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Abstract

The aims of this chapter are devoted to investigate a system of fractional-order differential
equations (FDEs) with multipoint boundary conditions. Necessary and sufficient condi-
tions are investigated for at most one solution to the proposed problem. Also, results for
the existence of at least one or two positive solutions are developed by using a fixed-point
theorem of concave-type operator for the considered problem. Further, we extend the
conditions for more than two solutions and established some adequate conditions for
multiplicity results to the proposed problem. Also, a result devoted to Hyers-Ulam stabil-
ity is discussed. Suitable examples are provided to verify the established results.

Keywords: fractional differential equations, coupled system, boundary condition,
concave operator
Mathematics subject classification: 26A33, 34A08, 35B40

1. Introduction

Arbitrary-order differential equations are the excellent tools in the description of many
phenomena and process in different fields of science, technology, and engineering (see [1,
2]). Therefore, considerable attention has been paid to the subject of differential equations of
arbitrary order (see [3-5] and the references therein). The area devoted to the existence of
positive solutions to fractional differential equations and their system especially coupled
systems was greatly studied by many authors (for details see [6-9]). In all these articles, the
concerned results were obtained by using classical fixed point theorems like Banach contrac-
tion principle, Leray-Schauder fixed point theorem, and fixed point theorems of cone type.
The aforesaid area has been very well explored for both ordinary- and arbitrary-order
differential equations. Existence and uniqueness results for nonlinear and linear, classical,
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as well as arbitrary-order differential equations have been investigated in many papers (see
few of them as [10-13]).

Another warm area of research in the theory of fractional-order differential equations (FDEs) is
devoted to the multiplicity of solutions. Plenty of research articles are available on this topic in
literature. In [14], the author studied the given boundary value problem (BVP) for existence of
multiple solutions:

{ 2% p(t) + H(t,p(t) =0, tel, 61 €(1,2],
p()l=o = p(H)=y = 0.
where 2 is the Riemann-Liouville derivative of non-integer order and I = [0, 1]. In same line,

Kaufmann and Mboumi [15] studied the given boundary value problem of fractional differen-
tial equations for multiplicity of positive solutions:

{ 2% p(t) + p(YH(t,p(t) =0, tel, 0,€(1,2],
p(t)|=o =p (1), =0,

where 2 is the Riemann-Liouville derivative and ¢ € C(I,R), HeC(I x R,R).

In the last few decades, the theory devoted to the multiplicity of solutions is very well
extended to coupled systems of nonlinear FDEs, and we refer to few papers in [16-18]. Wang
et al. [19] established some conditions under which the given system of three point BVP

2% p(t) = Ha(t,q(t); te],
2%q(t) = Ha(t,p(1)); teL
P()ieg =0, p(t)iey = pp(®)]_ss 4(D)]i=0 =0, ()= =va(1)],_,,

has a solution, where 0;, 0,€(1,2] and y,vel, £€(0,1), H;:[0,1] xR — Rfori=1,2 are
nonlinear functions.

In the last few decades, another important aspect devoted to stability analysis of FDEs with
initial/boundary conditions has been given much attention. This is because stability is very
important from the numerical and optimization point of view. Various forms of stabilities were
studied for the aforesaid FDEs including exponential, Mittag-Leffler, and Lyapunov stability.
Recently, Hyers-Ulam stability has given more attention. This concept was initially introduced
by Ulam and then by Hyers (for details see [20-22]). Now, many articles have been written on
this concept (see [23-27]). So far, the aforementioned stability has not yet well studied for
multipoint BVPs of FDEs. Motivated by the aforesaid discussion, we propose the following
coupled system of four-point BVP provided as

2% p(t) = Ha(t,p(t),q(t); teL O1€(m—1,m]
Qezq(t) =Ho(t,p(t),q(t)), tel; O,e(m—1,m], (1)
pO()io = 47|, =0, p(B)li1 =p(t)lisyy a2 = ()] -
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where j=0,1,2,---m—2, m>3, 1=1[0,1], n,&€(0,1), H1, Ha:[0,1] x {O}JuR" x {OJUR" —
{0}UR™" are continuous functions, and 2%, 9% gtand for Riemann-Liouville fractional derivative
of order 0y, 0, in sequel. We obtain necessary and sufficient conditions for the existence of solution
to system (1) by using another type of fixed point result based on a concave-type operator with
increasing or decreasing property. The idea then extends to form some conditions which ensure
multiplicity of solutions to the considered problem. Also, we discuss some results about the Hyers-
Ulam stability for the considered problem. Further by providing examples, we illustrate the
established results.

