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Abstract

The presented developments concern the definition of a method to characterize simply
the  pulse  width-modulated  (PWM) switching  three-phase  harmonic  systems.  This
characterization, which makes it possible to control the components generated by the
switching anticipating the negative effects possibly generated, is exploited in the context
of reducing the noise of magnetic origin that can affect the operating of AC variable
speed drives.

Keywords: AC variable speed drives, noise of magnetic origin, radial vibrations,
PWM inverters, switching control

1. Introduction

The use of Pulse Width-Modulated (PWM) inverters is widespread since many years in the
field of variable speed AC motor drives. The main advantage, in addition to the offered
flexibility and the implementation easiness, concerns the rejection at high frequencies of the
voltage switching three-phase harmonic systems (STPHSs). This naturally leads to minimizing
their effects considering the inductive machine behavior at these frequencies. The beneficial
aspects are real for the torque harmonics [1, 2] insofar as the concerned mechanical resonances,
which are characterized by frequencies varying from a few tens to a few hundred Hz, can
amplify the effects of low frequency components as, for example, six-step inverters. However,
other phenomena, particularly important, may occur. The latter concern the iron [3, 4] and
copper losses, the noise of magnetic origin [5, 6] but also premature aging of the electrical
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winding insulation [7, 8]. To overcome these effects, a simple solution consists of introducing
a filter connected to the inverter outputs. However, taking into account the additional costs
required by this solution that also increases the size of the “inverter,” this technique is not
always compatible with the industrial constraints. That is why research teams have proposed
other solutions to control some of these effects. These last can be grouped into three categories.
The first acts on the power electronic converter architecture in order to minimize the voltage
variation amplitude during a switching leading, for example, to the multilevel converters [9].
The second concerns the machine design [10], by introducing, for example, specific dampers
[11,  12]  to  reduce the switching air  gap flux density  harmonics.  The third concerns the
definition of specific control strategies.

The study presented in this chapter is in the third category, with the goals of reducing the noise
of magnetic origin. Many references dealing with this particular subject appear in the scientific
literature [13–18]. Realized developments present the originality to remove a force component
whose effects are particularly troublesome if that component excites a stator mechanical
resonance that may be located at frequencies of a few kHz which correspond, in terms of
human hearing response, to a particularly sensitive area [19]. Let us assume that this force
component is generated by a given balanced STPHS in the output signals of the converter. The
principle consists in removing this STPHS by making homopolar an intermediate STPHS
which is at its origin. This principle, which requires to use three distinct carriers, has been
already presented [20–22]. It is based primarily on the STPHS phase angle determination. To
facilitate this determination, a Sinus—Sinus (SS) PWM is associated to the classic Sinus—
Triangle (SΔ) PWM. It has also been shown that this suppression has a drawback insofar it is
accompanied by the appearance of certain harmonics, which are in some cases unbalanced,
that may challenge the proposed principle. To minimize the negative effects of this procedure,
a strategy called “carrier-phase jump” [22] is presented, it consists of removing alternately two
STPHSs from the output signals, exploiting the additional degree of freedom provided by this
technique. Then, a procedure that uses carriers defined with different frequencies is disclosed.

This chapter is therefore mainly devoted to the presentation and the experimental implemen-
tation of the methods just mentioned, considering a symmetrical, “p” pole pair induction
machine (IM) whose magnetic circuit is supposed to be nonsaturated. The used inverter has a
basic structure: two levels and triangular carriers. As the inverter generates voltage STPHSs,
some of them being unbalanced, the first part concerns the characterization of the acoustic
noise generated by the IM in these conditions. Such an analysis seems a priori original as the
state-of-the-art shows that no study have been proposed with such an approach. The second
part shows the method to characterize simply the STPHSs, especially their harmonic-phase
sequences. The third part presents the application of the method and the control strategy
applied to the inverter in order to act on STPHSs. The possible negative effects of the control
are also described. In order to minimize these effects, the fourth part exposes the carrier-phase
jump control that has not been published in a journal. The fifth part presents, for the first time,
the method that consists in using different frequencies for the three carriers. The last part is
devoted to the presentation of experimental results concerning IM magnetic noise and radial
vibration reductions.
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A time “k” rank harmonic of a variable “z” on phase “q” (q = 1, 2 or 3) will be denoted ���. Let

us point out that upper indexes “(�)” and “(Δ)” will also be used to distinguish the variables
according to the sinusoidal or triangular carrier waveforms. No index means that the relations
are valuable whatever the case. The STPHSs will be characterized not only by their frequency
but also with the order of the phase sequence: Clockwise (C), Anticlockwise (A), and Homo-
polar (H).

2. Magnetic noise components

The presentation of the proposed strategy requires to fully understand the origins of the
various force components that produce the mechanical deformations of the stator massive
external housing. This justifies the developments that are presented in this section. They are
based on the definition of the “b” air gap flux density harmonic content. As saturation is
neglected, “b” is substantially independent of the IM load conditions and, consequently, is
defined by the product [23, 24]:

b e= L (1)

ε is the air gap magnetic potential difference generated by the stator at no load and Λ models
the air gap per unit area permanence. The power supply fundamental frequency is denoted
by “f” (angular frequency ω, period T). Regarding Λ, the relationship established in Ref. [25]
is used:

(2)

�� and �� define the stator and rotor salience numbers (teeth). ks and kr are integers varying
from −∞ to +∞. Let us consider a ds stator spatial reference that is assumed to be confounded
with the Phase 1 axis. α makes it possible to locate any point of the air gap with respect to ds

and D characterizes the rotor position relative to the same reference. Assuming that the rotor
speed is imposed by (C) fundamental three-phase voltage system, it can be written:

, with “s” the IM slip, � = �� and  the  value for t = 0. A wave with a positive
direction of rotation will be considered in the trigonometric direction, like the fundamental
wave. A negative direction characterizes a wave rotating in the opposite direction. The
permanence expression given by the relationship (2) is composed of:

- a constant term Λ00 which characterizes the air gap corrected thickness used to design the
IMs,

- terms which depend on the stator toothing Λ��0,
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- terms which depend on the rotor toothing Λ0��,
- terms Λ���� (for �� and �� ≠ 0), which model the interaction between stator and rotor

toothings.

In order to fix the approximated values of the terms, depending on the toothing, it can be noted
that Λ��0, Λ0�� and Λ���� are, respectively, inversely proportional to �� , ��  and ���� .

The expression (2), in its formulation, is similar to expressions given by other authors. Alger
[23] considers the same relation but with only the fundamental of each group of terms
(ks = kr = 1). Timar [24] considers the harmonic components with Λ��0 and Λ0�� but neglects the

terms Λ���� by arguing that their contribution is low, which is erroneous when the slotting

resonance phenomenon appears [25].

2.1 Case of balanced STPHSs

Assuming that (H) systems do not exist in the �� voltages applied to the stator windings, “k”

can be defined as a positive or negative integer that characterizes (C) and (A), respectively,
balanced systems so that:

ˆ cos[ ]k k k
h h h

k h k h
k hpe e e q a j= = - -åå åå (3)

“h” defined by: h = 1 + 6n with “n” an integer varying from −∞ to +∞, defines the rank of the
space harmonics related to the nonuniform distribution of the winding wires at the stator
frame. α is an angular abscissa for positioning any point of the air gap with respect to ds. Let

us point out that �ℎ� is inversely proportional to “ℎ” and also to “�” because the RMS values

of the ��� currents which define �ℎ� decrease generally with “�”.

It follows that “b” is expressed by:

s r
s r

k
hk k

k h k k
b b=åååå (4)

This “b” relationship leads to the “F” Maxwell force per unit area acting on the stator inner

frame. Noting μ0 the air permeability (�0 ≈ 4�10−7�/�), “F” is defined by:
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2

0

1
2 s r

s r

k
hk k

k h k k
F b

m
é ù

= ê ú
ê úë û
åååå (5)

leading to express, in general [22], “F” by:

ˆ cos[ ]
s r r s r r

s r

K k K
HK K K HK K HK

K H K K
F F Pq a j= P - +åååå (6)

These force components are very numerous, but all of them do not generate magnetic noise.
In fact, the components to be considered must be characterized by:

- a �������  sufficient amplitude,

- a relatively small ������ mode number (������ < 8),

- a frequency Π��� � close to a stator frame natural frequency.

