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Abstract

Subthreshold MOSFET has been adopted in many low power VHF circuits/systems in
which their performances are mainly determined by three major high-frequency charac-
teristics of intrinsic subthreshold MOSFET, i.e., gate capacitance, transition frequency,
and maximum frequency of oscillation. Unfortunately, the physical level imperfections
and variations in manufacturing process of MOSFET cause random variations in
MOSFET’s electrical characteristics including the aforesaid high-frequency ones which
in turn cause the undesired variations in those subthreshold MOSFET-based VHF cir-
cuits/systems. As a result, the statistical/variability aware analysis and designing strate-
gies must be adopted for handling these variations where the comprehensive analytical
models of variations in those major high-frequency characteristics of subthreshold
MOSFET have been found to be beneficial. Therefore, these comprehensive analytical
models have been reviewed in this chapter where interesting related issues have also
been discussed. Moreover, an improved model of variation in maximum frequency of
oscillation has also been proposed.

Keywords: gate capacitance, maximum frequency of oscillation, subthreshold MOSFET,
transition frequency, VHF circuits/systems

1. Introduction

Subthreshold MOSFET has been extensively used in many VHF circuits/systems, e.g., wireless
microsystems [1], low power receiver [2], low power LNA [3, 4] and RF front-end [5], where
performances of these VHF circuits/systems are mainly determined by three major high-
frequency characteristics of intrinsic subthreshold MOSFET, i.e., gate capacitance, C,, transi-
tion frequency, f;, and maximum frequency of oscillation, f,,. Clearly, the physical level
imperfections and manufacturing process variations of MOSFET, e.g., gate length random
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fluctuation, line edge roughness, random dopant fluctuation, etc., cause the variations in
MOSEFET’s electrical characteristics, e.g., drain current, I and transconductance, g,,, etc. These
variations are crucial in the statistical/variability aware analysis and design of MOSFET-based
circuits/systems. So, there exist many previous studies on such variations which some of them
have also focused on the subthreshold MOSFET [1, 6-12]. Unfortunately, C,, f1, and f,,,» have
not been considered even though they also exist and greatly affect the high-frequency perfor-
mances of such MOSFET-based circuits/systems. Therefore, analytical models of variations in
those major high-frequency characteristics have been performed [13-17]. In [13], an analytical
model of variation in fr derived as a function of the variation in C, has been proposed where
only strong inversion MOSFET has been focused. However, this model is not comprehensive,
as none of any related physical levels variable of the MOSFET has been involved. In [14], the
models of variations in C, and f1, which are comprehensive as they are in terms of the related
MOSFET’s physical level variables, have been proposed. Again, only the strong inversion
MOSFET has been considered in [14].

According to the aforementioned importance and usage of subthreshold MOSFET in the
MOSFET-based VHF circuits/systems, the comprehensive analytical models of variations in
Cg, f1 and fqx of subthreshold MOSFET have been proposed [15-17]. Such models have been
found to be very accurate as they yield smaller than 10% the average percentages of errors. In
this chapter, the revision of these models will be made where some foundations on the
subthreshold MOSFET will be briefly given in the subsequent section followed by the revision
on models of C, in Section 3. The models of fr and f,... will, respectively, be reviewed in
Sections 4 and 5 where an improved model of variation in f,,,, will also be introduced. Some
interesting issues related to these models will be mentioned in Section 6 and the conclusion
will be finally drawn in Section 7.

2. Foundations on subthreshold MOSFET

Unlike the strong inversion MOSFET in which I, is a polynomial function of the gate to source
voltage, V,, I; of the subthreshold MOSFET is an exponential function of V,, and can be given

as follows:
W (kT 2 Vgs = Vt Vds
w=ncut () e ) 1o ey @

where Cg,, and n denote the capacitance of the depletion region under the gate area and the
subthreshold parameter, respectively.