2. Preliminaries

In the current section, we review few fundamental lemmas and results found in [2, 4, 6, 28, 29].

Definition 2.1. Arbitrary-order integral of function ¢ : (0,%) — R is recalled as

1 -
Y0 = gy | =97 o

0
where 61 > 0 is a real number and also the integral is pointwise defined on R*

Definition 2.2. Arbitrary-order derivative in Riemann-Liouville sense for a function i € ((0,), R)
is given by

m et o \m=01-1
2%(t) = <dit> L%&)—_Ql)w(s)ds, 61 > 0, where m = [01] + 1.

Lemma 2.3. [16] Let 01 >0, then for arbitrary C;€R, j=1,2,...,m, m = [01]+ 1, and the
solution of

27 y(t) =f(1)
is provided by

Y(t) = TOf (1) + Crth ™+ Cot" 2 4t

Definition 2.4. [17, 28] Consider a Banach space E with a closed set C CE. Then, C is said to be
partially ordered if p=q such that g — p € C. Further, C is said to be a cone if it holds the given
conditions:

1. peCand for a real constant x>0 the relation kp € C holds.

2. pand —p € Cyield that 0 € C, where 0 is zero element of Banach space E

37
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Definition 2.5. [17, 28] A closed and convex set C of E is said to be a normal cone if it obeys the given
properties:

1. For 0=p=q€E, there exists p > 0, such that ||p||g<p||qllg
2. p~q, forall p,q€E yields that there exist constants a, b > 0 such that ap=q=bq.

Remark 2.6. As ~ is an equivalence relation, therefore defines a set C = {p€E:p ~f} for feC
Obviously, one can derive that C; C C for f > 0.

Definition 2.7. The operator S : C — C is said to be A concave for every 6, A € (0,1),p€C, if and
only if S(Ap)=0"Sp.

Definition 2.8. The operator S : C — C is said to be to be increasing if p, g€ C, p=q gives that
Sp=8g.

Lemma 2.9. [17, 28] Assume that S : C — C is increasing A—concave operator for a normal cone C
produced by Banach space E, such that there exists p > 0 with Sf € Cy. Then, S has a unique fixed point

peCs

Theorem 2.10. [30] Let E be a Banach space with CCB, which is closed and convex. Let £ be a
relatively open subset of C with 0 € £ and S : € — C be a continuous and compact operator. Then.

1. The operator S has a fixed point in &,
2. There exist w €0 and A € (0,1) with w = ASw.

Lemma 2.11. [30] For a Banach space E together with a cone C, there exist two relatively open subsets
Ay and A, of E such that 0€ Ay C Ay CA,. Moreover, for a completely continuous operator
S:Cn(A\Ay) — C, one of the given conditions holds:

1. ||Spli<lipll for all pe CnOAy; ||Spll=|Ipll, for all p€ CNOAy;
2. |ISpllzlipll for all pe CnOAy; |ISpll<lipll, for all p € CNOA,

Then, S has at least one fixed point in Cn (Az\Ay).

3. Main results

Theorem 3.1. Let ¢ € C([0,1],R), n€(0,1) and Ay =1 — %=1 < 1, and then the unique solution
to BVP of linear FDE
2% p(t) = p(t), tel, 01€(m—1,m), )
PO =0 p(Blics = p(Bl_yy j=0,1,2 = —2, m23,

is given by
1

m0=JG@ﬂMW& 3)

0
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where G(t,s) is the Green’s function defined by

(1 [~ =1 - 9] + (19", 0sssispst,
A
X %[—[t(l $) 4 [ty —s)]” 1}, 0<t<s<n<l,
G(t3) = g 11 (4)
1 ——[H1=9)" T+ (t=9)" ", 0spsssist,
1
—i[t(l $)|% !, 0<n<t<s<i.
\ /\1

Proof. In view of Lemma 2.3, we may write Eq. (2) as

p(t) =Z%@(t) + C1t" 1 4 Coth 2 4 C )

In view of conditions p(j)(t)t:0 =0, j=01,..m—-2, m=>3,, Eq. (5) suffers from singularity;
therefore, we have C; = C3 = ... = C,, = 0. Hence, Eq. (5) becomes

p(t) = I%¢(t) + Ct 1. (6)

Applying boundary condition p(t)|;—1 = p(t)|,_, andd =1 — n¢ in Eq. (6), one has

01—1
p(t) =T%p(t) + tAl [Z%p(n) — 1% ¢(1)]

fo s)ds.