As the sums imply several variables, it is obvious that the analytical expressions of the force
components become heavy. As a result, to make the study easier, the phase angles will not be
considered so that the characteristics will concern the frequencies and the pole numbers of the
force components. Moreover, the components will be selected by taking into account only the
forces which may have sufficient amplitudes. This approach allows taking into account the
fact that the model given by Eq. (2) for characterizing the toothing, relies on hypotheses that
decrease the reliability of the determination concerning the flux density components, and thus
the force components, of very low amplitudes.

This approach is so justified in view of the criteria which characterize an annoying force. In-
deed, it is shown that a force of high amplitude may have any effect on the noise although a
force component with a much lower amplitude can be particularly important in terms of
noise if its frequency is close to a natural resonance of the stator stack. However, at this level
of the study, another difficulty concerns the transfer function for calculating the radial vibra-
tion amplitudes due to the force components. Analytical expressions have been proposed
[23, 26], but the models are relatively inaccurate; the error on the vibration amplitudes, and
so on the noise, may be important. The explained considerations reinforce our approach to
characterize “F”; it consists in not systematically calculating the formal value of the ampli-
tudes. In these conditions, introducing the following quantities:
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-
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(7)

It can be written:

{ }( ) ( )
ˆ cos[( ) ] cos[( ) ]

s r s r

k k
hk k hk k r rb b k k S t hp k k S t hpw a w a- += - - + + - (8)

The component selection is done from the development of the square of expression (8),
considering the previous criteria about the force amplitudes. Considering expression (5), it
appears that some force terms result from the square of each flux density term, the others force
components depending on the double products between the flux density components. The
numerical calculations [25] show, considering the fundamental component, that�1001 > > �ℎ����1  for every combination “ℎ����” different from “100”. For example, for a

classical machine, for �1001 = 1�, �ℎ����1  is about 0.02 T for the highest values which correspond

to the first values of the parameters that intervene in the inferior combination. It means that

concerning the squared terms, only (�1001 )2 has to be considered because, for a combination

inferior different from “100,” the other squared terms leads to terms of which amplitudes, in

the most favorable case, are of the order of 104 lower than (�1001 )2. Concerning the double

products, the previous example shows that only the terms which include �1001  have to be

considered.

By extending this particularity to the terms which concern harmonics of “�” rank, it appears
that “�” given by expression (5) can also be written as:

* '
100 ' ' '

0

1
2 s r

s r

k k
h k k

k h k k
F b b

m
= åååå (9)

The use of F* instead of F distinguishes the force defined by the rules of art or according to our
agreement to simplify the mathematical developments with an impact mainly on the “F”
component amplitudes.

Introducing the parameters �′, ℎ′, �′� and �′�, that have the same functionality as �, ℎ, �� and��, makes it possible to distinguish two terms, generally different, to exploit the sums defined
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by expressions (4) and (5). On the other hand, if for a “k” given value, �′, ℎ′, �′� and �′�, take

all the values in their variation domain, the expression (9) takes also into account the force
components which result from the squared terms. Thus, to characterize “�*,” a relationship
similar to expression (6) will be used, by adapting the coefficients of expression (6). It can be
written:

* , ' , ' , ' , '
' ' ' ' ' ' ' ' ' ' ' '

ˆ cos[ ]
s r s r s r s r

s r s r

k k k k k k k k
h k k h k k h k k h k k

k h k k k h k k
F F F Pq a= = P -åååå åååå (10)

The use of (9) allows to do a systematic sum without any analysis but with the drawback of a
high uncertainty concerning the amplitudes. However, this uncertainty is not of importance
insofar a selection of the component was made and, on the other hand, this uncertainty may
be of the same order as the fact to neglect the phase angles. In return, the analytical expressions
are notably simplified, but with a strict respect of the frequencies and the pole numbers.

Developing the product �100� �ℎ′��′ ��′�′ leads to show that �ℎ′�′��′��, �′  is composed of four terms

whose coefficients Πℎ′��′ ��′�, �′  and �ℎ′��′ ��′�, �′  are given in Table 1. Their exploitation requires to

consider first the upper signs and then the lower ones.

Πℎ′��′ ��′�, �′ �ℎ′��′ ��′�, �′ Πℎ′��′ ��′�, �′ �ℎ′��′ ��′�, �′
�100� �ℎ′��′ ��′�′ � + �′ ∓ ��′ � � + ℎ′�( ∓ ) � − �′ ± ��′ � � − ℎ′�( ∓ )
Table 1. Characterization of the �100� �ℎ′��′ ��′�′  coefficients.

At this stage of our developments, two cases may be considered according to the “k” values.

Let us consider the relationship: ��� = ������ , where ��� corresponds to phase “q” linked flux

resulting from air gap magnetic effects generated by the “k” rank three-phase harmonic

voltage. It can be shown, for given “f,” that �100�  is proportional to ��� and inversely propor-

tional to “k”. Let us assume that ��� is same order of magnitude as ��1.

- For low “k” values (first odd values), �100� , for k≠1, is practically the same order of magni-

tude as �1001 . This means that the relation (10) should be used as presented.
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- For high “k” values such as those that characterize STPHSs, �100� , for k≠1, is very small

comparing �1001 . For example, considering the case of a supply via a PWM inverter, for a

switching frequency of 50 times greater than “f,” the largest amplitude of these harmonic
components, considering the previous equality on the voltages, is in the range of 0.02 T for�1001 = 1�. Given the comments that were made earlier about the amplitudes of the compo-

nents resulting from the slotting effect, it can be deduced that the squared amplitudes of flux
density components generated by the switching, for the most important, are of the order of

104 lower than (�1001 )2. Therefore, the effects of teeth associated with these quantities may be

neglected. Then, Eq. (9) can be written as follows:

* 1 1
100 100 100

0

1
2 s r

s r

k k
hk k

h k k k
F b b b b

m
¢ ¢ì üï ï= +í ý

ï ïî þ
ååå å (11)

leading to define F* by the relationship:

* 1,1 1,1 1,1 , , ,
100 100 100

ˆ ˆcos[ ] cos[ ]
s r s r s r

s r r

k k k k k k
hk k hk k hk k

h k k k k
F F P F Pq a q a¢ ¢ ¢ ¢ ¢= P - + P -ååå åå (12)

whose coefficients are given in Table 2.

Πℎ�����, �′ �ℎ�����, �′ Πℎ�����, �′ �ℎ�����, �′
�1001 �ℎ����1 2 ∓ ��� � + ℎ�( ∓ ) ±��� � − ℎ�( ∓ )
�100� �100�′ k+k′ 2p k-k′ 0

Table 2. Characterization of the coefficients which define F* for high “k” values.

Considering Eq. (10), the square of the rank “k” term is obtained for � = �′ by considering the
inferior combination “100” for “ℎ′, ��′ , ��′ ”. This also corresponds, considering Eq. (12), to exploit

the coefficients of the second row of Table 2 with kʹ = k. It results that these squares lead to two

force components which can be identified with �100�, � cos[2�� − 2��] and �100�, � . The first term is

a rotating wave with a speed ��/� and with a direction positive or negative according to the
sign of “�”. The second term leads to a permanent deformation of the IM external housing with
a constant amplitude. This force component does not generate any vibration and so any noise.
It is qualified as stationary force.