By using Eq. (1) and keeping in mind that g, = dI;/dV ¢, g, of subthreshold MOSFET can be

given by
b WY Ve =V T Va
gm - n Cdep L ( q ) exp nkT/q 1 exp kT/q (2)
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3. Variation in gate capacitance (C,)

Before reviewing the models of variation in C, of subthreshold MOSFET, it is worthy to
introduce the mathematical expression of C, as it is the mathematical basis of such models.
Here, C, which can be defined as the total capacitance seen by looking in to the gate terminal of
the MOSFET as shown in Figure 1, can be given in terms of the gate charge, Q, as [15]

ng
Ce = dvgs ©)
where
WZLCZ Vgs—Vt
Qg — ‘ulidox J (Vgs — Vc — Vt)zdvc - QB,max (4)

0

It is noted that Qp .4 stands for the maximum bulk charge [15]. By using Eq. (1), Q, of the
subthreshold MOSFET can be found as

WIL2C2, 3
|:Cdep(kT/q)2:| (VSS o Vf)

S FRNPSN A | IS v

As a result, the expression of C, can be obtained by using Egs. (1) and (5) as follows

®D

C:g—>|

o S:

Figure 1. The conceptual definition of C, (referenced to N-type MOSFET).
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1
gzg

WL*C, 2 g . .
W} [S(Vgs B Vt) kT (Vgs - Vt) }exp [— T (Vgs — Vt)} (6)

By taking the physical level imperfections and manufacturing process variations of MOSFET into
account, random variations in MOSFET’s parameters such as V;, W, L, etc., denoted by AV,, AW,
AL, and so on existed. These variations yield the randomly varied C,i.e. Co(AV,, AW, AL,...) [15].
Thus, the variations in C,, AC, can be mathematically defined as [15]

ACy 2 Co(AV, AW, AL, ...) — Cq )

where C, stands for the nominal gate capacitance in this context.

With this mathematical definition and the fact that AV, is the most influential in subthreshold
MOSFET [18], the following comprehensive analytical expression of AC, has been proposed

in [15]
i ol
CakT/q| TP ¥T/q ®)

[Ves = Vs — @, — NegWaep | [Vi — Vs — @ — NegWoey |

2
ACq =2

where Ny, Vip, Wa,p, and ¢, denote the effective values of the substrate doping concentration
Nsup(x), the flat band voltage, depletion width, and surface potential, respectively. Moreover,
N4 can be obtained by weight averaging of N,(x) as [15]

Waep

2
Ny =3 | Nup)(1- 9
; j b<x>( Wdep) W ©)
0

As AC, is a random variable, it is necessary to derive its statistical parameters for completing
the comprehensive analytical modeling. Among various statistical parameters, the variance
has been chosen as it determines the spread of the variation in a convenient manner. Based on
the traditional analytical model of statistical variation in MOSFET’s parameter [19], the vari-
ances of AC,, Var[AC,] can be analytically obtained as follows [15]

 8g4N W ey WL Vs

2
Var[AC,| = _ B 1] [V — Vg — b, — NegWae]> (10
wlac) =t o] 1] Ve Ve o Ngwal a0

where ¢ stands for the permittivity of free space. At this point, it can be seen that the
comprehensive analytical model of AC, proposed in [15] is composed of Egs. (8) and (10)
where the latter has been derived based on the former. In [15], (Var[ACg])O'5 calculated by using
the proposed model has been compared to its 65 nm CMOS technology-based benchmarks
obtained by using the Monte Carlo simulation for verification where strong agreements
between the model-based (Var[ACg])O‘5 and the benchmark have been found. The average
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deviation from the benchmark obtained from the entire range of V,, used for simulation given
by 0-100 mV has been found to be 9.42565 and 8.91039% for N-type and P-type MOSFET-
based comparisons, respectively [15].

Later, an improved model of AC, has been proposed in [16] where the physical level differ-
ences between N-type and P-type MOSFETs, e.g., carrier type, etc., has also been taken into
account. Such model is composed of the following equations

son =2 t5] T ] 1 [ Vo200t el )

(11)
X V1= Vis = 205 = Cil\ /295N (205 + Vi) |
2 -1
ACgp =2 [\/GW,%/E,] [exp[— k‘;d/sq] - 1} [Vgs — Ve + ’2¢F‘ + C;xl \/2‘7551'Nd(’2¢1f‘ - Vsh)J
(12)
X |Vi= Vs + 20| + Cl /298 6iNa(120] = V)]
12q6N8fde5’PWL3 <Cox>4 |: |: Vds :|:| -
Var|ACyn| = — ] |1—exp|—
[AC] Clup kT kT /q
2 (13)
{Vgs ~ Vg —2¢; — \/ 29e5Na (205 + Vsb)J
Vi [Vis + 205 + Col\ 200 Na (2 + Vi) |
_ 12q6N€fdeeriWL3 Cox * Vds -
iy B (]
(14)

