhood of T.
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Proof. Suppose that equation (2.2) has a solution pg € X, i.e.

(t — ) po(t) = h(t)

for all t € I'. Expanding the function h in a neighborhood of @ € I' in a Taylor
series, we have

r—1 ( OZ)T

(z — a) z—
h(z) = h(a) + Y ——{h(=)} ko) + — th(2)}ee,
k=1 ’
where z and ¢ are in a neighborhood of I'. Note that the notations {(2)},q«) and
{h(t)} (k,o) have the same meaning as h is an analytic function in a neighborhood
of . Fort € T,

S (t—a)
Do)+ 1D} (25)

(t — ) polt )+

k=1

where ¢ € I'. Deducing inductively we obtain {h(t)}4,qa) =0 for ¢ =0,1,...r — 1.
Thus, the condition (2.3) is necessary.

Conversely, suppose that the condition (2.3) is satisfied. We have to prove that
the function ¢ defined by (2.4) fulfills the Holder condition. By the assumption we
have

(= - )

h(z) =h(a)+ ) — lE) ey T {h(2)} ) (2.6)

where z, £ are in a neighborhood of I". From the condition (2.3), we derive

(z—a)
7!

h(z) = {h(2) } ) (2.7)

We deduce that the function ¢ defined by (2.4) is Holder continuous on the curve
I'. Therefore, p € X.

Thanks to the analytic extension of h we assert that the function ¢ as in (2.4)
also has an analytic extension in a neighborhood of I'. The proof is complete. O

Write r := ax {r;}. Note that «; € " are fixed points for i = 1,2,...,s. The
158

following lemma is a direct consequence of Lemma 2.4.

Lemma 2.5. Assume that the function h € X has a continuous analytic extension
in a neighborhood of T'. The equation

S

[1¢ = ai)rie) = ht), (2.8)

i=1
has a solution if and only if the following conditions are fulfilled

{h()}(ga) =0, foralli=1,2,...5;¢q=0,1,...,r; — 1. (2.9)
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If this is the case, then equation (2.8) has a unique solution given by
h(t
# Zf t?é(},j,aj S Qo,
[1(t— i)
i=1
o(t) = (2.10)
{h(t)}(’r],a]) . _
o zftfaj,ajer.
r;! H (aj —ay)"

176]

Moreover, the solution also has an analytic extension in a neighborhood of T.

3. Reducing equation (1.3) to a system of singular integral
equations

Denote by Ny, (j = 1,...,m) the linear functionals on X that are defined as

follows
1

(No, ) = —/bj T)dr, for any p € X.
i
r

Put (Ny, ) = Aj, j = 1,2,...,m. We reduce equation (1.3) to the following prob-
lem: find solutions ¢ of equation

a(t)e(t) +b()[(S + M) Pep](t ZA a;(t (3.1)
depending on the parameters Aq, ..., \,, subjected to
(Noj ) = Aj, j=1,2,...,m. (3.2)

Lemma 3.1. (see [34]) Suppose that the function m(7,t) satisfies the condition
m(r,t) = m(e17,t) = ey 'm(r,e1t). Then ¢ € X is a solution of (3.1) if and only
if {or = Prp, k=1,...,n} is a solution of the following system

a”()pr(t) + b (D)[(S + M)ee](t) = fr(t), k=1,2,...,n, (3.3)

where

§+1Ib(€J+1t) H a(gu+1t)7 (34)

T T
Wl
<

€]+1t Z A vy E]+1t H a €u+1t

p=1
n#j
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Lemma 3.2. (c¢f. [34]) If (¢1,92,...,¢n) is a solution of the system (3.3), then
(Prp1, Papa, ..., Pupn) is also a solution of it.

Theorem 3.1. (see [34]) Suppose that the function m(7,t) satisfies the assumption
of Lemma 3.1.

