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palavras-chave

resumo

Célculo em escalas temporais, célculo das varia¢des, condicdes necessarias
de otimalidade do tipo de Euler-Lagrange, problemas inversos em escalas
temporais, aplicagfes a economia.

Consideramos alguns problemas do calculo das variacbes em escalas
temporais. Primeiramente, demonstramos equacdes do tipo de Euler-Lagrange
e condicdes de transversalidade para problemas de horizonte infinito
generalizados. De seguida, consideramos a composi¢do de uma certa funcéo
escalar com os integrais delta e nabla de um campo vetorial. Presta-se
atencdo a problemas extremais inversos para funcionais variacionais em
escalas de tempo arbitrarias. Comecamos por demonstrar uma condicao
necessaria para uma equagdo dinamica integro-diferencial ser uma equacao
de Euler-Lagrange. Resultados novos e interessantes para o calculo discreto e
guantum séo obtidos como casos particulares. Além disso, usando a equagdo
de Euler-Lagrange e a condicdo de Legendre fortalecida, obtemos uma forma
geral para uma funcional variacional atingir um minimo local, num determinado
ponto do espaco vetorial. No final, duas aplicacbes interessantes em termos
econdmicos sao apresentadas. No primeiro caso, consideramos uma empresa
que quer programar as suas politicas de producdo e de investimento para
alcancar uma determinada taxa de produgcdo e maximizar a sua
competitividade no mercado futuro. O outro problema é mais complexo e
relaciona a inflagdo e o desemprego, que inflige uma perda social. A perda
social é escrita como uma funcdo da taxa de inflagdo p e a taxa de
desemprego u, com diferentes pesos. Em seguida, usando as relagbes
conhecidas entre p, u, e a taxa de inflagdo esperada 1, reescrevemos a funcao
de perda social como uma funcdo de 1. A resposta é obtida através da
aplicacdo do célculo das variagbes, a fim de encontrar a curva 6tima 1 que
minimiza a perda social total ao longo de um determinado intervalo de tempo.






keywords

abstract

Time-scale calculus, calculus of variations, necessary optimality conditions of
Euler-Lagrange type, inverse problems on time scales, applications to
economics.

We consider some problems of the calculus of variations on time scales. On
the beginning our attention is paid on two inverse extremal problems on
arbitrary time scales. Firstly, using the Euler-Lagrange equation and the
strengthened Legendre condition, we derive a general form for a variation
functional that attains a local minimum at a given point of the vector space.
Furthermore, we prove a necessary condition for a dynamic integro-differential
equation to be an Euler-Lagrange equation. New and interesting results for the
discrete and quantum calculus are obtained as particular cases. Afterwards, we
prove Euler-Lagrange type equations and transversality conditions for
generalized infinite horizon problems. Next we investigate the composition of a
certain scalar function with delta and nabla integrals of a vector valued field.
Euler-Lagrange equations in integral form, transversality conditions, and
necessary optimality conditions for isoperimetric problems, on an arbitrary time
scale, are proved. In the end, two main issues of application of time scales in
economic, with interesting results, are presented. In the former case we
consider a firm that wants to program its production and investment policies to
reach a given production rate and to maximize its future market
competitiveness. The model which describes firm activities is studied in two
different ways: using classical discretizations; and applying discrete versions of
our result on time scales. In the end we compare the cost functional values
obtained from those two approaches. The latter problem is more complex and
relates to rate of inflation, p, and rate of unemployment, u, which inflict a social
loss. Using known relations between p, u, and the expected rate of inflation T,
we rewrite the social loss function as a function of 1. We present this model in
the time scale framework and find an optimal path 1 that minimizes the total
social loss over a given time interval.

2010 Mathematics Subject Classification: 26E70; 34N05; 49K05; 49K21.
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Introduction

This thesis is devoted to the study of the calculus of variations on time scales and its
applications to economics. It is a discipline with many opportunities of applications of this
branch of mathematics. When I started my Ph.D. Doctoral Programme, I had not decided
in which direction I would like to develop my research. However, everything became clear
after the first semester of the first year of my studies. The doctoral programme PDMA
Aveiro-Minho provided one-semester course called Research Lab where five different areas of
mathematics were covered. I enrolled to a course led by my current supervisor Prof. Delfim
F. M. Torres and I was introduced to the calculus of variations on time scales. It was the
first time I met this subject and I found it interesting and full of possibilities in research. I
shown a great interest of this theme and due to that Prof. Torres agreed to be my supervisor.
At the same time I was studying economics at University of Bialystok, Poland, and the title
of my Ph.D. thesis emerged naturally — application of the time-scale calculus in economics.
Since my second studies took place in Poland, Prof. Torres suggested to ask Prof. Agnieszka
B. Malinowska (Faculty of Computer Science, Biatystok University of Technology, Poland) to
be my co-supervisor. After her acceptance, I got a great support in Portugal and Poland.

The main idea of this thesis is to convert classical economic problems into time scale mod-
els. This procedure gives a lot of possibilities. Instead of considering two different models
(continuous and/or discrete) we deal with only one model and we are able to apply it to
different, even hybrid, time scales. Moreover, we can create mixed models, i.e., combina-
tion of two different discretizations (both forward and backward). Finally, we obtain better
results comparing with traditional discretizations. Our contribution on this area appears
in Section 7.1 of this thesis. We started working on a variational model that describes the
relation between inflation and unemployment (see Section 7.2), which was converted into a
more general time-scale problem of the calculus of variations. The next question is: based on
the set of real data and having a time scale model, is it possible to find a time scale which
describes the reality better than classical methods? Usually the procedure is opposite: a time
scale is already given (see Conclusions and Future Work). Those two conceptions were the

main motivation of this thesis.



INTRODUCTION

The calculus of variations is one of the classical branches of mathematics with ancient
origins in questions of Aristotle and Zenodoros. However, its mathematical principles first
emerged in the post-calculus investigations of Newton, the Bernoullis, Euler, and Lagrange. A
very strong influence on the development of the calculus of variations had the brachistochrone
problem (see, e.g., [90]), stated by Bernoulli in 1696, which most authors consider as the
birth of this research area. This problem excited great interest among the mathematicians
of XVII century and gave conception to new research which is still continuing. A decisive
step was achieved with the work of Euler and Lagrange who found a systematic way of
dealing with variational problems by introducing what is now known as the Euler—Lagrange
equations (see [53]). The calculus of variations is focused on finding extremum (i.e., maximum
or minimum) values of functionals not treatable by the methods of elementary calculus,
usually given in the form of an integral that involves an unknown function and its derivatives
[33,49,61,90]. The variational integral may represent an action, energy, or cost functional
[42,91]. The variational calculus, in its present form, provides powerful methods for the
treatment of differential equations, the theory of invariants, existence theorems in geometric
function theory, variational principles in mechanics, that possess also important connections
with other fields of mathematics, e.g., analysis, geometry, physics, and many different areas
— engineering, biology and economics. The classical theory of the calculus of variations is

presented briefly in the beginning of this thesis, in Chapter 2.

The theory of time scales is a relatively new area, that bridges, generalize and extends the
traditional discrete dynamical systems (i.e., difference equations) and continuous dynamical
systems (i.e., differential equations) [24] and the various dialects of g-calculus [41, 74] into
a single unified theory [24,25,65]. It was introduced in 1988 by Stefan Hilger in his Ph.D.
thesis [55-57] as the “Calculus on Measure Chains” [10,65]. Today it is better known as the
time-scale calculus. In Stefan Hilger’'s Ph.D. thesis a time scale is defined as a nonempty
closed subset of the real numbers. The term “time scales” describes the behavior of a dy-
namical systems over time, hence, a time scale is a model of time. In the past, engineers and
mathematicians considered a time as a variable in two ways. A continuous time was asso-
ciated to hands of an old-fashioned clock which sweeps continuously, while a discrete time
(with steps equal to one) was related to a digital clock. The time-scale theory unify those two
approaches to describe systems which may be partly continuous and partly discrete, and in
that case having features of both — analog and digital. Currently, this subject is researched in
many different fields in which dynamic processes can be described with discrete or continuous
models [1]. However, there are infinitely many time scales and due to that it is possible to

state more general results.

The calculus of variations on time scales was introduced by Bohner [18] and by Hilscher



and Zeidan [2,58] and has been developing rapidly in the past ten years and is now a fertile
area of research — see, e.g., [19,47,51,67,79]. The time-scale variational calculus has a great
potential for applications, e.g., in biology [24] or in economics [4,6,9,45,75]. In order to deal
with nontraditional applications in economics, where the system dynamics are described on
a time scale partly continuous and partly discrete, or to accommodate nonuniform sampled

systems, one needs to work with variational problems defined on a time scale [6,8, 35].

This Ph.D. thesis consists of two parts. The former one, named ’Synthesis’, gives prelim-
inary definitions (Chapter 1) and properties of classical and time-scale calculi of variations
(Chapters 2 and 3). The latter part, called 'Original Work’, is divided into four chapters,
containing new results published during my Ph.D. project in peer reviewed international
journals [35-39]. Moreover, the work has been recognized by the Awarding Committee of
the Symposium on Differential Equations and Difference Equations (SDEDE 2014), Hom-
burg/Germany, 5th-8th September 2014, and awarded with the Bernd Aulbach Prize 2014

for students.

In Chapter 4 we describe, in two different ways, inverse problems of the calculus of vari-
ations. First we consider a fundamental inverse problem of the calculus of variations subject
to the boundary conditions y(a) = y, and y(b) = y, on a given time scale T. We describe a
general form of a variational functional which attains a local minimum at a given function
yo under Euler-Lagrange and strengthened Legendre conditions. In order to illustrate our
results, we present the form of the Lagrangian L on an isolated time scale (Corollary 4.4).
We end by presenting the form of the Lagrangian L in the periodic time scale T = hZ, h > 0
(Example 4.6) and in the g-scale T = ¢"°, ¢ > 1 (Example 4.7). In the latter part of Chapter 4
we also consider an inverse problem but stated as an integro-differential dynamic equation.
Compared with the direct problem, that establish dynamic equations of Euler—Lagrange type
to time-scale variational problems, the inverse problem has not been studied before in the
framework of time scales. On the beginning we define self-adjointness of a first order integro-
differential equation (Definition 4.8) and its equation of variation (Definition 4.9). To the
best of our knowledge, those definitions, in integro-differential form, are new. Using those
features (see Lemma 4.11) we prove a necessary condition for a general (non-classical) inverse
problem of the calculus of variations on an arbitrary time scale (Theorem 4.12). In order to
illustrate our results we present Theorem 4.12 in the particular time scales T € {R, hZ,qj},
h > 0, ¢ > 1 (Corollaries 4.16, 4.17, and 4.18). The last part of this chapter contains a
discussion about equivalences between: (i) the integro-differential equation (4.22) and the
second order differential equation (4.35) (Proposition 4.19), and (ii) equations of variations
of them ((4.23) andd (4.38), respectively) on an arbitrary time scale T. We found that the

first equivalence is easy to prove while the latter one is even irrealizable on an arbitrary time
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scale (it is only possible in R). It is shown that the absence of a general chain rule on an ar-
bitrary time scale causes this impossibility [20,24]. Chapter 5 is dedicated to infinite horizon
problems of the calculus of variations with nabla derivatives and nabla integrals (see (5.2)).
The motivation is that infinite horizon models are often considered in macroeconomics and,
moreover, the nabla approach has been recently considered preferably when applied to eco-
nomic problems [6,7]. We proved necessary optimality conditions to problem (5.2) obtaining
Euler—Lagrange equations and transversality conditions (Theorems 5.6 and 5.7). In Chap-
ter 6 we consider a variational problem which often may be found in economics (see [71] and
references therein). We extremize a functional of the calculus of variations that is the compo-
sition of a certain scalar function with the delta and nabla integrals of a vector valued field,
possibly subject to boundary conditions and/or isoperimetric constraints. Depending on the
given boundary conditions, we can distinguish four different problems: with two boundary
conditions, with just initial or terminal point, or with none. Euler-Lagrange equations in
integral form, transversality conditions, and necessary optimality conditions for isoperimetric
problems, on an arbitrary time scale, are proved. At the end, interesting corollaries and ex-
amples are presented. The last chapter, Chapter 7, is devoted to two economic models. Both
of them are presented with a time-scale formulation. In the former, we consider a general
(non-classical) mixed delta-nabla problem (see (7.1)—(7.2)) of the calculus of variations on
time scales, as in Chapter 6. However, here we prove general necessary optimality conditions
of Euler-Lagrange type in differential form (Theorem 7.1). We consider a firm that wants
to program its production and investment policies in order to gain a desirable production
level and maximize its market competitiveness. Our idea is to discretize necessary optimality
conditions of Euler-Lagrange type (ELp) and the (continuous) problem P in different ways,
combining forward (A) and backward (V) discretization operators into a mixed operator D.
One can apply the variational principle to problem P obtaining the respective Euler-Lagrange
equation ELp (Corollary 7.2), and then discretize it using D, obtaining (ELp)p; or we can
begin by discretizing problem P into Pp and then develop the respective variational principle,

obtaining ELp, (Theorem 7.1). This is illustrated in the following diagram.

P

Corollary 7.2
ELp

Theorem 7.1

(ELP)D ELPD



Note that, in general, (ELp), is different from ELp,. Four different problems Pp, four
Euler-Lagrange equations ELp, and four Euler-Lagrange equations (ELp)p are discussed
and investigated in Section 7.1. For our problem a time-scale approach leads to better results:
the approach on the right hand side of the diagram gives candidates to minimizers for which
the value of the functional is smaller than the values obtained from the approach on the left
hand side of the diagram. Appendix A provides all calculations made using the Computer
Algebra System Maple, version 10. The latter economic model (Section 7.2) is more complex
and relates to inflation and unemployment, which inflicts a social loss. There exists a strict
relation between both, which is described by the Phillips curve. Economists use a continuous
or a discrete variational problem. In this thesis a time-scale model is presented, which unifies
available results in the literature. We apply the theory of the calculus of variations in order
to find an optimal path of expected rate of inflation that minimizes the total social loss over
a given time interval.

We finish the thesis with a conclusion, pointing also some important directions of future

research.
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Chapter 1

Time-scale Calculus

A time scale T is an arbitrary nonempty closed subset of R. The sets of real numbers R,
the integers Z, the natural numbers N, and the nonnegative integers Ny, an union of closed
intervals [1,2] U [4,5] or Cantor set are examples of time scales. While the sets of rational
numbers Q, the irrational numbers R \ Q, the complex numbers C or an open interval (4,5)
are not time scales. Throughout this thesis for a,b € T, a < b, we define the interval [a, ] in
T by [a,b]r :==[a, b)) NT ={t€T:a<t<b}.

Definition 1.1 (See Section 1.1 of [24]). Let T be a time scale and t € T. The forward jump
operator o : T — T is defined by o(t) := inf{s € T : s > t} fort # supT and o(supT) :=
supT if supT < 4o0. Accordingly, we define the backward jump operator p : T — T by
p(t) :=sup{s € T : s <t} fort #infT and p(inf T) := inf T if inf T > —oco. The forward
graininess function p : T — [0,00) is defined by u(t) := o(t) —t, while the backward graininess
function v : T — [0,00) is defined by v(t) :=t — p(t).

Example 1.2. The two classical time scales are R and Z, representing the continuous and
the purely discrete time, respectively. The other standard examples are periodic numbers
hZ = {hk : h > 0,k € Z}, and g-scale ¢ := ¢ U{0} = {¢" : ¢ > 1,k € Z} U{0} (however,
here we also consider a tz’mgosca,le o ={¢":q> 1,k € Ng}). We can also define the

following time scale: Py = | [k(a +b),k(a+b) +al, a,b > 0.
k=0

The Table 1.1 and Example 1.3 present different forms of jump operators ¢ and p, and

graininiess functions p and v, in specified time scales.

Example 1.3 (See Example 1.3 of [93]). Let a,b > 0 and consider the time scale

o0

Pop = | J[k(a+b), k(a+b)+al.
k=0
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T |R| KZ ¢z
ot) | t |t+h qt
t
p(t) | t | t—h ‘
p) | 0] h | tg-1)
vty | 0| h | 4D

Table 1.1: Examples of jump operators and graininess functions on different time scales.

Then
t ift e Ay, t—b ifte By,
o(t) = p(t) =
t+0b ifte As, t ift € Bo
and
0 ifte Ay, b ifte By,
u(t) = u(t) =
b ift e Ao, 0 ifte By,
where
J[k(a+b),k(a+b) +a] = Ay U Ay = By U By,
k=0
with
A= U [k(a+b),k(a+b)+a), Br= UJ{k(a+d)},
k=0 k=0
Ay = U {k(a+b) +a}, By = U (k(a+b),k(a+b) +a
k=0 k=0

In the time-scale theory the following classification of points is used:
e A point t € T is called right-scattered or left-scattered if o(t) > t or p(t) < t, respectively.
e A point ¢ is isolated if p(t) <t < o(t).

e Ift <supT and o(t) = t, then ¢ is called right-dense, and if t > inf T and p(¢) = ¢, then
t is called left-dense.

e We say that t is dense if p(t) =t = o(t).

Definition 1.4 (See Section 1 of [80]). A time scale T is said to be an isolated time scale

provided given any t € T, there is a 0 > 0 such that (t — 6,t + ) N'T = {t}.

10



1.1. THE DELTA DERIVATIVE AND THE DELTA INTEGRAL

Remark 1.5. If the graininess function is bounded from below by a strictly positive number,
then the time scale is isolated [22]. Therefore, hZ, h > 0, and Vo, g > 1, are examples
of isolated time scales. Note that the converse is not true. For example, T = log(N) is an
isolated time scale but its graininess function is not bounded from below by a strictly positive

number.

Definition 1.6 (See [13]). A time scale T is said to be regular if the following two conditions
are satisfied simultaneously for allt € T: o(p(t)) =t and p(o(t)) =t.

In the following example we present two regular time scales (R and qj) and an irregular

time scale (P, ).

Example 1.7. For real numbers R and q-numbers qfZ we have the required equivalence
o(p(t)) = p(a(t)) =t for a time scale to be regular. Considering the time scale Pgyp, we
get

oo
t—0b iftete J{k(a+b)},

k=0

olpt)) = plot) =t ifte kfzjo(k(a +b), k(a+b) +a),

t4b iftete U {katb) +a)
k=0

and we conclude that Py, is irreqular.

1.1 The delta derivative and the delta integral

In this section we collect the necessary theorems and properties concerning delta differ-
entiation and delta integration on a time scale. The delta approach is based on the forward
jump operator o. If f : T — R is a function, then we define f7 : T — R by f7(¢) := f(o(t))
for all t € T. The delta derivative (or Hilger derivative) of function f : T — R is defined for

points in the set T, where

- T\ {supT} if p(supT) <supT < o0,
. T if supT = oo or p(supT) = sup T.

Let us define the sets T*", n > 2, inductively: T+ := T* and T*" := (T“nil) ,n>2. We
define the delta differentiability in the following way.

Definition 1.8 (Section 1.1 of [24]). Let f : T — R and t € T*. We define f2(t) to be the
number (provided it exists) with the property that given any € > 0, there is a neighborhood U
(U= (t—-06t4+6)NT for somed >0) of t such that

| f7@t) = f(s) — FAE) (o(t) — s)| <elo(t) —s| forall s € U.

11



CHAPTER 1. TIME-SCALE CALCULUS

A function f is delta differentiable on T* provided f>(t) exists for all t € T®. Then, f* :
T — R s called the delta derivative of f on T*.

Theorem 1.9 (Theorem 1.16 of [24]). Let f: T — R and t € T*. The following hold:
1. If f is delta differentiable at t, then f is continuous at t.

2. If f is continuous at t and t is right-scattered, then f is delta differentiable at t with

170 = £(t)

Ay —
T0)

3. If t is right-dense, then f is delta differentiable at t if and only if the limit

i L0 = £5)

s—t t—s

exists as a finite number. In this case,

s—t t—s

4. If f is delta differentiable at t, then
Fo() = f(t) + p(t) F2(0).

The next example is a consequence of Theorem 1.9 and presents different forms of the

delta derivative on specific time scales.
Example 1.10. Let T be a time scale.

1. If T =R, then f: R — R is delta differentiable at t € R if and only if

fA (t) — lim f(t) — f(S)

s—t t—s
exists, i.e., if and only if f is differentiable (in the ordinary sense) att and in this case
we have f2(t) = f'(t).
2. If T=hZ, h >0, then f: hZ — R is delta differentiable at t € hZ with

fA(t) _ f(o'(t'i)(t; f(t) — f(t + h})L — f(t) = Ahf(t) (11)

In the particular case for h =1, we have f2(t) = Af(t), where A is the usual forward

difference operator.

12



1.1. THE DELTA DERIVATIVE AND THE DELTA INTEGRAL

3. IfT= g%, ¢ > 1, then for a delta differentiable function f : % — R we have

Ay _ fo®) = f(t) _ flat) = f(t) _
f (t) - /'L(t) - (q _ 1)t _' Aqf(t)v (12)

forallt € qj\{O}, i.e., we get the usual Jackson derivative of quantum calculus [62,74).

Now we formulate the basic properties of the delta derivative on a time scale.

Theorem 1.11 (Theorem 1.20 of [24]). Let f,g : T — R be delta differentiable at t € T*.
Then,

1. the sum f+ g: T — R is delta differentiable at t with
(f +9)2(t) = F2() + g2 (8);
2. for any constant o, af : T — R is delta differentiable at t with
(af)2(t) = af2(t);
3. the product fg: T — R is delta differentiable at t with
(f9)2(8) = fA (g (1) + f7(D)g™ (1) = F(£)g™ () + [ (D)g” (1);
4. if g(t)g?(t) # 0, then f/g is delta differentiable at t with

NS AW - T
() O=""0rw

g
Below we generalize the product rule (the third item of Theorem 1.11) for n functions.

Example 1.12 (Cf. Exercise 1.22 of [24]). Let T be a time scale. If xy, is a delta differentiable

function at t, k=1,...n, then

n A n k—1 n
(kau)) - (a:?(t)Hx;’(t) 11 mm<t>> (13)
k=1 i=1

k=1 m=k+1

holds at t, fori,k,mneN, 1<i<k—-1,2<m<n,1<k<n.

Proof. The proof is made using mathematical induction. First we consider the basic step.

For n = 1 we get easily that xlA = :zzlA. For n = 2 we get the formula presented in the third

item of Theorem 1.11. Next, in the inductive step, we have to prove that if (1.3) holds for

n = j—1, then it also holds for n = j, j € N. Hence, our induction hypothesis is the following:
A

j—1 j—1 k—1 Jj—1
(me) =Z(xﬁ<t>ﬂx;'<t> I xm<t>>.
k=1

k=1 i=1 m=k+1

13



CHAPTER 1. TIME-SCALE CALCULUS

It must be shown that (1.3) holds for n = j. Observe that
A

J
(Hw) — (@1 (0)a(t) -y By (1)
k=1
— (@1(t)aa(t) - xj_1<t>>A (1) + 27 (a5 (1) - a1 (Da (1)
7—1

(ﬂf Hﬂf H o (t > (8) + 2] (D25 (1) - af_y (t)a (t)

k=1 m=k+1
k= m:k—i-l

Thereby our statement is proved for n = j. By mathematical induction, the statement (1.3)
holds for all n € N. ]

Now we introduce the theory of delta integration on time scales. We start by defining the

necessary class of functions.

Definition 1.13 (Section 1.4 of [25]). A function f: T — R is called rd-continuous provided
it is continuous at right-dense points in T and its left-sided limits exist (finite) at all left-dense

points in T.
The set of all rd-continuous functions f : T — R is denoted by
Crq = Crd(T) = Crd(T,R).

The set of functions f : T — R that are delta differentiable and whose derivative is rd-

continuous is denoted by
Crd - Cl ( ) ng(T’R)

Definition 1.14 (Definition 1.71 of [24]). A function F : T — R is called a delta antideriva-
tive of f: T — R provided FA(t) = f(t) for all t € T*.

Definition 1.15. Let T be a time scale and a,b € T. If f : T" — R is a rd-continuous
function and F : T — R is an antiderivative of f, then the Cauchy delta integral is defined by

b
/f(t)At = F(b) — F(a).

