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Abstract

The harmonic content in electrical power systems is an increasingly worrying issue since 
the proliferation of nonlinear loads results in power quality problems as the harmonics is 
more apparent. In this paper, we analyze the behavior of the harmonics in the electrical 
power systems such as cables, transmission lines, capacitors, transformers, and rotat‐
ing machines, the induction machine being the object of our study when it is excited to 
nonsinusoidal operating conditions in the stator winding. For this, a model is proposed 
for the harmonic analysis of the induction machine in steady‐state regimen applying the 
Fourier transform. The results of the proposed model are validated by experimental tests 
which gave good results for each case study concluding in a model proper for harmonic 
and nonharmonic analysis of the induction machine and for “harmonic” analysis in an 
electrical power system.

Keywords: harmonic, power quality, induction machine, nonsinusoidal, power systems

1. Introduction

Electrical power systems are an area that is receiving a great deal of attention recently. The 
issues and considerations associated with electrical power systems are often misunderstood. 

With the growth and expansion of power electronics and proliferation of nonlinear loads in 
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electrical power system applications, the harmonics and their effects on power quality are a 
topic of concern. Currently in the United States, only 15–20% of the utility distribution load‐

ing consists of nonlinear loads.

Nowadays, the recommendation from IEEE Std. 519 imposed by utilities is becoming stricter 

due to the increase in proportion of nonlinear load. The problems of harmonic in the electrical 

power systems are low, but their analysis can help to increase plant power system reliability. 

The harmonics are a problem when their magnitude produces an electrical power system 

resonance.

The analysis and modeling of the harmonics are supported for the Fourier analysis. In the 

eighteenth and nineteenth century, J. B. Joseph Fourier (1768–1830) and other mathematicians 

performed basic calculations of harmonics. In the 1920s and 1930s, the distortion in voltage 

waveforms caused by power converters was noticed and studied. In the 1950s and 1960s, the 

study of harmonics in power converters extended to the transmission of voltage in the electri‐

cal power system. Currently, the electrical power systems have a large number of nonlinear 

elements that generate other waves at different frequencies. They generate these waves from 
sinusoidal waveforms to network frequency. This causes a phenomenon known as harmon‐

ics. Harmonics are phenomena that cause problems for both the users and the electricity sup‐

pliers. They have various harmful effects on the equipment in the electrical network.

2. Definition of harmonics

The term harmonic comes from acoustics. It refers to the vibration of a column of air at a fre‐

quency which is a multiple of the basic frequency of repetition.

In electric signals, a harmonic is defined as the signal content at a specific frequency, which is 
a multiple integral of the current frequency system or main frequency produced by the gen‐

erators. With an oscilloscope, it is possible to observe a complex signal in the domain of time. 

At any moment in the given time, the amplitude of the waveform is displayed. If the same 

signal is applied to a high‐fidelity amplifier, the result in sounds is a mix of frequencies. The 
phase relationship does not affect the audible effects, which is acceptable in acoustics. But this 
is not the case with electric signals. The position of harmonics and the phase relationship in 

the harmonic from a different source can considerably alter the effects in electric signals. To 
define harmonic, it is important to first define the quality of the voltage wave, which must 
have a constant amplitude and frequency, as well as the sinusoidal form. Figure 1 depicts 

the waveform without any content of harmonics, with a constant frequency of 60 Hz and a 

constant amplitude of 1 pu.

When a periodic wave does not have a sinusoidal form, it is said to have a harmonic content. 

This can alter its peak value and/or its RMS value causing alterations in the normal function‐

ing of any equipment that undergoes this voltage. The frequency of the periodic wave is 

known as the fundamental frequency and the harmonics are the signals whose frequency is 

an integer multiple of this frequency. Figure 2 shows a voltage wave with a content of 30% of 

the fifth harmonic.
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3. Fourier analysis

The analysis of harmonics is the process of calculating the magnitudes and phases of the fun‐

damental and high order harmonics of the periodic waveforms. The resulting series is known 

as Fourier series. It establishes a relation between a function in the domain of time and a func‐

tion in the domain of frequency.

The Fourier’s theorem states that every nonsinusoidal periodic wave can be decomposed as the 

sum of sine waves through the application of the Fourier series, given the following conditions:

• The integral over one period of the function is a finite value.

• The function possesses a finite number of discontinuities in a period.

• The function possesses a finite number of maxima and minima in a period.