(1) If (v1,92,.-.,¢n) is a solution of (3.3), then

© = Pipr,
k=1

is a solution of equation (3.1).
(2) If p € X is a solution of (3.1) then (Pip, Pap, ..., Pyp) is a solution of (3.3).

Theorem 3.2. Suppose that the function m(7,t) satisfies the assumption of
Lemma 8.1. Assume that each one of the functions f and b has an analytic ex-
tension in a neighborhood of T'. Then equation (3.1) has a solution in X if only if
the £-th equation of (3.3),

a”(t)e(t) + bpe (DS + M) (t) = f7 (1), (3.5)
has a solution p(t) € Xy = P, X satisfying the conditions

{f(t) - Z Avay () = b(t)[(S + M)‘Pf](t)} =0, (3.6)
v=1 (g,00)

where a; € Qo, 1 =1,2,...,s; ¢ =0,1,...,7; — 1. Moreover, if vy is a solution

of equation (3.5) satisfying the conditions (3.6), then equation (3.1) has a solution

given by

f(t) - ij: Mo (t) = b(1)[(S + M) Pagi (1)
o)

if t# a;, a; € Q,

t) = m
o(t) { F(8) = 32 Avaas(1) = B[S + M) Prpe] 1) (

i) ift = Qj, o € Q.

S

rit I (e — i)™
S
i#j

(3.7)

Proof. It follows from Lemma 3.1 that if ¢ € X is a solution of (3.1), then
(Pro, Pay, ..., P,p) is a solution of system (3.3). It means that ¢, = Py € X is
a solution of the ¢-th equation of (3.3) which is equation (3.5). Moreover, for any
k=1,2,...,n, ¢ is a solution of the equation

a(t)er(t) = fir(t) — bpe(®)[(S + M)pe)(t). (3.8)
The function in the left-hand side of (3.8) has zeros of order r; at t;, = sﬁilai e Q.

By using the assumptions and Lemmas 2.3, 2.4, and 2.5 we derive that condition
(3.6) is necessary.
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Conversely, if ¢o(t) € X, is a solution of (3.5) satisfying (3.6), then by
Lemma 2.3,

{f,:(t) — b, (0[S + M)w](t)} —0, forall k=1,2,...,n,

qatiu
where ¢;, €, 1 =1,2,...,5, ¢=0,1,...,r; — 1. By Lemma 2.5, the equation
@ (Opk(t) = f2(8) — bie(DI(S + M)@e](8), for some k =1,2,...,n,
has a solution ¢y, € X.
Due to Theorem 3.1, ¢(t) = > Py (t) is a solution of (3.1). Moreover, it is
k=1

easily seen that Pyp = Pppp = apg._From equation (3.1), we obtain
a(t)p(t) = f(t) = Y Aja;(t) = b()[(S + M)p(t).
j=1

By Lemma 2.5 we derive that (3.1) has a solution ¢ determined by (3.7). The proof
is complete. O

Remark 3.1. Suppose that f,g € X. It is clear that if f(t) = g(¢) for all ¢ €
M\{a1,as,...,as} then f(t) = g(¢) for all ¢ € T. Thanks to this fact, instead of
(3.7), in the sequel we simply write

ft) - 21 Avay (t) = b(E)[(S + M) Pypy](t)
t) = v= . 3.9
o(t) e (3.9)
Lemma 3.3. The equation (3.5) has a solution in X, if and only if it has a solution
in X. Moreover, if ¢ € X is a solution of (3.5), then @y = Ppp is a solution of
(3.5) m Xg,

Proof. By Lemma 2.2, b}, is invariant with respect to P, and the operator S + M
commutes with P;. Suppose that ¢ € X is a solution of (3.5). Applying the operator
P, to both sides of (3.5), we obtain ¢, = Py which is a solution of (3.5). O

4. The solvability of equation (3.5)
We set
Dt ={z€eC :|z| <1}, D™ ={z€C :|z| > 1}.

Denote by H(D™') and H(D™) the sets of analytic functions in D and D™, re-
spectively. Consider the equation (3.5)

a™(t)@e(t) + b (D) (S + M)epe](t) = f7 (1)
Suppose that the function

M(r,1) = (mm(ﬂ ) (4.1)
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admits an analytic extension onto DV in each one of variables 7 and ¢. Assume that
m(r,t) = m(e17,t) = €7 'm(r,e1t). Put

Dy(z) = ! /W(T)dr.