Theorem 1.16 (Theorem 1.74 of [24]). Every rd-continuous function f has an antiderivative
F. In particular, if tg € T, then F defined by

is an antiderivative of f.

14



1.1. THE DELTA DERIVATIVE AND THE DELTA INTEGRAL

Theorem 1.17 (Theorem 1.75 of [24)). If f € C,q and t € T", then

Let us see a few examples.

Example 1.18. Let a,b € T and f: T — R be rd-continuous.

/bf(t)AtZ /bf(t)dt,

where the integral on the right hand side is the usual Riemann integral.

1. If T =R, then

2. If [a,b] consists of only isolated points, then

(S wofw),  ifa<b,
b tela,b)
/f(t)At =10, ifa =b,
‘ — > u@)f(t), ifa>b.
telb,a)

(%71
S f(kh)h, if a <b,
b k=2
/f(t)Atz 0, ifa="b,
a a1
- % f(kh)h, ifa>b.
\ k:%

4. IfT=¢", ¢ >1, a<b, then

b
[rost=@-1n 3 .

te€la,b)NT
Now we present some useful properties of the delta integral.

Theorem 1.19 (Theorem 1.77 of [24]). Ifa,b,c € T,a <c<b, a € R, and f,g € C.q(T,R),
then:

(F() + g(0)AL = [ F(HAL+ [ g(t)At,

a

1.

8 —c

15
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5. f10ae=-f s
4 [F®at= | roac+ [ foar,
5. [ f(t)At =0,

b b
6. if f.9 € Cly(T.R), then [ f(t)g™()At = f(D)g(t)liZq — [ FA(£)g” (AL,
b b
7.if f.9 € Cly(T.R), then [ f7(t)g™ ()ALt = f(D)g(t)i=s — [ F2()g(t)At,
8. if f(t) =0 for alla <t <b, then jzf(t)At > 0.

1.2 The nabla derivative and the nabla integral

The nabla calculus is similar to the delta one of Section 1.1. The difference is that the
backward jump operator p takes the role of the forward jump operator ¢. For a function
f: T — R we define fP: T — R by fP(t) := f(p(t)). If T has a right-scattered minimum
m, then we define Ty, := T — {m}; otherwise, we set T,; := T. In summary,

T T\ {infT} if —oo<infT < o(infT),
K=
T otherwise.
Let us define the sets Ty, n > 2, inductively: T,1 := T, and Tyn := (T,n-1)x, n > 2. Finally,
we can define T} := T\, N T".

The definition of the nabla derivative of a function f: T — R at point ¢ € T, is similar

to the delta case (Definition 1.8).

Definition 1.20 (Section 3.1 of [25]). We say that a function f : T — R is nabla differentiable
at t € Ty if there is a number fV (t) such that for all € > 0 there exists a neighborhood U of
t (i.e., U= (t—6,t+0)NT for some § > 0) such that

[F2() = f(s) = £V ()(p(t) = 8)| < elp(t) — 5| for all s € U.

We say that fV(t) is the nabla derivative of f att. Moreover, f is said to be nabla differen-
tiable on T provided f¥ (t) exists for all t € T,.

16



1.2. THE NABLA DERIVATIVE AND THE NABLA INTEGRAL

Below we present the basic properties of the nabla derivative.

Theorem 1.21 (Theorem 8.39 of [24]). Let f : T — R and t € T,. Then we have the

following:
1. If f is nabla differentiable at t, then f is continuous at t.

2. If f is continuous at t and t is left-scattered, then f is nabla differentiable at t with

3. If t is left-dense, then f is nabla differentiable at t if and only if the limit
1)~ f(5)

s—t t—s

exists as a finite number. In this case

fv(t) = lim f(t) — f(S) ]

s—t t—s

4. If f is a nabla differentiable at t, then
o) = f(t) = v fY ().

Example 1.22. If T =R, then

Y =1,
and if T = hZ, h > 0, then
7o = 1O g

In the case h =1, Vy, is the standard backward difference operator Vf(t) = f(t) — f(t — 1).
Now we present some useful properties of the nabla derivative.

Theorem 1.23 (Theorem 8.41 of [24]). Assume f,g : T — R are nabla differentiable at
t e Tx. Then,

1. the sum f+ g: T — R s nabla differentiable at t with
(f+ 9V (1) = Y1) + 9" ()
2. for any constant o, af : T — R is nabla differentiable at t and
(af)V () = af ¥ (1);

17
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3. the product fg: T — R is nabla differentiable at t with
(fa)V () = [V (0)g(t) + fP(t)gY (8) = FY¥()g"(t) + f(t)g™ (1);
4. f/g is nabla differentiable at t with

v v _ v
<f) (t>:f (t)g(ti f(t)g* (t)

if g(t)g?(t) # 0.

Now we formulate the theory of nabla integration on time scales. Similarly as in the delta

case, first we define an associated class of functions.

Definition 1.24 (Section 3.1 of [25]). Let T be a time scale and f : T — R. We say that f
is ld-continuous if it is continuous at left-dense points t € T and its right-sided limits exist

(finite) at all right-dense points.

Remark 1.25. If T = R, then f is ld-continuous if and only if f is continuous. If T = 7Z,

then any function is ld-continuous.

The set of all Id-continuous functions f : T — R is denoted by
Cig = Cia(T) = Cia(T, R)
and the set of all nabla differentiable functions with ld-continuous derivative by
Clld = Czld(T) = Czlcz(T7R)-
Now we present the definition of nabla integral on time scales.

Definition 1.26 (Definition 8.42 of [24]). A function F': T — R is called a nabla antideriva-
tive of f : T — R provided FV(t) = f(t) for all t € T,. In this case we define the nabla
integral of f from a to b (a,b € T) by

/bf(t)Vt := F(b) — F(a), for allt €T.

Theorem 1.27 (Theorem 8.45 of [24] or Theorem 11 of [70]). Ewvery ld-continuous function
f has a nabla antiderivative F'. In particular, if a € T, then I defined by

F(t) = /tf(T)VT, e,

is a nabla antiderivative of f.

18



1.2. THE NABLA DERIVATIVE AND THE NABLA INTEGRAL

Theorem 1.28 (Theorem 8.46 of [24]). If f : T — R is ld-continuous and t € T, then

¢
[ s@vr=vos)
p(t)
Properties of the nabla integral are analogous to properties of the delta integral.

Theorem 1.29 (See Theorem 8.47 of [24)). If a,b,c€ T, a<c<b, « €R, and f,g: T —
R, fig€ Cua (T’R)’ then:

1. fb(f(t) +g(t)Vt = fbf(t)Vt + fg(t)w,-

a

5. [10ve=- e

/. jf(t)Vt - ff(t)w +ff(t)w,-

5. if f,g € CL (T, R), then fb FP()gY )Vt = f(t)g(t)|=b — f Y ()g(t)Vt;
6.Uﬁge(%(mRLtMnjfumWWVt:fum@)gg—ffvwg@u»Vu
7 [ 6V =o0.

a

Theorem 1.30 (See Theorem 8.48 of [24]). Assume a,b € T and f : T — R is ld-continuous.

if@VP=if@ﬁ,

where the integral on the right hand side is the Riemann integral.

1. If T =R, then

2. If T consists of only isolated points, then

;

>, v(t)f(t), if a < b,
b te(a,b)]
/f(t)Vt =10, ifa=b,
“ — 3 v()f(t), ifa>b.
te(b,al
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3. If T = hZ, where h > 0, then

(

> fkh)h,  ifa<b,
b k=ath
/f(t)Vt =10, ifa=>,
’ — S f(kh)h,  ifa> b,
et

1.3 Relation between delta and nabla operators

It is possible to relate the approach of Section 1.1 with that of Section 1.2.

Theorem 1.31 (See Theorems 2.5 and 2.6 of [7]). If f: T — R is delta differentiable on T"

and if f2 is continuous on T*, then f is nabla differentiable on T, with
V) = ()" @) forallt €T, (1.4)

If f : T — R is nabla differentiable on T, and if fV is continuous on T,., then f is delta
differentiable on T" with

A = (V) (t) for allt € T*. (1.5)
Theorem 1.32 (Proposition 7 of [54]). If function f : T — R is continuous, then for all

a,b €T with a < b we have

b b
/f(t)At:/fp(t)Vt, (1.6)

b b
/ F)Vt = / F7(H)At. (1.7)

For a more general theory relating delta and nabla approaches, we refer the reader to the

duality theory of Caputo [29].

1.4 Delta dynamic equations

In the beginning of this section we introduce a generalized delta exponential function
defined for an arbitrary time scale T. This function is used to solve an initial value problem
presented in the further part of this section. The nabla exponential function can be defined
analogously [25]. Next we present a second order linear dynamic homogenous equation with

constant coefficients and its solution.
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Definition 1.33 (Definition 2.25 of [24]). We say that a function p : T — R is regressive if

L+ p(t)p(t) #0

for all t € T®. The set of all regressive and rd-continuous functions f : T — R is denoted by
R =R(T) = R(T,R).

Definition 1.34 (Definition 2.30 of [24]). If p € R, then we define the delta exponential

function by
t
eolts)i=con | [ (r) AT ), st
S

where &, is the cylinder transformation (see Definition 2.21 of [24]).

Example 1.35 (Section 2.3 of [24]). Let T be a time scale, t,tg € T, and o € R(T,R)
be a constant. If T = R, then eq(t, tg) = e®t=%) for allt € R. If T = hZ, h > 0, and
a € C\{-3}, then

ealt,to) = (1+ah) 7" for all t € hZ. (1.8)

IfT = qNO, q > 1, then for all t € qNO

ealt,to) = [] 1+ (¢— Das], ift > to. (1.9)

s€E[to,t)

n (n—ng) n
IfT = {Z z :neN}, then eq(t, to) = % ift=73 1.
k=1 k=1
The delta exponential function has the following properties.

Theorem 1.36 (Theorem 2.36 of [24]). Let p,q € R and r,s,t € T. We define Sp(t) :=
ﬁt()t;(t) for allt € T®. The following holds:

1. eo(t,s) =1 and ey(t,t) = 1;

2. ey(0(t),s) = (1+ p(O)p(t))ey(t, 5);

3. ep(%f,s) = eep(t, S);

4. ep(t,s)ep(s,r) =ep(t,r);

5. ep(t,s) = ep(ls,t) = ecp(s,t);

6. (ep(l,’s)f = 2.
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Next we study the first order nonhomogeneous linear equation y*(t) = p(t)y + f(t) on
a time scale T. This equation with given initial condition y(ty) = yo forms a initial value
problem. Under some assumptions (e.g., regressivity) and using the exponential function, we

can find its unique solution.

Theorem 1.37 (Variation of Constants — see Theorem 2.1 of [25]). Let p € R, f € Cyq,
to € T and yo € R. Then, the unique solution of the initial value problem (IVP)

y® =p(t)y+ f(t),  y(to) = yo, (1.10)

s given by
¢

() = epltstoln + [ epltso(r)f(r)AT.

to

Remark 1.38 (See Remark 2.75 of [24]). An alternative form of the solution of the initial
value problem (1.10) is given by

t

y(t) = ep(t, to) |yo + /ep(to,a(T))f(T)AT

to

In the following example three initial value problems on specific time scales are presented.

Example 1.39 (Cf. Exercise 2.79 of [24]). 1. IVP: y® = 2y +t, y(0) = 0, with T = R.
Solution: For T =R we get the first order differential equation y'(t) = 2y(t) + t, where
functions p and f (of equation (1.10)) are: p(t) = 2, f(t) = t. In order to write the

solution to our problem we need the exponential function e,(t,o (7)), which in this case

¢
is equal to e2t=7). Hence, the solution to the IVP is given by y(t) = f€2(t_T)Td7' =
0

PN

2. IVP: y» = 2y + 3, y(0) = 0, with T = Z. Solution: For integers Z our problem is the
first order difference equation Ay(t) = 2y(t) + 3t with functions p(t) = 2, f(t) = 3.

In this case the exponential function e,(t,o (7)) is equal to 3"""1. Hence, we get as
t—1

solution y(t) = > 3t7F=13F = ¢3!-1,
k=0

3. IVP: y2(t) = p(t)y + ep(t,to), y(to) = 0, with an arbitrary time scale T and a re-

gressive function p. Solution: First we modify the function e,(t,o(7)) using the prop-

erties of the exponential function gathered in Theorem 1.36: e,(t,o(T)) = ep(o_h) 5=
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1

Then the solution to our problem is given by

(T+p(m)p(r))ep(T,t) -
¢ ¢ .
y(t) :/ep(t,J(T))ep(T, to) AT :/ AT Ap()en ) ep(T, to) AT
/ 1 / 1
:to/Mwep(t,T)ep(T,to)AT:ep(t,tg)to/HILL(T)p(T)AT

Now let us consider the following second-order linear dynamic homogeneous equation with
constant coefficients:

yAA—FayA—FBy:O, a, B ER, (1.11)

on a time scale T. We say that the dynamic equation (1.11) is regressive if 1 —ayu(t)+Bu?(t) #
0 for all t € T", ie., Bu—a € R.

Definition 1.40 (Definition 3.5 of [24]). Let y1 and y2 be delta differentiable functions. For
them we define the Wronskian W (y1,y2)(t) by

W (y1,y2)(t) := det [ n(t)  ya(t) ] ‘

yr () ya(t)
We say that two solutions y1 and ya of (1.11) form a fundamental set of solutions (or a
fundamental system) for (1.11), provided W (y1,y2)(t) # 0 for all t € T".

Theorem 1.41 (Theorem 3.7 of [24]). If functions y1 and y2 form a fundamental system of
solutions for (1.11), then y(t) = yyi(t) + y2y2(t), where v1,7v2 are constants, is a general
solution to (1.11), i.e., every function of this form is a solution to (1.11) and every solution
of (1.11) is of this form.

In order to solve equation (1.11) we have to build its characteristic equation
N4+a\+5=0, (1.12)

where A € C, 1+ Au(t) # 0, t € T*. Then y(t) = ex(t, o) is a solution to (1.11) if and only if
A satisfies (1.12). The solutions A1, A2 of (1.12) are given by
— — 2_Y — 2_4
PP ——— 20‘ 5 and py = =0 VQO‘ 5. (1.13)

Theorem 1.42 (Theorem 3.16 of [24]). If (1.11) is regressive and o® — 483 # 0, then a
fundamental system of (1.11) is given by

ex, (, to) and ex,(-, o),

where ty € T" and Ay and A2 are given by (1.13).
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In order to formulate the fundamental system of (1.11) in case a? — 43 < 0, we have to

introduce the trigonometric functions cos, and sin,,.

Definition 1.43 (See Definition 3.25 of [24]). If p € C,q and up® € R, then we define the
trigonometric functions cos, and sin, by

€ip + €_ip

eip — G,ip
B —_—.

CcoS, = -
P 21

and sin, =

Remark 1.44. Let us consider an arbitrary time scale T, p € Crq and t,ty € T. Then Fuler’s
formula e, (t,to) = cosy(t,to) + isiny(t, o) holds. This is easy to show using Definition 1.43

of trigonometric functions. However, the identity
[sin, (¢, 0)]? + [cos,(t, t0)]? = 1 (1.14)

is not necessarily true on an arbitrary time scale. When we extend the left-hand side of

equation (1.14), we get

2% 2

- eip(ta tO)e—ip(t7 tO)

[Sinp(t,t())]2 + [COSp(t,to)]Q _ (elp(t>t0) lp(t>t0)> + < Zp(tvto) + Zp(tvt0)>

The value of e;p(t,to)e—ip(t,to) depends on the time scale and it is not necessary to be equal
to one. In order to show this we consider the two classical time scales R and Z, for t #
to (otherwise it is trivial, since ey(t,t) = 1), and to simplify calculations (without loss of
generality) we set p(t) = 2. For T = R we get e2(t=t0)e=2it=t0) — 0 — 1. However, for
T = Z we obtain (1 + 2:)¢t0)(1 — 24)(t—t0) = (1 — (24)2)(t—t0) = (=3)(t—t0) £ 1,

Theorem 1.45 (See Theorem 3.32 of [24]). Suppose that o® — 43 < 0. Define p = =2 and
N

q= s— If p and pB — o are regressive, then a fundamental system of (1.11) is given by

COS1+qup(',tQ)€p(',to) and Sinﬁ(',to)ep(',to),

where tg € T and the Wronskian of these solutions is ge,g—a (-, to).
Finally, we consider the case o — 483 = 0.

Theorem 1.46 (Theorem 3.34 of [24]). Suppose a® —43 = 0. Define p = . Ifpe R, then
a fundamental system of (1.11) is given by

¢
ep(t,to) and ep(t,to)/l AT,

1
+ pu(T)

to

where to € T, and the Wronskian of these solutions is equal to e,_,q2/4(¢,t0)-
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Chapter 2
Classical Calculus of Variations

The history of the calculus of variations begins with a problem posed by Johann Bernoulli
(1696) as a challenge to the mathematical community and in particular to his brother Jacob.
The problem that Johann posed is as follows. Two points a and b are given in a vertical
plane. It is required to determine the shape of a curve along which a bead slides initially at
rest under gravity from one end to the other in minimal time. The endpoints of the curve are
specified and absence of friction is assumed.

The problem attracted the attention of a number of a mathematicians including Huygens,
L’Hopital, Leibniz, Newton and the Bernoulli brothers, and later Euler and Lagrange; and was
called the brachistochrone problem or the problem of the curve of fastest descent. The solution
was provided by Johann and Jacob Bernoulli, Newton, Euler, and Leibniz. All of them
reached the same conclusion — that the brachistochrone is not the circular arc (as predicted
by Galileo), but a cycloid. Afterwards, a student of Bernoulli, the brilliant mathematician
Leonhard Euler, considered the general problem of finding a function extremizing (minimizing

or maximizing) an integral
b
— [ L.y o) 2.)
a

subject to the boundary conditions

y(a) = Ya,  y(0) =y (2.2)
with y € C1([a,b];R"), a,b € R, ya,yp € R™ and L(t,y,v) € C%([a,b] x R™ x R"). We say that
yo € C'([a,b]; R™)
problem (2.1)-(2.2) if L[y] > L[yo] (respectively, L[y] < Llyo]) for all y € C([a,b];R?)
satisfying (2.2).

;R™) is a global minimizer (respectively, global maximizer) of the variational

Definition 2.1 (See, e.g., Definition 1.1 of [94]). The functional L is said to attain a local

minimum (respectively, local mazimum) at § € C([a,b]; R™) if there exists § > 0 such that for
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any y € C*([a,b];R"™) with ||y — §|| < 3, y(a) = ya and y(b) = yy, the inequality L[y] > L[]
(respectively, Lly] < L[J]) holds, where
= t) —g(t)|| + "(t) — 7' (8)]].
Iyl = mevc lly(t) = GOl + maxc [ly () = 7O
The following necessary optimality condition, first proved by Euler and called Euler—
Lagrange equation, holds:
d

Ly(t7y(t)7y/(t)) - %Lv(tay(t%y/(t)) = 0’ (23)

where L, and L, are partial derivatives of the Lagrangian L with respect to its second and
third arguments, respectively. Solutions y(t) of (2.3) are called extremals.

The calculus of variations has a long history of interaction with other branches of mathe-
matics such as geometry and differential equations, and with physics, particularly mechanics.
More recently, the calculus of variations has found applications in other fields such as eco-
nomics or electrical engineering.

The next example demonstrates an application of the calculus of variations in economics.
We present an economic model related to the tradeoff between inflation and unemployment
[84]. The inflation rate, p, affects decisions of the society regarding consumption and saving,
and therefore aggregated demand for domestic production, which, in turn, affects the rate of
unemployment, u. A relationship between the inflation rate and the rate of unemployment
is described by the Phillips curve, the most commonly used term in the analysis of inflation
and unemployment [84]. Having a Phillips tradeoff between u and p, what is then the best
combination of inflation and unemployment over time? To answer this question, we follow
here the formulations presented in [31,87]. The Phillips tradeoff between u and p is defined
by

p:=—pPu+m, >0, (2.4)

where 7 is the expected rate of inflation that is captured by the equation
m=jlp—m), 0<j<l1. (2.5)
The government loss function, A, is specified in the following quadratic form:
A =u? + ap?, (2.6)

where a > 0 is the weight attached to government’s distaste for inflation relative to the loss
from income deviating from its equilibrium level. Combining (2.4) and (2.5), and substituting

the result into (2.6), we obtain that




where «, 5, and j are real positive parameters that describe the relations between all variables
that occur in the model [87]. The problem is to find the optimal path 7 that minimizes the
total social loss over the time interval [0,T]. The initial and the terminal values of 7, 7y and
77, respectively, are given with g, mp > 0. To express the importance of the present relative
to the future, all social losses are discounted to their present values via a positive discount
rate 6. The problem is the following:
T
Aol = / At 7 (1), 7 (£))e=*tdt —s min (2.7)
0

subject to given boundary conditions
7(0) = m, «(T)=mr, (2.8)

where the Lagrangian is given by

At m,v) = (g’j)z +a (;’ + Tr)2 . (2.9)

The Euler-Lagrange equation for the continuous model (2.7) has the form

d

g Lo (6m (@), () = Lyt 7(t), 7' (1))

Now we present the discrete calculus of variations [63]. Assume that f(t,y,v) is a C?

function of (y,v) for each fixed ¢ € [a,b]NZ, a,b € Z. Let
D:={y:[a,b|NZ —R" :y(a) = ya,y(b) = yp} .

We call D the set of admissible functions. The simplest variational problem is to extremize
(maximize or minimize) the finite sum

b—1
Lly) = L(t,y(t+1), Ay(t)) — extr (2.10)

t=a

subject to the boundary conditions

y(a) =ya, y(b) =, (2.11)

where y € D. We say that yo € D is a global minimizer (respectively, global maximizer) of
the variational problem (2.10)—(2.11) if L]y| > L[yo] (respectively, L[y] < L[yo]) for all y € D.

Definition 2.2. We say that £ has a local minimum (respectively, local maximum) at yo
provided there is a § > 0 such that L[y] > Lyo] (respectively, Lly] < Llyo]) for all y € D with
lly(t) —yo(t)|| < 9, t € [a,b]NZ and || - || the Euclidian norm. If, in addition, Lly] > Lyo]
for all y # yo in D with ||y(t) — yo(t)|| < I, t € [a,b] NZ, then we say that L has a proper

(strict) local minimum at yo.
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CHAPTER 2. CLASSICAL CALCULUS OF VARIATIONS

Next we state a necessary optimality condition for the variational problem (2.10)—(2.11).

Theorem 2.3 (Cf. [3,63]). Ify is a local extremizer for the variational problem (2.10)—(2.11),

then ¢ satisfies the discrete Fuler—Lagrange equation
ALy(t, y(t+ 1), Ay(t)) = Ly(t,y(t + 1), Ay(t)) (2.12)
fortea,b—1]NZ.

Remark 2.4. There are two formulations for discrete-time variational problems. The dif-
ference basically lies in the presence of either y(t + 1) or y(t) in the data of the problem (in
the Lagrangian). The formulation with y(t + 1) is commonly used in discrete and time-scale
theories. However, the presence of y(t) is traditionally used in the classical discrete opti-
mal control setting. The definitions of admissibility and local minimum (or mazimum) for a

variational problem
b—1
Llyl => L (t,y(t), Ay(t)) — extr (2.13)
t=a

are similar to those for (2.10). Problem (2.10) can be transformed into problem (2.13) by
using relation y(t + 1) = Ay(t) + y(t).