Coefficients and Fourier series. The Fourier series of a periodic function  x  (  t )     is expressed as:

  x  (  t )    =  a  
0
   +   ∑  
n=1

  
∞
    (   a  

n
   cos  (    2πnt _ 

T
   )    +  b  

n
   sin  (    2πnt _ 

T
   )    )     (1)

This constitutes a representation of periodic function in the domain of the frequency.

Figure 1. Wave without harmonic content.

Figure 2. Voltage waveform with harmonic content.
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In this expression,   a  
0
    is the average value of the function  x  (  t )    , where   a  

n
    and   b  

n
    are the coefficients 

of the series besides being the rectangular components of the n harmonic. For the correspond‐

ing n harmonic its vector is:

   A  
n
    ∅  

n
   = an + jbm  (2)

With a magnitude and an angle of phase:

   A  
n
   =  √ 

_________
  (   a   2  n +  b   2  n )    ,  ∅  

n
   =  tan   −1   b  

n
    (3)

4. Harmonic sources

Harmonics are the result of nonlinear loads which give a nonsinusoidal response to a sinusoi‐

dal signal. The main sources of harmonics are:

• Arc furnaces and other elements of arc discharge, such as fluorescent lamps. Arc furnaces 
are considered as voltage harmonic generators more than current generators. Typically all 

harmonics (2nd, 3rd, 4th, 5th,...) appear but the odd harmonics are predominant with typi‐

cal values with regard to the fundamental harmonic:

 – The third harmonic represents 20%, and the fifth harmonic represents 10%.

 – The seventh harmonic represents 6%, and the ninth harmonic represents 3%.

• Magnetic cores in transformers and rotating machines require third harmonic current to 

excite the iron.

• The inrush current of transformers produces second and fourth harmonics.

• Adjustable speed controllers used in fans, pumps, and process controllers.

• Solid‐state switches which modulate control currents, light intensity, heat, etc.

• Controlled sources for electronic equipment.

• Rectifiers based on diodes and thyristors for welding equipment, battery chargers, etc.

• Static reactive power compensators.

• DC high voltage transmission stations.

• AC to DC converters (inverters).

The AC electrical power system harmonic issues are mainly due to the substantial increase of 

nonlinear loads due to technological advances, such as the use of power electronics circuits 

and devices, in AC/DC transmission links, or loads in the control of power systems using 

power electronic or microprocessor controllers. Such equipment creates load‐generated har‐

monics throughout the electrical power system.
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In the case of a motor drive, the AC current at the input to the rectifier looks more like a square 
wave than a sine wave (see Figure 3).

The rectifier can be thought of as a harmonic current source and produces roughly the same 
amount of harmonic current over a wide range of electrical power system impedances. The 

characteristic current harmonics that are produced by a rectifier are determined by the pulse 
number. The following equation allows determination of the characteristic harmonics for a 

given pulse number:

  h = kq ± 1  (4)

where:

h is the harmonic number (integer multiple of the fundamental),

k is any positive integer, and

q is the pulse number of the converter.

The harmonics 5th, 7th, 11th, 13th, 17th, 19th, 23rd, 25th, etc., are the harmonics that a 6‐pulse 

rectifier will exhibit and which are multiples of the fundamental. The quotient of the fun‐

damental current and the harmonic number will result in the magnitudes of the harmonic 

currents (e.g., the magnitude of the 5th harmonic would be about 1/5th of the fundamental 

current). When it comes to a 12‐pulse systems, a small amount of the 5th, 7th, 17th, and 19th 

harmonics will be present (the magnitudes will be approximately a 10 percent of those for 

a 6‐pulse drive). The induction machines are quite affected by the harmonic currents pro‐

duced by inverters. Most of these harmonics produced are integer multiples of the inverter 

frequency and their magnitude will depend on the algorithm switching power semiconduc‐

tors of the inverter. It is common that there are “interharmonics” currents at the input or the 

output of the inverter but they do not necessarily occur at integer multiples of the power 

Figure 3. Current and voltage of a typical six‐pulse rectifier input.
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supply or inverter fundamental frequency. For this reason, it needs a good design of DC link 

to minimize the presence of interharmonics.

Some authors [1] agree to classify the sources of harmonic distortion in three groups: small 

and predictable (harmonics generated by residential consumers), large and transient (volt‐

age fluctuations produced by arc furnaces), and large and predictable (SVC and HVDC 
 transmission causing characteristic and uncharacteristic harmonics). Now, if at a point com‐

mon coupling harmonic currents are not within the permissible limits, it is necessary to take 

appropriate measures to comply with regulations. For example the IEEE 519‐1981, “IEEE 
Guide for Harmonic Control and Reactive Compensation of Static Power Converters,” originally 

established levels of voltage distortion acceptable to the distribution system for individual 

nonlinear loads. This distortion is a steady‐state deviation from a sine wave of power fre‐

quency called waveform distortion [2]. Fourier series is generally used to analyze this nonsi‐

nusoidal waveform.