211 T—Z
r

According to the Sokhotsky-Plemelj formula, we have

pu(t) = @ (1) — @, (1),
(Spe)(t) = @7 (1) + @, (t). (4.2)

So, we reduce equation (3.5) to the following boundary problem: find a sectionally
analytic function ®4(z) on D*, D~ which vanishes at infinity and satisfies:

B () + e g MO ()~ 57 0)

*

t) = b3(t) o - fi ()

a*(
=L () + —F——. (4.3
a*(t) +by,(t) ®) a*(t) 4 bj,(t) (43)
Using Lemma 14.1 in [30], we have M®/ () = 0, M®, (t) € H(D*). Write
by, (t —
{ @Jr(t):q);(t)_W%M@[ (t), (4.4)
(1) = @, (t)

Instead of finding function ®,(z), we determine a sectionally analytic function ®(z)
on DT, D™ that vanishes at infinity and satisfies:

(1) =GB (1) + g(0), (4.5)

where

Ca b
0= oo T F @+ 0"

Suppose that a*?(t) — bj7(t) does not vanish on I'. Then we have G,g € X and
G(t) #0 for any t € . Put

K = IndG(f) = QLM / dnG(1),

I'(z) = %/%dr, (4.6)
r

Xt(z) = @) X~ (2) =z"el ),
Using the results proved in [15] and [27], we get the following cases:
(1) If kK > 0, then the problem (4.5) has general solutions
D(z) = X()U(=) + P (2)), (47)
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where

= 1 I (7) dr
v =g X ()@ (1) + b)) 7 — 2 (48)

and

Po1(2) =p1+pez+ - +pez" ! (4.9)

is a polynomial of degree x — 1 with arbitrary complex coefficients.
(2) If k <0, then the necessary condition for problem (4.5) to be solvable is

g(7) j—17_ _ . _
/X+(T)T dr=0,57=12,...,—k.
r
Equivalently,
fe(n)—! :
- dr=0,j=1,2,...,—k. (4.10)
F/ XH(7)(a*(7) + bj,(7))

If condition (4.10) is satisfied, then the solution is uniquely given by

RN Y

Now we get back to equation (3.5).

Theorem 4.1. Suppose that a*?(t) — bj7(t) does not vanish on T, the function
M(r,t) (determined by (4.1)) admits an analytic continuation on DV in each of
the variables T and t, and that m(r,t) = m(e17,t) = €] *m(r,e1t) is satisfied.

(1) If kK > 0, then the equation (3.5) has solutions @¢(t) which satisfy the
following formula:

a”(t)
a*(t) + g, (1)

+ X (O[T (t) + Pe1 ()] (4.11)
(2) If k < 0, then the equation (3.5) is solvable if the condition (4.10) is

satisfied. In this case, the equation (3.5) has a unique solution which satisfies the
formula (4.11), where P,_1(t) = 0.

(S+M)pe(t) = X T[T () + P (t)] - MX= ()™ () + P (t)]

Proof. (1) From the assumption, it follows that the problem (4.5) has a solu-
tion ®(¢) determined by (4.7). Therefore, the equation (3.5) has a solution ¢g(t).
Moreover, from the Sokhotsky-Plemelj formulas (4.2) and (4.4), we get

- b, (1) ) )
(Sepe)(t) = @7 (1) + W(M@ )(#) + 27 (1)

- b, (1) o
= XFO)[WH(t) + Peoa(t)] + WMX B (1)
+Pe 1 ()] + X~ (O (¢) + Pa1(t)],
(M) (t) = M(DF(t) — (1)) = —M X~ (t)[ ¥ (t) + Pe_1(t)].
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Hence, (S 4+ M)p(t) is determined by (4.11).
(2) This case is proved similarly to the case (1), and therefore the corresponding
details are here omitted. D

We would like to observe that the conditions imposed on the function M are
in a sense a restriction which is here needed in view to obtain the corresponding
solutions upon the use of the auxiliary equations exposed above.