Advances in Noise Analysis, Mitigation and Control82



2.2. Case of unbalanced STPHSs

It is supposed that, even for this case, there is no (H) systems that is justified in section III. In
order to distinguish, for a “�” given value, the kf frequency (C) and (A) systems that appear
with the imbalance, the ranks �� and �� are introduced. Previously, this distinction was not

necessary insofar as harmonic phase system was either (C) or (A), implicitly, “k” so take either

the value kC or kA. In this case, for certain values of “k,” �ℎ� is expressed as follows:

ˆ ˆcos[ ] cos[ ]C Ak kk
h h C h Ak hp k hpe e q a e q a= - + - (13)

The single goal of introducing �� and �� is to distinguish the systems knowing that the absolute

values of �, �� and�� are equal, but the amplitudes of the components relative to �� and ��
are generally different. If, before the imbalance, “�” was positive, then �� is positive and �� is

negative. If, on the contrary, before the imbalance “�” was negative, then �� < 0 and �� > 0.

As the definition of “ℎ” is not changed, it appears that, for ℎ > 0 and � < 0, the mmf component
depending on �� corresponds in fact to a (C) system.

The relationship (9) does not change, only the set of possible values of “k” is enriched following
the splitting of certain harmonic three-phase systems. It follows that F* is still given by Eqs.
(10) or (12) so that Tables 1 and 2 remain valid. Let us point out finally that the expression (8)

that gives �ℎ����� , assuming that the rank “k” three-phase system is affected by an imbalance,

as: � = �� = − ��, becomes:

{ }
{ }

( ) ( )

( ) ( )

ˆ cos[( ) ] cos[( )

ˆ cos[( ) ] cos[( ) ]

C CA

s r s r s r s r

A

s r

k kkk
hk k hk k hk k hk k r r

k
hk k r r

b b b b k k S t hp k k S t hp

b k k S t hp k k S t hp

w a w a

w a w a

- +

- +

= + = - - + + - +

+ + + + - +
(14)

The force components which result from (�100� )2, �100�  being deduced from Eq. (14), lead to a

denser harmonic content compared to the balanced STPHS case. It is composed of:

- a term of the form “cos(2��� − 2��)” whose amplitude is proportional to (�100�� )2
- a term of the form “cos(2��� + 2��)” whose amplitude is proportional to (�100�� )2
- a term of the form “cos2���” whose amplitude is proportional to the products �100�� �100��
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- two stationary terms whose amplitudes are proportional to (�100�� )2 and to (�100�� )2,

- two “pseudo-stationary” terms of the form “cos2��” whose amplitudes are proportional to�100�� �100�� .

The pseudo-stationary state differs from the stationary state by the fact that the deformation
of the stator housing, independent of the time, is nonuniform. Such components do not
generate acoustic noise as the stationary components.

The cos2��� terms characterize force components with any pole. Thus the deformation of the
external housing is uniform with an amplitude varying with time. This kind of deformation is
qualifying of “breathing mode”. Numerical applications will show the acoustic impact of such
a force.

Concerning these developments, simplified expressions to characterize the force components
in terms of frequencies and polarities, by eliminating components that exhibited too low
amplitudes to cause significant effects, have been suggested. However, in terms of simplifica-
tion, considerations about the pole numbers of the forces can significantly reduce the number
of terms to be considered to characterize “F*”. For example, it is immediately apparent, when
ks and kr are nonzero and of the same sign, the absolute values of the sums which characterize
the pole numbers given by (7) are very high and do not comply, therefore, the conditions for
retaining the corresponding force components. This will be developed in the next section in

relation to numerical applications that concern a three-phase IM with p = 2, �� = 36, and�� = 24.

2.3. Numerical applications

2.3.1. Practical evaluation of force components

• Assuming that all the STPHSs are balanced, for “ℎ” successively equals to 1, −5, 7, −11, 13,
−17, 19, −23, and 25, and �� and �� varying between −9 and +9, the number of force compo-

nents which have mode numbers lower than 8 has been determined from Eq. (7). This
analysis shows that all these components are characterized byℎ�( + ) = ℎ�( − ) = � = 2.Whatever “ℎ,” for a given value of ��, two force components appear.

They are characterized by different values of ��, except for ℎ = 1 for which these two values

of �� are the same leading, because of the particularity concerning the pole numbers, to

identical expressions. The number of components to consider according to the values taken
by “h” is presented in Table 3.

• The second criterion concerns the amplitudes by considering ℎ����  and the terms for which

these quantities are lower than 100. Practically, as for the fundamental this quantity is
identified to 1, by supposing in first approximation that the force amplitudes are inversely
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proportional to ℎ����  (it is a very optimistic consideration for the amplitudes), it means

that the components whose amplitudes are lower than one hundredth of the fundamental
amplitude are neglected. When ℎ  increases, the number of components, which satisfy the
two conditions, decreases. The second row in Table 3 gives the state of remaining compo-
nents.

• For given values of � and �′, because of the particularity of the force pole numbers, as the
frequencies depend only on �� as shown in Table 1, it is possible to group all the terms with

the same ��. That way, only 15 distinct components appear as shown in Figure 1 with gives

the theoretical spectrum. The latter shows, the amplitude variations with ��. These ampli-

tudes are defined by 1/ ℎ����  by taking into account, for each value of ��, only the combi-

nation defined for the lowest value of ℎ���� . It can be noted that no component exist for�� = ± 8 and ±7. At last, it appears that, for the considered case, the number of components

is relatively small while covering rather a wide spectrum. For � = �′ = 1 (machine supplied
with sinusoidal waves), the frequencies deduced from Table 1 are given by (1 ∓ ���)�. At

no load, for f = 50 Hz, the “s” slip is 0.2%, then S = 11.976. As a result, the spectrum is spread
over a frequency band between 0 and 5439 Hz. Assuming, as above, a switching frequency
equal to 50 f, the noise components caused by the teeth for the voltage component at 50 Hz
will interfere with the noise generated by switching around 2500 Hz and, to a lesser extent,
around 5000 Hz. For higher frequencies, only the effects generated by STPHSs will be visible.

2.3.2. Impact of an imbalance on the noise measurements

The main practical problem results from nonstationary force components which come from
the squares of the terms following the imbalance. Let us denote “B” and “U” quantities
contained in Eq. (12) which correspond, respectively, for balanced and unbalanced system.
They are representative, to a constant, of the force components which act on the inner periphery
of the stator.

2
100

2 2
100 100 100 100

ˆ( ) cos(2 2 )
ˆ ˆ ˆ ˆ( ) cos(2 2 ) ( ) cos(2 2 ) cos2C CA A

k

k kk k

B b k t p

U b k t p b k t p b b k t

w a

w a w a w

ü= - ï
ý

= - + + + ïþ
(15)

h 1 −5 7 −11 13 −17 19 −23 25

Criteria: force pole numbers 14 12 12 12 12 14 14 12 12

+ Criteria on the amplitudes 14 8 8 6 6 4 4 4 4

Table 3. Numbers of force components for given k and k′.
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As “k” only affects the wave speeds, Figure 2 presents for k = 1 and α taking successively the

values 0, π/4 et π/3rd, the variations with time of B (Figure 2b) for �100� = 1� and of U (Figure

2c) for �100�� = 0.55� and �100�� = 0.45�.

One can note, whatever the position of a microphone or an accelerometer around the IM, the
same effects are measured when the STPHS is balanced. When the STPHS is unbalanced, for
some positions (α = π/3rd for example), there is practically no effect while at other places (α =
0rd, for example) these effects are particularly significant.

That is why it is necessary to do measurements with at least two devices spatially shifted to
adequately characterize the effects, the shifting being dependent on the wave deformation
mode numbers.

Figure 1. Theoretical frequency components generated by the slotting effect.

Figure 2. Forces acting on the inner stator surface: (b) balanced STPHS, (c) unbalanced STPHS.

Advances in Noise Analysis, Mitigation and Control86



3. Voltage supply modeling

Modeling three-phase voltage signals to be applied to the AC machine windings is the subject
of the third section which exploits the structure shown in Figure 3a characterized by the
relationship:

0q
q
i =å (16)

Figure 3. (a) IM connected to a three-phase PWM inverter, (b) control signals.

Two three-phase voltage systems appear in Figure 3a: that of vq voltages and that of wq voltages
still qualified three-phase intermediate voltage system.