Now we consider the discrete-time economic model, presented for the continuous case in
(2.7)—(2.8), which describes the tradeoff between inflation and unemployment. The problem
is to minimize the discrete functional

T-1
Ap[r] = A7 (t), Am(t))(1 4 6)"" — min (2.14)
t=0
subject to the boundary conditions (2.8), where the Lagrangian A(¢, 7, v) is given by (2.9) as

well. The Euler-Lagrange equation for the discrete model has the form
ALU(ta W(t)7 Aﬂ(t)) = Ly(ta W(t)v Aﬂ(t))

Often in economics, dynamic models are set up in either continuous or discrete time [8,84].
Since the calculus on time scales can be used to model dynamic processes whose time domains
are more complex than the set of integers or real numbers, the use of time scales in economics
is a flexible and capable modeling technique. Some advantages of using time-scale models in

economics will be showed in Chapter 7.
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Chapter 3

Calculus of Variations on Time

Scales

There are two available approaches to the calculus of variations on time scales. The first
one, the delta approach, is widely described in literature (see, e.g., [18,23-25,44,45,58,70,77,
88,93]). The latter one, the nabla approach, was introduced mainly due to its applications in
economics (see, e.g., [6-9]). However, it has been shown that these two types of calculus of
variations on time scales are dual [29,52,72].

Let T be a time scale with ¢ = minT and b = maxT. For abbreviation, we use [a, ]

instead of [a, b]T := [a,b] N'T.

3.1 The delta approach to the calculus of variations

In this section we present the basic information about the delta calculus of variations on
time scales. First and second order necessary optimality conditions are formulated (Theo-
rem 3.4 and Theorem 3.6, respectively). Furthermore, transversality conditions are given.
Let T be a given time scale with at least three points, and a,b € T, a < b. Consider the

following (so-called shifted!) variational problem on the time scale T:

b
Lly] = /L(t,y“(t),yA(t)) At — min (3.1)

in the class of functions y € Cﬁd(']l‘, R™) subject to the boundary conditions

y(a@) = Yo, y(b) =u, Yoy €R", neN, (3.2)

LA shifted problem of the calculus of variations considers a shifted Lagrangian: the Lagrangian L of

functional (3.1) depends on y° instead of y.
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CHAPTER 3. CALCULUS OF VARIATIONS ON TIME SCALES

Definition 3.1. A function y € C},(T,R") is said to be an admissible path (function) to
problem (3.1)—(3.2) if it satisfies the given boundary conditions y(a) = ya and y(b) = yp.

In what follows the Lagrangian L is understood as a function L : TxR?" — R, (¢,y,v) —
L(t,y,v) and by L, and L, we denote the partial derivatives of L with respect to y and
v, respectively. Similar notation is used for second order partial derivatives. We assume
that L(t,-,-) is differentiable in (y,v); L(t,-,-), Ly(t,-,-) and Ly(t,-,-) are continuous at
(y" (t),y* (t)) uniformly at ¢ and rd-continuous at ¢ for any admissible path y. Let us consider

the following norm in C;d:

AN
1yllor, = sup [yl + sup [ly=(D)],
" te(a,b| te(a,b]”

where || - || is a norm in R™.

Definition 3.2. We say that an admissible function § € Cﬁd(T;R”) is a local minimizer
(respectively, a local mazimizer) to problem (3.1)—(3.2) if there exists § > 0 such that L]j] <
Lly] (respectively, L[g] > Lly]) for all admissible functions y € C!,(T;R™) satisfying the
inequality ||y — Q||Cld < 4.

Local minimizers (or maximizers) to problem (3.1)—(3.2) fulfill the delta differential Euler—

Lagrange equation.

Theorem 3.3 (Delta differential Euler-Lagrange equation — see Theorem 4.2 of [18]). If
g € CL(T;R™) is a local minimizer to (3.1)~(3.2), then the Euler-Lagrange equation (in the
delta differential form)

Ly (8,57 (1), 52 (1) = Ly (.97 (), §°(2)) (3.3)
holds for t € |a,b]".
The next theorem provides a delta integral Euler—Lagrange equation.

Theorem 3.4 (Delta integral Euler-Lagrange equation — see Theorem 1 of [58]). If §(t) €
CL(T;R") is a local minimizer of the variational problem (3.1)~(3.2), then there exists a

vector ¢ € R™ such that the Euler—Lagrange equation (in the delta integral form)

Lo (£,97(1). 5°(1)) = / Ly (.7 (7). 52 () AT + &7 (3.4)

holds for t € [a,b]".

In the proof of Theorem 3.3 and Theorem 3.4 a time scale version of the Dubois—Reymond

lemma is used.
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Lemma 3.5 (See [18,45]). Let f € Cpq, f : [a,b] — R™. Then

b
/ T (At =0

holds for all m € CL,([a,b],R™) with n(a) = n(b) = 0 if and only if f(t) = c for all t € [a,b]",
ceR".

The next theorem contains the second order necessary optimality condition for problem
(3.1)—(3.2).

Theorem 3.6 (Legendre condition — see Result 1.3 of [18]). If § € C?,(T;R") is a local

minimizer of the variational problem (3.1)~(3.2), then
A(t) + p(t) {C(8) + CT (&) + p®)BE) + (ue(®) A1) } > 0, (3.5)
t € [a,b]"", where
A(t) = Lyy (£, 97
B(t) = Lyy (1,37 (0),5(1))
O(t) = Ly (1,37 (1), 5°(1))
and where of = 1 if a € R\ {0} and 0T = 0.

Remark 3.7. If (3.5) holds with the strict inequality “>”, then it is called the strengthened

Legendre condition.

The shifted calculus of variations on time scales was introduced in the pioneering work
of Bohner [18]. Since then, it has been developed in several directions, e.g., for problems
with double integrals [21], with higher-order delta derivatives [46], with non fixed boundary
conditions [58], and many other extensions [38,59,60]. However, there are just few papers
related to the non shifted calculus of variations on a general time scale [26,32,43,44].2 In

those papers, the non shifted basic variational problem is defined as

b
Lyl = / L(t, y(t), y (1)) At — min (3.6)

a

in the class of functions y € C',(T;R™) subject to the boundary conditions

ya) =va,  y(b) =y (3.7)

2Non shifted in the sense that Lagrangian L depends on (¢, y(t),y>(t)) instead of (¢,3°(t),y>(t)) as in
problem (3.1)—(3.2).
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CHAPTER 3. CALCULUS OF VARIATIONS ON TIME SCALES

Theorem 3.8 (Euler-Lagrange equation for (3.6)—(3.7) — see Theorem 2 of [44]). If § €
CL(T;R™) is a local minimizer to problem (3.6)~(3.7), then § satisfies the Euler-Lagrange

equation (in delta integral form)

o(t)
Lo(t,y(t), y=(t) = / Ly(r,y(1),y> (1)) AT + ¢ (3.8)

a

for all t € [a,b]™ and some ¢ € R™.

3.2 The nabla approach to the calculus of variations

In this section we consider a problem of the calculus of variations which involves a func-
tional with a nabla derivative and a nabla integral. The motivation to study such variational
problems is coming from applications, in particular from economics [6,9]. Let T be a given
time scale, which has sufficiently many points in order for all calculations to make sense, and

let a,b € T, a < b. The problem consists of minimizing or maximizing®

b

£l = [ Lty 0.7 )90 (3.9)

a

in the class of functions y € Clld(’]l‘; R™) subject to the boundary conditions

y((l) = ya; y(b) = yb7 ya,?/b € ]Rnun € N (310)

Definition 3.9. A function y € CL(T,R") is said to be an admissible path (function) to
problem (3.9)—(3.10) if it satisfies the given boundary conditions y(a) = yq and y(b) = yp.

In what follows the Lagrangian L is understood as a function L : TxR?" — R, (¢,y,v) —
L(t,y,v), and by L, and L, we denote the partial derivatives of L with respect to y and
v, respectively. Similar notation is used for second order partial derivatives. We assume
that L(t,-,-) is differentiable in (y,v); L(t,-,-), Ly(t,-,-) and Ly(t,-,-) are continuous at
(y" (1), yA(t)) uniformly at ¢ and 1d-continuous at ¢ for any admissible path y. Let us consider

the following norm in Clld:

Iy, = sup lw@l+ suw [y7 O,
t€la,b tela,bx

where || - || is a norm in R"™.

3In this section we consider the so-called shifted calculus of variations, where Lagrangian L depends on
(t,y*(t),y"Y (t)) in functional (3.9).
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Definition 3.10 (See [4]). We say that an admissible function y € CL(T;R™) is a local
minimizer (respectively, a local mazimizer) for the variational problem (3.9)—(3.10) if there
exists § > 0 such that L[§] < Lly] (respectively, L[§] > L]y]) for all y € C}(T;R™) satisfying
the inequality ||y — Q[|C’1d < 4.

In case of first order necessary optimality condition for the nabla variational problem on

time scales, the Euler—Lagrange equation takes the following form.

Theorem 3.11 (Nabla Euler-Lagrange equation — see [88]). If a function § € CL(T;R")
provides a local extremum to the variational problem (3.9)—(3.10), then § satisfies the Euler—

Lagrange equation (in the nabla differential form)
Ly (t,97(1),y¥ (1) = Ly (t,y° (1), " (¢)) (3.11)
for allt € [a,b],.
Now we present the fundamental lemma of the nabla calculus of variations on time scales.

Lemma 3.12 (See [75]). Let f € Ciq([a,b],R™). If

for all n € CL([a,b],R™) with n(a) = n(b) =0, then f(t) = c for all t € [a,b],, c € R™.

For a good survey on the calculus of variations on time scales, covering both delta and

nabla approaches, we refer the reader to [88].
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Chapter 4

Inverse Problems of the Calculus of

Variations on Arbitrary Time Scales

This chapter is devoted to the inverse problem of the calculus of variations on an arbitrary
time scale. First we present a classical approach [90]. The typical inverse problem consists to
determine a function (Lagrangian) F(t,y,y’) such that y is a solution to the given differential
equation

y' = f(ty,y) =0 (4.1)

if and only if y is a solution to the Euler-Lagrange equation
d
%Fy/ - F,=0. (4.2)
In this chapter we consider two inverse problems of the calculus of variations on time scales.
To our best knowledge, the inverse problem has not been studied before in the framework of
time scales, in contrast with the direct problem, that establishes dynamic equations of Euler—
Lagrange type to time-scale variational problems. The classical approach relies on using the
chain rule, which is not valid in the general context of time scales [20,24]. It seems that the
absence of a general chain rule on an arbitrary time scale is the main reason explaining the
lack of a general theory for the inverse time-scale variational calculus. To begin (Section 4.1)
we consider an inverse extremal problem associated with the following fundamental problem
of the calculus of variations: to minimize
b
£l = [ L(ty(0.5°(0) At (13)
a
subject to the boundary conditions y(a) = yo(a), y(b) = yo(b) on a given time scale T.

The Euler-Lagrange equation and the strengthened Legendre condition are used in order
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ARBITRARY TIME SCALES

to describe a general form of a variational functional (4.3) that attains an extremum at a
given function yg. In the latter Section 4.2, we introduce a completely different approach to
the inverse problem of the calculus of variations, using an integral perspective instead of the
classical differential point of view [27,34]. We present a sufficient condition of self-adjointness
for an integro-differential equation (Lemma 4.11). Using this property, we prove a necessary
condition for an integro-differential equation on an arbitrary time scale T to be an Euler—
Lagrange equation (Theorem 4.12), related to a property of self-adjointness (Definition 4.8)

of the equation of variation (Definition 4.9) of the given dynamic integro-differential equation.

4.1 A general form of the Lagrangian

The problem under our consideration is to find a general form of the variational functional

b
£l = [ (v (0.5°0) At (4.4)
a
subject to the boundary conditions y(a) = y(b) = 0, possessing a local minimum at zero, under
the Euler-Lagrange and the strengthened Legendre conditions. We assume that L(,-,-) is a
C?-function with respect to (y,v) uniformly in ¢, and L, Ly, Ly, Ly, € Cyq for any admissible
path y(-). Observe that under our assumptions, by Taylor’s theorem, we may write L, with

the big O notation, in the form
Lt,.0) = P(t,y) + Q(y)v + L R(t,y, 007 + O0) (4.5)
where
P(t,y) = L(t,y,0),

Q(t,y) = Lu(t,y,0), (4.6)
R(t,y,0) = Ly (t,y,0).

Let R(t,y,v) = R(t,y,0) + O(v). Then, one can write (4.5) as
1
L(t,y,v) = P(t,y) + Q(t y)v + S R(t,y, v)v”. (4.7)

Now the idea is to find general forms of P(t,5°(t)), Q(t,y°(t)) and R(t,y°(t),y>(t)) using
the Euler-Lagrange and the strengthened Legendre conditions. Note that the Euler—Lagrange

equation (3.4) at the null extremal, with notation (4.6), is
t
Qo) = [ Projar+c (48)
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4.1. A GENERAL FORM OF THE LAGRANGIAN

t € [a,b]", where P(t,4°(t)) is chosen arbitrarily such that P(t,-) € C? with respect to the
second variable, uniformly in ¢, P and P, are rd-continuous in ¢ for all admissible y. From
(4.8) we can write a general form of Q:
t
Aty (0) = C+ [ POAT +a(t.y7 () — 4(0.0), (49)
a
where C' € R and ¢ is an arbitrarily function such that q(¢,-) € C? with respect to the second
variable, uniformly in ¢, ¢ and g, are rd-continuous in ¢ for all admissible y. With notation

(4.6), the strengthened Legendre condition (3.5) at the null extremal has the form
R(t,0,0) + pu(t) { 2Qy (1, 0) + u(t) Py (£,0) + (17 (1)) R(o(£),0,0)} >0, (4.10)
t € [a,b]"", where of = Lif a € R\ {0} and 0T = 0. Hence, we set

R(£,0,0) + u(t) {2Qy(£,0) + p(t) Py (£,0) + (07 (1) R(o(1),0,0)} =p(t)  (4.11)

with p € Crq([a,b]), p(t) > 0 for all ¢t € [a,b]", chosen arbitrary. Note that there exists a
unique solution to (4.11) with respect to R(t,0,0). If ¢ is a right-dense point, then pu(t) =0
and R(t,0,0) = p(t). Otherwise, u(t) # 0, and using Theorem 1.9 with f(¢) = R(¢,0,0) we
modify equation (4.11) into a first order delta dynamic equation, which has a unique solution
R(t,0,0) in agreement with Theorem 1.37 (see details in the proof of Corollary 4.4). We derive
a general form of R from Legendre’s condition (4.10), as a sum of the solution R(t,0,0) of
equation (4.11) and function w, which is chosen arbitrarily in such a way that w(t,-,-) € C?
with respect to the second and the third variables, uniformly in ¢; w, wy, w, and w,, are
rd-continuous in t for all admissible y. Concluding: a general form of the integrand L for
functional (4.4) follows from (4.7), (4.9) and (4.11), and is given by

Lty (t),y> (1) = P (t,y°(1))

e [RE0sr+aty©) - at0) ) 120

a

(4.12)
+ (pof) = p(t) {2Qu (¢, 0) + (1) Py (£,0) + (u” (1)) R(r(2),0,0) }

A 2
bl (0),52(0) - w(t,o,m) o

We have just proved the following result.

Theorem 4.1. Let T be an arbitrary time scale. If functional (4.4) with boundary conditions
y(a) = y(b) = 0 attains a local minimum at §(t) = 0 under the strengthened Legendre con-

dition, then its Lagrangian L takes the form (4.12), where R(t,0,0) is a solution of equation
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(4.11), C € R, of = L ifa € R\ {0} and 0T = 0. PFunctions P, p, q¢ and w are arbitrary

functions satisfying:

(i) P(t,-),q(t,-) € C? with respect to the second variable uniformly in t; P, P,, q, q, are
rd-continuous in t for all admissible y; Pyy(-,0) is rd-continuous in t; p € Crq with

p(t) >0 for all t € [a,b]";

(i) w(t,-,-) € C? with respect to the second and the third variable, uniformly in t; w, wy,

Wy, Wyy are rd-continuous in t for all admissible y.

Now we consider the general situation when the variational problem consists in minimizing
(4.4) subject to arbitrary boundary conditions y(a) = yo(a) and y(b) = yo(b), for a certain
given function yo € C2,([a, b]).

Theorem 4.2. Let T be an arbitrary time scale. If the variational functional (4.4) with
boundary conditions y(a) = yo(a), y(b) = yo(b), attains a local minimum for a certain given
function yo(-) € C2,([a,b]) under the strengthened Legendre condition, then its Lagrangian L
has the form

L(ty7(t),y2 () = Pty (t) —v§ (1) + (v (1) — y5' (1))

X C+/Py (7, =Yg (1)) AT +q (¢, 47 (t) —yg (1)) — q (t, —y5 (t)) +<p(t)

a

= (t) {2Q (1, ~y (1) + () Py (1, 5 (1) + (7 (8))T Rl (8), —6 (1), —v (1) }

+w(t,y” (1) = y3 (1), () = y5 (1) — w (£, —yg (t), —yoA(t))> (v>(6) —u5' (1),
where R(t,0,0) is the solution to equation (4.11), C € R, and functions P, p, q, w satisfy
conditions (1) and (ii) of Theorem 4.1.

Proof. The result follows as a corollary of Theorem 4.1. In order to reduce the problem to
the case of the zero extremal considered above, it suffices to introduce the auxiliar variational

functional

b
Zly)i= Lly+ ) = [ L (6570 + 50,0 + 4 (0) At

b

=: /Ji (t,y7 (1), y> (1)) At

a

subject to boundary conditions y(a) = 0 and y(b) = 0. The result follows by application of

Theorem 4.1 to the auxiliar Lagrangian L. O
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4.1. A GENERAL FORM OF THE LAGRANGIAN

For the classical situation T = R, Theorem 4.2 gives a recent result of [81].

Corollary 4.3 (Theorem 4 of [81]). If the variational functional

b
£l = [ Lo,y 0)de
attains a local minimum at yo(-) € C?[a,b] satisfying boundary conditions y(a) = yo(a) and
y(b) = yo(b) and the classical strengthened Legendre condition R(t,yo(t),y,(t)) >0, t € [a,b],
then its Lagrangian L has the form

L(t,y(t),y'(t)) = P(t,y(t) — yo(t))
FO/0) —uh(e) [0+ / P, (r, ~uo())dr + a(t. y(t) — wo(t)) — a(t, ~wo()
+ % (p(t) + w(t, y(t) — yo(t), 5 (t) — yo(t)) — w(t, —yo(t), —yp(t))) (¥'(t) — vo (1)),
where C' € R.
Proof. Follows from Theorem 4.2 with T = R. ]

Theorem 4.2 seems to be new for any time scale other than T = R. In the particular case

of an isolated time scale, where p(t) # 0 for all £ € T, we get the following corollary.

Corollary 4.4. Let T be an isolated time scale. If functional (4.4) subject to the boundary

conditions y(a) = y(b) = 0 attains a local minimum at §(t) = 0 under the strengthened

Legendre condition, then the Lagrangian L has the form

Lty (t),y2 (1)) = P (t,y°(1))

0+ [RE0sr +aty©) - at0) | 120

a (4.13)
+ | er(t,a)Ry —|—/ter(t,a(r))s(7)Ar + w(t,y"(t),yA(t)) —w(t,0,0) (yAét))Q,
where C, Ry € R andar(t) and s(t) are given by
0= éw)t()( ;(fﬂﬁv o) o PO =020+ pP (O]

p2 () (p (6)F ’

ue
with of = E if « € R\ {0} and 0' = 0, and functions P, p, q, w satisfy assumptions of
Theorem 4.1.
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Proof. In the case of an isolated time scale T, we may obtain the form of function @ in the
same way as it is done in the proof of Theorem 4.1 (equation (4.9)). We derive a general form
for R from Legendre’s condition. By relation f7 = f + pf® (Theorem 1.9), one may write
equation (4.11) as

R(t,0,0) + u(t)(u” ()T (R(t,0,0) + u(t)R2(t,0,0))
+ () {2Qy (£, 0) + (1) Py (£,0)} — p(t) = 0.

Hence,
P20 (07 (1) RA(E,0,0) + [1+ u(t) (4 ()] R(t,0,0)
+ 1(8)[2Q, (¢, 0) + p(t) Py (£, 0)] = p(t) = 0. (4.15)

For an isolated time scale T, equation (4.15) is a first order delta dynamic equation of the

following form:

L O O) o o)y HORQUEO) + (1) Py (1,0)] (1)
T Y Y

A _
BE0.00+ = 5y (e ) W2(0) (27 ()1 =0
With notation (4.14), we have
RA(t,0,0) = r(t)R(t,0,0) + s(t). (4.16)

Observe that r(t) is regressive. Indeed, if p(t) # 0, then

1+ p(t) (e (1)1 Pt +ut) ()
L+ p(t)rt)=1-— =1- = — #0
pu(t) (e (1)1 u(t) u(t)
for all ¢t € [a,b]". Therefore, by Theorem 1.37, there is a unique solution to equation (4.16)

with initial condition R(a,0,0) = Ry € R:

R(£,0,0) = e (£, a)Ro + / er(t, (7)) s(r)AT. (4.17)

a

Thus, a general form of the integrand L for functional (4.4) is given by (4.13). O

Remark 4.5. Instead of (4.17), we can use an alternative form for the solution of the initial

value problem (4.16) subject to R(a,0,0) = Ry (c¢f. Remark 1.38):
¢
R(t.0,0) =, (t.0) | Ro+ [ er(a.a(r)s(r)as
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Then the Lagrangian L (4.13) can be written as

Lty (0).52(0) = Pty (1)

- (C - /Py(T, 0)AT +q(t,y7(t)) — at, 0)) y> (1)

a

+ (er(t, a)

Based on Corollary 4.4, we present the form of Lagrangian L in the periodic time scale
T = hZ.

t

Ro+/er(a,a(7))s(r)AT

a

(> ()
R

+uw(t,y?(8),y> (1) ~ W(t,070))

Example 4.6. Let T = hZ, h > 0, and a,b € hZ with a < b. Then u(t) = h. We consider
the variational functional
21

Lly) =h > L(kh,y(kh+ h), Apy(kh)) (4.18)

k=5
subject to the boundary conditions y(a) = y(b) = 0, which attains a local minimum at §(kh) =
0 under the strengthened Legendre condition

R(kh,0,0) + 2hQy(kh,0) 4+ h2P,,(kh,0) + R(kh + h,0,0) > 0,

kh € [a,b —2h] N hZ. Functions r(t) and s(t

)
r(t) = %2 ER, s(t) = ”S) — (20,(£,0) + P,y (1,0)).

see (4.14)) have the following form:

Hence,
t %_1
/Py(f, 0)AT =hY_ P,(ih,0),

i_a
=

t %_1
/er(t,O'(T))S(T)AT = Z(—l)%_i_l (p(ih) — 2hQy(th,0) — hZPyy(z'h, 0)) .

Therefore, the Lagrangian L of the variational functional (4.18) on T = hZ has the form
L (kh, y(kh + h), Apy(kh)) = P (kh,y(kh + h))

k—1
+ (C + 3 hPy(ih,0) + q(kh,y(kh + h)) — q(kh, o)) Apy(kh)

i=2a

k—1
41 ((—1)’*221%0 + ) (=D (p(ih) — 20Qy (ih, 0) — B2 Py, (ih, 0))
+w(kh,y(kh + h), Apy(kh)) — w(kh, 0, 0)) (Any(kh))?,
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where functions P, p, q, w are arbitrary but satisfy assumptions of Theorem 4.1.

Now we consider the g-scale T = ¢™0, ¢ > 1. In order to present the form of Lagrangian

L, we use Remark 4.5.

Example 4.7. Let T = ¢™ = {¢* : ¢ > 1,k € Ny} and a,b € ¢"° with a < b. We consider

the variational functional

Lyl=(q—1) > tL(tylqt), Agy(t)) (4.19)
t€[a,b)NgNo
subject to the boundary conditions y(a) = y(b) = 0, which attains a local minimum at §(t) =0

under the strengthened Legendre condition
1
R(t,0,0) + (¢ — 1)t{2Qy(t,0) + (¢ — 1)tPy,(t,0)} + ;R(qt,0,0) >0

b
2

. ] N g, Functions given by (4.14) may be written as

at the null extremal, t € [a,

)= s = - 200,(00) ~ ala - 1)t 10)
Hence,
t
[ Peosr= -1 Py(r,0), en(ta) = (—a).
a T€[a,t)NgVo s€[a,t)NgNo

t

_ (1-q7 ap(t) 2 0) — ala — 1)VrPo(r
a/ sostar= 3 e 200, 0) ~ ala - ) (7.0)]

Therefore, the Lagrangian L of the variational functional (4.19) has the form
L(t,y(qt), Agy(t)) = P(t,y(qt))

+C+@@—1 D TP(7,0)+4q(t,y(qt) — q(t,0) Aqy(t)Jr{ I o

T€la,t)Ng™o s€la,t)Ng™o

(1-g)r qp(7)
X | Ry + Z T (=0 (T(q 1) —2qQy(7,0) — q(q — 1)TPyy (T, 0))

s€a,m)NgNo

2
10 (6 y(at), Agy(t)) — w(t,0, o>}(Aqy2(”),

where functions P, p, v, w are arbitrary but satisfy assumptions of Theorem 4.1.
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4.2 Necessary condition for an Euler—Lagrange equation

This section provides a necessary condition for an integro-differential equation on an
arbitrary time scale to be an Euler-Lagrange equation (Theorem 4.12). For that the notions

of self-adjointness (Definition 4.8) and equation of variation (Definition 4.9) are essential.