5. The solvability of equation (1.3)

Theorem 3.2 and Theorem 4.1 show that if a*?(t) — b}Z(t) does not vanish in T',
the assumptions of Theorem 4.1 and the condition (3.6) are satisfied, then the
equation (3.1) is solvable in a closed form. So, a relevant question to our problem
is now considered in here: will a solution of (3.1) be always a solution of (1.3)?
Unfortunately, the answer to this question is negative.

In this section, we shall show that a solution of (3.1) has to satisfy condition
(3.2) to be a solution of equation (1.3).

Consider the following cases:

(1) If k > 0 then from Theorem 3.2 and Theorem 4.1, we have solutions of

(3.1) which are determined by (3.9) where (S + M)p,(t) is given by (4.11). From
(3.4) and (4.8), we get
v 1 [ eimaer f e i alepnar) gy
®) =2 / XF()(a (1) + b, (1)) Tz
r
/ % Z?:l 5?_1_j ZT:] )\Va/l/ (5j+17—) Ht’lf;; a(€N+1T) dr
271 X+(m)(a* (1) + bj,(7)) T—2z

r
m

=Uy(2) = Y MAL(2), (5.1)
v=1

where
. 1 2T T f (e Htﬁ;; a(eu17) gy
=g | X () (@ (1) + By () T
I
A 1 pa i e [Tzt alepar) gr 5.2
v(2) = i X+(m)(a* (1) + bj,(7)) T—2z (5:2)
r

Substituting (4.9) and (5.1) into (4.11), we obtain

_ _ i a*(t) _ _
(S + M)pe(t) = XT(O)T] (8) + X~ ()T (1) a*(t)er’ge(t)MX ()W (1)
N + () A+ — (A A- S a*(t) — () A-
;AV[X (AL () + X (1A, (t)]+;AVa* OE? (t)MX (A (1)
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+Y p X + X ()] =Y py {WMX(t)tjl] . (5.3)
1

j=1 i=
Thus, we can rewrite (3.9) in the form
J(8) = b(O) P[XH (1) 0 (1) + X~ (1) Ty (1)]
a(t)
b(t)Pe [ et MX (007 (¢)]
a(t)
oy aw(t) — b P [XF ()AL () + X () A, (1))
R a(t)
m b()P [l MX () A7 (1)
a(t)
HP X () + X ()]

) ij a(?)

p(t) =

+Zp [%MX_(WH}
! a(t) ’
where X (z), U1(z), A1(2),..., Am(z) are determined by (4.6), (5.2) and p1, ..., px
are arbitrary.

The function ¢ is a solution of the equation (1.3) if it satisfies the condition
(3.2), that is

(5.4)

(Noo)(t) =X, k=1,...,m
Substituting (5.4) into the condition (3.2), we obtain

)\k:dk_z)\ueku_zpjgkj, k:1727"'7m5 (55>

where

di = Ny, (f(t) - b(t)Pe[XJr(t)\Ifg(t) + X‘(ﬂ%(ﬂ])

(t
a(t)
v () = BOPIX 0 AS () + X~ () A7 (1)
ek = Ny, < a(t) )
. (b(t)PAW?X_(”A;(”]) ’ (5.7)
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kj = No, (b(t)Pftj_l[X+(t) + X_(t)])

a(t)
a*(t) _ i
b(t) Pel o, p MX~ (D) o
—Ny, . (5.8)
a(t)
Put
A D1 dy
Ao D2 da
A=1| . , P=|. , D=1 . ; (5.9)
)\m mx1 K7 kx1 dm mx1
€11 €12 ... €1m gi1 €12 ... Jiw
€21 €22 ... €2m g21 G922 --- 92k
E = ] . ] , G = . . . . (5.10)
€ml €m2 -+ Emm mxm 9m1 9m2 -+ mek MmXK
Now we write (5.5) in the form of a matrix condition
(I+E)A =D —GP, (5.11)

where I is the unit matrix. On the other hand, substituting (5.3) into (3.6), we get

a*(t)
a*(t) + by, (%)