)

where G(t,s) is Green’s function given in Eq. (4).

In view of Theorem 3.1 and using A1 =1 — 1791‘1, Ay =1—&E%71 the corresponding coupled
system of integral equations to the proposed system (1) is given as

{ p(t) = Ji Gu(t,s)Ha (s, p(s), q(s))ds,

(8)
= [ Gy(t,s)Hal(s, p(s), q(s))ds,

where G (£,s), Ga(t,s) are Green's functions, which can be similarly computed like in Theorem
3.1. Further, they are continuous on I x I and satisty the following properties:

i maxt€1|G1(t,s)|SW— Gi(1,s), for all s€l,
maxteI|G1(ta5)|S%: Gy(1,s), for all sel;

1(8)

ii. miniepg1-9/Gi(t,s)> 5~ G(1,s) forevery 0 s€(0,1);

2(8)

G
minec(91-6Ga(t,5) 2 5> G(1,s) for every 0 s€ (0,1);

Further, taking that y = inf{y, = 6% 1,y, = %1},
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Let us define a Banach space by E = {p(t)|p € C(I)} endowed with a norm ||p||; = max;e1|p(t)|.
Further, in the norm for the product space, we define it as ||(p, )|z = lIPllg + ||9]/g- Clearly,
(E X E, ||||[gxg) is @ Banach space. Onward, we define the cone CCE x E by

C = {(p)eBx Esmin () + 0] 21 o}

Consider an operator S : E x E — E x E defined by
1 1
Stp.a)(t) = (jclu,s)m(s,p(s),q(s))ds, JGz(taS)H2(57P(5):‘7(5))d5>- o
0 0
= (S1p(#), S2q(t))-

It is to be noted that the fixed points of the operator S correspond with the solution of the
system (1) under consideration.

Theorem 3.2. Under the continuity of Hy, Ha : I x R'U{0} x R*u{0} — R*{0}, the operator S
satisfies that S(C) cC and S : C — C is completely continuous.

Proof. To derive S(C) c C, let (p,q) € C, and then we have
1 1

Si(p(t),q(t) = J Gi(t,s)Ha(s,p(s), 4(s))ds 2y, J G1(1,)Ha(s,p(s)), g(s)ds. (10)
0 0

Also, we get

1

1
Si(p(1),9(t)) = j G (t,5)H1 (5, p(s), 4(s) )ds < J Gi(1,5)H1 (s, p(s)), q(5)ds. (11)
0 0

Thus, from Egs. (10) and (11), we have
S1(p(1),q(t)2yIS1(p,q)llg, forevery tel
Similarly, we can obtain
Sa(p(t),q(t)) 2y11S2(p, q)llg, forevery tel
Thus S1(p(t), () + Sa(p(H), () 2Vl (p. ) e, forall tel,
min [S1(p(f),q(t)) + S2(p(1),4(£)) ]2l (P, ) llexe-

Hence, we have S(p,q) e C = S(C) cC.
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Let us consider

max [Ha (£, p(t), q(D)| S My, max|Ha(t, p(t), (1)) < M.
Then, we consider t; < t, €1, such that

1
1S1(p, 9)(t2) — S1(p,q)(t)] = J (G(t2,8) — Gu(t1,s))Ha(s, p(s),q(s))ds

0

< FJ(\/Qli) [(fgll/\ltlell) <JZ (17— 5" ds — J: (1- s)ellds)}

+ % U: (ty — )" 'ds — J: (t — s)ellds}

(12)

Ml 0,—1 01—1 0 0 o
e [(51 —h )(77 T— M)+ (t21 - tll)]
By the same fashion, we obtain for S, as

M _ _
1S2(p.0)(12) = Sa(p. )01 € g gy (8 ) (€% = da) 2 - )| (a9

The right hand sides of Egs. (12) and (13) are approaching to zero at t; — t,. Thus, the operator
S is equi-continuous. Therefore, thanks to the Arzelad-Ascoli theorem, we receive that
S =(81,82) : C — Cis completely continuous.