Definition 4.8 (First order self-adjoint integro-differential equation). A first order integro-

differential dynamic equation is said to be self-adjoint if it has the form
¢
Lu(t) = const, where Lu(t) = p(t)u™(t) + / [r(s)u’(s)] As, (4.20)
to

with p,r € Crq, p# 0 for allt € T, and ty € T.

Let D be the set of all functions y : T — R such that y® : T" — R is continuous. A
function y € D is said to be a solution of (4.20) provided Ly(t) = const holds for all t € T*.
Along the text we use the operators [-] and (-) defined as

[yl(t) = (6,57 (1), 52(1), W) (8) = (6,57 (1), > (1), y>2 (1)), (4.21)

and partial derivatives of function (¢,y,v, z) — L(t, y, v, z) are denoted by 2L = L,,, 0L =
Ly, O4L = L..

Definition 4.9 (Equation of variation). Let
/G s)As = const (4.22)

be an integro-differential equation on time scales with H, # 0, t — F,[y](t), t — F,[y](t) €
Crq(T,R) along every curve y, where F' € {G, H}. The equation of variation associated with
(4.22) is given by

H,[u) () (£) + Hofu /G )+ Golul(s)ul(s)As = 0. (4.23)

Remark 4.10. The equation of variation (4.23) can be interpreted in the following way. As-
suming y = y(t,b), b € R, is a one-parameter solution of a given integro-differential equation
(4.22), then
¢
H(t,y° (t,b), y>(t, b)) + / G(s,y°(s,b),y>(s,b))As = const. (4.24)
to
Let u(t) be a particular solution, that is, u(t) = y(t,b) for a certain b. Differentiating (4.24)
with respect to the parameter b, and then putting b = b, we obtain equation (4.23).
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Lemma 4.11 (Sufficient condition of self-adjointness). Let (4.22) be a given integro-differential
equation. If

H, 1) + Gyl () =0, (4.25)

then its equation of variation (4.23) is self-adjoint.

Proof. Let us consider a given equation of variation (4.23). Using fourth item of Theorem 1.9

and sixth item of Theorem 1.19, we expand the two components of the given equation:

Hylu)(t)u” (t) = Hy[u](t) (u(t) + p(t)u>(t))

/Gv [u](s)u® (s)As = Gu[u] (t)u(t) — Gulu](to)u(te) - / (Golul(5)]% u”(5)As.

Hence, equation of variation (4.23) can be written in the form

i~
=
|
=
=
=
£
=
_l_
=
£
=

Gy[u](to)u(to) = const.
This concludes the proof. ]

Now we provide an answer to the general inverse problem of the calculus of variations on

time scales.

Theorem 4.12 (Necessary condition for an Euler-Lagrange equation in integral form). Let

T be an arbitrary time scale and
¢
H(t,y7 (1), y> () + /G(s, ¥ (s),y>(s))As = const (4.27)
to

be a given integro-differential equation. If (4.27) is to be an Euler—Lagrange equation, then

its equation of variation (4.23) is self-adjoint, in the sense of Definition 4.8.
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Proof. Assume (4.27) is the Euler-Lagrange equation of the variational functional

t1

Tly] = / Lty (£), 4™ (1) AL, (4.28)

to

where L € C2. Since the Euler-Lagrange equation in integral form of (4.28) is given by

Ly[y)(t) + / —Ly[y](s)As = const

(cf. [32,43,44]), we conclude that H[y|(t) = L,[y](t) and G[y](s) = —Ly[y|(s). Having in
mind that

Hy = Lvy; Hv = vay
Gy=—Lyy, Gy = —Ly,,

it follows from the Schwarz theorem, L, = L,,, that

Hy[y)(t) + Gulyl(t) = 0.
We conclude from Lemma 4.11 that the equation of variation (4.27) is self-adjoint. O

Remark 4.13. In practical terms, Theorem 4.12 is useful to identify equations which are not
Euler—Lagrange: if the equation of variation (4.23) of a given dynamic equation (4.22) is not

self-adjoint, then we conclude that (4.22) is not an Euler—Lagrange equation.

Remark 4.14 (Self-adjointness for a second order differential equation). Let p be delta dif-
ferentiable in Definition 4.8 and u € C?;. Then, by differentiating (4.20), one obtains a

second-order self-adjoint dynamic equation
P (BB (E) + p® (E)u (8) + r(t)u’ (t) = 0

PSR () + p™ (Hud () + r(t)u’ (t) = 0

with r € Crq and p € Cﬂd and p # 0 for allt € T.

Now we present an example of a second order differential equation on time scales which

is not an Euler—Lagrange equation.

Example 4.15. Let us consider the following second order dynamic equation on an arbitrary

time scale T:

Y22 () +y2(t) —t=0. (4.29)
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We may write equation (4.29) in integro-differential form (4.22):

¢
+/ A(s) — s) As = const, (4.30)

to

where H[y|(t) = y*(t) and G[y](t) = y>(t) — t. Because

Hylyl(t) = Gylyl(t) = 0,  Hu[y(t) = Gu[y](t) =1,

the equation of variation associated with (4.30) is given by

t
u(t) + /uA(s)As =0 < u™(t) +u(t) = ulty). (4.31)
lo
We may notice that equation (4.31) cannot be written in form (4.20), hence, it is not self-
adjoint. Indeed, notice that (4.31) is a first-order dynamic equation while from Remark 4.1}
one obtains a second-order dynamic equation. Following Theorem 4.12 (see Remark 4.13) we

conclude that equation (4.29) is not an Euler—Lagrange equation.

Now we consider the particular case of Theorem 4.12 when T = R and y € C?([to, t1]; R).
In this case operator [-] of (4.21) has the form

() = (t,y(t),y' () = [y]r(t),

while condition (4.20) can be written as

t

p(H)u(t) + /r(s)u(s)ds = const. (4.32)

to

Corollary 4.16. If a given integro-differential equation

H(t,y /G s,y(s),y'(s))ds = const

is to be the Fuler—Lagrange equation of the variational problem
t1

Ily] = / Lty (). v/ (t))dt

to
(cf., e.g., [90]), then its equation of variation
Hylulr(t)u(t) + Hylu /G s) + Golulr(s)u'(s)ds = 0
must be self-adjoint, in the sense of Definition 4.8 with (4.20) given by (4.32).
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Proof. Follows from Theorem 4.12 with T = R. O

Now we consider the particular case of Theorem 4.12 when T = hZ, h > 0. In this case

operator [-] of (4.21) has the form

[WI(t) = (£ y(t + ), Any(t) =: [y]a(D),

where
Ay(t) = y(t + h})L —y(t)
For T = hZ, h > 0, condition (4.20) can be written as
£
() Apu(t) Z hr(kh)u(kh + h) = const. (4.33)

k_LO

Corollary 4.17. If a given difference equation

ta
H(t,y(t+h), Apy(t) Z hG(kh,y(kh + h), Apy(kh)) = const
=
s to be the FEuler—Lagrange equation of the discrete variational problem

tl 1

Z hL(kh,y(kh + h), Apy(kh))
k=%

(cf., e.g., [15]), then its equation of variation

Hy [u]h(t)u(t + h) + Hv [u]h(t)Ahu(t)
-1
+ Y (Gyluln(kR)u(kh + h) + Gy [u]p(kh) Apu(kh)) =
is self-adjoint, in the sense of Definition 4.8 with (4.20) given by (4.33).
Proof. Follows from Theorem 4.12 with T = hZ. O

Finally, let us consider the particular case of Theorem 4.12 when T = qfZ =q*u {0},
where ¢% = {qk cke€eZ,q> 1}. In this case operator [-] of (4.21) has the form

wlz(t) = (t,y(qt), Agy(t)) =: [ylq(D),
where @) 0
y\qr) —y
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For T = ¢%, ¢ > 1, condition (4.20) can be written as (cf., e.g., [85]):

p(t)Aqu(t) + (¢ —1) Z sr(s)u(gs) = const. (4.34)
s€lto,t)NT

Corollary 4.18. If a given q-equation

H(t,y(gt), Agy(t)) + (g —1) > sG(s,y(gs), Agy(s)) = const,
s€[to,t)NT
q > 1, is to be the Euler—Lagrange equation of the variational problem

Tlyl=(q—1) Y, tL{ty(at), Agy(t),

telto,t1)NT

to,t1 € qj, then its equation of variation

Hylulq(t)ulgt) + Hy[ulq(t)Aqu(t)
+a=1) D s(Gyluly(s)ulgs) + Gululg(s)Aqu(s)) = 0

s€to,t)NT

is self-adjoint, in the sense of Definition 4.8 with (4.20) given by (4.34).
Proof. Choose T = L_TZ in Theorem 4.12. O

More information about the Euler-Lagrange equations for g-variational problems may be

found in [44,74,78] and references therein.

4.3 Discussion

On an arbitrary time scale T, we can easily show equivalence between the integro-differential
equation (4.22) and the second order differential equation (4.35) below (Proposition 4.19).
However, when we consider equations of variations of them, we notice that it is not possible
to prove an equivalence between them on an arbitrary time scale. The main reason of this
impossibility, even in the discrete time scale Z, is the absence of a general chain rule on an
arbitrary time scale (see Example 1.85 of [24]). However, on T = R we can present this

equivalence (Proposition 4.20).

Proposition 4.19. The integro-differential equation (4.22) is equivalent to a second order

delta differential equation

W (t,y7 (), ™ (1), 52 (t)) = 0. (4.35)
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Proof. Let (4.35) be a given second order differential equation. We may write it as a sum of

two components

W{y)(t) = Fly)(t) + Glyl(t) =0, (4.36)
where operator (-) is defined by (y) () := (¢t,%°(t), y>(t), y*>(t)). Let F(y) = H”[y]. Then,
HA(t,y7 (), y> (1) + Gty (1), 57 (1)) = 0, (4.37)

where H(t,y?(t),y>(t)) is of class CL;(T,R) for any admissible path y, u € CL;(T,R). Inte-
grating both sides of equation (4.37) from ty to t, we obtain the integro-differential equation
(4.22). O]

Let T be a time scale such that p is delta differentiable. The equation of variation of a

second order differential equation (4.35) is given by
W, () (£)u2 (t) + Wy (u) ()u (t) + Wy (u) (t)u’ (t) = 0. (4.38)

Equation (4.38) is obtained by using the method presented in Remark 4.10. On an arbitrary
time scale it is impossible to prove the equivalence between the equation of variation (4.23)
and (4.38). Indeed, after differentiating both sides of equation (4.23) and using the product

rule given by Theorem 1.11, we have

Hy[u] (t)u” (1) + Hy [u] ()u” (1) + Hylu] (a2 () + Hy [u]()u™ (¢)
+ Gy [u] (H)u (t) + Golu](t)u(t) = 0. (4.39)
The direct calculations
o Hylu](t)u™(t) = Hylu](t)(u™(t) + p2 (t)ud (1) + p7 ()u2 (1)),
o Hpul(t)u™ (t) = Hp[u](t)(u” (t) + p7 ()u () + u(t)u® (Hus2(t),

o HP[u](t)u () = H [u)(t) (u®(t) + pu2(1)),

v

allow us to write the equation (4.39) in form

0= [Mg(t)Hy [u] (£) + pl(t)” (8 Hy [u](8) + Ho[u] (8) + p(8) H [u] (t)] uB3(t)

" [H [ul(£) + (u(6) Hy [u] (1) + HA[u)(t) + G, [u](t)} uA(t) + [Hﬁ [ul(t) + G, [u](t)} w2 (1),

(4.40)

o1
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that is, using fourth item of Theorem 1.9,

uB B () [u(t) Hyu) () + Hylu) ()
+ul(t) [Hylu](t) + (u(t)Hy[u] (1) + HP [u () + Golu] (t)]
+u?(t) [Hp [u](t) + Gylu](t)] = 0. (4.41)

We are not able to prove that the coefficients of equation (4.41) are the same as in (4.38),
respectively. This is due to the fact that we cannot find the partial derivatives of (4.35), that
is, W (u)(t), Wy(u)(t) and W (u)(t), from equation (4.37) because of lack of a general chain

rule in an arbitrary time scale [20]. The equivalence, however, is true for T = R. In this case
operator (-) has the form (y) () = (¢, y(t),y'(t),y"(t)) =: (¥)g (*)-

Proposition 4.20. The equation of variation
Hy[ulr(t)u(t) + Hy[ulr(t)u'(t) + / Gylulr(s)u(s) + Gylulr(s)u'(s)ds = 0 (4.42)

1s equivalent to the second order differential equation
W (wyr (&) () + Wy (u)r (t)u' (t) + Wy (u)r (t)u(t) = 0. (4.43)

Proof. We show that coefficients of equations (4.42) and (4.43) are the same, respectively.
Let T = R. From equation (4.36) and relation F(u)g = 4 H|u]g we have

W (t,u(t), ' (t),d"(t)) = %H(t, u(t), ' (t)) + G(t,u(t), v (t)).

Using operators [-], (), and chain rule (which is valid for T = R), we can calculate the

following partial derivatives:
o Wy(u)r(t) = §Hylulr(t) + Gylulr(t),
o Wolu)r(t) = Hylulr(t) + §Ho[ulr(t) + Gu[ulr(t),
o W.(ug(t) = Hyulg(t).

After differentiation of both sides of (4.42) we obtain

Hlule 0" () + (#,ua(0) + 5 Huldx(0) + Gulue(®)) (0
+ <;tHy[u]R(t) + Gy[u]R(t)) u(t) = 0.
Hence, the intended equivalence is proved. ]
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Proposition 4.20 allows us to obtain the classical result of [34, Theorem II] as a corollary
of our Theorem 4.12. The absence of a chain rule on an arbitrary time scale (even for T = 7Z)
implies that the classical approach [34] fails on time scales. This is the reason why here we
introduce a completely different approach to the subject based on the integro-differential form.
The case T = Z was recently investigated in [27]. However, similarly to [34], the approach

of [27] is based on the differential form and cannot be extended to general time scales.

4.4 State of the art

The results of Section 4.1 are published in [36] and were presented by the author at PODE
2013 Progress on Difference Equations, July 21-26, 2013, Bialystok, Poland. The results from
Section 4.2 were presented by the author at the XXX EURO mini-Conference on Optimization
in the Natural Sciences, February 5-9, 2014, Aveiro, Portugal, in a contributed session entitled
“Optimization in Dynamical Systems”; and at the 3rd International Conference on Dynamics,
Games and Science, February 17-21, 2014, Porto, Portugal, in an invited session entitled

“Dynamic Equations on Time Scales”.
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Chapter 5

Infinite Horizon Variational

Problems on Time Scales

This chapter is devoted to infinite horizon problems of the calculus of variations on time
scales. Infinite time horizon models have been considered in macroeconomics very early, see,
e.g., the model of economic growth [12] or the Ramsey model [11]. In some cases, their impor-
tance is due to the fact that it is hard to predict a natural finite time and the consequences
of investment are very long-lived [92]. In case of Ramsey’s model, the infinite time horizon is
connected with inheritance, which means that finitely lived people care about their offspring
or because today’s agents care about the value of their asset tomorrow. However, the infinite
horizon assumption requires that people have some basic information about possible things
that may happen many years from now. Moreover, they should be able to include these
contingencies in their planning already today [86]. For infinite horizon variational problems

in the discrete-time setting, we refer the reader to [17].

The infinite planning horizon entails, at least, two methodological complications: the
convergence of the objective functional and the transversality conditions. In order to deal
with the former problem we follow Brock’s notion of optimality. Precisely, our optimality
criterion (Definition 5.2) for the special case T = Z coincides with Brock’s notion of weak
maximality [28,68]. If T = R, then our definition of maximality coincides the extension
of Brock’s notion of weak maximality to the continuous situation [64,68]. In this chapter,
borrowing an idea from [77], we consider nabla infinite horizon problems of the calculus of
variations that depend also on a nabla indefinite integral. We prove the Euler-Lagrange

equation and the transversality condition.
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5.1 Dubois—Reymond type lemma

In this section a Dubois—Reymond type lemma for infinite horizon nabla variational prob-
lems on time scales is presented (Lemma 5.3). This lemma is used in the proof of necessary
optimality conditions (Section 5.2). Along this chapter, for simplicity, we use the following

operators {-} and {-,-}:

{B}®) = &,y (0,57 (1), {y,23(t) = Ly (1), 57 (1), 2(1))- (5.1)

We assume that T is a time scale such that sup T = +oo and a, T, T” € T fulfill the inequalities

T > a and T" > a. Let us consider the following variational problem on T:
Lly] = / L{y,z}(t)Vt = / L (t,yp(t),yv(t), z(t)) Vit — max (5.2)

subject to y(a) = y,. For the definition of improper integrals on time scales we refer the

reader to [69]. The variable z is the integral defined by

2(t) = / o {y} (7)Y = / g (r.47(r), 47 (1)) V.

We assume that (¢,y,v,w) — L(t,y,v,w), (t,y,v) — ¢g(t,y,v) have continuous partial
derivatives with respect to y,v,w for all t € [a,b]; t — L(t,y”(t),y" (t), 2(t)) belongs to
the class C}(T,R") for any admissible function y € CL(T,R"); (y,v,w) — L(t,y,v,w)
is a CH(R3", R) function for all ¢ € T; Ly(t,y”(t),yV (1)), 9u(t, ¥ (), y" (t)) € CL(T,R™) for
any admissible y. By Ly{y, 2}(t), Lo{y, 2}(t), L.{y, 2}(t) we denote, respectively, the partial
derivatives of L(-,-,,-) with respect to its second, third and fourth argument, g,{y}(¢) and
gu{y}(t) are, respectively, the partial derivatives of g(-,-,-) with respect to its second and

third argument.

Definition 5.1. We say that y is an admissible path (function) for problem (5.2) if y €
CL (T;R™) and y(a) = y,.

Definition 5.2 (Cf. [28,68]). We say that § is a mazimizer to problem (5.2) if § is an
admissible path and, moreover,
TI
li inf L t) — L{y, 2} (¢ t<0
i int [ (L{y2H0) - L43.2)(0) Ve <

a

for all admissible path y.

Lemma 5.3. Let g € Ciy(T;R). Then,
T/
lim inf /g(t)np(t)Vt— 0

T 00 T/>T
a

for all m € Cig (T;R) such that n(a) = 0 if and only if g(t) = 0 on [a, +00).
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Proof. The implication < is obvious. We prove the latter implication = by contradiction.
Assume that g(t) # 0. Let t¢ be a point on [a, +00) such that g(¢tg) # 0. Suppose, without
loss of generality, that g(tp) > 0. The proof falls naturally into two main parts: ¢ is left-dense
(case I) or tg is left-scattered (case II). Case I: if tg is left-dense, then function ¢ is positive

on [t1,to] for t; < tg. Define:

n(t) = { (to = t)(t = t1) for L € [tr,to],

0 otherwise.

Then,

(to — p(t)) (p(t) — t1) for p(t) € [t1, 0],
0 otherwise.

n(p(t)) = {

If p(t) € [t1, 4], then n(p(t)) = (to — p(1))(p(t) — t1) > 0. Thus,

T’ to

i int [ g ©Ve= [ gOn(e0)ve >0

and we obtain a contradiction. Case II: ¢y is left-scattered. Then two situations are possible:
p(to) is left-scattered or p(ty) is left-dense. If p(to) is left-scattered, then p(p(to)) < p(to) < to.
Let t € [p(to), to]. Define

0 otherwise.

n(t) = { glto) for t = p(to),

Then, n(p(to)) = g(to) > 0 and from Theorem 1.28 we obtain

d to
: : P _ p
it [g@mrove= [ g@wove
a p(to)

= g(to)n(p(to))v(to) = g(to)g(to)(to — p(to)) >0,

which is a contradiction. The same conclusion can be drawn when p(to) is left-dense. Hence,
two cases are possible: g(p(to)) # 0 or g(p(to)) = 0. If g(p(t9)) # 0, then we can assume that
g(p(to)) > 0 and g is also positive in [ta, p(to)] for ta < p(tp). Define

0 otherwise.

n(t) = { (p(to) 1) (t — t2) for t € [t2, p(to)],

Then,

n(o(®)) = { (p(to) — p(t)) (p(t) — t2) for p(t) € [ta, p(to)],

0 otherwise.
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On the interval [ta, p(t9)] the function n(p(t)) is greater than 0. Then,

T’ p(to)
li inf t)n?(t)Vt = t)n” (t)Vi
Jim e [g@wove= [ g@wve>o
a to

which is a contradiction. Suppose that g(p(tp)) = 0. Here two situations may occur: (i)
g(t) = 0 on [ts, p(tg)] for some t3 < p(to) or (ii) for all t3 < p(to) there exists ¢t € [t3, p(to)]
such that g(¢) # 0. In case (i) t3 < p(to) < to. Let us define

g(to) for t = p(to),
n(t) =4 (t) fort e [tz p(to)l;

0 otherwise,
for function ¢ such that ¢ € Ciq, p(t3) = 0 and p(p(to)) = g(to). Then,
g(to) for p(t) = p(to),

S

n(p(t)) =< @(p(t)) for p(t) € [t3, p(to)),
0 otherwise.

From Theorem 1.28 it follows that

s to to
i ; p — P — P
Jim it [g@meove= [gowavi= [ gomwove
a t3 p(to)

= v(to)g(to)n(p(to)) = (to — p(to))g(to)n(p(to)) > 0,
which is a contradiction. In case (ii), t3 < p(to) < to. When p(to) is left-dense, then there
exists a strictly increasing sequence S = {s; : k € N} C T such that kli)ngo sk = p(to) and
g(sk) # 0 for all k& € N. If there exists a left-dense si, then we have Case 1 with ¢y := s.
If all points of the sequence S are left-scattered, then we have Case II with tg := s;, 7 € N.
Since p(to) is a left-scattered point, we are in the first situation of Case II and we obtain a

contradiction. Therefore, we conclude that g = 0 on [a, +00). O

Corollary 5.4. Let h € C}(T;R). Then,
T/
lim inf [ h(t)nY (t)Vt=0 (5.3)

T—00 T'>T
a

for all m € CL (T;R) such that n(a) = 0 if and only if h(t) = ¢, c € R, on [a,+0).

Proof. Using integration by parts (sixth item of Theorem 1.29), we obtain

T’ t=T" T’ T’
/ W (BVE=hon(t)|  — / WY (0P (1)Y= h(T'y(T") — / WY (0 (1) Vit
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5.2. EULER-LAGRANGE EQUATION AND TRANSVERSALITY CONDITION

for all n € CJ,(T;R). In particular, it holds for the subclass of 5 with n(7”) = 0. Therefore,
(5.3) is equivalent to

T/
lim inf [ RV (t)n°(t)Vt = 0.
Jminf (t)n"(t)V
a
From Lemma 5.3 it follows that AV (t) = 0, i.e., h(t) = ¢, c € R, on [a, +00). O

5.2 Euler—Lagrange equation and transversality condition

Now we recall a classical theorem of Analysis, which is used in the proof of Theorem 5.6

that provides Euler-Lagrange equations and a transversality condition to problem (5.2).