—Z/\ au(t) = BOIX T (DAL (1) + X~ ()4, (1)

{f(t) = b(O)[XT ()T () + X (1) Py ()] +b(t) MX™(8)Wy (t)

YA UMX*(t)A;(t)prjb( () + X ()

a*(t) — -1
() —————M X ()t = 12
= (g,0:)
where a; € Q, ¢ =0,1,...,r; — 1. Put

bgi = {f(t) = D)X ()T () + X ()T (1))

a* (1)

O EH T 5,0

MX(t)‘IfI(t)} ;

(qvai)

Ugi = {au(t) —b()[XT ()AL () + X (A, (1)]
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(q,ozi)

%i={wwﬂ*uﬁ@w+x—wy—wwﬁ e

@wbmwMX“Wk}

(g,01)

1 2 m
b11 Uy Uy o--- Uqq
1 2 m
boy Uz, U5y ... UDY
_ _ 1 2 m
B= b U=y upy .oy , (5.13)
1 2 m
bia Uy UYg ... UTH
1 2 m
bT@;S nx1 U’rss urss o ’u’rss nxm
1 2
V11 V11 11
vl w2 v
21 V21 21
. . . . S
V= |v i ... v, , where n = E Ti. (5.14)
1 2 K i
V12 V12 V12 i=1
1 2 K
Urgs Urss ,Urgs nXkK

We write (5.12) in the form of a matrix condition
UN=B-VP. (5.15)

Combining (5.11) and (5.15), we can say that the function ¢ determined by (3.9)

is a solution of (1.3) if and only if (A1, Ag,..., \,) satisfy the following matrix
condition

(5F)  as(l) (6 e e
(m+n)xm (m4n)x1 (m+n)xr

(2) If k <0 then from Theorem 3.2 and Theorem 4.1 it follows that the equation
(3.1) has solutions if and only if the condition (4.10) satisfied. If this is the case,
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then P,_1(t) = 0. So, the solutions of (3.1) are given as follows:
f(t) = b(O)P[XH ()T () + X~ (1) Py (1))

t) =
(t) a(l)
a* (1) _ _
b(t)Ps [WMX ()07 (t)}
_l’_
a(t)
B zm: ) a(t) = b P [XT(O)AJ () + X~ () A, (1))
v=1 ’ a(t)
m *(t) - -
b(t) P { RS MX (1) A7 (1)
-y N . (5.17)
v=1 a(t)
Therefore, the solution ¢ determined by (5.17) is a solution of the equation (1.3) if
(A1, A2, ..., A\ satisty the following matrix condition
(I ;;E> < A= (g) . (5.18)
(m+mn)xm (m+n)x1
On the other hand, substituting (3.4) into (4.10), we get
n
A+ Neh, =0, (G€{1,2,...,—K}), (5.19)
v=1
where
% ZZ:1 52_1_pf<50+17-> szl a(E;HrlT)
d = / Sl = dr,
’ XH(7)(a*(7) + bjy(7))
/ LS et Pay(epam) [Thar aleunr)
€5y :/ HEP 7 14r.
"o XH(7)(a*(7) + bj(7))
Put
di e €l - €
D d’, B €hy €hy ... €h. (5.20)
d_.) .. e 1€
We write (5.19) in the form of a matrix condition
E'A=D' (5.21)
Combining (5.18) and (5.21), we can say that the function ¢ determined by (5.17)
is a solution of (1.3) if and only if (A1, Aa,..., Ap) satisfy the following matrix
condition
I+F D
U xA=|B . (5.22)
E' D’

(m4+n—r)xm (m+n—k)x1
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Remark 5.1. Among the matrices D, E,G,B,U,V,D’, E’, the three matrices
D,B,D’ depend on f(¢); the remaining ones are completely determined by
a(t),b(t),a1(t), ..., am(t), bi(t), ..., bm(t).