Theorem 3.3. Due to continuity of Hy and Hy on I x RTU{0} x RTU{0} — R, there exist
P, ¥;,0i(j=1,2): (0,1) — R"U{0} for t€(0,1), p, q20such that

IHa(t, p(t),q(t))]
|H2<t7 p<t>7 q(t))l

P1(t) + P (DIp®)] + o1 (B)lg()];
P (1) + Py (Dl (t)] + 02(H)lq (1),

IAN A

along with the following conditions:

1

i A= [Gi(1,8)p(s)ds <o, Ay = jl" Gi(1,s) [t (s) + o1(s)]ds < 1,
0 0

ii. A= } Ga(1,5)@,(s)ds < oo, Ay = } Ga(1,5) [th,(s) + 02(s)]ds < 1
0 0

are satisfied. Then, the system (1) has at least one solution (p,q) which lies in

B ‘ . 2A1 2A2
E = {(P,Q)EC . ”(paq)”ExE < mln(l _2A1 ’1 _2A2>}
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Proof. Let £ = {(p,q) €C: |I(p,9)llexe < r} with min(ﬁ%}xl 71333\2) <r

Define the operator S : £ — C as in Eq. (9).
Let (p,q) € € that is ||(p,q)llg«e < r- Then, we have

1
L Gy (£,5)Ha (5, p(s), 4(5))ds

1S1(p, ) ()] = max
tel

1 1

Ga(L.5)4 5 p(s)lds + | Gl(l,s>ol<s>|q<s>rds) (14)

0

< (Jl G (1, 8); (s)ds + J

0 0

1

Gi(1,s) (g, (s) + 01(5)}615] = Ay AL

< j cla,s)cpl(s)dswU 2

0 0

Thus, from Eq. (14), we have

1816 lle =< 5. (15)
Similarly, one can derive that

152(p. Plle=< 5. (16)
Thus, from Egs. (15) and (16), we get

IS, Dllexe<r. (17)

Therefore, S(p,q)CE. Hence, by Theorem 3.2 the operator S : € — £ is completely continuous.

Consider the eigenvalue problem:

(r,q) = pS(p,q), with p€(0,1). (18)

Under the assumption that (p, q) is a solution of Eq. (18) for p € (0,1), we have

1
p(6)) <pmax | Ga(,5) Ha . p(s),a(5)ds
0

1 1

jcla,s)qol ()ds + jclu, )y (5)[p(s)] + 01(5)lq(s))ds
0 0
Sp(Al + VAl)

<p

which implies that ||p|lg < %
Similarly, we can obtain that ||g]lg <%, so ||(p,q)llgxg < r, which implies that (p,q) does not

belong to d€ for all p € (0,1). Therefore, due to Theorem 2.10, S has a fixed point in £
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Assume that the given hypothesis holds:
(H;) The nonlinear functions H; and H, are continuous on I x R*u{0} x RTu{0} — R*uU{0}

(Hy) For all te1, we have
Hi(tp,q) =# 0, Ha(t;p.q) #0, at (p,q) = (0,0)
and
Hi(tp,q) 71, Ha(1,1) # 15 at (p,q) = (1,1);
(H3) For all t €1 such that
0<p<p, 0<qs<q = Hi(tp,q)<Hi(t:pyqr), Haltp,q)<Hi(tpysa);

(H4) For p, 20, there exist real numbers 0 < A, u < 1, such that for each tel,7€(0,1), we
have

Ha(t,Tp, Tq) 2 ™H, (t,p,q), Ha(t,tp,T9) 27" Ha(t, P, q).

Theorem 3.4. Under the assumptions (H1) — (Hy), the BVP (1) has a unique solution in Cr where
f(t) = (#0101,
Proof. Let max{A, u} = « and (p, q) € C. For each t €1, using (H4), we have

1
Si(tp, 1q)(t) = JG1(t, s)Hi(s, tp(s), T4(s))ds
0

1

> TAJG1 (t,8)H1(s,p(s),q(s))ds = T*S1(p, q)(t) = T°S1(p, 9)(t),
0

Analogously, we also get
S2(tp, 7q) () 27" S2(p, 9)(1).