Theorem 5.5 (See, e.g., [66]). Let S and T be subsets of a normed vector space. Let f be a
map defined on T X S, having values in some complete normed vector space. Let v be adherent

to S and w adherent to T. Assume that
1. lim f(t,z) exists for eacht € T';
T—v
2. lim f(t,x) exists uniformly for x € S.
t—w
Then, th—{?u il_r)r}} f(t,x), il_rg th_)r{lu f(t,x) and (m)lg?wyv) f(t,x) all exist and are equal.

Now we are in a position to state the main theorem of this chapter.

Theorem 5.6. Suppose that a maximizer to problem (5.2) exists and is given by §. Let
p € O} (T;R™) be such that p(a) = 0. Define

T/

Moy [ LETOTP .50+ 270,500 = Ui A0,
where . .
) = [gli+enknvn 20 = [ala)n)vn
and

V(e T):= Ti/I;fTaA(a,T’), V) := Jim Ve, T).

Suppose that

1. lim @ exists for all T;

e—0

2. Tlim @ exists uniformly for €;
—00
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CHAPTER 5. INFINITE HORIZON VARIATIONAL PROBLEMS ON TIME SCALES

3. for every T" > a, T > a, € € R\ {0}, there exists a sequence (A(e,T})), ey Such that
lim A(e,T)) = Ti,I;fTA(E,T’) uniformly for €.

n—oo

Then, 1 satisfies the Fuler—Lagrange system of n equations

T T’ v
Jim inf 3 g, {}0) / L{y, 2}r)V7r — | oo} (1) / L{y, }(r)Vr
p(t) p(t)

+ Ly{y, 2}(t) = Ly {y, z}(1) = 0 (5.4)
for all t € [a,+00) and the transversality condition

Jdim il (u(T) - [Lofy 2HT) + gu{gH W) Lly HT)]) =0, (55)

Proof. If 4 is optimal, in the sense of Definition 5.2, then V(g) < 0 for any € € R. Since
V(0) = 0, then 0 is a maximizer of V. We prove that V is differentiable at 0, thus V’(0) = 0.

From Theorem 5.5 and assumptions of Theorem 5.6 it follows that

T T
0= v/(0) = lim 2 — iy 1im LED iy i YET)
e—=0 ¢ e—>0T—o00 € T—00e—0 €
= lim lim inf A(e,T') = lim lim lim A(e,T))
T—ooe—=0T'>T T—o00e—0n—00
= lim lim hm Ae,T)) = hm inf hm A(e, T
T—o00n—00e—0 —o00 T'>T €—0
r N -V Vi 5 PP
e [ L(69°() +ep?(t), Y (1) + epY (1), (¢ p) — L{g, £}(t)
= lim inf lim Vi
T—00 T'>T e—0 €
N N v V(4 2 PP
o . Lt gP(t) +ep(t), gV (t) +epV (t), 2(t, p)) — L{7, 2}(t)
= lim inf [ lim Vi.
T—ocoT'>T e—0 IS
Hence,
Tl
lim inf [ [L,{9,2}(t) - p"(t) + Lo{9, 2}(t) - pV
Jim it [ | L3210 90+ Lol 210 57 1)

. t (5.6)

+ LA{9, 2}(t) / (9549} (r) - PP (1) + 9u{9}(r) - PV (7)) VT

a

Vit =0.

Using the integration by parts formula given by point 6 of Theorem 1.29, we obtain:

T’ t=T"' T
/ L9, 2}() - p¥ (OV = Lo{3.2(0) - p(t)|  — / LY {9, 2}(t) - pP (1) Vit
K

= Lo{9. 2}(T") - p(T") - / LY {9, 2}() - (1)VL.

a
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5.2. EULER-LAGRANGE EQUATION AND TRANSVERSALITY CONDITION

Next, we consider the second component of equation (5.6). First we use the third nabla

differentiation formula of Theorem 1.23 and obtain

T’ t
{/LZ{Q,ZA}(T)VT/(gy{Q}(T) (1) + 9u{g}(r) - pV (7)) VT

\Y

-
(/Lz{y 2H(r ) / 9y 4G} (r) - (1) + 9u{G} () - pV (7)) V7

t

T’ t v
(/L {9, 2}(r ) (/ g {9}(1) - (1) + gu{G}(7) - PV (1)) VT)

®)

a

= —Lz{@,é}(t)/(gy{@}(ﬂ (1) + 9u{9} () -V (7)) VT

-
+ (0/ LA9, 2}(7‘)V7’) (95 493(t) - (1) + 9o {9} (1) - PV (1)) -

(t)
Integrating both sides from ¢ = a to t = T”, yields

v

T T t
/ { / L.{§, 2}(r)Vr / ({5 H(T) - p7(7) + 9o {0} (7) - ¥ (7)) V| Wt

t

a

—— [ 2090 [ (f3}0) - #0) + 0{3}0) 57 () V7| 90
o '

+ [ [ 24820097 (@400 70 + 9,43} 0) 57 1) | V.
a |p(t)

The left hand side of above equation is equal to zero:

T v

T’ t
/ [ / L{4,5}(r)Vr / (9, 08}(1) - P(7) + 9} (1) - p¥ (1)) V7| Vi

a

v
T t=T

_ / L{3, £} (r)Vr / (9,03} (1) - 7 (7) + 9o {3} (7) - V(7)) V7

t

=0,

t=a
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and, therefore,

/{L {9, 2}(t /gy{@}(T)-PP(T)Jrgu{l?}(T)-pV(T))VT Vi

Vi

I
@\q

1
/ LA, 23 (1)VT (95433 (1) - 9" (1) + 909} (1) - ¥ (1))
(®)

1P
s 3
a7}t (1) / L3 2}(r)Vr
p(t)
T,
{p%) {3} (0) / L.{3, 2}(r)V7

p(t)

g\..'j m\j

Vi

+ Vit.

Using point 6 of Theorem 1.29 and the fact that p(a) = 0, we have

Tl

Vt = p(T") - 9o {G}(T") / LA 2}(r)Vr

p(T")
T T v
/ (9“{ / L4924}V ) POV

p(t)

{p ) - gu{0}(t) L A9, 2}H(T)VT

From (5.6) it follows that

T T
Jim Ti,ng{ [ 16240 POt + Lo 21T 51 - [ 1700210 w070

a a

i T
" / («/ LA, 2}(m) VT (9,43} (2) ~p”(t)+gv{@}(t)-17v(t))) Vt}

a ()

62



5.2. EULER-LAGRANGE EQUATION AND TRANSVERSALITY CONDITION

-
= lim inf { / Ly{9, 2}(t) - p"(£)Vt + Lo{9, 2H(T") - p(T")

T=00 T'>T
T ’ T
- [{ a0 v+ [ L2050 20 v
a p(t)
.
T g {gHT) / L{g, 2}(r)Vr - p(T")
p(T")
T’ T’ v
- [ |etp0 [ 209 | v (5.8)
a p(t)

TS00 T/>T
a

"
— lim_inf { [ [Ly{@,é}u)—Lf{@,z}(t)
il T!
4o ()0 [ L4020V - | 9d0b0) [ g2} 0)vr || 90
p(t) p(t)
.

+Lo{g, 2HT") - p(T") + | 9u{yH(T") / LAy, 2Hr)VT | - p(T") ¢ = 0.
p(T")
The equation (5.8) holds for all p € C, such that p(a) = 0. Then, in particular, it also holds
for the subclass of p with p(7”) = 0. Therefore,

T/

.
Jim int [ 90) - |L,05,2)0) = L5260 + 9,00} (0) [ Lol 2)(r)vr
(*)
.

a P

- gu{@}(t)/Lz{Q,é}(T)VT VvVt =0.

p(t)
Choosing p = (p1, ..., ppn) such that ps = --- = p, =0, yields
T T
Jimint [ 90) | Ly 5:2)0) + 9 3)(0) [ Lofi2}r)Vr
a p(t)
T’ v
LY {5,248 — | gu i} ) / LA, 2} (vr | | vt=o0.

p(t)
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From Lemma 5.3 it follows that

T T v

an(}(®) [ L0324 97 = |9 (}0) [ L0324
p(t) p(t)

+ Ly {9, 2} (8) = Ly {5, 2}(t) = 0
holds for all t € [a,+00) and all 77 > t. The same procedure may be done for other coordi-
nates. For all ¢ = 1,...,n we obtain the equation

T T’
ali}) [ 15,20V = | gu(}®) [ L0349
p(t) p(t)

+ Ly, {3, 23 (8) — Ly {9. 2}() = 0

for all ¢ € [a, +00) and all 7" > ¢. These n conditions can be written in vector form as

T’ T v

9 Ai}0) [ Lot 2HO)Vr — | 94i}0) [ Lodi 2)r)Vr
p(t) p(t)
+ Ly {9, 2}(8) = LY {3, 21(8) =0 (5.9)
for all t € [a,4+00) and all T’ > t, which implies the Euler—Lagrange system of n equations
(5.4). From equation (5.8) and the system of equations (5.9), we conclude that

T/
lim inf Lo{9, 23(T") + go {93 (T") / L9, 2} (r)VT | - p(T") p = 0. (5.10)
T—00 T'>T
p(T")
Next, we define a special curve p: for all ¢ € [a, 00)
p(t) = a(t)y(t), (5.11)

where a : [a,00) = R is a C},; function satisfying a(a) = 0 and for which there exists Ty € T
such that a(t) = g € R\ {0} for all ¢ > T. Substituting p(T") = a(T")y(T") into (5.10), we

conclude that

T/
lim inf ¢ Lu{g, 2H(T") - BH(T") + gu{G}(T") / LAy, 2H(r)V7 - pi(T")
T—o0 T'>T
p(T")
vanishes and, therefore,
T/
lim inf ¢ 9(T") - | Lo{3, 2H(T") + gu{G H(T") / LAg, 2} (m)VT| » =0.
T—o0 T'>T
p(T")
From Theorem 1.28 it follows that g satisfies the transversality condition (5.5). O
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5.2. EULER-LAGRANGE EQUATION AND TRANSVERSALITY CONDITION

In contrast to Theorem 5.6, the following theorem is proved by manipulating equation (5.6)
differently: using integration by parts and nabla differentiation formulas, the composition p”
is transformed into the nabla derivative p¥. Therefore, we apply Corollary 5.4 instead of

Lemma 5.3 in order to obtain the intended conclusions.

Theorem 5.7. Under assumptions of Theorem 5.6, the Euler—Lagrange system of n equations

T’ T’ T’
Jin it & [0,00)0) [ L0209V + 0(a)0) [ L(a.2Hn) 97
t o(7) p(t)

¢
FL32H0 - [ L4320V =c (512)
holds for all t € [a,0), ¢ € R™, together with the transversality condition
T/
li inf ¢ 9(T")- | L,{39,2 =0. 1
fiminf 9(1") / y{9, 2H(T)VT » =0 (5.13)

Proof. Our proof starts with the necessary optimality condition (5.6) computed in the proof

of Theorem 5.6. Using point 3 of Theorem 1.23, we have

v t t v

=0 [ L4357+ 20 | [ L4020 vr

=50 [ LAY+ 0 L1320

a

t

[poe) [ Lazpn)vr

a

Then, integrating both sides from ¢t = a to t = T", yields

T ¢ Y
[ |- [ 2atazrmve| ve
’ ’ T’ t T
~ [ /70 [Liaaovr | ves [r@©)- Liaa0ve
Therefore,
¢ t=T"'
o0 [ L4320 vr
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Since p(a) = 0, we have

T/

/ P(t) - Ly{, 2} (H)V

T’ t T
- [ o ( / Ly{@,z}mvf) Ve oT') - [ Lo 249

a a a

We obtain (5.7) in the same manner as in the proof of Theorem 5.6. Using again point 3 of

Theorem 1.23, we have
T T’ \v4

[p(t)'/ gy{:&}() Lz{l%ﬁ}(S)Vs vr

t

(T
.
-7 [ (g () [ LA 2} (5)Vs | vr
tT, o
() / (gy{y} L., 2}(5)Vs | Vr
T’ T’ i
/ a0} / A0, 2H5)Vs | 97— (1) - g, (3} (1) / L.{3,2}(r)V7
t (7) p(t)

Integrating both sides from ¢ = a to t = T and using point 7 of Theorem 1.29 and condition
p(a) = 0, we have

T’ il T v
[ [ st [ 1ta.209s | vr| ve
a ¢ oir)
T’ T’ =T
=50 [ |9i00) [ 2432095 | ve| =0
¢ p(7) t=a
Then,
T’ il
[rw- (st [ Li.26vs | v
a p(t)
T T’ T
~ [0 | [ |at0) [ La2H0)vs | vr| e
a t p(T)
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From (5.7) and previous relations, we write (5.6) in the following way:

T t T
Jim it { [ [ 145209001 - [ 1,002 0)vr

T’ T! T! T
+/Lv{@72}(t) 'Pv(t)Vt-f—/Pv(t)'/ gy19}(7) / L.{y,z2}(s)Vs | VTVt
“ a t p(T)
T’ T
+ [autaho |70 [ L4a.2)0)vr | v
' T’ " t (5.14)
= Jim_nt. { [0 { [ L4820V + Lot 2)0)
T’ T’
[ wyo) [ Lt26vs | vr
t p(7)

T’ T
+o(}0) [ L(a 27| Veapr) - [ Ly{g,z}mvf} o,

p(t) a

Since (5.14) holds for all p € C}; with p(a) = 0, in particular it also holds in the subclass of
functions p € C}; with p(a) = p(T") = 0. Let i € {1,...,n}. Choosing p = (p1,...,pn) such
that all p; =0, j # 4, and p; € C}; with p;(a) = p;(T’) = 0, we conclude that

T t
lim inf /piv(t) {/Lyl{?),i'}(T)VT+va{@75’}(t)

T500 T'ST
T/ T/ T/
+ [at0h) [ L0020V + 00} 0) [ L3 0)Vr b Ve =0
¢ p(7) p(t)

From Corollary 5.4 it follows that

t T’ T’
Lo {3, 2}(t) - / L, {9, 2}(1)Vr + / 0y {9} (7) / L3, 5}(s)Vs | Vr
a ! (r)
14 .
g {3} (1) / L{f,2}(r)Vr = i, (5.15)
p(t)

¢ € Ryi=1,...,n, for all t € [a,+00) and all 7" > ¢. These n conditions imply the
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Euler-Lagrange system of equations (5.12). From (5.14) and (5.15), we conclude that
T/
lim inf 4 p(T7)- / L, 2} (r)vr b =0 (5.16)

T00 T'>T
a

Using the special curve p defined by (5.11) and equation (5.16), we obtain that
Tl
lim inf < By(T7)- /Ly{g), 2 r)VT p = 0.

T—00 T/'>T
a

Therefore, y satisfies the transversality condition (5.13). O

5.3 State of the art

The results of this chapter are published in [37].
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Chapter 6

The Delta-nabla Calculus of
Variations for Composition

Functionals

This chapter is devoted to problems of the time-scale calculus of variations for a functional
that is the composition of a certain scalar function with the delta and nabla integrals of
a vector valued field. We begin by proving general Euler-Lagrange equations in integral
form (Theorem 6.3). Then we consider cases when initial or terminal boundary conditions
are not specified, obtaining corresponding transversality conditions (Theorems 6.5 and 6.6).
Furthermore, we prove necessary optimality conditions for general isoperimetric problems
given by the composition of delta-nabla integrals (Theorem 6.10). Finally, some illustrating

examples are presented (Section 6.4).

6.1 The Euler-Lagrange equations

This section starts with the definition of the class of functions C} ([a,b]; R), which con-
tains delta and nabla differentiable functions. Next, a necessary optimality condition (in

integral form) and an illustrative example for an irregular time scale are provided.

Definition 6.1. By C’,i’n([a,b];R), k,n € N, we denote the class of functions y : [a,b] — R
such that: if k # 0 and n # 0, then y> is continuous on [a,b]® and yV is continuous on
[a,b)%, where [a,b]? := [a,b]"N[a,b].; if n =0, then y> is continuous on [a,b]"; if k = 0, then

K’
yV is continuous on [a,b],.
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COMPOSITION FUNCTIONALS

We consider the following variational problem:
b b
Clyl=H / Aty (0,52 ()At . / Felt” (0,45 (D) At
b b
/ oot by (1), ¥ () . . / Fean(ty?().y¥ (0)VE | — extr, (6.1)

(W(a) =ya),  (y(0) = w), (6.2)

in the class of functions y € Ckl; where “extr” means “minimize” or “maximize”. The
K

n
parentheses in (6.2), around the end-point conditions, means that those conditions may or
may not occur (it is possible that both y(a) and y(b) are free). A function y € C,;n is said
to be admissible provided it satisfies the boundary conditions (6.2) (if any is given). For
k = 0 problem (6.1) becomes a nabla problem (neither delta integral nor delta derivative is
present); for n = 0 problem (6.1) reduces to a delta problem (neither nabla integral nor nabla

derivative is present). For simplicity, along the text we introduce the operators [-] and {-} by

Wl(t) = (y7(8), 52 (1), {y}(O) = (9P (1), 57 (1)) (6.3)

Along the chapter, ¢ denotes constants that are generic and may change at each occurrence.

We assume that:

1. the function H : R™* — R has continuous partial derivatives with respect to its

arguments, which we denote by H;, 1=1,...,n+k;

2. functions (t,y,v) — fi(t,y,v) from [a,b] x R? to R, i = 1,...,n + k, have continuous
partial derivatives with respect to y and v uniformly in ¢ € [a, b], which we denote by

fiy and fiy;

3. fi, fiy, fiv are rd-continuous on [a,b]”, i = 1,...,k, and ld-continuous on [a,b],, i =

kE+1,....k+n, forallyeC,i’n.

Definition 6.2 (Cf. [70]). We say that an admissible function y € C’,;n([a,b];]R) is a local
minimizer (respectively, local mazimizer) to the problem (6.1)—(6.2), if there exists 6 > 0 such
that Lly] < Lly] (respectively, Lly] > Lly]) for all admissible functions y € C,i,n([a, b; R)
satisfying the inequality ||y — ¥|[1,00 < 9, where

yl11,00 = 117100 + 12100 + 117l + 1[5¥ | (6.4)
with ||y]|oo = sUPyeap)s [Y(2)]-
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6.1. THE EULER-LAGRANGE EQUATIONS

Depending on the given boundary conditions, we can distinguish four different problems.
The first one is the problem (P,;), where the two boundary conditions are specified. To solve
this problem we need an Euler-Lagrange necessary optimality condition, which is given by
Theorem 6.3 below. Next two problems — denoted by (P,) and (FP,) — occur when y(a) is
given and y(b) is free (problem (P, )) and when y(a) is free and y(b) is specified (problem (P)).
To solve both of them we need an Euler-Lagrange equation and one proper transversality
condition. The last problem — denoted by (P) — occurs when both boundary conditions
are not present. To find a solution for such a problem we need to use an Euler-Lagrange
equation and two transversality conditions (one at each time a and b).

For brevity, in what follows we omit the arguments of HZ/ Precisely,

. OH
H; := 3T, (F1(Y), - - s Frrn(y)),

1=1,...,n+k, where

/f, DAL fori=1,... k, E(y):/fi{y}(t)Vt, fori—k+1,. .. k+n.

Theorem 6.3 (The Euler-Lagrange equations in integral form). If § is a local solution to

problem (6.1)—(6.2), then the Euler—Lagrange equations (in integral form)

Hz/ ' fw fl
3 / i
k+n ,
+ D Hi | fa{a}®) /fly{y} =c, teT, (65)
i=k+1
and
k !
Hi fw fz
S (o f s
k+n ,
+ > Hie | fulido /fly{y} —¢, t€T" (6.6)
i=k+1

hold.

Proof. Suppose that £ [y| has a local extremum at . Consider a variation h € C’,i ,, of g for

which we define the function ¢ : R — R by ¢(¢) = L[y + €h]. A necessary condition for g to
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be an extremizer for £ [y] is given by ¢ (¢) = 0 for ¢ = 0. Using the chain rule, we obtain

that

b
0= O =3 - [ (a0 (0) + Sl 0% 0) At

k+n

Y " / Fi 0y ORP () + fil G} (ORY (1)) Vi

i=k+1

Integration by parts of the first terms of both integrals gives
/fly Y7 (t) At = /fzy T)ATh(t —/ (/ fiyl9] AT) h2(t)At,

b t b t
/m@wwww/m@wwmm/(/mwmwjﬂww

Thus, the necessary condition ¢ (0) = 0 can be written as

| —/b (/tfly[ J(r )AT) he (1) At

b

a

ZH / Fiyl9](T)ATh(t

=1 a
b
+/mmww
k+n b ¢
+ H | [ fu{d}(r)Vrh(t Fi{0}(r)VT | BY (£) Vi
7 Zk;-l / ’ / (a/ ! )

b
+/ﬁ&ﬂ@WWOW¢=O (6.7)

In particular, condition (6.7) holds for all variations that are zero at both ends: h(a) = 0 and
h(b) = 0. Then, we obtain:

b t
/ > Hi-ho (1) (fw[z?](t) - / fiy[g]mm) At

a =1 a

k+n

/ZHW @m /mww).

a =k+1

72



6.1. THE EULER-LAGRANGE EQUATIONS

Introducing £ and x by

k t
€)= Y ;- | £uldl6) - [ ylilnar (6.8)
=1 a
and
k+n , t
(0= > H-(5uloh® - [ Raovr ). (6.9)
i=k+1 p
we obtain the following relation:
b b
/ WA (D) AL + / BY (O)x ()t = 0, (6.10)

The further part of the proof follows naturally into two fragments. (i) In the former part, we
change the first integral of (6.10) and we obtain two nabla-integrals and, subsequently, the
equation (6.5). (ii) In the latter case, we change the second integral of (6.10) and obtain two
delta-integrals, which leads us to (6.6).
(1) Using relation (1.6) of Theorem 1.32, we have:
b

b
/(hA(t))pfp(t)Vt—i—/hv(t)x(t)Vt =0.

a

From (1.4) of Theorem 1.31 it follows that

b

/ BY (1) (€9(2) + (1)) Vt = 0.

a

From the Dubois—Reymond Lemma 3.12 we conclude that
EP(t) + x(t) = const, (6.11)

hence, we obtain (6.5).
(ii) From (6.10), and using relation (1.7) of Theorem 1.32, we have
b b

/ WA (DE) AL + / (hY (£))°" () At = 0.

a a

Using (1.5) of Theorem 1.31, we obtain:

b

/ BAM(E®) + X7 ()AL = 0.

a
From the Dubois—Reymond Lemma 3.5, it follows that £(¢)+x?(t) = const. Hence, we obtain
the Euler-Lagrange equation (6.6). O
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For regular time scales (Definition 1.6), the Euler-Lagrange equations (6.5) and (6.6)
coincide; on a general time scale, they are different. Such a difference is illustrated in Exam-
ple 6.4.

o0

Example 6.4. Let us consider the irreqular time scale T =Py = |J [2k, 2k + 1]. We show
k=0
that for this time scale there is a difference between the Euler—Lagrange equations (6.5) and

(6.6). The forward and backward jump operators are given by

t, te U2k 2k+1],

t, te U2k 2k+1), k=0
o(t) = =0 p(t)=t—1, te | {2k},
t+1, te U {2k +1}, k=1
k=0 0, t=0.

Fort =0 andt € |J (2k,2k + 1), equations (6.5) and (6.6) coincide. We can distinguish
k=0

o o0
between them for t € |J {2k+1} and t € |J {2k}. In what follows we use the notations
k=0 k=1

(6.8) and (6.9). Ift € |J {2k + 1}, then we obtain from (6.5) and (6.6) the Fuler—Lagrange
k=0

equations &(t) + x(t) = ¢ and £(t) + x(t + 1) = ¢, respectively. If t € |J {2k}, then the

k=1
Euler-Lagrange equation (6.5) has the form §(t — 1) + x(t) = ¢ while (6.6) takes the form
§(t) +x(t) =

6.2 Natural boundary conditions

In this section we minimize or maximize the variational functional (6.1), but initial and/or
terminal boundary condition y(a) and/or y(b) are not specified. In what follows we obtain

corresponding transversality conditions.

Theorem 6.5 (Transversality condition at the initial time ¢t = a). Let T be a time scale for
which p(o(a)) = a. If § is a local extremizer to (6.1) with y(a) not specified, then
k+n
ZH flil@+ S H- | fulido / LB Ovt| =0 (6.12)
i=k+1

holds together with the Euler—Lagrange equations (6.5) and (6.6).