3.1. Characterization of the voltage STPHSs applied to the load

Let us consider an unbalanced ��� STPHS of rank “k”. It can be assumed that this ��� system

results from the sum of (C), (A), and (H) three-phase elementary systems:

C A Hk k kk
q q q qw w w w= + + (17)

• For star connected windings (Figure 3a), the voltages satisfy the following relationship:

'q q N Nw v v= + (18)

which must also be valid pour each harmonic system.

- Consequently, for (C) and (A) systems, one can write:
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'3CorA CorA CorAk k k
q q N N

q q
w v v= +å å (19)

As ∑� ������� = 0, taking into account Eq. (16), leads to: ∑� ������� = 0, so that ��′������ = 0. It

results in the following equality: ������� = �������.

- For (H) systems, ���� currents cannot exist according to Eq. (16). It results that ���� = 0. As���� = ��� what may be “q,” leads to the following equality: ���� = ��′��� . Thus, the potential

of Nʹ varies similarly as the (H) components present in the �� system avoiding to impact

the �� system with these (H) components.

• For delta connected windings (Figure 3a), �� is given par the relationship:�� = ��−�� + 1. It appears immediately that �� system consists only in (C) and (A) three-

phase harmonic systems.

These elementary considerations show that the stator windings, either they are star or delta
connected, are not affected by the presence of (H) STPHSs present in the wq three-phase system,
whereas (C) and (A) STPHSs are fully reflected to the machine input terminals. That property
has been used to lead the analysis done in the previous section about the force components.
That is also this property which will be used to cancel some harmonic components existing in
the machine supply. However, it is required to find easily the phase order sequence of the
different wq (or vq) STPHSs. That is why a method is then proposed for this determination by
considering the equivalent star connected load.

3.2. Modeling of the STPHSs

Therefore, an annoying force component generated by the switching can simply be removed
by making (H) the wq STPHS that is at its origin. It is at this level that the feature of the proposed

strategy requires controlling the inverter using a three-phase carrier system. Let us denote �����
and �(�)�(Δ)  the phase “q” sinusoidal reference and triangular carrier signals, whose angular

frequencies are, respectively, “ω” and mω (frequency ���� = ��). “m” is defined as the

modulation index. To characterize analytically the wq STPHS phase sequences, since triangular
carriers leads to tedious calculations, the authors intend to make these determinations by

substituting �(�)�(�)  sinusoidal carriers to �(�)�(Δ)  triangular carriers, these two signals presenting

the same peak values as shown in Figure 3b. Let us note that for a classical (SΔ) PWM, �(�)�(Δ)
is the same whatever “q”.
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Figure 4. Principle of the ��(�) determination.

Considering that the “r” adjusting coefficient is equal to the unit and a time referential tied to�1���, introducing �� = � − 1 2�/3, ����� and �(�)�(�)  are expressed as:

(20)

ξq is a phase “q” adjustable carrier phase difference.

• The control strategy is similar to that defined for a (SΔ) PWM: when ����� > �(�)�(�) , the ��
switch is closed and ��(�) = �0/2; for ����� < �(�)�(�) , �′� is closed and ��(�) = −�0/2. The

inequality ����� > �(�)�(�) , taking into account Eq. (20) can be written as follows:

(21)

Let us introduce the �� and fb logic functions defined as:

• fa = 1 or 0 if the cosine is positive or negative, respectively.

• fb = 1 or 0 if the sine is negative or positive, respectively.
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It makes it possible to express the ��(�) as:

( )( )
0 a b a bU 2f f f f 1 2s

qw = - - + (22)

Figure 4 shows the principle applied to determine ��(�).
The fa and fb Fourier series can be written as:

(23)

where �1 and �2 are positive or null integers. ��(�) can be expressed as:

1 2

1 2

( ) ( )( )

0 0
( )s k s ks

q q q
n n

w w w
¥ ¥

= =

= -åå (24)

where:

( )
( )

1 1

2 2

( ) ( )
1

( ) ( )
2

ˆ sin

ˆ sin

s k s k
q q q

s k s k
q q q

w w k N mN

w w k N mN

q f x

q f x

- +

+ -

ü= - - ï
ý

= - - ïþ
(25)

1 2

1 2

1N n n
N n n

+

-

ü= + + ï
ý

= - ïþ
(26)

1

2

k mN N
k mN N

+ -

- +

ü= + ï
ý

= + ïþ
(27)

Let us denote �0(�) = 4�0/�2. The component amplitudes that intervene in Eq. (25) are given

by (1)(1 + �1)�0(�)/ 2�1+ 1 2�2+ 1 . If k1 is a positive integer, k2 can be positive or negative.

Advances in Noise Analysis, Mitigation and Control90



To avoid use of negative frequencies but, also, of negative amplitudes, the relationships given
by Eq. (25) will be rewritten as:

( )
( )
( )

1 1

2 2

2 2

( ) ( )
1 1

( ) ( )
2 1 2

( ) ( )
2 1 2

ˆ sin (1 )

ˆ sin 0

ˆ sin (1 ) 0

s k s k
q q q

s k s k
q q q

s k s k
q q q

w w k N mN n

w w k N mN n for k

w w k N mN n for k

q f x p

q f x p

q f x p

- +

+ -

+ -

ü= - - - +
ï
ï= - - - > ý
ï
ï= + + - + < þ

(28)

where

( )( )1 2( ) ( )
0 1 2ˆ / 2 1 2 1s k ork sw W n né ù= + +ë û (29)

k n2↓ n1→ 0 1 2 3 4 5

(a):|k1| 0 m; (H); 1 2m + 1; (C); 3 3m + 2; (A); 5 4m + 3; (H); 7 5m + 4; (C); 9 6m + 5; (A); 11

1 2m – 1; (A); 3 3m; (H); 9 4m + 1, (C); 15 5m + 2; (A); 21 6m + 3; (H); 27 7m + 4; (C); 33

2 3m – 2; (C); 5 4m – 1; (A); 15 5m; (H); 25 6m + 1; (C); 35 7m + 2; (A); 45 8m + 3; (H); 55

3 4m – 3; (H); 7 5m – 2; (C); 21 6m – 1; (A); 35 7m; (H); 49 8m + 1; (C); 63 9m + 2; (A); 77

4 5m – 4; (A); 9 6m – 3; (H); 27 7m – 2; (C); 45 8m – 1; (A); 63 9m; (H); 81 10m + 1; (C); 91

5 6m – 5; (C); 11 7m – 4; (A); 33 8m – 3; (H); 55 9m – 2; (C); 77 10m – 1; (A); 99 11m; (H); 121

(b):|k1| 0 1; (C) m + 2; (A) 2m + 3; (H) 3m + 4; (C) 4m + 5; (A) 5m + 6; (H)

1 m – 2; (C) 3; (H) m + 4; (C) 2m + 5; (A) 3m + 6; (H) 4m + 7; (C)

2 2m – 3; (H) m – 4; (A) 5; (A) m + 6; (H) 2m + 7; (C) 3m + 8; (A)

3 3m – 4; (A) 2m – 5; (C) m – 6; (H) 7; (C) m + 8; (A) 2m + 9; (H)

4 4m – 5; (C) 3m – 6; (H) 2m – 7; (A) m – 8; (C) 9; (H) m + 10; (C)

5 5m – 6; (H) 4m – 7; (A) 3m – 8; (C) 2m – 9; (H) m – 10; (A) 11; (A)

Table 4. Characterization of ��(�) STPHs generated by the (SS) PWM.