5. Effects of harmonics

Normally, the presence of harmonic signals in the electrical power system is rare but it is pos‐

sible that a large number of undesirable effects occur. High levels of harmonic distortion can 
cause undesirable effects in the transformer, capacitor, motor or generator heating, disopera‐

tion of electronic equipment, interference with telephone circuits, etc., and it gets worse if a 

resonant condition is presented. Resonance occurs when a harmonic frequency produced by 

a nonlinear load closely coincides with the natural frequency of the electrical power system. 

There are two forms of resonance which can occur: parallel resonance and series resonance.

Parallel resonance: The parallel resonance occurs when the natural frequency of the inductive 

components of the system, connected in parallel with capacitive reactive impedance com‐

ponents are too close to the harmonic frequency of the system. If this frequency coincides 

with a frequency generated by the harmonic source, it causes severe complications leading 

to excessive voltages and currents, causing damage to capacitors or overheating transformer 

and other electrical equipment (see Figure 4).

Series resonance: It occurs when the source harmonic current is connected in series with the 

combination, also in series, of the inductive impedance of the system and the capacitive reac‐

tance of a capacitor bank (usually connected to the end of a branch supply), its impedance 

being very low.

The effect of a series resonance can be a high‐voltage distortion between the inductive imped‐

ance and the capacitive reactance (see Figure 5).

5.1. Effects on cables

The current distribution through the cross section of a conductor is uniform only when the 

current is a direct one. In alternating current as the frequency increases, the nonuniformity of 

the current distribution becomes steeper.
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Figure 4. Parallel resonance.

Figure 5. Series resonance.
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In circular conductors, the current density increases from the center to the surface. The outer 

layers are less bounded by the magnetic flow than the inner layers. This means that more 
voltage is longitudinally induced with alternating current inside the conductor than on the 

surface. Therefore the current density is increasing from the interior to the outer layers of the 

conductor. This phenomenon is called the skin effect.

Figure 6 shows the variation of the ratio   r  
ac

   /  r  
dc

    with regard to frequency for some wire sizes 

used in electrical installations. The figure shows how the skin effect becomes more pro‐

nounced with a higher caliber (less   r  
dc

   ). If a conductor with a cross section   a  
cond

    conducts a DC 

current   I  
DC

   , the current density   j  
DC

   =  I  
DC

   /  a  
cond

    is uniform within the conductor and a resistance   R  
DC

    

can be assigned to the conductor representing the radio between the applied voltage   V  
DC

    and 

the resulting current   I  
DC

  ,  that is,   R  
DC

   =  V  
DC

   /  I  
DC

   . For (periodic) AC currents,   i  
ACh

    (  t )   ,  the current flows 
mostly near the surface on the conductor and the current density   j  

ACh
    is nonuniform within the 

conductor (Figure 6). In general,   R  
DC

   /  R  
ACh

   , the higher the order h of the harmonic current   i  
ACh

    (  t )     

the larger is the skin effect.

5.2. Effects on transformers

The normal operating conditions of the transformer is a well‐researched subject. In fact, 

many steady‐state and transient models are available. The transformer can be modeled into 

Figure 6. DC resistance   R  DC    versus AC resistance   R  ACh   .
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two‐state regime: transient model and steady‐state model. The transient model needs much 

computation time, while the steady‐state model requires less amount of computation time 

as it takes place in phasor analysis in the frequency domain to analyze the behavior of the 

transformer.

However, the material with which the core of the transformers is built has nonlinear char‐

acteristics. These nonlinear characteristics are neglected by the transformer models that use 

linear techniques. They exhibit three types of nonlinearities that make their analysis diffi‐

cult: saturation effect, hysteresis (major and minor) loops, and eddy currents. The factors that 
influence additional losses and the generation of harmonic signals in the transformer are the 
temperature and possible resonance between transformer winding inductance and supply 

capacitance. In addition, if the losses in the transformer are considered, then the modeling 

becomes complicated, for that reason those losses are neglected according to the following 

expression,

   P  
fe
   =  P  

hys
   +  P  

eddy
   =  K  

hys
     (   B  

max
   )     
s
  f +  K  

eddy
     (   B  

max
   )     

2

   f   2   (5)

Where   P  
hys

  ,  P  
eddy

  ,  B  
max

    and f are hysteresis losses, eddy‐current losses, flux density, and funda‐

mental frequency system, respectively.   K  
hys

    is the constant of the type of iron used and   K  
eddy

    is 

the eddy‐current constant for the conductive material. S is the Steinmetz exponent ranging 
from 1.5 to 2.5 depending on the operating point of transformer core. Figure 7 illustrates a 

relatively simple and accurate frequency‐based linear model.