Proof. From (6.7), what has already been proved, and (6.11), we have

k ¢ k+n b b
H, - | fi,[91(r)ATh(t)]| + Fi Gy ()VTh(t)| + [ hV(t) - eVt =0.
Dt [ sul a z / y N
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It follows that

b k+n b
ZH /f,y A + Y H /fzy{y} Jrh(t)| + h(t) - o’ = 0.
i=k+1 o
Next, we conclude that
koo b k+n
b) [ZHi-/fiy[ nar+ S H /fzy{y} )V +c
i=1 i=k+1
k+n
ZH /fly AT+ > H /fly{y} )WV +c| =0, (6.13)
i=k+1
where
¢ =¢&(p(t)) + x(1)- (6.14)

The Euler-Lagrange equation (6.5) of Theorem 6.3 (or (6.14)) is given at t = o(a) as

k p(o(a))
S| fuliloe@) ~ [ falilr)ar
i=1 J
k+n )
+ Z Hz fw{y} /fzy{y} = cC.
i=k+1
We obtain that
k+n
ZH fw Z H fw{y} /fzy{y} =C.
i=k+1

Restricting the variations h to those such that h(b) = 0, it follows from (6.13) that h(a)-c = 0.

From the arbitrariness of h, we conclude that ¢ = 0. Hence, we obtain (6.12).

Theorem 6.6 (Transversality condition at the terminal time ¢t = b). Let T be a time scale

for which o(p(b)) =b. If § is a local extremizer to (6.1) with y(b) not specified, then

k , b k+n
S| fulil (o) + / FulflAt | + 3 H - fufghd) = (6.15)
=1 p(b) i=k+1

holds together with the Euler—Lagrange equations (6.5) and (6.6).
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Proof. The calculations in the proof of Theorem 6.5 give us (6.13). When h(a) = 0, the
Euler-Lagrange equation (6.6) of Theorem 6.3 has the following form at ¢ = p(b):

k p(b)
SOH | Fulilo0) - / filg)(r) AT
=1 a
bin o(p(%)
3 1 fulidelom) - / fulah®vr | =c.
i=k+1 p
Then
k p(b)
SOH | Fulilod) - / filg)(r) AT
i=1 o
k+n
+§jm(@w} /mw} )a®w>
i=k+1
We obtain (6.15) from (6.13) and (6.16). O

Several new interesting results can be immediately obtained from Theorems 6.3, 6.5 and

6.6. An example of such results is given by Corollary 6.7.

Corollary 6.7. If § is a solution to the problem

b
f fl (tv ya(t)a yA(t))At

Lly] = 3 — extr,
J 2t ye(8),y¥ (1) Vi

(y(a) =ya), (y(b) = w),

then the Euler—Lagrange equations

;.2 Froli / Fili] - j_;; (fzv{@}(t) - / ny{y}(ﬂvT) —¢, teT,

a

and

o(t)
= (flv / il )§ fali}o®) ~ [ Plah¥7 | =c ter
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hold, where

b b
Fp o= / A7), 92 ()AL and  Fy = / fa(t,9°(8),9Y (1) Vt.

Moreover, if y(a) is free and p(o(a)) = a, then

nlile) = 35 | Butido / FalaHOVE | =05
if y(b) is free and o(p(b)) = b, then
1 F .
= | sl / Pl | = 23l 0) =
p(b)

6.3 Isoperimetric problems

Let us consider the general delta—nabla composition isoperimetric problem on time scales

subject to given boundary conditions. The problem consists of minimizing or maximizing

b

b
/ Fi(t 57 (0,52 ()AL, / felt g7 (1), 4> (1) A,

b b
/ feor (L (0), 57 () VL, . / feen(t @), 57 O)VE | (6.17)

in the class of functions y € C,i satisfying given boundary conditions

+m,n+p
y(a) = ya, y(b) =, (6.18)
and a generalized isoperimetric constraint

b b
Kly| = P / a1ty (0. y> ()AL / gt 57 (), 4> (1) AL,

a
b

b
/ngrl(t,yp(t),yv(t))Vt, .. .,/gm+p(t,yp(t),yv(t))Vt =d, (6.19)

a

where yq, yp, d € R. We assume that:

1. the functions H : R"** — R and P : R™™? — R have continuous partial derivatives
with respect to all their arguments, which we denote by HZ{, i=1,...,n+ k, and PZ-,,
1=1,....,m+p;
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2. functions (t,y,v) = fi(t,y,v), i =1,...,n+k, and (t,y,v) = g;(t,y,v), j=1,...,m+
p, from [a,b] x R? to R, have continuous partial derivatives with respect to y and v

uniformly in ¢ € [a,b], which we denote by fiy, fiv, and gjy, gjv;

3. for all y € C,er ntps Jir fiys fiv and gj, gjy, gju are rd-continuous in t € [a,b]®, i =
1,...,k, j = 1,...,m, and ld-continuous in ¢t € [a,b], i = k+1,...,k+n, j =
m+1,....,m+p.

A function y € C} is said to be admissible provided it satisfies the boundary conditions

+m,n+p
(6.18) and the isoperimetric constraint (6.19).

Definition 6.8. We say that an admissible function § is a local minimizer (respectively, a
local mazimizer) to the isoperimetric problem (6.17)—(6.19), if there exists a 6 > 0 such that

L[] < Lly] (respectively, L[J] = Lly]) for all admissible functions y € C}
the inequality ||y — §||1,00 < 0.

mntp satisfying

For brevity, we omit the argument of PZ-/: Pi/ = g—g(gl (¥), -, Gmp(g)) fori=1,...,m+
b b
b, with gz(g) = fgl(tv ga(t)7 :IQA(t))At, i = 17 cee, MM, and gz(g) = fgl(tv gp(t)v gv(t))Vt7

a

a
t=m+1,...,m+p. Let us define v and w by

m t

u(t) =3P | guldlt) - / 9ig7)(r) AT (6.20)
=1

a

and

m-+p t

wt)i= Y P [ gala® - [autadn)vr ). (6.21)

i=m+1 2
Definition 6.9. An admissible function § is said to be an extremal for K if u(t) + w(o(t)) =
const and u(p(t))+w(t) = const for allt € [a,b]l:. An extremizer (i.e., a local minimizer or a
local maximizer) to problem (6.17)—(6.19) that is not an extremal for K is said to be a normal

extremizer; otherwise (i.e., if it is an extremal for KC), the extremizer is said to be abnormal.

Theorem 6.10 (Optimality condition to the isoperimetric problem (6.17)—(6.19)). Let & and
X be given as in (6.8) and (6.9), and u and w be given as in (6.20) and (6.21). If g is a
normal extremizer to the isoperimetric problem (6.17)—(6.19), then there exists a real number
A such that

1. &P(t) + x(t) — A (uP(t) + w(t)) = const;
2. £(t) + x7(t) — A (uP(t) + w(t)) = const;
3. EP(t) + x(t) — A (u(t) + w?(t)) = const;
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4. E(t) + x7(t) — X (u(t) +w(t)) = const;
for all t € [a,b]r.

Proof. We prove the first item of Theorem 6.10. The other items are proved in a similar
way. Consider a variation of ¢ such that ¥ = ¢ 4+ e1h1 + e2ho, where h; € C,%er ntp and
hi(a) = h;i(b) =0, i = 1,2, and parameters ¢; and ez are such that || — §||1,0 < d for some

6 > 0. Function h; is arbitrary and hso is chosen later. Define
b b

K(61a52) = K:[y] =P (/ gl(tvga(t)ayA(t))At’ ceey /gm(t,yg(t>,yA(t))At,

a a

A direct calculation gives

b

882 (0,0) ;P; a/ gzy +gw[ ](t)hQA(t)) At
m-+p
+ Y /%m 500) + g AN ORS (1) V1.
=m-+1

Integration by parts of the first terms of both integrals yields:

t b b o/t

(/gw narha@| - [ | [aulilnar | moar

a a a

b

+/%mw@mm

a

mtp ¢ by s
+ P - w9 H(T)VTha(t w03 (T)VT | hy ()Wt
i:;rl a/gyy > a / /gyy 5

b
41/%&maM§th
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Since ha(a) = ha(b) = 0, we have

b m t
/ZPZhA (gw ]() /gzy[ ]( )A’T) At

a
b

m-+p t
* / > Rihi(1) (gz’v{y}(t) - / giy{?j}(T)VT) Vi,

a t=m+l

Therefore,
oK

b b
e = /h?(t)u(t)AH/hgv(t)w(t)Vt-

a

Using relation (1.4) of Theorem 1.31, we obtain that

(0,0)

b b b

/ (h2)? () (£)Vt + / BY (t)w(t)Vt = / BY () (uP(2) + w(t)) Vt.
By the Dubois—Reymond Lemma 3.12; there exists a function hs such that g—g ©.0) #0

Since K(0,0) = 0, there exists a function e5, defined in the neighborhood of zero, such that
K(e1,e2(1)) = 0, i.e., we may choose a subset of variations § satisfying the isoperimetric

constraint. Let us consider the real function

b
L(e1,e0) = L7 = H ( / (LT (0.7 ()AL, . / Felt. 57 (1), 72 (1) A,

b b
/ Fem (LT, 7 () VL, .. / fk+n<t,yp<t>,yV<t>>w) .

The point (0,0) is an extremal of £ subject to the constraint K = 0 and VK(0,0) # 0. By
the Lagrange multiplier rule, there exists A € R such that V (£(0,0) — AK(0,0)) = 0. Due to
hi(a) = ha(b) = 0, we have

k b

aafl 00 Z;H ' / (Fiyl91(ORT (1) + finld] ()R (1)) At
k+n
T Z / Fu {9 ORL(t) + fuul{9}()RY (1)) VL.
i=k+1

Integrating by parts, and using hj(a) = hy(b) = 0, gives

_ b b
= - [rpwewar+ [i¥ v

a

(0,0)
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Using (1.6) of Theorem 1.32 and (1.4) of Theorem 1.31, we obtain that

_ b b )
gi (0.0) :a/(hlA)p(t)gp(t)Vt+a/hlv(t)x(t)Vt:a/hlv(t) (€P(t) + x (1)) Vit
and
oK mo
5ot = 2 -a/(gz-y[m(t)hl( )+ gulilORE () A1
m-+p
+ Y0P / i HOM0) + 3 {THORT (1) V.
i=m+1

Integrating by parts, and recalling that hi(a) = hi(b) =0,

oK
851

b b
_ / B (u(t) At + / BY (Hyw(t)Vt.

(0,0) )

Using relation (1.6) of Theorem 1.32 and relation (1.4) of Theorem 1.31, we obtain that

_ b b b
oK
| = [y eweve s [iWouove = (a0 o + o) v
o) ) , ;
: oL oK _
Since e (070) e 00) = 0, we have

b
/hlv(t) [€P(8) + x(t) = A (uP(t) + w(t))] V=0

for any h1 € Ciimmntp. Therefore, by the Dubois-Reymond Lemma 3.12, one has £°(t) +
X(t) — A (uP(t) + w(t)) = ¢, where ¢ € R. O

Remark 6.11. One can easily cover both normal and abnormal extremizers with Theo-
rem 6.10, if in the proof we use the abnormal Lagrange multiplier rule [90].

6.4 Illustrative examples

In this section we consider four examples which illustrate the results obtained in Theo-

rem 6.3 and Theorem 6.10. We begin with a nonautonomous problem.
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Example 6.12. Consider the problem

[

Lly] = 107 — min,
)2yt (6.22)

0

) =

y(0 y(1) =1.
Ify is a local minimizer to problem (6.22), then the Fuler—Lagrange equations of Corollary 6.7
must hold, i.e.,

1 .Fl \v4 1 fl \v4 K
7p(t)_ ﬁy () Cy tETm and Et_QJ:Qy ( (t)):C, t€T7

1
where Fi 1= Fi(y fty t)At and Fo = Fa(y) = f(yv(t))QVt. Let us consider the second

equation. Using (1.5) of Theorem 1.81, it can be written as

—t—2llAt)=¢, teT" 6.23
Al = (0:23
Solving equation (6.23) and using the boundary conditions y(0) =0 and y(1) =1, gives
1 / 1 /
y(t) = 30 /TAT —t 30 /TAT -1, teTH (6.24)
0 0
where Q) = fl. Therefore, the solution depends on the time scale. Let us consider two
examples: T=R and T = {O, 3 1}. On T =R, from (6.24) we obtain
40 — 1 A v , 4@ —1
= g t )=y (t) = 1y 6.25

as solution of (6.23). Substituting (6.25) into F1 and Fa gives Fi = 12261251 and Fo = 4i§;—;1,
that 1is,

2Q(12Q + 1)
=—_="r -/ 2
@ 48Q% +1 (6.26)
Solving equation (6.26) we get Q € {3 2‘[, 3+2\[} Because (6.22) is a minimizing problem,
we select QQ = 2‘[ and we get the extremal
y(t) = —(3+2V3)t* + (4 + 2V3)t. (6.27)
If T =1{0,%,1}, then from (6.24) we obtain y(t) = i Z:_: 8Q 1t that is,
O? ift = )
y(t) = 8L ift =1,
1, ift =
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Direct calculations show that

) —y(0) 8Q-1 1 D-y(3) 8Q+1
o= 0501 s (1) w0 501
2 se ? 2 5Q (6.28)
v<1>_y<§>—y<0>_8Q—1 vy = ¥ —uly) _8Q+1 '
v g)= T =g V(= 0 =50
Substituting (6.28) into the integrals Fi and Fy gives
_8Q+1 _64Q% + 1 A 2008Q+1)

Fi1 =

32Q F2= 64Q2 Q=% = 64Q2 +1

Thus, we obtain the equation 64Q% — 16Q — 1 = 0. The solutions to this equation are:
Q € {1—7\57 %} We are interested in the minimum value @, so we select () = HT‘& to

get the extremal

0, ift=0,
y(t) =41 -2 ift =1 (6.29)
1, ift = 1.

S

Note that the extremals (6.27) and (6.29) are different: for (6.27) one has z(1/2) = 2 +

We now present a problem where, in contrast with Example 6.12, the extremal does not

depend on the time scale T.

Example 6.13. Consider the autonomous problem
2 A2
J (v=(1)" At
0

Llyl = 2 — min,
J [yv(t)Jr(yV(t))ﬂ Vit (6.30)
0

y(0)=0, y(2)=4
If y is a local minimizer to (6.30), then the FEuler—Lagrange equations of Corollary 6.7 must

hold, i.e.,

2V -Fl v 2A Fl A
2O -2tV )+ 1) =¢, teT,, d ™0 - 22220 +1)=¢, teT",
27O~ BT e 1Ty wd 20 - BEAO ) o te
(6.31)
2

2

where Fy = Fi(y) = [ (yA(t))QAt and Fy == Foy) = [ [yv(t) + (yv(t))Q} Vt. Choosing
0 0

one of the equations of (6.31), for example the first one, we get

F F2
v 1 2 K
t) = + —= | —=—=— teT" 6.32
y () (C F22>2f2—2f1’ ( )

Using (6.32) with boundary conditions y(0) = 0 and y(2) = 4, we obtain, for any given time
scale T, the extremal y(t) = 2t.
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In the previous two examples, the variational functional is given by the ratio of a delta and
a nabla integral. We now discuss a variational problem where the composition is expressed

by the product of three time-scale integrals.

Example 6.14. Consider the problem
1 1 1

e = | furwst] | [rroaros / e T )

0 0 0

If y is a local minimizer to problem (6.33), then the Euler—Lagrange equations must hold, and

we can write that

(FiFs + FoF3)t + FiFs + 2F 1 FoyY (o(t) = ¢, teTr, (6.34)

1 1
where ¢ is a constant, Fi = Fi(y) = [ty AtVAL, Fo = Faly fyA (1+41t)At, and
0 0

Fs:=F3(y) = (yv(t))2 Vt. Using relation (1.5), we can write (6.34) as

Ct— =

(]‘—1./73 + .7'—2.7'_3) t+ FiFs+ QflnyA(t) =c, teT" (6.35)

Using the boundary conditions y(0) =0 and y(1) = 1, from (6.35) we get that
1 t
y(t) =11+ Q/TAT t— Q/TAT, teT", (6.36)
0 0

where Q = L1L3H72F8  Therefore, the solution depends on the time scale. Let us consider

2F1F2
T=R and T = {0 1}. On T =R, expression (6.36) gives

)

2+0Q Q 2 + Q
o= (259) - %0 po=ro-yo-3%a  ©m
as solution of (6.35). Substituting (6.37) into F1, Fo and F3 gives:
_6-Q _18-Q QP+ 12
=y e ey

One can proceed by solving the equation Q> — 18Q% 4+ 60Q — 72 = 0, to find the extremal
y(t) = (M) — 942 with Q = 23/9 + V1T + 79‘\/ﬁ\3/(9+\/ﬁ)2 + 6.

Let us consider now the time scale T = {0 1}. From (6.36), we obtain

’ 9

) 0, ift=0,
y(t) = (4+4Q) t— % Z k=q4e =1 (6.38)
w0 1, ift=1,
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as solution of (6.35). Substituting (6.38) into Fi, Fo and F3, we obtain

4-Q 20-Q _Q*+16
=" =% BT

Solving equation Q> — 18Q? + 48Q — 96 = 0, we find the extremal

0, ift =0,

y(t) = Q BVEEYB Gy L

1, ift=1,
for problem (6.33).
Finally, we apply the results of Section 6.3 to an isoperimetric variational problem.

Example 6.15. Let us consider the problem of extremizing

fl (y2(t)*At
Llyl =%
[tyV(t)Vi

subject to the boundary conditions y(0) = 0 and y(1) = 1, and the constraint
1
Kly] = /tyv(t)Vt =1.
0

Applying Theorem 6.10, we get the nabla differential equation

‘;ﬂvﬁ)—<A+(;;2>t:c, t €T~ (6.39)
Solving this equation, we obtain
1 t
yt)=11- Q/TVT t+ Q/TVT, (6.40)
0 0

where () = % <(]€1)2 + )\). Therefore, the solution of equation (6.39) depends on the time

scale. As before, let us consider T=R and T = {O, %, 1}.

On T =R, from (6.40) we obtain that y(t) = %t—i— %t2. Substituting this expression fory
into the integrals F1 and Fa, gives F1 = Q21-512 and Foy = %. Using the given isoperimetric
constraint, we obtain Q = 6, A =8, and y(t) = 3t* — 2t.

Let us consider now the time scale T = {0, %, 1}. From (6.40), we have

" 0, ift =0,
4-3Q k 4 )
k=1
1, ift=1.
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Simple calculations show that

L) o (2 () -

1 B\ 1 1\ 1 Q+12
A3 b (5 = L (1) + b -

I
]~

Fi

B
S|

4
k=1

and K(y) = Qfﬁm = 1. Therefore, Q = 4, A = 6, and we have the extremal

i) - {0, ifte {01},

1, ift=1.

6.5 State of the art

The results of this chapter are published in [38].
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Chapter 7
Applications to Economics

This chapter is divided into two parts (Sections 7.1 and 7.2) and at each of them an
economic model is presented. In Section 7.1 we study a general nonclassical problem of the
calculus of variations on time scales. More precisely, we consider problems of minimizing or
maximizing a composition of delta and nabla integral functionals. We prove general necessary
optimality conditions of Euler-Lagrange type in differential form (Theorem 7.1), which are
then applied to the particular time scales T = R (Corollary 7.2) and T = Z (Corollary 7.3).
Next we consider an economic problem describing a firm that wants to program its production
and investment policies to reach a given production rate and to maximize its future market
competitiveness. The continuous case, denoted by (P), was discussed in [30]; here we focus
our attention on four different discretizations of problem (P), in particular to two mixed
delta-nabla discretizations that we call (Pay) and (Pya). For these discrete problems the
direct discretization of the Euler-Lagrange equation for (P) does not lead to the solution of
the problems: the results found by applying our Corollary 7.3 to (Pay) and (Pya) are shown
to be better. The comparison is done in Section 7.1.4.

In Section 7.2 we present a relation between inflation and unemployment which both
inflict social losses. When a Phillips tradeoff exists between them, what would be the best
combination of inflation and unemployment? A well-known approach in economics to address
this question consists to write the social loss function as a function of the rate of inflation
p and the rate of unemployment u, with different weights; then, using relations between p,
u and the expected rate of inflation 7, to rewrite the social loss function as a function of ;
finally, to apply the theory of the calculus of variations in order to find an optimal path 7« that
minimizes the total social loss over a certain time interval [0, T]. Economists dealing with this
question implement the above approach using both continuous and discrete models [31, 87].
Here we propose a new, more general, time-scale model. We derive necessary (Theorem 7.6

and Corollary 7.9) and sufficient (Theorem 7.12) optimality conditions for the variational
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problem that models the economical situation. For the time scale T = hZ with appropriate
values of h > 0, we obtain an explicit solution for the global minimizer of the total social loss

problem (Theorem 7.13).

7.1 A general delta-nabla problem of the calculus of variations

on time scales

Let T be a given time scale with at least three points, and let a,b € T. We consider the

following general problem of the calculus of variations on time scales.

Problem. Find a function y that extremizes, that is, minimizes or maximizes, the functional
b b
el = # | [ Aty © 0t [ it @2 0)an
a a

b b
/ feor (L (), 5% (D)L, . / fern(t @), 57 @)VE | (7.1)

subject to the boundary conditions
y(a) =ya, y(b) = v, (7.2)
where y € C,;n([a, bl,R) (Definition 6.1), k,n € N.
For brevity, we use the operators [-] and {-} defined by (6.3). We assume that

1. function H : R"** — R has continuous partial derivatives with respect to its arguments,

which we denote by H;, 1=1,...,n+k;

2. functions (¢,y,v) — fi(t,y,v) from [a,b] x R? to R, i = 1,...,n + k, have continuous
partial derivatives with respect to y and v uniformly in ¢ € [a, b], which we denote by

fiy and f;,, respectively;

3. functions f;, fiy, fiv are rd-continuous in ¢ € [a,b]", i = 1,...,k, and ld-continuous in

teabs,i=k+1,...,k+n,foralye C,an([a,b];]R).

A function y € C}, ([a,b]; R) is said to be admissible provided it satisfies the boundary
conditions (7.2). A local minimizer § (respectively, maximizer) to problem (7.1)—(7.2) is given

by Definition 6.2 for all admissible functions y € C,i’n([a, b; R).
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7.1. A GENERAL DELTA-NABLA PROBLEM OF THE CALCULUS OF VARIATIONS
ON TIME SCALES

7.1.1 The Euler-Lagrange equations

Now FEuler—Lagrange type optimality conditions in differential form are obtained, which
are different than the ones presented in [38] and Chapter 6. If one considers the particular case
where function H in problem (7.1)—(7.2) does not depend on nabla operators, then one obtains
exactly the delta problem studied in [71]. In this case, the assumptions we are considering
for problem (7.1)—(7.2) coincide with the ones of [71]. However, it should be noted that when
it is written % or % for some given expression, this is formal and does not mean that one
can really expand the delta (or nabla) derivative. Such formal expressions are common in
the literature of calculus of variations (see, e.g., [48, Theorem 1 of Section 4], [83, Corollary 2
to Theorem 2.3] or [89, Section 6.1]). All our expressions are valid in integral form (see
Chapter 6).

For brevity, in what follows we omit the arguments of H;, that is,

/ OH
H =
K3 aE

(F1(y), - Fran(y)),

i=1,...,n+k, where

b

b
Fily) = /fi[y](t)At, fori=1,...,k, Fily) = /fi{y}(t)Vt, fori=k+1,....k+n

a

Theorem 7.1 (The delta-nabla Euler-Lagrange equations). Let T be a time scale having at
least three points and let a,b € T. If g is a solution to problem (7.1)—(7.2), then the delta-nabla

FEuler—Lagrange equations

k k+n

STH - (Fald)0) — FRE0) + D0 H - (fudi} o) - F3{5H0)

i=1 i=k+1
Jrlc-‘,—n o

+* > Hi-v(t)- (fi{9}(t) - Z{z)}(t))] t)=0 (7.3)
i=k+1
and

k , k+n

> Hi - (fill(p(1) - + 3 B (fi{a}@) — FYL0H0)

=1 i=k+1
v | k p

hold for all t € T.