In view of partial order = on E x E induced by the cone C, we get S(tp,19)=7"S(p(t),q
(1)), t€(0,1), (p,q)€C. Which yields that S is T— concave and nondecreasing operator
with respect to the partial order by using hypothesis (Hy). Hence, taking f € C for each tel
defined by

f(t) = (t91717t9271) = (fl(t)afz(t))'

Suppose that

43
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and

1 1
1 1
wid max{wj L(9)H(5.0.0)ds 7 J K(s)Ha(s,0, O)ds}.

Also, from Green’s functions, we can obtain that

L(s) = (1—s)""" (1 Xf), K(s) = (1—5)%" (1 JAFZAZ). (19)

Due to nondecreasing property of Hi, H, in view of (Hz), we get u >0, v > 0. Therefore,
applying (19) together with (Hy), one has

1

S1h(t) = JGl (t,5)Hi(s,f1(s),f4(s))ds

0

1 1
- JGl (t,s)Ha (s, s 1, s% H)ds < J Gi(t,s)Ha(s,1,1)ds
0 0

(1—9)"""Hy(s,1, 1)ds) < uf (1),

IN
PR
—
|~
=
O —

Similarly, we can get

Saf (£) < uf 5 (8)-

Then, we obtain

Sf=uf. (20)

Like the aforesaid process, applying Eq. (19) together with (Hy), for each €1, one has

1 1
Sif(t) = JGl (t,s)Hq (5,871, 8% 1) ds> JGl (t,8)H1(s,0,0)ds
0 0

1
> LJL(S)Hl (5,0,0)ds |t 1 >vhy (1),
ro,
0

With same fashion, we can obtain
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Sof (1) 2vf, (t).
Thus, we have
SF(t)=vf. 1)
From Egs. (20) and (21), we produce
VF=SF=uf,

which implies that Sf € C;. So, thanks to Lemma 2.9, we see that the operator S is concave;
hence, it has at most one fixed point (p, q) € Cr which is the corresponding solution of BVPs (1).

Now, we define the following:

(C1) Hj(j =1,2) : I x RTu{0} x R*u{0} — R*U{0} is uniformly bounded and continuous on I
with respect to t.

(C3) Green’s functions G1(1,s), Ga(1, s) satisfy

1 1
0< J Gi(1,s)ds < oo, 0< J Gz (1,8)ds < oo
0 0

(C3) Let these limits hold:

Hl(t7paQ) HZU?F?‘])

H} = lim max , H3 = lim max———1,
ptqg—e tel  p+q ptg—e tel  p+q

Hio = lim infw, Hy o = lim infw, where @€ {0, }.
ptq—etel  p+q ptg—etel  p+q

1 1
01 = maxJGl(t,s)ds, Op = maIxJGz(t,s)ds.
te
0

tel
0

Theorem 3.5. Assume that the conditions (C1) — (C3) together with given assumptions are satisfied:

1-6 1-6
(Hs) HLO()/% | Gl(l,s)ds> > 1, Hl,m<y% | Gﬂl,s)ds) > 1and
0 0

1-6 1-6
Ho, 0 (7/% J Gz(l,s)ds> >1,Ho, e (7/% J Gz(l,s)ds) > 1.

0 0

Moreover, H10 = Hz 0 = Hi, = Hp . = o0 also hold:

(Hg) There exists constant a > 0 such that
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max  Hi(t,p,q) < =—
tel, (p,g) €9C, itpyq) 201

and

Ho(t,p,q) < —.
teI,r(?,qa)XeaCa 2(tp4) 20,

Then, the system (1) of BVPs has at least two positive solutions (p,q), (p,q) which obeying
0 <li(p.Pllexe <a <P 9)llexE- (22)

Proof. Assume that (Hs) holds, and consider €, a, A such that 0 < € < a < A. Further we
define a set by

Q, ={(u,v) €E X E : ||(u,v)|lgxg < 1}, where re{e,a,A}.

Now, if

1-6 1-6
Hl,o(yf J Gl(1,s)ds> >1 and Hz,o(yg Gz(l,s)ds> > 1.