2
Ve = Vi + 29| + Col\/2065Na (26| — Var)|

Vfl [VFB T }2¢F| - Co?cl \/2‘7551'Nd(|2q51?} - Vsh)]

where ACqn and AC,p are AC, of N-type and P-type MOSFETS, respectively. Moreover, N,, Ny,
Vs, and ¢, denote acceptor doping density, donor doping density, source to body voltage, and
Fermi potential, respectively [16]. Also, it is noted that Egs. (13) and (14) have been, respec-
tively, derived by using Egs. (11) and (12) based on the up-to-date analytical model of statisti-
cal variation in MOSFET’s parameter [20] instead of the traditional one.

In [16], a verification similar to that of [15] has been made, i.e., (Var[Ang\r])Q5 and (Var[ACgP])Q5
have been, respectively, compared with their 65 nm CMOS technology-based benchmarks.
Both (Var[AC,n])*® and (Var[AC,p])** have been calculated by using the proposed model, and
the benchmarks have been obtained from the Monte Carlo simulation. The comparison results

have been redrawn here in Figures 2 and 3 where strong agreements with their benchmarks of
the model-based (Var[ACgN])O'5 and (Var[ACgp])O'5 can be seen for the whole range of V. The
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average deviations determined from such range have been found to be 8.45033 and 6.53211%,
respectively [16], which are lower than those of the previous model proposed in [15]. There-
fore, the model proposed in [16] has also been found to be more accurate than its predecessor

(Var[ACen])*> (%)
30 -

3

10

000 0 004 006 008 010
Ves (V)

Figure 2. Comparative plot of the model-based (Var[ACgN])O‘5 (line) and the Monte Carlo simulation-based (Var[ACgN])O‘5
(dotted) with respect to Vg, [16].

(Var[ACs])s (%)
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Pat

000 0 004 006 008 010
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Figure 3. Comparative plot of the model-based (Var[ACgp])o‘5 (line) and the Monte Carlo simulation-based (Var[ACgp])O‘5

(dotted) with respect to Vi, [16].
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[15] apart from being more detailed as the physical level differences between N-type and P-
type MOSFETs have also been taken into account.

4. Variation in transition frequency (fr)

Apart from that of AC,, the comprehensive analytical model of variation in fr of subthreshold
MOSFET, Afr has also been proposed in [16]. Before reviewing such model, it is worthy to
show the definition of fr and its comprehensive analytical expression derived in [16].
According to [21], fr can be defined as the frequency at which the small-signal current gain of
the device drops to unity, while the source and drain terminals are held at ground and can be
related to C, by the following equation [13]

_ 8m
fr =t (15)

By using Egs. (2) and (6), the following comprehensive analytical expression of fr can be
obtained [16]

3 [uCh, (KT /q)° Vi 11 exp 7 (Ve = V1) |
fTZE 3 2 1—exp _kT 2 q 3 (16)
2l Co /a1 [3(Ves = Vi) = (Vs = V)

Similar to AC,, Afr can be mathematically defined as [16]
Afr 2 fr(AV:, AW, AL, ...) — fy (17)

where frstands for the nominal transition frequency in this context.

By also keeping in mind that AV, is the most influential, the following comprehensive analyt-
ical expression of Afr has been proposed in [16] where the aforesaid physical level differences
between N-type and P-type MOSFETs have also been taken into account.

B HC§EP(kT/‘1)3 [1 —exp [— %} } i <VFB +2¢p +C, \/quSiNu (2¢r +Va) — Vt)

Afpy = 3 (18)
L3 Cl (Vi = Vs = 205 — Col /2086 Na (205 + Vi)

1

_ WGy (KT /g)° 1 exp|- é—/q)Hz (Ves = 20| = Gl /29esNa(129] = Vi) = Vi)

2 1 3
L3 CE (Vo = Viw + [26] + Col /296 6Na (26| = V) )

TP
(19)

It is noted that Afry and Afrp are Afrof N-type and P-type MOSFETS, respectively. By also using
the up-to-date analytical model of statistical variation in MOSFET’s parameter, we have [16]

95



96 Complementary Metal Oxide Semiconductor

1 Clep (KT)° 7 *Neg Wy [1 - Xp [_ k‘ﬁq} } 4Vt_l (VF B+ 20 + C, \/qusz'N 2 (20 + Vsh))

6
B WL CS, (Vs = Vi — 205 — Cl/2006Na (205 + Vi) )

Var[Af ry] =

(20)