Proof. Suppose that £ [y] has a local extremum at §. Consider a variation h € C{, ([a,b],R)
of g for which we define the function ¢ : R — R by ¢(¢) = L[y + eh]. A necessary condition
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for § to be an extremizer for L [y] is given by ¢’ (¢) = 0 for € = 0. Using the chain rule, we

obtain that

k b
o0 =1 [ (Gl 0+ Full O 0) At
' k+n
IR / FulTHOR) + Fali} (O (1)) 91 = 0.
i=k+1

Using delta and nabla product rules (Theorems 1.11 and 1.23) we have

il @1 (ORDOI = fulg)(0)R (1) + (fiuld] (1) b (1)
and
il Y @R@)]Y = fi{gHORY () + (fiufgH(0)Y h2(2).
Integrating both sides from ¢ = a to t = b and having in mind that from (7.2) one has
h(a) = h(b) = 0, we obtain that

b
308 (110~ ulal)®) he 01

Y i=1

b k+n

[ 30 H (Fa)0) - GulahO)T) (o7 =0

o i=k+1

Let us denote

s(t) == ZH (Fulal(®) = (Fulsl®)*) .

k+n
r(0) = Y B (fula}e) - ala}e)Y).
i=k+1
Then,
b b
/s(t)h”(t)At + /r(t)hp(t)Vt 0.

The proof is divided into two parts. First we use (1.7) of Theorem 1.32 and (1.5) of Theo-
rem 1.31 in order to obtain the Euler-Lagrange equation (7.3). In the latter case we apply
(1.6) of Theorem 1.32 and (1.4) of Theorem 1.31 to receive the Euler-Lagrange equation (7.4).
(i) Since h is nabla differentiable, we have that h?(t) = h(t) — v(t)hY (t) (cf. item (iv)
of [5, Theorem 3.2]) and thus
b

b
/ SR ()AL + / [H(OR(t) — r(t) ()Y ()] Vi = 0.

a
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Using equation (1.7) of Theorem 1.32, it follows that

b b

/s(t)h”(t)At—{-/ [(rR)7 () — (rv)° (£)(hY)7 ()] At = 0.

a a
Therefore, from equation (1.5) of Theorem 1.31, we obtain

b b

/ SR ()AL + / [(rh)° (1) — (rv)” (R (1)] At = 0.

a a
Integrating the second part of the latter integral, gives

b

/ (rv)7 ()2 (£) At = (r)” (£) (1)

a

b

b
- [0 e oa

a

and it follows that
/ A
/ [s(t)h"(t) +7r7(t)h(t) + h“(t)m(ry)”(t)} At =0.

Thus,

/b [s(t) +77(t) + AAt(ry)U(t)} B (1) AL = 0.

From the fundamental lemma of the delta calculus of variations (cf. [2, Lemma 8] and [45,

Lemma 3.2]), we get the Euler—Lagrange equation

s(t) +ro(t) + %(W)"(t) =0

and therefore equation (7.3).
(ii) Since h is delta differentiable, the following relation holds (cf. item (iv) of [23, Theo-
rem 1.3]):
ho (t) = h(t) + p(t)h>(t).
Then we obtain that

b

b
/ S(OR(E) + s A (AL + / r()hP (1) VE = 0,

a

Using equation (1.6) of Theorem 1.32, we have
b
[ [20m7®) + ) () @) + (0 (0] Ve =0,
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From equation (1.4) of Theorem 1.31 it follows that

b
/ [sP()R?(t) + (sp)” (£)RY (t) + r(t)h? ()] VE = 0.

a

Integrating the second item of the above integral,

b
/ (s1)? (Y (£)VE = (sp)? (t)h(t)

yields

and then

/ [sp(t) +r(t) - Vvt(s,u)p(t)} hP(t)Vt = 0.

From the fundamental lemma of the nabla calculus of variations (cf. [75, Lemma 15]), we get

the Euler-Lagrange equation

$2(0) + (1) — o (50)°(6) = 0

and therefore equation (7.4). O

Corollary 7.2 (See Theorem 3 of [30]). Let a,b € R with a < b. If § is solution to problem

b b
Lly|=H (/ fl(t,y(t),y'(t))dtv/fz(t,y(t),y’(t))dt) — extr 75)

y(a) = Ya, y(b) =y,

then the Euler—Lagrange differential equation
! ~ A~/ d ~ ~1
Hi(FLF) - (£(0.900.510) ~ G le.300.50) )
AT d AT

7L (6 80,710) ~ Rt 30.50)) =0 (76)

holds for all t € [a,b], where
b
Fi= [ ftate. i@, =12,

Proof. Let T =R and kK =n = 1. The result follows from Theorem 7.1. O
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Corollary 7.3. Let a,b € N with b —a > 1 and denote by Ay(t) and Vy(t) the standard
forward and backward differences operators, that is, Ay(t) = y(t + 1) — y(t) and Vy(t) :=
y(t) —y(t —1). If § is solution to problem

b—1 b
Lly]=H (Z Ayt +1),Ay(1), Y falty(t - 1),Vy(t))> — extr
t=a

t=at1 (7.7)
y(a) =va, y(b) =1,

then both Euler—Lagrange difference equations

Hi(’FLJ:Q) : [fly(ta@(t + 1)7A:&) - Aflv(tvg(t + 1)7 AQ)]
+ Hy(F1, Fo) - [fay(t + 1,9(8), Vit + 1)) = Afau(t, §(t — 1), V(2))] (7.8)
+ Hy(Fr, F2) - Alfay(t + 1,9(1), Vit + 1)) = Voo (t +1,5(), Vit +1))] = 0

and

Hy(Fy, Fo) - [fry(t = 1,3(8), At — 1)) = V fro(t, §(t + 1), Aj (1))
— Hy(F1, Fo) - V [fiy(t = 1L§(t), At — 1)) = Afro(t = 1,35(1), Aj(t — 1))] (7.9)
+ Hy(Fr, Fo) - [fay(t, (8 — 1), V§(t) = V fau(t,(t — 1), Vii(£))] = 0

hold fort € {a+1,...,b— 1}, where

b1
Fri=Y AlLat+1),A9(t), Foi= Z f2(t,9(t = 1), Vi(t)).

t=a t=a+1

Proof. The result is a direct consequence of Theorem 7.1 with T =7Z and k =n = 1. O

7.1.2 Economic model and its direct discretizations

In this section we introduce an economic problem that is considered in continuous (Ex-
ample 7.4 below) and discrete (Example 7.5 below) cases. The first example is made under
the assumptions from Section 6 of [30]. The latter example corresponds to discretizations of
the problem of Example 7.4, for which one can discretize the Euler-Lagrange equation (7.6).

In what follows,
Ay(t) =y (t) —y(t), Vy(t) = yt) —y"(¢).
In particular, if T has a maximum M, then Ay(M) = 0; if T has a minimum m, then

Vy(m) = 0.

Example 7.4 (A continuous problem of the calculus of variations — see Section 6 of [30]).

Consider the following problem, denoted in the sequel by (P):

ma f(k(T),a(T)) = min [~ K(T)a(T)] = min K (T)a(T).
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where

T
K(T) = —k(T) = /ep(Tt) [co+ 1y (t) + e2y(t) — y(t)p(1)] dt,
0

T
a(T) = / e~ Pt [Ay(t) + 5W] dt
0

with p the discount rate (not to be confused with the backward jump operator p(t) of time
scales). For this problem the Euler—Lagrange equation (7.6) in the differential form can be

written as

a(T) - e #T70 [e1 = p(t) = 2ea(py'(t) + 4 (¢))]

+ K(T) - e PT=1)

B P y'(t) _
’ 2( ORE 2<yw+wﬁ>] o

The solution of the continuous problem (P) is found by solving the Fuler—Lagrange equation
(7.10). It turns out that this is a highly nonlinear differential equation of second order, for
which no analytical solution is known. In other words, to solve the continuous problem one
needs to apply a suitable discretization. This is exactly one of the main motivations of our

study: to provide an appropriate theory of discretization.

A discretization can always be done in two different ways: using the delta or the nabla
approach. In the next example we consider four different discretizations for the problem (P)
of Example 7.4 and the corresponding four discretizations of the Euler-Lagrange equation
(7.10).

Example 7.5. Consider a firm that wants to program its production and investment policies
to reach a given production rate k(T), T € N, and to maximize its future market competi-
tiveness at time horizon T. FEconomic models, leading to the mazximization of a variational

functional, are presented below and are based on the following assumptions:

1. The firm competitiveness is measured by the function f(k(T'),a(T)), which depends on
the accumulated capital k(T) and on the accumulated technology a(T), both at time
horizont = T. Here, the function to measure the firm market competitiveness is assumed
to be of form

F(K(T), a(T)) = K(T) " a(T)™ (7.11)

with given constants 1 and 7o that measure the absolute and relative importance of

capital and technology competitiveness, respectively.
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2. The acquisition technology rate is given by the function g(y(tg+1), Ay(tx)) (delta version)
or g(y(tk—1), Vy(tr)) (nabla version), where y(ty) is the sales rate at time ti, which we
assume equal to the actual production rate at the same point of time, that is, Ay(ty)

(delta version) or Vy(tx) (nabla version) are the actual production rate change.

3. The firm starts operating at point to = 0 and accumulates capital as

T-1
KA(T) = Z (1+ )" T(co + cryris + c2 (Ayr)® — Yk +1P+1) (7.12)
tr=0
(delta version) or
T
Ky(T) =Y (1= p)" " (co + c1yp—1 + c2 (Vyr)* = Yr—1D5-1) (7.13)
tr=1

(nabla version), where p is the discount rate, pr = p(tx) is the unit product price,
yr = y(ti) is the sales rate at time ty, and c(yg+1, Ayx) (delta) or c(yg—1, Vyx) (nabla)
is the cost of producing yxy1 (delta) or yp—1 (nabla) units of product at time ty1 (delta)

or tg—1 (nabla) plus technology increases.

4. The accumulate technology is given by

T-1

an(T) = > (1 +p)"* " (Mes1 + Bv/Bys + ) (7.14)
t,=0
(delta version) or
T
av(T) = 3" (1= )" (Agyr + v/ Ve +0) (7.15)
tr=1

(nabla version,).
5. The price-sales relationship requlating the market is given by the equation
h(Yk+1,Pkt1) = Wr+1 — Y0)(Pk+1 —po) —B =0 (7.16)
(delta version) or by the equation
h(yk—1,P6-1) = (Yk—1 — Y0) (Pr—1 —po) — B =0 (7.17)

(nabla version). There is an upper bound b for the size of production rate change, so

that |Ayg| < b (delta) or |Vyi| < b (nabla).
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6. Two boundary conditions are given:

y(0) =yo, y(T)=vyr, (7.18)

which are the initial sales rate at point tg = 0 and the target sales rate at the terminal
point of time ty, =T.
Then, the firm problem is stated as:
max k(T)"™a(T)7?
Yk
subject to the hypotheses (7.11)—(7.18). For illustrative purposes and to be coherent with
Ezxzample 7.4 borrowed from [30], we assume y1 = 72 = 1 and transform the mazimization
problem into an equivalent minimization process:
min(—k(7T"))a(T) = min K (T)a(T).
Yk Y
Each component of the objective functional f(K(T),a(T)) may be discretized in two ways
(using the delta or the nabla approach). Due to this reason, we obtain four different discrete

problems of the calculus of variations:

1. Problem (Pav) with cost functional min Ka(T)av(T);
Yk

2. Problem (Pya) with cost functional min Ky (T)aa(T);
Uk

3. Problem (Paa) with cost functional min Ka(T)aa(T);
Yk

4. Problem (Pyv) with cost functional min Ky (T)av(T);
Yk
where Kp(T') and ap(T), D € {A,V}, are defined as in (7.12)—(7.15). With the notation of

Section 7.1, such functionals consist of the following integrands:

2
- yk+1pk+1)7

fia =1+ p)"* T(co+ crypsr + c2 (Ayy)
fiv=(1-p)" "% (co+ cryp—1 + 2 (Vi)
fon = (14 )" (M1 + Bv/By +b) |

fov = (1—p)T </\3/k71 + BvVyr + b) :

where fin = fin(te, Yre+1, AYk), fiv = fin(te, ye—1, Vyr), i = 1,2, and function fip is associ-
ated with functional Kp(T') and function fop is associated with functional ap(T), D € {A,V}.

2
- yk—lpk—1)7

Using the same discretization as the one from (P) to (Pav), the Euler—Lagrange equation

(7.6) is discretized into

dfia dfia 0 fov Ofav \
aw (T) <8yk+1 A Ayk)jLKA(T) (8%_1 Vi, ) =0 (7.19)
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which for our economic problem (P) takes the form

Byo

ay(T)(1+p)"* " |e1 — po + (ort — 102

— 2c9 (pAyk +(1+ p)A2yk)]

pVVyr +b—Vy/Vyg +)
2v/Vyr + b/Vyp_1+0b

valid forty, € T%. Note that we start with a given value of sales (or production) rate yq that the

+ KA(T)(1—p)t " [A B =0, ((ELp)av)

firm wants to improve (increase) in order to generate a profit. For this reason, the next values
yr, k > 0, are assumed to be greater than the initial value yo. This economic assumption,
makes valid the Euler—Lagrange equation ((ELp)av). Indeed, it is known a priori, from
economic insight, that y(t) is an increasing function [30]. Similarly, the discretization from
(P) into (Pya) gives the discretized Fuler—Lagrange equation

dfiv dfiv dfan Ofon\ _
an(T) - <8yk1 — Vavyk) + Ky (T) - (aka — A@Ayk> =0 (7.20)

that, for our example, reads

B
s g~ 2 (0t (1 )

\_ P (0VAyr, +b— AyVAy;, + )

an(T)(1— )T [ pot

+ Ky(T)(1+ p)tT =0, ((ELp)va)

2V Ay, + b/ Ay + 0
for ty, € Tk, the discretization from (P) into (Paa) leads to the discretized Euler—Lagrange
equation
dfia dfia > < dfan dfan >
an(T) - - A + KA(T) - - A =0 7.21

1) (G2, = g )+ Kam) - (G - a0 (720
and to

tp—T ByO 2

an(T)(1+ p) ¢l —po+ ————5 — 2c2 (pPAyx + (1 + p)A%yy)
(Yk+1 — yo)

pvV/ By + b — Ay/Ayg +b)

+ EKA(T)(1+p) " [/\ _ AL =0, ((ELp)aa)

2V Ay + b/ Ay + b
for tj, € T ; while the discretization from (P) into problem (Pyy) gives
dfiv df1v ) < 9 fav dfav >
av(T) - -V + Kvy(T) - -V =0 7.22
V() <3yk—1 OVyp, viD) Yk OVyp, (7.22)

that reduces in our case to

B
ﬁ —2¢o (vak + (1 - P)VQZJk)]
vV Vyr +b—V/Vy, + b)

2vVye +by/Vye_1 +b

av (T)(1 — )T~ [ Cpo+

=0, ((ELp)vv)

+ Ky (T)(1—p)" % [)\ _ Al
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valid for ty, € T,2. As can be easily noticed, all the four discretizations of the continuous

Euler—Lagrange equation (7.6) are different but consist of the same items. For this reason,

we define:

0 fiv

0 0 0
. < fia A f1A>7 o = <af1V v
Yk—1

OYk+1 0Ayy,

OVyx

0 fov

0 0 0
on = < faa 5 f2A)’ N <8f2v v
Yk—1

6yk+1 6Ayk

OVyy,

With such notations, the discretizations of the Euler—Lagrange equation (7.6) are conveniently

written in the following way:

1. equation (7.19) is equivalently written as

av(T)yia + Ka(T)yav = 0,

2. equation (7.20) is equivalently written as

an(T)viv + Kv(T)v2a =0,

3. equation (7.21) is equivalently written as

an(T)yia + Ka(T)yea = 0,

4. and equation (7.22) is equivalently written as

av(T)y1iv + Kv(T)y2v =0,

7.1.3 Time-scale Euler—-Lagrange equations in discrete time scales

t, € T%;

ty € T,

K

thTH;

tx € T2,

(7.23)

(7.24)

(7.25)

(7.26)

The equation (7.25) coincides with the time-scale Euler—Lagrange delta equation given

by [71, Corollary 3.4] while equation (7.26) coincides with the time-scale Euler-Lagrange

equation given by [72, Corollary 3.4]. From our Corollary 7.3 it follows that such coincidence,

between the direct discretization of the continuous Euler-Lagrange equation (7.6) and the

discrete Euler-Lagrange equations (7.8)—(7.9) obtained from the calculus of variations on

time scales, does not hold for mixed delta-nabla discretizations: neither (7.23) is a time-scale

Euler-Lagrange equation (7.8) or (7.9) nor (7.24) is a time-scale Euler-Lagrange equation

(7.8) or (7.9).
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For the economic problem (Pay) the Euler-Lagrange equations have the following form:
the Euler-Lagrange equation (7.8) takes the form

B
ﬁ — 2¢o (PAyk +(1+ P)Azyk)]

VVyr +b—(1—p)Ay/Vye +)
2v/Vyr +b/Vyrs1 +0
oYy + b — V/Vyr + b))

av (T) (14 )T [ po+

+Ka(M)(1 - p)" " (A— o (BLb,.)

+A

t =0
2v/Vyr + b/Vyp_1+0b (Fr1)

for t, € T%, while the Euler-Lagrange equation (7.9) gives

KA(T)(1 -~ p)" = (A L

_ B
ay(T) (14 p)*——T" {01 —po + Yo 5 — 2c2 (pPAyg +V (Ayk:))]

(Yr — %)
V'V 5~ Vy/ Vi 70)
2V +0y/ Vi1 +b )
Byo
(Yx — 0)?

+ EA(T)(1—p)" (A B

-V [QV(T)(l +p)te= T <C1 —po+ — 2ca (pAyr + (1 + P)AZZ/IC)):| (tk—1) =0

(EL},,)
for t;, € Ty.
For problem (Pya) the Euler-Lagrange equations take the following form: the Euler—
Lagrange equation (7.8) gives

T B
al0) (1= T e =+ 20— 2y (0 + (V)

(Y& — v0)

PV AYL + b — AV Ay, + b)

+ Kg(T)(1+p)* " [A L

2v/ Ay + b/ Ay + b
_ B
+A [aA(T)(l — p)Tt [cl —po + % —2¢5 (pVyr + (1 — p)Vka)H (tpe1) =0
(Yr—1 — o)
(ELpg,)

for t, € T, and (7.9) gives
an(T) (1 — p)T_t’“ [cl —po + AQ —2¢o (,oVyk +(1- p)Vka)]
(Yk—1 — %0)

PV Ay +b— (14 p)VV/Ay + )
2V Ay + b/ Vy, +b
pVAyY +b— AVAy, +)

2V Ay + by/Aypy1 + b

for t;, € Tf;. Then the Euler-Lagrange equations (EL}DAV) and (EL2PAV) for (Pavy) are

dfav d fov
av(T)yna + Ka(T) <ayk_1 oo A8Vyk

+ Ky(T)(1 + p)it—1-T [A_ ! (ELp, )

-V

(tp_1) =0

Kv(T)(1 4 p)" [)\ L

> +A[KA(T)yov]oo =0, t,eTy, (7.27)
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and

(ol

)+ Ka(Thas - Vias(Timalop =0, teTh (129

respectively, and the Euler-Lagrange equations (EL}JVA) and (EL%VA) for (Pya) are

CLA<T) < aflV oo —A aflV > + Kv(T)’}/QA + A [aA(T)’ylv] o0 = 0, tk € TZ= (7.29)

OYr—1 OV
and
0 0
aA<T>m+Kv<T>< fa v fm)—V[Kv(T)VzA}OP:O, te € TE,  (7.30)
. Iy,

respectively.

For the convenience of the reader, we recall the introduced notations:

e P — the continuous economic problem describing a market policy of a firm, presented

in Section 7.1.2;

ELp — the continuous Euler-Lagrange equation (7.6) associated to problem P (see
(7.10));

Pp — a discretization of problem P, in four possible forms: D € {AA, VV,AV,VA};

(ELp)p — a discretization of the Euler-Lagrange equation F'Lp, in four different forms:
D e {AA,VV,AV,VAY},

ELp, — discrete Euler-Lagrange equations associated to problem Pp, obtained from

the calculus of variations on time scales (see Corollary 7.3).

7.1.4 Standard versus time-scale discretizations: (ELp)p vs (ELp,)

The discrepancy between direct discretization of the classical optimality conditions and the
time-scale approach to the calculus of variations was discussed, from an embedding point of
view, in [32]. Here we compare the results obtained from direct and time-scale discretizations
for the more general problem (7.1)—(7.2), in concrete for the economic problem (P) discussed
in Section 7.1.2. For illustrative purposes, the following values have been selected (borrowed
from [30]):

p=0.05 c¢=3, ¢c1=05 =3 T=23,
sma Azl sl

Moreover, we fixed the time scale to be T = {0, 1,2,3}. In what follows we compare the can-

B:2, y0:2, yT:3.

didates for solutions of the variational problems (Pav), (Pva), (Paa), and (Pyv), obtained
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from the direct discretizations of the continuous Euler-Lagrange equation (Section 7.1.2) and
the discrete time-scale Euler—Lagrange equations (Section 7.1.3). All calculations were done
using the Computer Algebra System Maple, version 10 (see Appendix A). For problems (Paa)
and (Pyv) the discretization of the continuous Euler-Lagrange equation and the discrete time-
scale Euler-Lagrange equations coincide. The Euler-Lagrange equation for problem (Paa)
is defined on T+ = {0,1} and we obtain a system of two equations with two unknowns y;
and yo that leads to y; = 2.322251304 and y» = 2.679109437 with the cost functional value
KA(T)aa(T) = —16.97843026. Similarly, the Euler-Lagrange equation for problem (Pyv)
is defined on T,2 = {2,3} and we obtain a system of two equations with two unknowns y;
and yo that leads to y; = 1.495415602 and y» = 2.228040364 with the cost functional value
Ky(T)av(T) = —13.20842214. As we show next, for hybrid delta-nabla discrete problems of

the calculus of variations, the time-scale results seem superior.

Problem (PAV)

The Euler—Lagrange equations for problem (Pav) are defined on T# = {1,2}. Therefore,
we obtain a system of equations with two unknowns y; and y». The discretized Euler—

Lagrange equation (ELp)av gives
y1 = 2.910488556, yo = 2.970017180
with value of cost functional
Ka(T)ay(T) = —10.11399047.
A better result is obtained using the discrete time-scale Euler-Lagrange equation EL}DAV:
y1 = 2.901851949, yo = 2.967442285
with cost
Ka(T)ay(T) = —10.30544712.
Problem (Pya)

The Euler—Lagrange equations for problem (Pya) are also defined on T = {1,2} and
also lead to a system of two equations with the two unknowns y; and y2. The discretized

Euler—Lagrange equation (ELp)va gives
y1 = 2.183517532, yo = 2.446990272

with cost
Ky (T)aa(T) = —19.09167089.
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Our time-scale Euler—Lagrange equation EL%DVA gives better results:
y1 = 2.186742579, yo = 2.457402400

with cost

Kv(T)aa(T) = —19.17699675.

The results are gathered in Table 7.1.

D The value of the functional of (Pp), p = 0.05, for candidates to minimizers obtained from:
(ELp)p EL},D EL%,D

AV | —10.11399047 | —10.30544712 —0.1537986252 x 10~°

VA | —19.09167089 | 1020.105142 —19.17699675

AA -16.97843026

A% -13.20842214

Table 7.1: The value of the functional associated to problem Pp, D € {AV, VA, AA, VV},
with p = 0.05, calculated using: (i) the direct discretization of the continuous Euler-Lagrange
equation, that is, (ELp)p; (ii) discrete Euler-Lagrange equations ELp,, obtained from the

calculus of variations on time scales with T = Z.