Theorem 5.1. Suppose that a*?(t) — bjZ(t) # 0 for any t € T’ and the assumptions
of Theorem 4.1 are satisfied.
(1) Case k > 0. Put

r = rank I+EG
h u Vv

) (m+n)x (m+r)
where E, G, U, V are determined by (5.10), (5.13) and (5.14). Then, the equation
(1.3) is solvable if and only if the function f(t) is such that

=7

ke <I +EG D)
v vp (m+n)x (m+r+1)
If this is the case, the solutions of the equation (1.3) are given by the formula (5.4),
where (A1,..., Am), (P1,---,Dx) satisfy (5.16). Moreover, we can choose m+x —r
coefficients in (A1,..., Am,D1,--.,Dx) which are arbitrary so that o(t) is uniquely
determined by these coefficients.

(2) Case k <0. Put

I+ F
r = rank U ,
/
B (m4n—k)xm
where E' is determined by (5.20). Then, the equation (1.3) is solvable if and only if
the function f(t) determines D, B and D' by the formulas (5.9), (5.13) and (5.20)
which satisfy the following matriz condition

I+E D
rank U B =7 (5.23)
E' D

(m4n—r)x(m+1)

If this is the case, the solutions of the equation (1.3) are given by the formula (5.17),
where (A1, ..., Am) satisfy (5.22). In particular, if r = m and the condition (5.23)
is satisfied then the equation (1.3) has a unique solution.

Proof. We will start by case (1). From the assumption it follows that the equation
(1.3) has solutions if and only if there are (A1,...,A\p) and (p1,...,px) satisfying
the condition (5.16). We can rewrite (5.16) in the form

O R I
(m+n) X (m+k) (m+r)x1 (m+mn)x1
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This shows that the equation (1.3) has solutions if and only if the system (5.24)
has solutions in the space C 1%, that is

(I+EGD> _(I+EG) .,
U VB nimyxtmnsn) UV ety xmtn)

If this is the case, the system (5.24) has solutions depending on m+rx—1 coefficients.
Hence, we can choose m + k — r coefficients in (A1,..., A, P1,.-.,Px) SO that the
remaining coefficients are uniquely determined by these coefficients.

The case (2) is proved analogously to the previous case and so the details are
here omitted. D

6. Example

In this section, we consider the following particular equation in order to illustrate
our method:

. —t +3i 1 1 ,
(t —4)o(t) + 7 /|:T_t—7_+t+2t7:|(p(7')d7'
+ii/[t+2+t(7—3)—|—7'—|—1}(,0(7')d7':2t+3. (6.1)
7r
r

Note that the equation (6.1) is of the form of equation (1.3), where

n=2m=3/_0=1,a(t) =t —ib(t)=—t+3i, f(t) = 2t + 3,a1(t) = t + 2,
as(t) = t,az(t) = 1,b1(t) = 1,ba(t) =t — 3,b3(t) =t + 1,m(7,t) = 7°t.
Moreover, a straightforward computation allow us to identify that
k= IndG(t) = Ind(—£42) =0,
100
rank (I —’[}E) = rank 010 =3,

001
000

1000

I+FED 0100
rank( U B>rank 0010 =3.

0000

Having in mind Theorem 5.1, it follows that the equation (1.3) has a unique solution
©(t) determined by (5.17), where A1, Ao, Ag satisfy (5.22), that is A\; = A2 = A3 = 0.
From the formula (5.17), we conclude that the equation (6.1) has a unique solution
@ given by

% +3
o(t) = — Z;r t+3i, tel.
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