H2Ch (KT)°q N W [1 —exp {— %%”4‘/171 (VFB — 20| = G \/quSiNd(|2¢F| - Vsb))

Var [Afp] = 6
B WL CS, (Vs = Vi + 26| + C2t\ /29 Na (126 ] - Vi) )

(21)

At this point, it can be stated that the comprehensive analytical model of Afr proposed in [16]
is composed of Egs. (18), (19), (20), and (21). For verification, (Var[Afrn])°” and (Var[Afrp])®°
calculated by using the proposed model have also been compared with their corresponding
65 nm CMOS technology-based benchmarks obtained from the Monte Carlo simulation. The
results have been redrawn here in Figures 4 and 5 where strong agreements to the bench-
marks of the model-based (Var[AfTN])O'5 and (Var[Apr])0‘5 can be observed. The average devi-
ations have been found to be 8.22947 and 6.25104%, respectively [16]. Moreover, it has been
proposed in [16] that there exists a very strong statistical relationship between AC, and Afr of
any certain subthreshold MOSFET as it has been found by using the proposed model that the
magnitude of the statistical correlation coefficient of AC, and Afr is unity for both N-type and
P-type devices.

(Var[Afrw])0 (%)
20

15

000 0 004 006 008 010

| Ves| (V)

Figure 4. Comparative plot of the model-based (Var[A fTN])o‘5 (line) and the Monte Carlo simulation-based (Var[AfTN])O'5
(dotted) with respect to Vg, [16].
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(Var[Afre])** (%)
20

000 00 004 006 008 010
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Figure 5. Comparative plot of the model-based (Var[Afrp])™ (line) and the Monte Carlo simulation-based (Var[Afrp])®>
(dotted) with respect to V [16].

5. Variation in maximum frequency of oscillation (f,,,,,)

Before reviewing the model of variation in f,,,, of subthreshold MOSFET, it is worthy to
introduce its definition and mathematical expression. The f,,,,, which takes the effect of the
resistance of gate metallization into account, can be defined as the frequency at which the
power gain of MOSFET becomes unity. Such gate metallization belonged to the extrinsic part
of MOSFET. According to [17], fu. can be given under an assumption that C, is equally
divided between drain and source by

1 29
= - 22
F 41Cq \| Ry 2)
where R, stands for the resistance of gate metallization [17].
By substituting g,, and C, as respectively given by Egs. (2) and (6) into Eq. (22), we have
il o B e
n p nkT/q exp kT/q
Finax = (23)

125C2, 2_ (Vo Vi)
5\ o] {3 Ve =V2) _%]

Similar to the other variations, Af,,,, can be mathematically defined as [17]
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Af,  2f (AV,AW,AL,...) —f (24)

max

where f,,,,, stands for the nominal maximum frequency of oscillation in this context.

In [17], the comprehensive analytical model of Af,,. have been proposed. Such model is
composed of the following equations.

o= 7 ) Doel ] (D)os ] [(52)

3

+1-exp[ g5 h (&) (& )2 x [Vgs = Vin = b, — NgWap] (&)

x[Vi— Vg — ¢, — Neﬂwdep]]

 UGAN W ey W2 V] 17 [Ves = Vi) (kTN
Vﬂr [AfmﬂX] - 7—(2ncdngg€%k2T2 eXp kT/q 1 eXP nkT/q q

[Vies = Vs — &, — NegWagy)”

(26)

It is noted that Eq. (25) has been derived by also keeping in mind that AVt is the most
dominant. Moreover, Eq. (26) has been formulated based on Eq. (25) and the traditional model
of statistical variation in MOSFET’s parameter. The model-based (Var[Af;,..])"” has been com-
pared with its 65 nm CMOS technology-based benchmarks obtained by the Monte Carlo
simulation for verification. The strong agreements between the model-based (Var[Afy.])"°
and the benchmark can be observed from the whole simulated range of V,, given by 0-
100 mV. The average deviation has been found to be 9.17682 and 8.51743% for N-type and P-
type subthreshold MOSFETs, respectively, [17].