For comparison purposes, we have used the same values for the parameters as the ones
available in [30]. We have, however, done simulations with other values of the parameters
and the conclusion persists: in almost all cases the results obtained from our time-scale
approach are better; hardly ever, they coincide with the classical method; never are worse. In
particular, we changed the value of the discount rate, p, in the set {0.01,0.02,0.03,...,0.1}.
This is motivated by the fact that this value depends much on the economic and politic
situation. The case where the time-scale advantage is more visible is given in Table 7.2,
which corresponds to a discount rate of 2% (p = 0.02). The interested reader can easily do

his/her own simulations using the Maple code found in Appendix A.

7.2 The inflation and unemployment tradeoff

In this section we briefly recall the economic problem discussed in Chapter 2. The problem
describes a strict relation between rate of inflation, p, and rate of unemployment, u, which
entails a social loss. The Phillips tradeoff between p and u is defined as p := —Bu+m, 8 > 0,
where 7 is the expected rate of inflation. The government loss function, A, is specified by

A = u? + ap?, a > 0. The problem is to find the optimal function 7 that minimizes the total
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D The value of the functional of (Pp), p = 0.02, for candidates to minimizers obtained from:
(ELp)p ELL EL}

AV | —10.62044023 —10.70908681 0.00001078869584

VA | —21.05128963 | 3.014255571 x 108 —264.5250742

AA -19.03571446

\AY -14.19294557

Table 7.2: The value of the functional associated to problem Pp, D € {AV, VA, AA, VV},
with p = 0.02, calculated using: (i) the direct discretization of the continuous Euler-Lagrange
equation, that is, (ELp)p; (ii) discrete Euler-Lagrange equations ELp,, obtained from the

calculus of variations on time scales with T = Z.

social loss, in a finite time horizon T, subject to given boundary conditions 7 (0) = 7y and
w(T) = mp, o, 7 > 0. For more details we invite the reader to see Chapter 2.
In the literature two types of inflation and unemployment models are available: the con-

tinuous model

T
Ao(r) = / Ar(t), 7/ (£))e=*dt — min (7.31)
0

subject to given boundary conditions

w(0) = m, w(T)=mr, (7.32)
and the discrete model
T—1
Ap(m) = A7 (t), An(t))(1 + 5)_t — min, (7.33)
t=0

also subject to the boundary conditions (7.32). In both cases, (7.31) and (7.33),

A(t,7m,0) == (;)2 +a <3} + 7r>2 . (7.34)

Here we propose the more general time-scale model
T
An(r) = / A 7 (1), 72 (1)) ecs (, 0) At —> min (7.35)
0

subject to boundary conditions (7.32) and with A\ defined by (7.34). Clearly, the time-scale
model includes both the discrete and continuous models as special cases: our time-scale

functional (7.35) reduces to (7.31) when T = R and to (7.33) when T = Z.
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Let us consider the problem
T
Llr] = / L(t,m(t), 7™ (t)) At — min (7.36)
0

in the class of functions 7 € C,([0,7T1]) subject to boundary conditions
7(0) =m, w(T)=mr. (7.37)

We are particularly interested in the situation where

ﬂ'A 2 ﬂ'A 2
L(t,w(t), 72(t)) = [( ﬁ;t)> +a< ]@ —|—7r(t)> ]e@5(t,o). (7.38)

For simplicity, along this section we use the notation [r](t) := (t, 7 (t), 7> (t)).

Theorem 7.6. If # € C%/([0,T)) is a local minimizer to problem (7.36)—(7.37) and the
graininess function p is a delta differentiable function on [0,T%, then T satisfies the Euler—

Lagrange equation
[Lolm] (0] = (14 p(0) Ly[x](t) + 17 (1) [y [7) (1) (7.39)
for allt € [O,T]%Q.

Proof. If 7 is a local minimizer to (7.36)—(7.37), then, by Theorem 3.8, 7 satisfies the following

equation:

o(t)
Lofl(t) = / Ly[](r)AT +c.

0

Using the properties of the delta integral (Theorem 1.17), we can write that 7 satisfies

t
LAl(®) = [ Llxln)Ar + w(OL, ) + ¢ (7.40)
0
Taking the delta derivative to both sides of (7.40), we obtain equation (7.39). O

Using Theorem 7.6, we can immediately write the classical Euler-Lagrange equations for

the continuous (7.31) and the discrete (7.33) models.

Example 7.7. Let T =R. Then, p =0 and (7.39) with the Lagrangian (7.38) reduces to
(1+aB?) 7"(t) — 0 (L+af?) 7'(t) — ajB® (6 +4) = 0. (7.41)

This is the Fuler—Lagrange equation for the continuous model (7.31).
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Example 7.8. Let T =7. Then, u =1 and (7.39) with the Lagrangian (7.38) reduces to
- 02 2 2 2 52 - 02 . _
(jB? — aB® — 1) A% (t) + (aj*B° + dap + 8) An(t) + ajf” (6 + j) n(t) = 0. (7.42)
This is the Euler—Lagrange equation for the discrete model (7.33).

Corollary 7.9. Let T = hZ, h > 0, mg,mr € R, and T = Nh for a certain integer N > 2h.
The difference forward operator in T = hZ is defined as Apf(t) = w If 7 is a
solution to the problem

T—h
Ap(m) =Y L(t, 7(t), Apm(t))h — min,
t=0

©(0) = mp, =(T)=mr,
then 7 satisfies the FEuler—Lagrange equation
AnLufm)(t) = Lyfm)()) + b - AnLy[m) (1) (7.43)
for allt € {0,...,T —2h}.
Proof. Follows from Theorem 7.6 by choosing T to be the periodic time scale hZ, h > 0. O

Example 7.10. The Euler—Lagrange equation for problem (7.35) with the Lagrangian (7.38)
onT =hZ, h >0, is given by (7.43):

1+ aB? - OéﬂZjh)A}%ﬂ' + (=6 — a6 — aB??h)Apm + (—aB?5j — aB?j?)m = 0.  (7.44)

Assume that 1 4 af8?> — aB?jh # 0. Then equation (7.44) is regressive and we can use the
theorems in the theory of dynamic equations on time scales (see Section 1.4), in order to find

its general solution. Introducing the quantities
Q:=1+ap* —ap’h, A=—(0+ap*+ap??h), B:=ap*js+j), (7.45)

we rewrite equation (7.44) as

A B
A + ﬁA;ﬂr —qT= 0. (7.46)

The characteristic equation for (7.46) is
A B

AN =X+ A= =
ey tgr—q =0

with determinant
A% +4BQ
e

In general, we have three different cases depending on the sign of the determinant (: ¢ > 0,

(7.47)

¢ =0 and ¢ < 0. However, because m : T — R, the last case cannot occur. The two possible

cases are:
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1. If ¢ > 0, then we have two different characteristic roots:

—A+ VA2 +4BQ —A— VA2 +4BQ
A = 50 >0 and g = 50 <0,

and by Theorems 1.42 and 1.41, and by using (1.8) we get that

e
Bl

7(t) = C1 (1 + AMh)x + C2 (1 + Aoh)

is the general solution to (7.46), where C1 and Ca are constants determined by using

the boundary conditions (7.37).

2. If ( =0 and 2Q2 # Ah (or A+2hB #0), then by Theorems 1.46 and 1.41, Example 1.18
and (1.8), we get that

t t
A \* A \r 20t
mlt) = K (1 - zszh> T (1 - mh> 50— Ah
is the general solution to (7.46), where K1 and Ko are constants, determined by using

the boundary conditions (7.37).

In certain cases one can show that the Euler-Lagrange extremals are indeed minimizers.
In particular, this is true for the Lagrangian (7.38) under study. We recall the notion of

jointly convex function (see, e.g., [73, Definition 1.6]).

Definition 7.11. Function (t,y,v) — L(t,y,v) € C* ([a,blr x R%R) is jointly convez in
(y,v) if
L(ta Yy + Yo,V + UO) - L(t7 Y, 'U) 2 Ly(t7 Y, U)Z/O + Lv(tv Y, U)UO

fOT all (ta y7v)7 (tay+y0’v —|—U0) € [CL, b]T X RQ'

Theorem 7.12. Let (t,y,v) — L(t,y,v) be jointly conver with respect to (y,v) for all t €
[a,blr. If § is a solution to the Euler—Lagrange equation (3.8), then 4 is a global minimizer

to (3.6)~(3.7).

Proof. Since L is jointly convex with respect to (y,v) for all ¢ € [a, b,

b
Cly] - £[j) = / Lt y(8), 5™ (6) — Lt (1), 5 (£))] At
b

IV
] \
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for any admissible path y. Let h(t) := y(t) —§(t). Using boundary conditions (3.7), we obtain
that

b a(t)
= [030) |~ [ L5 05 0)AT + Lt (0.5 0) | A

From (3.8) it follows that
b
L)~ £l3) = [ 18 (0eat=0
for some ¢ € R. Hence, L[y] — L[g] > 0. O

Theorem 7.13 (Solution to the total social loss problem of the calculus of variations in the

time scale T = hZ, h > 0). Let us consider our economic problem

<A%Tp>2 e (Ah;(t) ’ W(t)f] (1 1 Th5>; o mn. (7.48)

w(0) = mp, w(T)=mr,

T—h

Ap(m) =

t=0

with T = hZ, h > 0, and the delta derivative given by (1.1). More precisely, let T = Nh
for a certain integer N > 2h, o, 3,0, 79,77 € R*, and 0 < j < 1 be such that h > 0 and
1+ aB? —ap?jh #0. Let Q, A and B be given as in (7.45).

1. If A2 +4BQ > 0, then the solution & to problem (7.48) is given by

t t
A— A2+ 4BQ \" A+A214BQ \"
; Q* h) + (10— C) <1 _ 4t : Q+ h) . (7.49)

#(t)=C (1 -

t€{0,...,T — 2h}, where

T
(2 Q—hA—h\/A214 BQ) h
20)

T — 7o

C =

=N

T
( 2Q—hA+hyVA2+4 BQ > R < 2Q—hA—hy/A2+4 BQ >
2Q 2Q

2. If A2 +4BQ =0 and 2Q # Ah (or A+2hB # 0), then the solution % to problem (7.48)

s given by
. A\ A\ 20)
7(t) = <1 — 2Qh) o + <1 - 2§2h> [FT <2Q — Ah) — o
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t€{0,...,T —2h}.

Proof. From Example 7.10, 7 satisfies the Euler-Lagrange equation for problem (7.48). More-
over, the Lagrangian of functional A, of (7.48) is a convex function because it is the sum of

convex functions. Hence, by Theorem 7.12, 7 is a global minimizer. O

7.3 State of the art

The results of Section 7.1 are submitted [40] and the results of Section 7.2 are published
in [35]. The original results of the paper [35] were presented in The International Conference
on Pure and Applied Mathematics, [CPAM’12, May 28-30, 2012, Guelma, Algeria; and at the
5th Podlasie Conference on Mathematics, June 25-28, 2012, in a contributed session entitled

“Applications of Mathematics in Economy and Finance”.
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Conclusions and Future Work

This Ph.D. thesis had two major objectives: to develop the calculus of variations on an
arbitrary time scale and to present some applications of this theory in economics. We claim
that economics is an excellent area where the time-scale calculus can be useful.

We started with two inverse problems of the calculus of variations, which have not been
studied before in the time-scale framework. First we derive a general form of a variational
functional having an extremum at a given function yy under the assumption of Euler—Lagrange
and strengthened Legendre conditions (Theorem 4.2). Next we considered a new approach
to the inverse problem of the calculus of variations using an integral perspective instead of
the classical differential point of view. In order to deal with this problem, we introduced new
definitions of self-adjointness of an integro-differential equation and its equation of variation.
We proved a necessary condition for an integro-differential equation to be an Euler-Lagrange
equation on an arbitrary time scale T (Theorem 4.12). Next we turn to the nabla approach of
the calculus of variations, and we proved an Euler—Lagrange type equation and a transversality
condition for generalized infinite horizon problems (Theorem 5.6). The Lagrangian depends
on the independent variable, an unknown function and its nabla derivative, as well as a nabla
indefinite integral that depends on the unknown function. Next we develop the calculus
of variations for a functional that is a composition of a certain scalar function with the
delta and nabla integrals of a vector valued field. For this problem we obtain delta-nabla
Euler-Lagrange equations in integral (Theorem 6.3) and differential (Theorem 7.1) forms,
and necessary optimality conditions for isoperimetric problems (Theorem 6.10).

With respect to applications to economics, we investigate the process of discretization of
economic models. Firstly, we work on a model that describes the market policy of a firm. We
consider two discrete minimization delta-nabla problems (Pay and Pya) for which the time-
scale approach leads to better results (smaller values for the respective objective functional)
than the ones obtained by a direct discretization of the continuous necessary optimality
condition. It might be concluded that the time-scale theory of the calculus of variations leads
to more precise results than the standard methods of discretization. The latter economic

problem describes the relation between inflation and unemployment and its inflict to social
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loss. This tradeoff is also presented by Phillips curve.

Some of the possible directions of future research are:

e We would like to generalize our mixed delta-nabla results, in particular Theorem 7.1,

for infinite horizon variational problems on time scales.

e We can consider an economic model with infinite time horizon and compare the values

of the functional in different time scales (including the classical ones, i.e., R and Z).

e With respect to our time-scale model describing the tradeoff between inflation and
unemployment, it is interesting to work on a set of real data and check whether it
is possible, or not, to find a time scale for which our functional approximates reality

sufficiently well.

We end this Ph.D. thesis with a list of author’s publications done during the Ph.D. stud-
ies: [35-40]. We are grateful to the Awarding Committee of the Symposium on Differential
Equations and Difference Equations (SDEDE 2014), Homburg/Germany, 5th-8th September
2014, for awarding us with the Bernd Aulbach Prize 2014 for students.
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Appendix A

Appendix: Maple Code

We provide here all the definitions and computations done in Maple for the problems
considered in Section 7.1.4. The definitions follow closely the notations introduced along
Section 7.1, and should be clear even for readers not familiar with the Computer Algebra
System Maple.

> restart:

> rho := 5/100:
> cO0 := 3:

> lambda := 1/2:
>cl = 1/2:

> c2 = 3:

> p0 = 1:

> y0 = 1:

>b = 4:

> beta := 1/4:

> B :=

>T := 3:

> y(0) := 2:

> y(T) := 3:

> TimeScale := [seq(i,i=0..T)];

TimeScale := [0,1,2,3]

Sigma := t-> piecewise(t < T, t+1, t):

Rho := t -> piecewise(t > 0, t-1, t):

Delta := f -> f@Sigma-f:

Nabla := f -> f-fQORho:

KDelta := sum((l+rho) " (t-T)*(cO+cl*(y@Sigma) (t)+c2*(Delta(y) (t)) "2
-(y@3igma) (t)*p0- (B*(y@Sigma) (t))/((y@Sigma) (t)-y0)),t=0..T-1):

> KNabla := sum((1-rho) " (T-t)*(cO+cl*(y@Rho) (t)+c2*(Nabla(y) (t)) "2

vV V V V V
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VvV V V VvV V

vV V V ¥V V vV vV vV VvV V V V V V V VvV

- (y@Rho) (t)*p0- (B* (y@Rho) (t) )/ ((y@Rho) (t)-y0)) ,t=1..T):

aDelta := sum((1+rho)~ (t-T)*(lambda*(y@Sigma) (t)
+beta*sqrt(Delta(y) (t)+b)),t=0..T-1):

aNabla := sum((1-rho)~(T-t)*(lambda* (y@Rho) (t)
+betaxsqrt (Nabla(y) (t)+b)),t=1..T):

subs ({y (1)=y1,y(2)=y2},KDelta*aNabla) :

subs ({y (1) =y1,y(2)=y2},KNabla*aDelta):

Functional _PDD := subs({y(1)=y1,y(2)=y2},KDelta*aDelta) :

Functional _PNN := subs({y(1)=y1,y(2)=y2},KNabla*aNabla) :

gammaldelta := t —> (1+rho)~(t-T)*(((c1-pO+(B*xy0)/(((yeSigma) (t)-y0)~2)))
-2*c2* (rho*Delta(y) (t)+(1+rho)*Delta(Delta(y)) (£))):

gammalnabla := t -> (1-rho)~(T-t)*((c1-p0+(B*y0)/(((y@Rho) (t)-y0)~2))
-2*c2* (rho*Nabla(y) (t)+(1-rho)*Nabla(Nabla(y)) (t))):

gamma2delta := t -> (1+rho)~(t-T)*(lambda-(betax*(rho*sqrt(Delta(y) (t)+b)
-(Delta(unapply(sqrt(Delta(y) (s)+b),s)) (t))))/(2xsqrt(Delta(y) (t)+b)
*sqrt ((Delta(y)@Sigma) (t)+b))):

gamma2Znabla := t -> (1-rho) " (T-t)*(lambda
- (beta* (rho*sqrt (Nabla(y) (t)+b)-Nabla(unapply(sqrt(Nabla(y) (s)+b),s)) (t)))
/ (2xsqrt (Nabla(y) (£)+b) *sqrt ((Nabla(y)@Rho) (t)+b))):

Functional_PDN :
Functional_PND :

# now we define the 4 problems that are considered in the paper
# discretization of the continuous E-L equations

# Problem Delta Nabla PDN

# domain T_{kappal}~{kappa}

PDN := t -> aNabla*gammaldelta(t)+KDelta*xgamma2Znabla(t) :
# Problem Nabla Delta PND

# domain T_{kappal}~{kappa}

PND := t -> aDelta*gammalnabla(t)+KNablaxgamma2delta(t):
# Problem Delta Delta PDD

# domain T~ {kappa~2}

PDD := t -> aDelta*gammaldelta(t)+KDelta*xgamma2delta(t):
# Problem Nabla Nabla PNN

# domain T_{kappa~2}

PNN := t -> aNabla*gammalnabla(t)+KNabla*xgamma2nabla(t) :
egPDN := subs({y(1)=y1,y(2)=y2},{PDN(1)=0,PDN(2)=0}):
SolutionPDN := fsolve(eqPDN,{y1,y2});

SolutionPDN := {yl = 2.910488556, y2 = 2.970017180}
subs (SolutionPDN,Functional_PDN) ;
—10.11399047

egPND := subs({y(1)=y1,y(2)=y2},{PND(1)=0,PND(2)=0}):
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>

SolutionPND := fsolve(eqPND,{y1,y2});

SolutionPND := {yl = 2.183517532, y2 = 2.446990272}

subs (SolutionPND,Functional_PND) ;

vV V V V

vV V V V

—19.09167089

egPDD := subs({y(1)=y1,y(2)=y2},{PDD(0)=0,PDD(1)=03}):
SolutionPDD := fsolve(eqPDD,{yl,y2});

SolutionPDD := {yl = 2.322251304, y2 = 2.679109437}
subs (SolutionPDD,Functional_PDD) ;
—16.97843026

egPNN := subs({y(1)=y1,y(2)=y2},{PNN(2)=0,PNN(3)=0}):
SolutionPNN := fsolve(eqPNN,{yl,y2});

SolutionPNN = {yl = 1.495415602, y2 = 2.228040364 }
subs (SolutionPNN,Functional_PNN) ;
—13.20842214

# discretization of the time scale Euler-Lagrange equations
# domain T_{kappal}~{kappa}
partl := t -> lambdax*(1-rho) (T-Sigma(t)):
part2 := t ->(beta*x(1-rho) "~ (T-Sigma(t))*((rho*sqrt(Nabla(y) (t)+b))
-(1-rho)*(Delta(unapply (sqrt (Nabla(y) (s)+b),s)) (t))))
/ (2*sqrt (Nabla(y) (t)+b)*sqrt(Delta(y) (t)+b)):
part3 := t -> (1+rho)~ (Rho(t)-T)*(c1-p0+(B*y0)/((y(t)-y0)~2)):
part4d := t -> 2xc2x(1l+rho) " (Rho(t)-T)
* (rho*Delta(y) (t)+(y@Sigma) (t)-2*y(t)+(yORho) (t)):
partDelta := Delta(unapply(KDelta*gamma2nabla(t),t))@Sigma:
partNabla := Nabla(unapply(aNabla*gammaldelta(t),t))@Rho:

# E-L equation (7.8) for Problem Delta Nabla
EL_delta := t -> aNabla*gammaldelta(t)+KDelta*(partl(t)-part2(t))+partDelta(t):
# E-L equation (7.9) for Problem Delta Nabla

EL_nabla := t -> aNabla*(part3(t)-part4(t))+KDelta*gammaZnabla(t)-partNabla(t):
# systems of E-L equations for Problem Delta Nabla

EL_delta_system := subs({y(1)=y1,y(2)=y2},{EL_delta(1)=0,EL_delta(2)=0}):
Solution_EL_eqs_system_delta_version := fsolve(EL_delta_system,{yl,y2});
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Solutiong L.qssystemgeltayersion := {yl = 2.901851949, y2 = 2.967442285}

> subs(Solution_EL_eqs_system_delta_version,Functional_PDN);

> EL_nabla_

> Solution_

subs (Soluti

—10.30544712

system := subs({y(1)=y1,y(2)=y2},{EL_nabla(1)=0,EL_nabla(2)=03}):
EL_eqs_system_nabla_version := fsolve(EL_nabla_system,{yl,y2});

{y1 = 0.5930298703, y2 = 1.090438395}
on_EL_eqs_system_nabla_version,Functional_PDN);

—0.000001537986252

# E-L equations for Problem Nabla Delta

parth :

part7 :

>
>
> part6 :
>
>

part8 :

t -> (1-rho) " (T-Sigma(t))*(cl-p0+(B*y0)/((y(t)-y0)~2)):

t —> 2*xc2*x(1-rho) " (T-Sigma(t))*(rho*(Nabla(y) (t))+(Delta(Nabla(y)) (t))):
t —> lambda*(1+rho) " (Rho(t)-T):

t -> (1+rho) "~ (Rho(t)-T)*((beta*(rho*sqrt (Delta(y) (t)+b)

-(1+rho)*Nabla(unapply (sqrt (Delta(y) (s)+b),s)) (t)))
/ (2%sqrt (Delta(y) (t)+b)*sqrt (Nabla(y) (t)+b))):

> partDelta2 :
> partNabla2 :

Delta(unapply(aDelta*gammalnabla(t),t))@Sigma:
Nabla(unapply (KNabla*gamma2delta(t),t))@Rho:

> # E-L equation (7.8) for Problem Nabla Delta

> EL_delta2

1= t -> KNabla*gamma2delta(t)+aDelta*(part5(t)-part6(t))+partDelta2(t):

> # E-L equation (7.9) for Problem Nabla Delta

EL_nabla2
# systems
EL_delta2

VvV V VvV V

Solution_

1= t -> KNablax*(part7(t)-part8(t))+aDelta*gammalnabla(t)-partNabla2(t):
of E-L equations for Problem Nabla Delta
_system := subs({y(1)=y1,y(2)=y2},{EL_delta2(1)=0,EL_delta2(2)=0}):
EL_eqs_system_delta2_version := fsolve(EL_delta2_system,{yl,y2});

Solutiong Leqssystemgelta2,ersion := {yl = 7.879260741, y2 = 4.775003718}

> subs(Solution_EL_eqs_system_delta2_version,Functional_PND);

> EL_nabla?2

> Solution_

1020.105142

_system := subs({y(1)=y1,y(2)=y2},{EL_nabla2(1)=0,EL_nabla2(2)=0}):
EL_eqs_system_nabla2_version := fsolve(EL_nabla2_system,{yl,y2});

Solutiong Leqssystempabla2,ersion := {yl = 2.186742579, y2 = 2.457402400}

> subs(Solution_EL_eqs_system_nabla2_version,Functional _PND);

—19.17699675
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admissible path, 30 Legendre condition, 31
Cauchy delta integral, 14 nabla antiderivative, 18
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Phillips tradeoff, 87

price-sales relationship, 95

delta derivative, 12
discount rate, 95
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equation of variation, 45
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right-dense, 10
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Euler-Lagrange equation
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delta differential form, 30
delta integral form, 30, 32 self-adjoint, 45
discrete, 28 strengthened Legendre condition, 31

infinite horizon, 60

nabla differential form, 33 time scale, 9
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infinite horizon, 55
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isoperimetric problem, 78
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