Table 4 presents, for the first �1 and �2 values, the characteristics of the STPHSs of ranks �1
(a) and �2  (b). Information given in Table 4 concerns the rank of the harmonic and the phase

sequence. Concerning �1 , the numerical values of 2�1+ 1 2�2+ 1  are also given. As1/ 2�1+ 1 2�2+ 1  decreases very quickly when �1 and �2 increase, the analysis may cover

only the first �1 and �2 values.
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The main conclusion which can be extracted from Table 4 is that a harmonic of rank “�” belongs
only to the group �1 or only to the group �2. Furthermore, the rank of this harmonic appears
only one time. As a result, considering the expression (28) to characterize the STPHSs, Eq. (24)
can be rewritten as:

1 2

1 2

( ) ( )( ) ( ) s k s ks s k
q q q q

k k k
w w w w= = -å å å (30)

One can note first that these developments are valid whatever the (SS) PWM is, i.e., synchro-
nous or asynchronous. Then, they show that, in this case, STPHSs are either balanced or

Homopolar. Consequently, only (C) or (A) STPHSs constitute the ��(�) three-phase system
according to the study presented in Section 2.1. The fundamental value is obtained from the

group �2 for �1 = �2 = 0 and its amplitude is �0(�).
It appears that this analytical model has considerable advantages because it makes it possible

to determine the ��(�) (or ��(�)) spectral contents and the harmonic phase sequences, without
calculating the switching instants.

The problem now is to analyze under what conditions these results are applicable for a (SΔ)
PWM and how the “�” value impacts on this property established for � = 1. The developments
will be done considering a synchronous PWM.

3.3. PWM modeling validation

Let us point out that, from a practical point of view, the wq three-phase system is not accessible.

Therefore, the validation concerns the �� spectral content for sinusoidal �����, � = 55, � = 50��,�0 = 520� and a single carrier wave, by comparing analytical, numerical, and experimental

results for � = 1, then for � ≠ 1.

All the experiments are made by connecting to the inverter outputs a three-phase, 50 Hz, 15 kW,
two pole pair cage IM star connected operating at no load. A Focusrite sound card programmed
with the C sound language makes it possible to control the switching generating single (or
multiple) carrier(s) with sinusoidal (or triangular) shape(s). The �� spectral content, both in
amplitude and phase, is obtained using a spectrum analyzer. Numerical values come from FFT
made with MatlabTM or using a computer program that exploits the calculated switching

instants. Cross spectra of �1� and �2� give the phase differences for the main components

(���� > 3%) so that they define their (C) or (A) phase sequences. Let us point out that 2�/3 and4�/3 differences correspond, respectively, to a (C) and (A) systems.

The vq spectral component relative amplitudes defined as percentage result from the relation-
ship:
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1ˆ ˆ ˆ100k k
q q qδv v v= (31)

Figure 5. Experimental ��(�) harmonic content for single sinusoidal carrier, m = 55, r = 1 and ξq = 0: (a) Harmonic con-

tent (b) phase differences.

3.3.1. Single sinusoidal carrier

• For � = 1, ��(�) analytical harmonic ranks and phase sequences are given in Table 4 for the

first �1 and �2 values. As ��(�)1 = �0(�) where �0(�) = 210.75V, ���(�)� values are obtained

multiplying by one hundred the reversed numerical values given in Table 4a.

The ��(�) characteristics obtained experimentally for �� = 0 are given in Figure 5, where the

bold lines correspond to the terms resulting from the �1 group (deduced from the analytical

study). It appears that the number of components from the �1 group is very limited and that

these components appear only in the harmonic families centered on terms multiple of "�".

Analytical and experimental results are in excellent correlation that validates the proposed
methodology.

• The characteristics of the main STPHSs have been calculated for different �� and � values.
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- For � = 1, whatever the values of ��, the previous relative amplitudes are found. For the
phases, the analytical and numerical values, for given value of ��, are almost the same, the
gap increasing with “m”. For example, for the 3� + 4 rank component, the gap is inferior
to 1° with the FFT and it is reduced when the switching instants are calculated.

- � ≠ 1 leads to a similar spectral content than that is obtained for � = 1 with differences on
the spectrum component amplitudes (the reference value in Eq. (31) is the fundamental
component magnitude obtained experimentally for the considered “r” value). This analysis
leads to a notable result which concerns the phases, and therefore the phase sequences,
which are the same that for � = 1 ∀�.

Figure 6. Experimental ��(Δ) harmonic content for single triangular carrier m = 55, and ξq = 0: (a) r = 1, (b) r = 0.8.

3.3.2. Single triangular carrier

Figure 6 shows the experimental ��(Δ) spectra obtained for r = 1 (Figure 6a) and � = 0.8 (Figure

6b). Eq. (31) makes it possible to calculate ���(Δ)� taking into account that ��(Δ)1 = ��0/2 (260 V
for the considered U0 value and r = 1). Comparing Figures 5a and 6a, it appears, independently
of the magnitude differences on the fundamental components according to the carrier type,
that the same harmonic ranks are practically obtained. For components of low ranks (5 and 7),
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the magnitudes are notably amplified with the (SS) PWM, although these components do not
intervene predominantly on the spectral content. One can also note that there is an inversion
concerning the components of highest amplitude around 3�.

The results obtained on the STPHS phase sequences highlight that they are independent not
only from the carrier type but also from the “r” and �� values. Consequently, they can be always

deduced from Eq. (28). This property can be expressed as follows: the phase angles calculated
with the expression established for a (SS) PWM, thus for � = 1, are also valuable for the
harmonic components, which appears for a (SΔ) PWM and this, whatever the value of “�”. The
fact that “�” does not intervene appears in reference [27]. Compared to other methods [28], the
one proposed by the authors allows simplifying the PWM analytical expressions which
characterize its operating, thanks to the use of logical functions. For example, it has the
advantage of not using a Fourier series with Bessel functions, as for the double-Fourier series
methods used in reference [29].

The drawback of the proposed method is that it cannot be used if precise determination of the
voltage harmonic component amplitudes is required. In fact, concerning this study, this
drawback is not really a problem as it is in accordance with the manner of characterizing the
force components.

This analysis allows concluding in general about the STPHSs. Indeed, whatever the method
(analytical, modeling, or experimentation), the STPHSs satisfy, ∀�, the following equalities:

( ) ( )

0 ( )

k k
q q

k
q

v w for C and A systems

v for H systems

ü= ï
ý

= ïþ
(32)

4. Simple voltage harmonic control

In this case, the method to simply remove a ��(�) STPHS is presented denoting “x” or “y” the

rank of the suppressed STPHS. As, in certain cases, that method leads to generate unbalances
on the phases, the voltages will be characterized using "�". As a result, the new STPHSs will

be characterized by the variables ��(����)(�)�  or ��(����)(�)�  that are sinusoidal functions, which will

be defined to a constant that will be denoted, respectively, �(�) and �(�). To illustrate this

method, first, two harmonics of the �2 group, which contributes mainly on the definition of

the spectral content, are concerned. Then, two harmonics of the k1 group will be considered.
From a practical point of view, all the results concern (SΔ) PWM with m = 55 and r = 1. The

presentation of ��(Δ) spectra used to characterize the various components of a continuous line

for (C) systems and a dotted line for (A) systems.
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4.1. Suppression of k2 group harmonics

4.1.1. Principle of the x = m + 2 or y = m – 2 rank harmonic elimination

• The case of the x=m+2 rank harmonic. As �2 > 0 with �1 = 1 and �2 = 0, Eq. (28) leads to:��(�)�2 = �(�)�2sin �2 � + ��−���− � . To make this system (�), the condition (33) must
be satisfied:

( ) ( )q x q xm Cx f= - (33)

Thus the modified systems, deduced from Eq. (28) can be expressed as:

1 1

2 2

2 2

( ) ( )
( ) 1 1 ( ) 1

( ) ( )
( ) 2 1 ( ) 1 2

( ) ( )
( ) 2 1 ( ) 1 2

ˆ sin (1 2 ) (1 )

ˆ sin (1 2 ) 0

ˆ sin (1 2 ) (1 ) 0

s k s k
q x q x

s k s k
q x q x

s k s k
q x q x

w w k n N C n

w w k n N C n for k

w w k n N C n for k

q f p

q f p

q f p

+

-

-

üé ù= - + + - +ë û ï
ïé ù= - + + - > ýë û
ï

é ù= + + - - + < ïë û þ

(34)