In Figure 7,   R  
c
    is the core loss resistance,   L  

m
    is the magnetizing inductance, and   R  

p
  , R  '  

s
  ,  L  

p
    and  L  '  

s
     

are the resistances and inductances of the primary and secondary windings of the transformer, 

Figure 7. Linear single‐phase, steady‐state transformer model for sinusoidal analysis.

Fourier Analysis for Harmonic Signals in Electrical Power Systems
http://dx.doi.org/10.5772/66730

51



respectively. Superscript ’ is used for quantities referred from the secondary  winding to the 

primary winding of the transformer. Losses in transformers consist of losses with no‐load or 

core and load losses, which include   I   2  R  losses, eddy current losses, and additional losses in the 

tank, fasteners, or other iron parts. The effect of the harmonics on each type of loss is explained 
below:

• No‐load or core losses: they are produced by the excitation voltage in the core. The voltage 

waveform in the primary winding is considered as sinusoidal independently of the load 

current. Thus, the losses are not expected to increase when load currents are nonsinusoi‐

dal. Although, the magnetizing current contains very weak harmonics compared with the 

harmonics current load, so their effects on the total losses are minimal.

• Joule losses: if the load current contains harmonics, these losses will also increase due to 

the skin effect.

• Eddy current losses: these losses at fundamental frequency are proportional to the square 

of the current load and the square of the frequency. Then, there might be an excessive 

increase of losses in the windings conducing nonsinusoidal current loads (and thus also in 

its temperature).

• Additional losses: these losses cause the temperature to increase in the structural parts of 

the transformer and, depending on the type of transformer, they will or will not contribute 

to the hottest temperature in the winding.

The generation of harmonic signals in the transformer plays an important role in the model 

of such electrical machines. The methodology for the harmonic design of a transformer is 

as follows: First is the construction and design where mainly the nonlinearity of the core 

is analyzed that causes nonsinusoidal magnetizing and core‐loss currents. The relationship 

between the parameters and variables of the model of the transformer with respect to the 

generated harmonic frequencies would be the next step. In the following references, several 

harmonic models for transformers have been proposed and implemented with respect to 

time‐domain simulation [3–8], frequency‐domain simulation [9–12], combined frequency‐

and time‐domain simulation [13, 14], and numerical (e.g., finite‐difference, finite‐element) 
simulation [15–21]. Most previous references considered the influence of skin effects and 
proximity effects in the harmonic model. The problem with this model is the determination 
of the magnetizing currents and losses in the core, as these are the main harmonic sources in 

the transformer (see Figure 8).

In the previous figure,   R  
p
   ,   i  
p
   , and   V  

p
    are the resistance, current, and voltage of the primary wind‐

ing,   L  
pl

    is the leakage inductance,   i  
exc

   ,   i  
core

    and   i  
mag

    is the excitation, core, and magnetization cur‐

rents and   e  
p
    is the potential difference in the primary. For the second winding of transformer 

correspond to the variables: Rs, is and Vs are the resistance, current, and voltage of the second‐

ary winding and Lsl is the leakage inductance. The triplen (i.e., 3rd, 9th, 15th…) harmonic 

currents cannot propagate in distribution transformers downstream but circulate in the pri‐

mary delta winding of the transformer causing localized overheating. With linear loading, 

the three‐phase currents will cancel out in the neutral conductor called homopolar currents. 

However, when nonlinear loads are being supplied, the triplen harmonics in the phase cur‐
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rents do not cancel out, but instead add cumulatively in the neutral conductor at a frequency 

of predominately 180 Hz (3rd harmonic), overheating the transformers and occasionally caus‐

ing  overheating and burning of neutral conductors. Typically, the uses of appropriate “K fac‐

tor” rated units are recommended for nonlinear loads.