0

D —

Then, obviously, we can obtain that
IS, Dllexe=1(p, D llexe, for (p,q) € CNAQ,. (23)

1-6 1-0
Now, if Hl,m<)/% | Gl(l,s)ds) >1 and Hz,w()/% | G2(1,S)d5> > 1.
o o

Then, like the proof of Eq. (23), we have

IS, Dllexe =1, 9)llexe, for (p,q) € CNOQ,. (24)

Also, from (Hs) and (p,q) € CnoQ,, we get

S1(p. (B = ||y Gu(t,s)H(s.u(s), 0(s))ds
< Jy G1(L,9)[Ha(s.p(s). q(s))Ids.

Similarly, we have ||S1(p,q)llgxe < § as (p,q) € CN0oQ,. Hence, we have
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IS(, D llexe < (P, ) llexe, for (p,q) €CNAQ,. (25)

Now, applying Lemma 2.11 to Egs. (23) and (25) yields that S has a fixed point
(p,q)€CN(Q,\C;) and a fixed point in (p,7) € Cn (Q;\ Q). Hence, we conclude that the

system of BVPs (1) has at least two positive solutions (p, q), (p,§) such that ||(p, q)llgxg # @ and
1(7,9)llgxe # a. Thus, relation (22) holds.

Theorem 3.6. Consider that (C1) — (C3) together with the following hypothesis are satisfied:

(H7) 517‘[1/0 <1, 517’(1,00 <1 527'(1,0 <1, and 527‘[2,00 <1

(Hg) There exist p > 0 such that

) a
m Hq (t — Gi(1,s)d ,
tel, (P»qa)éaca vith(tp.a) > 2 1(1,5) s)

2 [0
t — G,(1,5)d
max A >5[ | G )

such that

0< () llexe < a < (7, 9)lgxE-

Then, the proposed coupled system of BVPs (1) has at least two positive solutions.
Proof. Proof is like the proof of Theorem 3.4.

Analogously, we deduce from Theorem 3.5 and 3.6 the following results for multiplicity of
solutions to the system (1) of BVPs.

Theorem 3.7. Under the conditions (C1) — (C3), there exist 2k positive numbers a;, Ej, j=12.k

with a; <y,a1 <aj <a <yja <ar.a<yar<agr and a; <y,a;<a;<a<y,a<
ay...a < yyax < ag such that.

1
(Ho) Hl(t,p(t),q(t))<y16[Gl(l,s)ds> >a;, for (t,p.q) €1 x [yja;,a)] % [y,a;,a;], and

Ha(t,p(t),q(t))61<a;, for (t,p,q) €I x [ylﬁj,ﬁj} x [y,a5,ai],j=12..k

1

(Hio) Ha(t,p(t),q(t) (yzg Gz<1,s>ds) >aj, for (t,p,q) €1 x [y,2;,a)] x [,2,a)], and
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Hi(t,p(t),q(t)d2<aj, for (t,p,q) €l x [y,a;,aj] x [yzﬁj,ﬁj}, j=12..k
Then, system (1) of BVPs has at least k solutions (p]-, q]-), satisfying
a;<1 () ;) lexe <a), j=1,2..k

Further, if assumptions (C1) — (Cs) hold such that there exist 2k positive numbers b, 5]-, j=12.k
with

b; < by < by <b,... <by < by,
together with following hypothesis hold:

(H11) Hi(t,p,q) and Hy(t, p,q) are nondecreasing on {O, Bk] foralltel;

1-0
(H11)Ha(t,p(t),q(t)) (7’1 J G1(1,s)ds> >b;, Hi(t,p(t),q(t))o1 SIA)]', j=12.k (26)
0
1-0
Hz(t,M(t),U(t)) (’)/2 J GQ(l,S)dS) Zb]', Hz(t,p(t),q(t))éz SB]', j: 1,2...k
0

Then, system (1) of BVPs has at least k solutions <p]-, q]-), satisfying

bj <|| (P]'a q]) ”E><E SB]', ] =1,2...k

4. Hyers-Ulam stability

Definition 4.1. ([31, Definition 2]) Consider a Banach space E x E such that S1,S, : E X E — E x E
be the two operators. Then, the operator system provided by

{mw:&mmm,

q(t) = Sa2(p,)(¢) 27)

is called Hyers-Ulam stability if we can find €;(i = 1,2,3,4) > 0, such that for each p;(i =1,2) >0
and for each solution (p*,q*) € E x E of the inequalities given by

{ llp* — H1 (P*, q*)”ExE <p1

lg* — Ha(p*, q°)lgxE < P2,
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there exist a solution (p,q) € E x E of system (26) which satisfy

{ lp* — Pllexe <Cip1 + Capy, 29)

lg* — Gllexe <C3py + Capy.
Definition 4.2. IfA;, fori=1,2, ---, n be the (real or complex) eigenvalues of a matrix M € C"*", then
the spectral radius p(M) is defined by
p(M) = max{|A;|, for i=1,2, - n}.