The case of y= m − 2 rank harmonic. The method to suppress the ���, � = �− 2 harmonic rank

of the �2 group with �2 < 0 is similar to the previous one. This harmonic is defined by �1 = 0
and �2 = 1, Eq. (28) leads to ��(�)�2 = �(�)�2sin �2 � − ��−���− � . To make this harmonic
system (H), it suffices to satisfy the equality in Eq. (35):

( ) ( )q y q ym Cx f= - + (35)

That leads to characterize the modified system by Eq. (36):

1 1

2 2

2 2

( ) ( )
( ) 1 2 ( ) 1

( ) ( )
( ) 2 2 ( ) 1 2

( ) ( )
( ) 2 2 ( ) 1 2

ˆ sin (1 2 ) (1 )

ˆ sin (1 2 ) 0

ˆ sin (1 2 ) (1 ) 0

s k s k
q y q y

s k s k
q y q y

s k s k
q y q y

w w k n N C n

w w k n N C n for k

w w k n N C n for k

q f p

q f p

q f p

+

-

-

üé ù= + + - - +ë û ï
ïé ù= - + - - > ýë û
ï

é ù= + + + - + < ïë û þ

(36)

• it can be observed that this control strategy does not modify the STPHS initial amplitudes

and that all the ��(�) modified STPHSs remain balanced according to the quantities which

mutiply �� are integers. It appears also that the suppression of an harmonic is totally
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independent of the constant values so that the experiments are done for �(�) = �(�) = 0. On

the other hand, Eqs 33 and 35 show that the method requires the use of three carriers.

4.1.2. Experimental measurements

Figure 7a presents the experimental spectrum for (SΔ) PWM with single carrier and r = 1.
Figure 7b and 7c show the spectra for controls corresponding to the suppression of the
harmonics of rank � = �+ 2 and � = �− 2 with, respectively, ��(�) = ��/� and��(�) = − ��/�. These spectra clearly show these deletions although the control laws result

from mathematical developments which concern (SS) PWM.

Figure 7. Relative experimental ��(Δ) spectra resulting from (b) m + 2 and (c) m – 2 rank harmonic cancelation for r = 1.

The suppression of �+ 2 harmonic rank is accompanied by the disappearance of 2� + 1
harmonic rank and the generation of m and 2� ± 3 harmonic ranks. Similarly, the suppression
of �− 2 harmonic rank removes 2� − 1 harmonic rank and generates harmonics of rank �
and 2� ± 3. These particularities as well as the changes on the phase sequences which appear
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also on these figures, can easily be justified analytically using Eqs. 34 and 36. Let us note, in
accordance with what has already been stated, that the theoretical relative amplitude of � rank
component for (SS) PWM is 100% while, experimentally, for a (SΔ) PWM, it is only 60%.

4.2. Suppression of k1 group harmonics

4.2.1. Principle of the x = 2m + 1 or y = 2m – 1 rank harmonic elimination

•
The case of the x = 2m + 1 rank harmonic. ��(�)�1 is defined by Eq. (28) with �1 = 1 and�2 = 0. That leads to ��(�)�1 = �(�)�1sin (2� + 1)� − ��− 2��� . To make this system (�),
the following condition must be satisfied:

( ) ( )2 q x q xm Cfx = - + (37)

Thus the modified systems deduced from Eq. (28) can be expressed as:

1 1

2 2

2 2

( ) ( )
( ) 1 1 2 ( ) 1

( ) ( )
( ) 2 1 2 ( ) 1 2

( ) ( )
( ) 2 1 2 ( ) 1 2

ˆ sin (1 3 ) / 2 / 2 (1 )

ˆ sin (2 3 ) / 2 / 2 0

ˆ sin (2 3 ) / 2 / 2 (1 ) 0

s k s k
q x q x

s k s k
q x q x

s k s k
q x q x

w w k n n N C n

w w k n n N C n for k

w w k n n N C n for k

q p

q p

fq p

f

f

+

-

-

üé ù= + - + - - +ë û ï
ïé ù= - + + - - > ýë û
ï

é ù= + + + + - + < ïë û þ

(38)

•
The case of the y = 2m – 1 rank harmonic. ��(�)�1 is defined by Eq. (28) with �1 = 0 and �2 = 1
so that ��(�)�1 = �(�)�1sin (2� − 1)� + ��− 2���− � . To make this system (�), the follow-

ing equality must be satisfied:

( ) ( )2 q y q ym Cx f= - (39)

The modified systems, deduced from Eq. (28) can be written as:

1 1

2 2

2 2

( ) ( )
( ) 1 1 2 ( ) 1

( ) ( )
( ) 2 1 2 ( ) 1 2

( ) ( )
( ) 2 1 2 ( ) 1 2

ˆ sin (1 3 ) / 2 / 2 (1 )

ˆ sin (2 3 ) / 2 / 2 0

ˆ sin (2 3 ) / 2 / 2 (1 ) 0

s k s k
q y q y

s k s k
q y q y

s k s k
q y q y

w w k n n N C n

w w k n n N C n for k

w w k n n N C n for k

q f p

q f p

q f p

+

-

-

üé ù= - + - + - +ë û ï
ïé ù= - + + + - > ýë û
ï

é ù= + + + - - + < ïë û þ

(40)
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• As previously:

- the constants do not affect the results, so they will be assumed to be null

- Equations 37 and 39 show that the method requires the use of three carriers

It can also be observed that this control strategy does not modify the STPHS initial amplitudes
but that the quantities which multiply �� are not integers unless if the quantities between

brackets are even. That means that many systems initially balanced become unbalanced.

Tables 5 and 6 show the modifications of ��(�)� STPHS phase sequences, respectively, for 2m + 1

and 2m – 1 harmonic rank cancellations. HCA means that a system initially (C), (A), or (H)
becomes unbalanced. Only the harmonic components which do not depend on � (k2 group)
and those around 6� (k1 group), keep the same characteristics.

(a) k1 group (b) k2 group

n1 0 1 2 3 0 1 2 3

n2  0  m

(H)→(HCA)

2m + 1

(C)→(H)

3m + 2

(A)→(HCA)

4m + 3

(H)→(D)

1

(C)

m + 2

(A)→(HCA)

2m + 3

(H)→(A)

3m + 4

(C)→(HCA)

1 2m – 1

(A)→(C)

3m

(H)→(HCA)

4m + 1

(C)→(A)

5m + 2

(A)→(HCA)

–m + 2

(C)→(HCA)

3

(H)

m + 4

(C)→(HCA)

2m + 5

(A)→(C)

2 3m – 2

(C)→(HCA)

4m – 1

(A)→(H)

5m

(H)→(HCA)

6m + 1

(C)

−2m + 3

(H)→(A)

–m + 4

(A)→(HCA)

5

(A)

m + 6

(H)→(HCA)

3 4m – 3

(H)→(C)

5m – 2

(C)→(HCA)

6m – 1

(A)

7m

(H)→(HCA)

−3m + 4

(A) →(HCA)

−2m + 5

(C)→(H)

–m + 6

(H)→(HCA)

7

(C)

Table 5. Theoretical impact of the 2� + 1 harmonic (group �1) suppression on the ��(�) spectral content.

(a) k1 group (b) k2 group

n1 0 1 2 3 0 1 2 3

n2  0  m

(H)→(HCA)

2m + 1

(C)→(A)

3m + 2

(A)→(HCA)

4m + 3

(H)→(A)

1

(C)

m + 2

(A)→(HCA)

2m + 3

(H)→(C)

3m + 4

(C)→(HCA)

1 2m – 1

(A)→(H)

3m

(H)→(HCA)

4m + 1

(C)→(H)

5m + 2

(A)→(HCA)

–m + 2

(C)→(HCA)

3

(H)

m + 4

(C)→(HCA)

2m + 5

(A)→(H)

2 3m – 2

(C)→(HCA)

4m – 1

(A)→(C)

5m

(H)→(HCA)

6m + 1

(C)

−2m + 3

(H)→(C)

–m + 4

(A)→(HCA)

5

(A)

m + 6

(H)→(HCA)

3 4m – 3

(H)→(A)

5m – 2

(C)→(HCA)

6m – 1

(A)

7m

(H)→(HCA)

−3m + 4

(A) →(HCA)

−2m + 5

(C)→(A)

–m + 6

(H)→(HCA)

7

(C)

Table 6. Theoretical impact of the 2� − 1 harmonic (group �1) suppression on the ��(�) spectral content.
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Figure 8. Cancellation of the harmonic x = 2m + 1: Components (C), (A) and (H) of m rank STPHS.