5.3. Effects on the capacitors

The capacitors are used in the electrical power systems for voltage control, reactive power 

compensation, filtering of signals, and in many cases power‐factor correction. For this latter 
topic, there are two different types of power factor that must be considered in the case when 
voltage and current waveforms are nonsinusoidal. The first type of power factor is the input 
displacement factor (IDF), which refers to the cosine of the angle between the fundamental 

frequency of the voltage and current waveforms. If the harmonic content increases, then the 

distortion factor will decrease as the total power factor (PF) being the product of the input 

displacement factor and the distortion factor.

The use of systems and control equipment have increased considerably since the 1990s 

including electronic loads fed by residential feeders, arc furnaces in industrial networks, etc, 

resulting in a power quality poor of electrical power systems and an increase in the harmonic 

disturbances operating to low power‐factors, which causes increases line losses, poor volt‐

age regulation, and other factors. The capacitor is very important in the harmonic analysis 

because it provides the response system at fundamental and harmonic frequencies and it is 

in the capacitor banks where the issues with harmonics often occur resulting in fuse blowing 

and/or capacitor failure.

For this reason, it is important to know whether capacitors form either series or parallel reso‐

nant circuits, which increase and distort their electrical variables. There are many solutions to 

these problems: changing location capacitors as well as its size, producing an alteration in the 

frequency of system response, also altering source characteristics, and designing harmonic 

filters. The presence of series/parallel resonances can result in unacceptable stresses regard‐

ing the equipment installation so it is recommended to use joint capacitor banks for power‐

factor correction and reactive power compensation, although excessive use of capacitors in 

Figure 8. General harmonic model of a transformer.
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the power networks causes problems that affect power quality, especially in the presence of 
harmonics.

In summary, the capacitors are important components within an electrical power system 

because they offer power‐factor correction, voltage control/regulation, and filters with special 
design although its use continue may cause problems associated with capacitor switching 

and series resonance. In most cases, triplen (multiples of 3) and even harmonics do not exist 

in a three‐phase system because they are uncoupled (see Figure 9). There are some cases in 

which harmonic triplen of zero sequence may exist within the three‐phase power systems 

because the triplen harmonics are very dominant in single‐phase systems, unlike even har‐

monics because these are mostly negligibly small within single‐ and three‐phase systems. 

Both factors are equal when harmonic is not present.

5.4. Effects on rotating machines

Fourier Transform offers a method that allows the expression of the nonsinusoidal periodic input 
signals as a sum of the sinusoids. Each one of these sinusoidal components is supposed to be 

applied to a linear system. Their particular response as a sinusoid is determined by means of pha‐

sors and  H  (  jω )    . If there is a unique pulse instead of a stream of periodic repetitive waves, the pha‐

sors and the Fourier series cannot be used to express such pulses. In order to express them, the 

Fourier series needs to be generalized in the Fourier Transform. In this way, the series can operate 

not only with all periodic input signals, but also with many other types of nonperiodic pulses.

The Fourier Transform is the analytical tool that finds the way in which such functions of time, 
for example the sinusoids, the impulses, etc., can be expressed in the domain of frequency.

This Fourier Transform can be used for the analysis and the detection of failure in induction 

machines. The most likely faults in induction machines are broken rotor bars, bearing dam‐

age, short circuits, and eccentricity. Most failures in induction machines can be sorted in two 

groups: isolation failures and mechanical failures. The coil short‐circuits in the stator winding 

are characteristic in isolation failures, while mechanical faults has to do with the rotor. Among 

Figure 9. Equivalent circuit of induction motor with displacement FP correction capacitor bank.
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the most significant rotor failures are the bearing damage, rotor broken bars and rings, static 
and dynamics eccentricities, voltage unbalances, etc. The electrical faults in machines are domi‐

nated by failures in bearings and stator coils. These failures are summarized in Figure 10.

To establish the level of failures in the induction machines it is necessary to develop a meth‐

odology that consists of finding the machine slip using only the stator current. This parameter 
could be used for many applications, but in this case the focus is on fault detection based on 

the fact that an unbalanced machine, when supplied with a three‐phase balanced voltage, pro‐

duces specific components in the stator current whose magnitude and frequency depends on 
the asymmetry level and the nature of the fault. This is based on the current signal spectrum 

decomposition, analyzed via the Fourier Transform. Another very important aspect of induc‐

tion machines to establish the level of failures is the detection monitoring of the mechanical 

faults [22–24]. Vibration monitoring is the most reliable method for assessing the overall health 

of a rotor system. The spectral analysis of vibrations has been used in rotating machines fault 

diagnosis for decades as this method, in time domain, is more effective for calculating some 
simple quantities as root mean square (RMS), kurtosis, crest factor, etc., but the problem is that 

they often do not offer enough information on the vibrations for a thorough diagnosis [25].