Further, the matrix will converge to zero if p(M) < 1..

Theorem 4.3. ([31, Theorem 4]) Consider a Banach space E x E with S1, S, : E X E — E x E be the
two operators such that

I1S1(p,q) — S1(p*, §)lexe <Cillp — P*llexe + Collg — §*llExE
||82(p7 q) - SZ(P*7 q*)”ExE SCE’)HP - p*“ExE + C4”q - q*”EXE, (30)
forall (p,q), (p*,q") EE X E,

and if the matrix

wloe

Cs C4

converges to zero ([31, Theorem 1]), then the fixed points corresponding to operatorial system (26) are
Hyers-Ulam stable.

For the stability results, the following should be hold:

(H13) Under the continuity of H;, i = 1, 2, there exist a;, b; €c(0,1), i=1,2and (p,q), (7,q) such
that

[Hi(t,p,q) — Hi(t,p,9)|<a;(t)lp — pl + bi(t)lg—ql, i=1,2.

In this section, we study Hyers-Ulam stability for the solutions of our proposed system.
Thanks to Definition 4.1 and Theorem 4.3, the respective results are received.

Theorem 4.4. Suppose that the assumptions (H13) along with condition that matrix

_ folGl(laS)ﬂl(S)dS f()l G1(1,s)b1(s)ds
LR G, s)m(s)ds  Jy Ga(1,8)ba(s)ds

is converging to zero. Then, the solutions of (1) are Hyers-Ulam stable.

Proof. In view of Theorem 4.3, we have
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1S1(p.9) = S1 @ Dllexe < Jy Gi(1,8)a1()llp — Pllgxeds + Jy Gi(1,5)b1(s)llg — Fllgeds
1S2(p,9) = S2(B. Dllexe < Jy Ga(1,5)az(s)llp — Pllexeds + fo Ga(1,5)ba(5)llg — Fllgceds.

From which we get

1S1(p. ) = S1(F, Dl < [ Jy G1(1,5)ar (5)ds] | Ip = Pl + | Jy G (1,561 ()] llg — e
1S2(p, ) = S2B.Dllee < | Jy Ga(1,5)ax(s)ds | Ip — Pllesce + [ Jy Ga(1,)ba(s)ds| g — Flece-
(D)

Hence, we get

”S(pv q) - S(?vq)”ExE SM”(P7 q) - (?77)”E><E/ (32)

[y Gi(1,8)a1(s)ds [ Gi(1,8)b1(s)ds

where M = | 1
Jo G2(1,8)az(s)ds [y Ga(1,5)ba(s)ds

] . Hence, we received the required results.

5. Illustrative examples

Example 5.1. Consider the given system of BVPs

=

p(t) + uf»%+[u>oﬁ=o P8q(t) + 1+ t+ [p(Hg(DF =0, te(0,1),
P =p () =p' () =qt) =q () =q'(t) =0, at t=0, 33)

P =p(3). a0 q(

Clearly, Hi(t,p,q) # 0, Ha(t,p,q) #0, at (p,q) = (0,0), and Hi(t,p.q) #0, Ha(t,p.q) #0, at

(p,q) = (1,1). Simple computation yields that H1, H, are nondecreasing for every t € (0,1). Also, for

7, t€(0,1), and p, g=0, one has max{} 1} =1,

QW=

Hi(t, tp,7q) 2 T%'H1 (t,p,q), Ho(t, tp, Tq) 2 T%’)'fz(i', p.q).

Thus, all the conditions of Theorem 3.4 are fulfilled, so the system (32) of BVPs has unique positive
solution in By where f(t) = (tg, t%).