Unfortunately, the model proposed in [17] did not take the physical level differences between
N-type and P-type MOSFETs into account. By taking such physical level differences into
consideration, we have

1 : Vas 11 (KT\ _ [Ves = Vi| [ (Cas W\
o= 755 i) 1oLl ()] |55
1= exp[— 2] (22) (55) x [Vee — Vew =26, — Ci\/2085Ma (2 + Var)|

x| Vi = Vs = 26 = Gl /29N (2095 + Vsb)”

1 : Vi 112 (kT Ve = Vi1 T/ CaogW\ 2
e )b a2
+[l - exp[— k‘;—%H_l <%>%<k§%>2 . [Vgs ~ Vs + 20| + G5 \/2‘7551'Nd(|2¢1?| - Vsb)}

y [Vt Vg + |2¢F| + Co‘x1 \/quSiNd(|2¢p| - Vsb)]]

(27)

(28)



Comprehensive Analytical Models of Random Variations in Subthreshold MOSFET's High-Frequency Performances 99
http://dx.doi.org/10.5772/intechopen.72710

where Af.xn and Afyyacp are Ay, of N-type and P-type MOSFETS, respectively. By using the
up-to-date analytical model of statistical variation in MOSFET’s parameter, we have

34°Neg W W L™ (/nRy) (T /g)" {1 e {_ Vas ”
22V [VFB +2¢p + Gyl \/2‘7551'1\]!1 (20 + Vsb)J

Vs_vt z CdeW % Vds - WL % Cox 2 (29)
ozl <|CF) « [ -erlwrl] (@) &)

X [Vgs ~ Vg =20, — Gy \/2’1551'Na (20 + Vsh)”

Var [Af maxN ] =

Var [Af maxP} =

BqZNEﬁWdepW_3L_1 ([Ll/i’le) (kT/q)z |:1 — exp |:_ Vds :| :|
22V, [VFB +2¢, + C,! \/quSZ-Ng (2¢r + Vsb)J kT/q

Ve = VI [/ CapW\! Vas 117 (WL} [ Co \2 (30)
e i) < |CF) +[-eolaml] (60) (65)

X [vgs — Vg + 20| + C}! \/quSiNd(|2qu\ —~ vsb)H

At this point, it can be seen that the improved model of Af,,,, is composed of Egs. (27), (28),
(29), and (30). For verification, the model-based (Var[Afma,d\;])0'5 and (Var[Af,,m,da])o'5 have been
compared with their corresponding 65 nm CMOS technology-based benchmarks obtained by

(Var[Afuan])®5 (%)
D

5

L
...-ool"'

-I'I—'----cool-oo--u--.

5

Qm Q@ Qo Q06 Qes Q10

|Ves| (V)

Figure 6. Comparative plot of the model-based (Var[Af,,,m\;])O'5 (line) and the Monte Carlo simulation-based (Var
[A fm,l,d\;])o'5 (dotted) with respect to V.
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(th?‘ [AfmaxP] )0‘5 (%)
D

5

Qm o®@ Qo4 005 (003] Q10

1Ves| (V)

Figure 7. Comparative plot of the model-based (Var[Af,,,a,da])O'5 (line) and the Monte Carlo simulation-based (Var
[A f,,m,cp])o‘5 (dotted) with respect to V.

using the Monte Carlo simulation. The results are as shown in Figures 6 and 7 where strong
agreements to the benchmarks of the model-based (Var[AfmuxN])O‘5 and (Var[Afmxp])O‘5 can be
observed. The average deviations from the benchmarks have been found to be 6.11788 and
5.85574% for (Var[Afmm\j])O'5 and (Var[Afmaxp])O'S, respectively, which are lower than those of the
model proposed in [17]. Therefore, our improved model Af,,,,, is also more accurate than the
previous one apart from being more detailed as the physical level differences between N-type
and P-type MOSFETs have also been taken into account.

Before proceeding further, it should be mentioned here that C, has more severe variations
compared to the other high-frequency characteristics and the P-type subthreshold MOSFET is
more robust than the N-type as can be seen from Figures 2-7. Moreover, it can be implied that
there exists a strong correlation between Af,,,, and Afr as f,.., is related to fr by Eq. (31). An
implication of strong correlation between Af,,., and AC, can be similarly obtained by observ-
ing Eq. (22) that is given as

= fiT 31
fmux \/m ( )

6. Some interesting issues

6.1. Statistical/variability aware design trade-offs

For the optimum statistical/variability aware design of any MOSFET-based VHF circuit, AC,,
Afr, and Af,,, must be minimized. It has been found from Egs. (13), (14), (20), (21), (29), and

(30) that Var[AC,] « L, Var[Af ;] «L~7 and Var[Af,,.] <L for both types of MOSFET. There-
fore, it can be seen that shrinking L can reduce AC, of the subthreshold MOSFET of any type
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with the increasing Afr and Af,,, as penalties. Moreover, we have also found that
Var[AC,] &« T2, Var[Af;] « T, and Var[Af,,.] «T?. This means that we can reduce Afr and
Afimax by lowering T with higher AC, as a cost. These design trade-offs must be taken into
account in the statistical/variability aware design of any subthreshold MOSFET-based VHF
circuits/systems.