To the analysis of the systems in the harmonic domain of the polyphase AC, the concept was 

presented by Nikola Tesla [26] in 1888, there was a competition between AC and DC systems. 

Steinmetz [27], Richter [28], Kron [29], Veinott [30], Schuisky [31], Bodefeld [32], Alger [33], 

Umans et al. [34], Lyon [35], and Say [36] were the pioneers in the study of single‐ and three‐

phase induction machines which published in this area of expertise, being the most recent 

Matsch [37], Chapman [38], and Fuchs et al. [39, 40].

The studies were carried out under transient and steady‐state conditions. Currently, electri‐

cal power systems are affected by the insertion of nonlinear components and loads and the 
three‐phase machines are subjected to nonsinusoidal operating conditions not taking into 

account the harmonic signals generated in voltage and/or current on three‐phase induction 

Figure 10. Failure statistics in induction machines.
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machines causing a poor power quality and these in turn, abnormal operation, static and 

dynamic rotor eccentricities, excessive saturation of iron cores, one‐sided magnetic pull due 

to DC currents, shaft fluxes and associated bearing currents, mechanical vibrations, dynamic 
instability when connected to weak systems, increasing copper losses, reduction of overall 

efficiency, generation of inter‐ and subharmonic torques, production of (harmonic) resonance 
and ferroresonance conditions, failure of insulation due to high voltage stress caused by quick 

changes in supply current and lightning surges, unbalanced operation due to an imbalance 

of power systems voltage caused by harmonics, etc. For that reason, it is necessary to analyze 

the machine and get a harmonic model of induction machine for loss calculations, harmonic 

torque calculations, and harmonic power flow studies.

5.5. Three‐phase induction machine model

Figure 11 illustrates an equivalent circuit simple and accurate frequency‐based linear model 

to fundamental frequency and Figure 12 shows a complete linear of a three‐phase induction 

machine for harmonic analysis. The nomenclature is the following:   ω  
es

    is the fundamental 

angular frequency (or velocity) and s is the fundamental slip. The core‐loss resistance are 

neglected,   L  
M

    is the (linear) magnetizing inductance,   r  s  ,  L  ls  , r  '  r   ∧  L  lr    are the stator and the rotor 

(reflected to the stator) resistances and leakage inductances, respectively [41].

When the concept changes, i.e., when it is a doubly fed induction machine, the harmonics can 

be generated by both windings of the machine: harmonics generated in the stator winding 

voltage source with frequencies   f  
sh

   = h  f  
es

    and harmonics generated in the rotor winding voltage 

source with frequencies   f  
rh

   = h  f  
er

   , where h is an integer number. However, it is necessary to know 

Figure 12. Complete linearity of a three‐phase induction machine for harmonic analysis.

Figure 11. Complete linearity of a three‐phase induction machine for sinusoidal analysis.
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that the harmonics induced in the rotor winding, due to harmonics in the stator winding, are 

not harmonics of the rotor fundamental frequency and therefore they cannot be called harmon‐

ics but subharmonic or interharmonic.

When a harmonic voltage source with frequency  h  f  
es

    fed to the stator winding of the induction 

machine the rotor is short circuited. This machine's model is a well‐accepted steady‐state, 

with all the parameters seen from the stator, as showed in the circuit in Figure 12. Then the 

equation that represents the circuit is:

    [   
 V  

sh
  
  

0
   ]    =   [   

 r  s   + jh  ω  
es

    (   L  
ls
   +  L  

M
   )   
  

jh  ω  
es

    L  
M

  
    

jh  ω  
es

    L  
M

  
  

 r  
r
  '  /  s  
h
   + jh  ω  

es
    (   L  

lr
  '   +  L  

M
   )   
  ]     [   

 I  
sh

  
  

 I  
rh

  '  
   ]     (6)

   s  
h
   =   

±h  ω  
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where:

The sign  −  is used for negative and  +  for positive sequence, respectively. Harmonics have 

different behavior for each sign, i.e., for negative is  h = 3k − 1  for  k = 1, 2, 3, …  and the positive 

sequence behavior are  h = 3k + 1  where the most common harmonics are the 5, 7, 11, 13, 15, 17… 

known as the characteristic harmonics. Solving the equation of the voltage equation we obtain 

the harmonic phasors current of a harmonic voltage source in the stator winding. If it analyzed 

it in its own winding with an analysis in the time domain, we have,

   i  
sh

   =   |   I  
sh

   |   cos  (  h  ω  
es

   t +  ϕ  
sh

   )     (8)

   i  
rh

   =  I  
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  '   ∨ cos  (   s  
h
   h  ω  

es
   t +  ϕ  

rh
  '   ∓  θ  

ef
   )     (9)