From magnetic noise point of view, it is necessary to characterize each STPHS with its (C), (A)
and (H) components. They result from the following classical expressions which use time
phasor variables and where � = exp(�2�/3):

( ) ( ) ( ) ( )2
1( ) 1( ) 2( ) 3( )

( ) ( ) ( ) ( )2
1( ) 1( ) 2( ) 3( )

( ) ( ) ( ) ( )
1( ) 1( ) 2( ) 3( )

( ) / 3

( ) / 3

( ) / 3

C

A

H

s k s k s k s k
xory xory xory xory

s k s k s k s k
xory xory xory xory

s k s k s k s k
xory xory xory xory

W W aW a W

W W a W aW

W W W W

ü= + +
ïï= + + ý
ï

= + + ïþ

(41)

Let us consider, for example, the x = 2m + 1 harmonic rank suppression and the modified system
given by Eq. (38). The “m” harmonic rank belongs to the k1 group, and it is defined for�1 = �2 = 0 (Table 5). Considering Eq. (37) for �(�) = 0, this “m” harmonic rank system can be

expressed as:

( ) ( )
( ) ˆ sin ( 1)

3
s m s m
q xw w m q pq pæ ö= + - -ç ÷

è ø
(42)
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It leads to Figure 8(a), where the modulus of each time phasor variable is defined using its

RMS value: �(�)� = �(�)�/ 2. Eq. (41) leads to the Phase 1 time phasor variable of each
component given in Figure 8(b). One can note that (H) and (A) systems have the same2�(�)�/3 modulus, the (C) modulus is �(�)�/3. As, theoretically, the relative amplitude of
the � harmonic is equal to 1 (Table 4), one can deduced that the relative absolute values of the

(C) and (A) systems of �(�)� are, respectively, equal to 33.3 and 66.6%.

Figure 9. Relative experimental ��(Δ) spectra for m = 55 and r = 1 resulting from: (b) 2m + 1 and (c) 2m – 1 rank harmon-

ic cancelation.

4.2.2. Experimental measurements

• First, verifications about ��(Δ) make it possible to show, for the unbalanced harmonic systems,

that, for a harmonic, the spectral components have the same amplitudes on the three phases.
As the expressions deduced from the (SS) PWM lead to accurate values of the phase angles,

the authors have used expression 41 to characterize the (C) and (A) amplitudes of the ��(Δ)
systems. Figures 9b and c show the experimental ��(Δ) spectrum thus obtained for, respec-

tively, 2m + 1 and 2m – 1 harmonic rank cancellation. This suppression leads:
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- to new components of rank 2� ± 3 which are (C) or (A), as determined with the analytical
model,

- to a unbalanced “m” rank component which is constitutes of (C) and (A) three-phase
systems. The amplitudes of these latter present a sum always equal to 100%.

The validity of the proposed method is established as well as the theoretical approach proposed
for characterizing the STPHS phase sequences. It is now possible to consider more complex
control strategies in order, for example, to mitigate some of the negative effects caused by the
removal of a single harmonic as the generation of new harmonic ranks in vq spectral content.
To do that, a procedure has been developed: the carrier phase jump which is presented in the
following section.

5. Carrier-phase jump

To present this method, it will be shown how it is possible to minimize, for example, the effects
of the reappearance of the harmonic system of rank “m” when the harmonic system of rank
m + 2 is suppressed. The principle consists in associating with this harmonic of m + 2 rank,
harmonic of m–2 rank, and alternately removing these harmonic systems. By exploiting the
degree of freedom introduced by the constants makes it possible to optimize the minimization
of harmonic of “m” rank.

5.1. Principle

The rank � = �+ 2 harmonic is suppressed during the first ����� period and the rank � = �− 2
harmonic during the second one. This transition is accompanied by transitions on all the
modified STPHSs. Taking into account Eqs 34 and 36 leads to expressing a modified � rank
STPHS using the general form:

( ) ( ) ( )
( ) ( )ˆ sins k s k s k
q xory q xoryw w kq yé ù= -ë û (43)

��(����)(�)� , defined by identification, depends on ��, �(�) and �(�). The Fourier series of resulting��(�, �)(�)�  signal requires considering an interval that corresponds to 2�. The two expressions of

this signal on the considered 2 T interval are the following:

( ) ( ) ( )
( ) ( )

( ) ( ) ( )
( ) ( )

ˆ sin 2 ( / 2 )

ˆ sin 2 ( / 2 )

s k s k s k
q x q x

s k s k s k
q y q y

w w k k

w w k k

q y

q y

üé ù= -ë ûï
ý

é ù= - ïë ûþ
(44)
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Let us denote ℎ� as ��(�, �)(�)�  rank harmonic. If � = 0 is the instant which corresponds to the

passage of ��(�)(�)� to ��(�)(�)�, it can be written as:

( ) ( ) , ( ) ,
( , ) ( , ) ( , )

1

ˆ cos( )
k k

k

s k s k h k s k h
q x y q x y q x y

h

w w h q b
¥

=

= -å (45)

where

( ) , ( ) , 2 , 2
( , )

( ) , , ,
( , )

ˆ ˆ ( ) ( )

/

k k k

k k k

s k h s k k h k h
q x y q q

s k h k h k h
q x y q q

w w A B

tg B Ab

ü= + ï
ý
ï= þ

(46)

Table 7 gives the expressions of ���, ℎ� and ���, ℎ� with �� +(�)� = (��(�)(�)� + ��(�)(�)�)/2,�� −(�)� = (��(�)(�)� − ��(�)(�)�)/2
���, ℎ� ���, ℎ� ��(�, �)(�)�, ℎ� ��(�, �)(�)�, ℎ�

ℎ� even ≠ 2� 0 0 0

ℎ� odd 8� sin�� +(�)�sin�� −(�)�(2� + ℎ�)(2� − ℎ�)� −4ℎ� cos�� +(�)�sin�� −(�)�(2� + ℎ�)(2� − ℎ�)�∓ 2��sin�� +(�)�sin�� −(�)� ± 2��cos�� +(�)�sin�� −(�)� �(�)� 2�� sin�� −(�)� �� +(�)�+ �/2
ℎ� = 2� −sin�� +(�)�cos�� −(�)� cos�� +(�)�cos�� −(�)� �(�)� cos�� −(�)� �� +(�)�+ �/2
Table 7. x↔y jump—Expressions of the Series Fourier coefficients for a k rank term.

On �, for given �, this method leads to associate with the initial harmonic components defined
by Eq. (44):

- a component of Integer (I) rank “k” defined by the values given in Table 7 for ℎ� = 2�,

- components defined for hk odd, leading to harmonics of Non-Integer (NI) ranks.

The characteristics of these components are defined by the values given in the first row for ℎ�
odd in Table 7.
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As hk odd can be expressed by ℎ� = 2� ± � with � odd, these NI rank harmonics are defined
on “T’ by � ± �/2.

Insofar as these harmonics present significant values only for � first values, the second row forℎ� odd gives the simplified expressions valid only under these conditions.

So the (I) rank “k” component is surrounded by NI rank harmonics.

Let us point out that for the fundamental component (� = 1), the expressions of ��(�)(�)1 and ��(�)(�)1
that can be deduced from Eqs 34 and 36 are the same. Thus, the carrier-phase jump has no
effect on this component.

5.2. Numerical applications

The expressions of ��(�)(�)� and ��(�)(�)�, grouped in Table 8, are obtained:

• by identification considering Eqs. (34) and (36), with � taking successively the values �± 2,�, 2� ± 1 and 2� ± 3,

• and by characterizing the quantities ��(����) with their general expressions given by Eqs.
(33) and (35).