6.2. Variation in any high-frequency parameter

Occasionally, determining the variation in other high-frequency parameters apart from C,, f;
and f,,,, e.g., bandwidth, fgy; etc., has been found to be necessary. The determination of variation
in fgy as a function of Afrhas been shown in [16]. In general, let any high-frequency parameter of
the subthreshold MOSFET be P, the amount of its variation, AP, can be determined given the
amounts of AC,, Afy, and Af,. if P depends on C,, f1; and f,,4. It is noted that the amounts of
AC,, Af, and Af, can be predetermined by using the reviewed comprehensive analytical
models. Mathematically, AP can be expressed in terms of AC,, Afy, and Af,,, as follows

oo @ o (e

Therefore, the variance of AP, Var[AP] can be given by keeping the aforementioned strong
statistical relationships among AC,, Af7, and Af,,., in mind as follows

vara. P = (32 varac + (35 ) vl + () varla
o) ) e o) )
#2( ) (57 ) Varl T Var (e,

(33)

Noted also that the Var[AC,], Var[Afr], and Var[Af,..,] can be known by applying those
reviewed models.

6.3. High-frequency parameter mismatches

The amount of mismatches in C,, f;, and f,.c of multiple subthreshold MOSFETs can be
determined by applying those reviewed comprehensive analytical models of AC,, Af;, and
Afmax even though they are dedicated to a single device. As an illustration, the mismatches in
Cg f1 and f,,,, of two deterministically identical subthreshold MOSFETS, i.e.,, M1 and M2, will
be determined. Traditionally, the magnitude of mismatch can be measured by using its vari-
ance [22]. Let the mismatches in C,, f7, and f,,, of M1 and M2 be denoted by ACg12, Afr1, and
Afmax12, Tespectively, their variances, i.e., Var[ACg12], Var[Afr12], and Var[Af,ux12], can be respec-
tively related to Var[AC,], Var[Afr], and Var[Af,..c] of M1 and M2, which can be determined by
using those reviewed models, via the following equations
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Var[ACq12| = Var[ACq | + Var[ACg| — 2pAC,AC, \/ Var [ACg1 | Var[ACg ] (34)

Var[Afryp] = Var[Af ] + Var[Af ] - 2pac,aC, \/ Var [Af 1] Var[Af 1] (35)

Var [Afmaxu} = Var [Afmaxl] + Var [AfmaXZ] o ZPACg] ACgp \/VIZT [Afmaxl} Var [AfmaXZ] (36)

It is noted that AC,;, Afri, Afpaxis Var[ACg;], Var[Afri], and Var[Af,axil, respectively, denote AC,,
Afp Moz Var[AC,), Var[Afr], and Var[Af,...] of Mi where {i} = {1, 2}. Moreover, py, stands for
the correlation coefficient of X and Y where {X} = {ACq1, Afr1, Afpaa} and {Y} = {AC,o, Afro,
Afinax}. For closely spaced MOSFETs with positive correlation, pyycan be given by 1 as the
statistical correlation between closely spaced devices is very strong [22]. As a result, the mis-
matches are maximized. If the negative correlation is assumed on the other hand, py, become
—1 and the mismatches are minimized [16]. For distanced devices, we have, pyy = 0 as the
correlation is very weak and can be neglected.

If we assume that both M1 and M2 are statistically identical, we have Var[ACy] = Var
[ACgo] = Var[AC,], Var[Afri] = Var[Afr2] = Var[Afr], and Var[Afaxal = Var[Afpaxz] = Var[Afpax]-
Thus, Egs. (34), (35), and (36) become

Var|ACqp| = 2Var[AC] (1 - PAcglAcgz) (37)
Var[Af1y,] = 2Var [Af 1] (1 - pAleAfn) (38)
Var [Afmux12} = 2Var [Afmaxl] <1 o pAfmaxlAfnde) (39)

From these equations, it can be seen that Var[ACq1], Var[Afri2], and Var[Af,ux12] can all be approx-
imately given by 0 if those statistically identical devices are closely spaced and positively correlated
as all pyy’s are given by 1. This implies that the high-frequency parameter mismatches of statisti-
cally identical, closely spaced, and positively correlated subthreshold MOSFETs can be neglected.