If zero sequence corresponding to the harmonic  h = 3k , then the circuit of Figure 12 is invalid 

since the induction machine zero sequence works with two uncoupled windings observed in 

Figure 13, where the voltages are given by,

   V  
sh

   =   (   r  s   + jh  ω  
es

    L  
ls
   )    I  

sh
    (10)

Figure 13. Induction machine triplex harmonic model seen from stator.
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The solution of the last equation gives the harmonic current phasors because of their respec‐

tive voltage sources: i.e.,   I  
sh

   =   |   I  
sh

   |   ∠ φ  
sh

    and   I  
rh

   =   |   I  
rh

   |   ∠ φ  
rh

   . Their representations in the time domain 

in their respective windings are:
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The general solution for balance conditions including voltage sources at fundamental and 

harmonic frequencies in the stator and rotor are:

     
 i  s   =  ∑ 

h=1
  H     |    I  

sh
   |   cos  (  h  ω  

es
   t +  φ  

sh
   )    +  ∑ 

h=1,3k+1
  H     |    I  sh  ‘   |   cos  (    s  

rh
   h  ω  

er
   t +  ϕ  sh  

‘   +  θ  
ef   )   

       
           +  ∑ 

h=3k−1
  H     |    I  

sh
  ‘   |   cos  (    s  

rh
   h  ω  

er
   t +  ϕ  

sh
  ‘   −  θ  

ef
   )   
    (14)

The first summation includes all harmonic current generated in the nonsinusoidal source volt‐
age in the stator winding, which contains positive, negative, and zero sequence harmonics. The 

second summation includes all the current harmonics generated for the induction effect of the 
positive sequence voltage source harmonics in the rotor winding. The third summation includes 

all the current harmonics generated for induction effect of the negative sequence voltage source 
harmonics in the rotor winding [42]. This procedure is the same for the rotor winding:
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To validate the proposed model, a three‐phase induction machine of ¼ H.P., 208 V, and 1.3 A 

is utilized for experimental validation. It is important to mention that a three‐phase program‐

mable voltage source of 200/208V at 50/60Hz and 24A capable of generating harmonic signals 

is used as the main voltage source to supply induction machine.

Table 1 shows the parameters of the induction machine. The proposed model in steady‐state 

model is compared with the dynamic equations of the induction machine and the results of 

experimentation. It should be considered that for all the study cases a mechanical torque of 

0.3 N·m was used.

The results from the proposed model (steady‐state) are compared with those obtained in the 

laboratory (measurement) and compared with those obtained from the simulated complete 

model (dynamic), once the steady‐state has been attained.

5.5.1. Case I. Stator‐fed induction machine and rotor short‐circuited

In this case, a sinusoidal three‐phase balanced voltage source of 80 V at 60 Hz in the stator 

winding excites the induction machine with the connections in the rotor in short‐circuit. The 
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results of the waveforms of the stator and rotor harmonic currents of both the simulation and 

the experimentation are shown in Figures 14 and 15, respectively and we can see that the 

results match in the analysis.

5.5.2. Case II. Stator‐fed induction machine at harmonic frequencies

For this case, the nonsinusoidal voltage source at 120 V at 60 Hz which excites the stator 

winding contains harmonic of the third, fifth and seventh order while the rotor winding is 
short‐circuited. The voltage harmonic components magnitude and angle are  40 ∠ 113°  V,  

24 ∠ 42.85°  V, and  17.1428 ∠ 137.15°  V for the third, fifth, and seventh harmonic, respec‐

tively. Figures 16 and 17 show the resulting currents in the stator and rotor of the induction 

machine. The results in steady‐state clearly match those obtained by measurement and with 

the dynamic model.