Example 5.2. Consider the following system of BVPs:

Dop(t) + (L+ 17+ [p() + g =0, P2q(t) + 1+t +[p(t) + (O =0, te(0,1),

pl) t):qm()_(), ]_0,1,2,3, at t=0, (34)
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It is obvious that Hi(t,p,q) #0, Ha(t,p,q) #0, at (p,q)=(0,0), and Hi(t,p,q) #0,
Ha(t,p,q) # 0, at (p,q) = (1,1). Also, an easy computation yields that Hi, Ha are nondecreasing for
each t € (0,1). Moreover, for t, te(0,1), and p, 920, we see that max{3,2} =3,

Hi(t, tp, 19) >1H, (t,p,q), Ha(t,tp, 1q) 2 T3H2(t, p.q).

Thus, all the assumption of Theorem 3.4 is fulfilled, so the coupled system (33) has a unique positive
solution in By where f(t) = (t%, t%).

Example 5.3. Consider the following system of BVPs:

7 t ot .
Dp(t) = 10 + %Coslp(t)l + Esmlq(t)l, te(0,1),
P44(1) _r ﬁsinl (8)] +—=coslq(t)], te(0,1)
=50 T o SHPITT g COSITL ” (35)

p0(H) =qi)(H) =0, j=0,1,2, at t=0,
p0=p(3) a0 =q(3):

From system (33), we see that

Ve

t2

tt
|H1(t,p,q)|< — + s cos|p(t)| + 0

<100 sinlq(t)]

and
2 2

t t t
- .
[Ha(t,p, q)] < =" e sin[p(t)| + 20 cos|q(t)|.

where @,(H) =4, @)=L, v,(=4, =L, o)=L, o0(t) =4 Also,
n=¢&= %, Ay = Ay = 0.17677. Thus, by computation, we have

NI

' — (1—5)
Gj(1.5) = 6.65710"— a

, for j=1,2.

Upon computation, we get
1 1
A = J Gi(1,5)p,(s)ds = 0.003577 < o, Ay = J G2 (1,5)p,(s)ds = 0.000924 < oo.
0 0

Similarly, we can also compute.

A= [} Gi(1,8)[W,(s) + 01(s)]ds = 0.03092853 < 1, Ay = [ Ga(1,5)[th,(s) + 0a(s)]ds = 0.00289 < 1.
Further, we see that max{0.007626, 0.00185} = 0.007626. So, all the conditions of Theorem 3.3 are
satisfied. So, the BVP (34) has at least one solution and the solution lies in

E={(p.9)€C:ll(p,7)lle<e < 0.007626}.
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Example 5.4. Tnking the following system of BVPs

u PO +a®OP +1_ o ou o (B +E
22p(t) + (15 + £2)5, =0, 27q(t) + (15 + £)5, =0, te(0,1),

pW(t) =q¥(t) =0, 7=0,1,2,3,4, at t=0, (36)
1 1
p0=p(3) a0 =a(3):

It is simple to check that Hy0 = Ha,0 = H1,e = Ha,. = 0. Also, for any (t,p,q) €I x I x I, we see
that

1
< -

Hl(t7p7q) - 361
Ha(t,p,q) < 1
2 ’p?g - 362'

Thus, all the assumptions of Theorem 3.5 are satisfied with taking a = 1, so the coupled system (35) has
two solutions satisfying 0 < ||(p, 9)llexe <1 < (P, 9)llgxk-

Example 5.5. Consider the following coupled systems of boundary value problems:

' Pp(t) +r<5) [tp(t)thzq(t)] =0,te(0,1),

2) 16 " 32
5\ [98|cos(p(t))] , 9tlcos(q(t)I] _
9q(t)+r<§>{ 16y + NG } =0,te(0,1), 37)

pV(t) =qV(t) =0, j=0,1,2, at t=0,
1 1
r=p(3) am=a(3).

Here, a1(t) =T (3) &, b1(t) =T (3) %, m(t) =T(3) 16955, b(t) =T(3) 329\;5. Moreover

Ve

| [ o Gi(1,8)ai(s)ds [, Gl(l,s)bl(s)ds] ) [0.0460 0.0007}
[ Go(1,8)m(s)ds [} Ga(1,5)by(s)ds | L0.0068 0.0058 |

Here, p(M) = 4.61 x 1072 < 1. Therefore, matrix M converges to zero, and hence the solutions of (36)
are Hyers-Ulam stable by using Theorem 4.4.
6. Conclusion

We have developed a comprehensive theory on existence of solutions and its Hyers-Ulam
stability for system of multipoint BVP of FDEs. The concerned theory has been enriched by
providing suitable examples.
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