6.4. Variation in any VHF circuit/system

By using the reviewed models, the variation in the crucial parameter of any subthreshold
MOSFET-based VHF circuit/system can be analytically formulated. As a case study, the sub-
threshold MOSFET-based Wu current-reuse active inductor proposed in [1] will be considered.
This active inductor can be depicted as shown in Figure 8. According to [1], the inductance, /,
of this active inductor can be given by

= &
gmlgm2

(40)
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Figure 8. Wu current-reuse active inductor [1].

where Cq1, g1, and g, are gate capacitance of M1, transconductance of M1, and transcon-
ductance of M2, respectively.

By using Eq. (40), the variation in I, Al due to the variation in Cg;, ACy can be immediately
given by [16]

AC
Al = =81 (41)
8m18m2
Therefore, we have the following relationship between the variances of Al and ACg
Var|AC
Var[Al] = Var[ACq] (42)
8m18m2

It is noted that Var[ACy ] can be determined by using those reviewed models. It can
also be seen that Var[Al]« Var[ACqi]and Var[All«1/g,,8,.» [16]. Therefore, it is far more
convenient to minimize Al by reducing g,,; and g,,» as they are electronically controllable
unlike AC,;, which must be minimized at the physical level by lowering L as stated
above.

6.5. Reduced computational effort simulation

If we let the key parameter of any subthreshold MOSFET-based VHF circuit/system with M
MOSFETs under consideration be Z, its variance, Var[Z], which is the desired statistical/vari-
ability aware simulation result, can be given by.
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vaiz) =3 [(52) e, + () &, + (57.) "

i=1

M M
i
A Ca N v

M M

Z Z [ +2 2 Z Z
+221:Zl [(SC‘;!> <Sfri>pACgiAfTJ’ GACgi aAij + (SCv) (Sfmaxj>pACngfmxj
i=1 j=

j=

/ z V4 / /
Gicgi Gifm,,x]' + (Ssz> (Sfmaxj> pAfTiAfmaxj O-ifTi Gifmnxj:|

It is noted that the magnitude of pyy, where {X} = {ACy;, Afri, Afaxit, 1Y} =1{ACyj, Afrj, Afinaxil,s
and the subscripts i and j refers to the arbitrary i™ and j™ MOSFET, respectively, in this
scenario, approaches 1 when i = j as it determines the correlation of the same device.

Moreover, Séﬁ (Séj)/ an <SfZTj>' and Sfmm (szmj) denote the sensitivity of Z to C,, f, and f,ux

of i™ (j") MOSFET, respectively. By using Eq. (43) and the reviewed comprehensive analyt-
ical models for predetermining all Var[X]'s and Var[Y]’s, Var[Z] can be numerically deter-
mined in a reduced computational effort manner as those sensitivities can be obtained by
using the sensitivity analysis [23], which required much less computational effort compared
to the conventional Monte Carlo simulation. This is because the circuit/system of interest is
needed to be solved only once for obtaining the sensitivities and then Var[Z] can be immedi-
ately determined unlike the Monte Carlo simulation that requires numerous runs in order to
reach the similar outcome [16]. Therefore, much of the computational effort can be signifi-
cantly reduced.

7. Conclusion

In this chapter, the comprehensive analytical models of AC,, Af;, and Af,,,, of subthreshold
MOSFET, which serves as the basis of many VHF circuits/systems, have been reviewed.
Interesting issues related to these models i.e., statistical/variability aware design trade-offs
of subthreshold MOSFET-based VHF circuit/system; determination of variation in any
high-frequency parameter and mismatch in C,, f1, and f,,,; determination of variation in
any subthreshold MOSFET-based VHF circuit/system; and the computationally efficient
statistical/variability aware simulation with sensitivity analysis have been discussed. More-
over, a modified version of the comprehensive analytical model of Af,,,, has also been
proposed. This revised model has been found to be more accurate and detailed than the
previous one.
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