The harmonic slips for each harmonic component are s 0.3342,    s  
5
   = 1.1332  and   s  

7
   = 0.9047.  The 

induced frequencies in the rotor are obtained with    (   s  
h
   × h ×  ω  

es
   )    / 2π :  the fundamental frequency 

in the stator induces    (  0.3342 × 377 )    / 2π = 20  Hz in the rotor; the fifth harmonic in the stator 
induces    (  1.1332 × 5 × 377 )    / 2π = 340  Hz in the rotor; and the seventh harmonic in the stator induces    
(  0.9047 × 7 × 377 )    / 2π = 380  Hz in the rotor. These frequencies are not harmonics of the fundamen‐

tal frequency in the stator (integer multiples of 60 Hz), but the seventeenth and nineteenth 

harmonic of the rotor fundamental frequency (integer multiples of 20 Hz). These frequencies 

induced in the rotor cannot be called as harmonic frequencies are not integer multiples of the 

fundamental frequency but are to be noted that the harmonic seventeenth and nineteenth of 

the fundamental frequency of the rotor.

Parameters 0.23 H.P/175 W

Number of poles 4

Inertia 0.0068 kg·m2

Nominal line current 1.3 Amps

Nominal line‐to‐line voltage 120 Vrms

Nominal torque 2.481 N·m

Nominal frequency 60 Hz

Stator resistance,   r  
s
   14 Ω

Stator inductance,   L  
ls
   9 H

Rotor resistance,   r  
r

   7.7 Ω

Rotor inductance,   L  
lr
   9 H

Magnetizing inductance,   L  
mr

   =  L  
ms

   155 H

Rotor speed 1500 rpm

Table 1. Induction machine parameters.
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5.5.3. Case III. Stator‐fed induction machine with six‐pulse voltage source

It is considered that a nonsinusoidal three‐phase balanced voltage source of 120 V at 60 Hz 

excites to the induction machine in the stator winding with the rotor windings in short‐circuit. 

The voltage source is six‐pulse as shown in Figure 18 with harmonics components in Table 2.

Figure 14. Stator current at fundamental frequency.

Figure 15. Rotor current at fundamental frequency.

Figure 16. Stator current at harmonic frequencies.
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Figures 19 and 20 show the current waveforms obtained from measurement and from 

simulation.

Table 3 summarizes the harmonic currents in the induction machine for the case studies. Note 

that the waveform current has been attained from the current shown in this table, which have 
been obtained from the solution of the equations mentioned in the previous section.

Harmonic analysis in the electrical power systems becomes increasingly necessary since by 

the proliferation of nonlinear loads the problems of power quality and especially the harmon‐

ics signals are more apparent. The proposed model analyzes the behavior of the induction 

machine under nonsinusoidal operating conditions for the inclusion of harmonics signals in 

the stator winding voltage source. In the end, the results of the steady‐state proposed model 

Figure 18. Three‐phase voltage source.

Harmonic components

5th 7th 11th 13th 17th 19th 23th 25th

Voltage (%) 20.3 13.8 9.35 7.17 6.3 4.6 4.4 2.3

Degrees 163 88.1 175 83.7 ‐17 88 ‐166 101

Table 2. Harmonic components.

Figure 17. Rotor current at harmonic frequencies.
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Case 

study

Stator current Rotor current

Seq.    (  +, − , 0 )    Magnitude Angle Frequency (Hz) Sequence    (  +, − , 0 )    Magnitude Angle Frequency (Hz)

Case I  + 0.588 ‐0.72 60  + 3 2.57 19.8

Case II  + 0.588 0.72 60  + 3 2.57 19.8

 + 0.111 ‐1.39 420  + 0.2 1.8 322.9

 − 0.216 ‐1.34 300  − 0.17 1.74 397

0 1.07 ‐1.09 180

Case III  + 2.1 14.1 60  + 1.8 40.9 9.6

 − 0.79 4.2 300  − 1.32 222.9 48

 + 0.38 178 420  + 2.81 ‐42.1 67.2

 − 0.152 166.9 660  − 0.80 28.6 105.6

 + 0.115 ‐16.4 780  + 0.56 117.5 124.8

 − 0.067 ‐24.3 1020  − 0.15 204 163.2

 + 0.057 150.1 1140  + 0.24 ‐63.3 182.4

 − 0.032 142.1 1380  − 0.12 14.1 220.8

 + 0.029 ‐38.6 1500  + 0.13 92.2 240

Table 3. Summary of the harmonic currents for the cases studies.

Figure 20. Rotor current with six‐pulse voltage source.

Figure 19. Stator current with six‐pulse voltage source.
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are compared with the results obtained in transient‐state and both models are validated by 

experimental tests in the laboratory getting the same results for each case validating the pre‐

cision and accuracy of the proposed model besides that this model is proper for harmonic 

and nonharmonic analysis of the induction machine exciting only to the stator winding. This 

model also can be used for “harmonic” analysis in an electrical power system.
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