The �� +(�)� and �� −(�)� expressions, defined in functions of �+ = �(�)+ �(�) and�− = �(�)− �(�), are also given in Table 8. These mathematical developments have a notable

interest because the ℎ� rank harmonic amplitudes, which differ with the value of �, only

depend on �� −(�)� (see Table 7) and thus on �+. The phases depends only on �� +(�)� and thus on�−.

Figure 10 shows the variations of cos�� −(�)�  and sin�� −(�)�  with �+ for the previous “k” values

and the three "�" values. In order to exploit these curves, it should be noted that for � = 2� ± 1
and 2� ± 3, the horizontal scale must be divided by 2. The harmonic amplitudes are obtained
by multiplying these quantities by the coefficients given in Table 7. As shown in Figure 10, for
a given "�" value, the maximal value of the (I) rank “�” harmonic is associated with (NI)
harmonics whose values are null.

The new STPHSs are all unbalanced, therefore, they can be defined by their (�), (�), and (�)
components. The analysis made on these component moduli, and more especially on cos�� −(�)�
and sin�� −(�)� , for a given value of the (I) rank “k” component, shows that the coefficients which
intervene in their definitions (multiplying the modulus given in Table 7) are independent fromℎ�, as well as the values given to �+ and �−. The numerical values of these coefficients are
given also in Table 8.
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��(�)(�)� ��(�)(�)� �� +(�)� �� −(�)� (�) (�) (�)� − 2 −��− �(�)+ � �(�)+ � � − (��+ �−)/2 −(��+ �+)/2 0 0.5 0.5

�+ 2 −�(�)+ � ��+ �(�)+ � � + (��− �−)/2 −(��+ �+)/2 0.5 0 0.5

� ��− �(�)+ � −��+ �(�)+ � � − �− ��− �+/2 0.5 0.5 0

2� − 1 ��− 2�(�)+ � 2�(�)+ � � − �−+ ��/2 −�++ ��/2 0.5 0 0.5

2� + 1 −2�(�) −��+ 2�(�) � − �−+ ��/2 −�++ ��/2 0 0.5 0.5

2� − 3 −��− 2�(�)+ � ��+ 2�(�)+ � � − �− −��− �+ 0.5 0.5 0

2� + 3 −��− 2�(�) ��+ 2�(�) −�− −��− �+ 0.5 0.5 0

Table 8. Expressions of ��(�)(�)� and ��(�)(�)�  and (C), (A) and (H) component characterization.

First, one can note that a carrier-phase jump which involves in the transition an (�) STPHS,

leads to corresponding ��(�) STPHS which contains also (�) component. In this case, the ��(�)
STPHSs are balanced as shown in Table 8. For all the other cases, the ��(�) STPHSs are unbal-

anced.

Figure 10. Variations of cos��(�)� −  and sin��(�)� −  with �+.
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Figure 11. NI rank harmonics: (a) around �; (b) around 2�.

The NI rank harmonics are subject to the second remark. They form balanced STPHSs for the�± 2 and 2� ± 1 (I) rank harmonics, and unbalanced STPHSs for all the other considered (I)
rank harmonics. These harmonics combine together as it appears in Figure 11 which considers
the quantities that appear around � (Figure 11a) and around 2� (Figure 11b). For this study,
the number of NI rank harmonics considered is limited to the � first four values. It results that
the characteristic predetermination of NI rank harmonics needs to add several terms taking

into account the ��(�, �)(�)�, ℎ� quantities given in Table 7, which depend on �� +(�)�, and consequent-

ly on �− quantities as it appears in Table 8.

5.3. Experimental validation for (SS) PWM

The aim of these applications is to validate the theoretical developments corresponding to the
previous case (� = 55, � = 1, � = �+ 2 and � = �− 2).
•First, the constants are such as �(�) = �(�) = 0, defining �+ = 0. The analytical developments

lead to the ��(�, �)(�)  component relative amplitudes in % given in Table 9. The quantities for NI

rank harmonics are calculated for � = 1. Let us point out that only two lines, � = 1 and � = 2,
constitute Table 9 because, for this case, the � = 2 and 3 components present identical ampli-
tudes. When the numerical values for � = 1 and 2 are the same, the STPHSs are balanced.

�(100%) � ± 2(33.3%) 2� ± 1(33.3%) 2� ± 3(20%)
I NI I NI I NI I NI� = 1 100 0 16.65 10.64 16.65 10.64 20 0� = 2 50 55 16.65 10.64 16.65 10.64 10 11.1

Table 9. ��(�, �)(�)  component relative amplitudes for �+ = 0.
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The ��(�, �)(�)  spectra corresponding to this (SS) PWM are given in Figure 12. Let us consider the

(I) rank harmonics. One can note a very good correspondence between the predetermined

values and those deduced from the spectra.

Concerning the NI rank harmonics, let us consider the �+ 0.5 rank harmonic which results

from the combination of three terms as it appears in Figure 11a:

- the harmonic related to � = � for � = 1, whose relative amplitude is 0% for � = 1 and 55% for� = 2 and 3,

- the harmonic related to � = �+ 2 for � = 2, whose relative amplitude is 5.32% for the three

phases,

- the harmonic related to � = �− 2 for � = 3, whose relative amplitude is 3.55% for the three

phases.

The approach is identical to characterize �− 0.5 rank harmonic. One can estimate that the

components of �± 0.5 ranks have an amplitude of a few percents for � = 1 and an amplitude

of the order of 50–60% for � = 2 and 3. These quantities correspond to those measured on the

spectra. A similar approach for the other NI harmonics leads to similar conclusions.

• The constants are adjusted such as �(�) = 0 et �(�) = �, leading to �+ = �. Table 10

presents the ��(�, �)(�)  component relative amplitudes given in % deduced from the analytical

developments. Only the harmonics around "�" rank are considered because taking into

account the periodicity of curves presented in Figure 10, the spectral content around 2� is the

same than the content obtained for �+ = 0. The spectral contents presented in Figure 13, which

concern only harmonics around "�", show the good correspondence between predetermined

and measured values that validates the analytical relationships.

�(100%) � ± 2(33.3%)
I NI I NI� = 1 0 64 16.65 10.64� = 2 86.6 32 16.65 10.64

Table 10. ��(�, �)(�)  component relative amplitudes for �+ = �.
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Figure 12. (SS) PWM, �1���2(�)  spectra around � and 2� for �+ = 0.

Figure 13. (SS) PWM, �1���2(�)  spectra around � for �+ = �.

5.4. Experimental validation for (SΔ) PWM

The spectra measured for a (SΔ) PWM, given in Figures 14 and 15, have the same properties
when the constants are changed; only the amplitudes are modified. For example, the spectra
shown in Figures 14 and 15 correspond to the spectra given in Figures 12 and 13 obtained for
a (SS) PWM.
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Figure 14. (SΔ) PWM, �1���2(Δ)  spectra around � and 2� for �+ = 0.

The validity of developments made on a (SS) PWM to characterize the spectral content of a
(SΔ) PWM is again demonstrated on this quite particular control technique which results,
compared with the original spectrum shown in Figure 6a, to a spread spectrum with a
significant changes of the amplitudes of some initial harmonic components.

Figure 15. (SΔ) PWM, �1���2(Δ)  spectra around � for �+ = �.

6. Use of carriers of different frequencies

6.1. Principle

The principle is shown considering the theoretical model of a (SS) PWM. The modulation
index mq concerns the phase “q”. It will be supposed that mq differs with “q” satisfying, for

example, the equalities �� − 1 = �− Δ�, �� + 1 = �+ Δ�. Table 4 which gives the ��(�)
harmonic content shows that
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• the harmonic of ranks 1, 3, 5, 7, …, are independent of the values given to mq and, thus, the
fundamental is not modified when carrier frequencies are different

• the other harmonics define groups of components centered:

q q q q q

q q q q q

q q q q q

q q q q

q q q q

q q q q

-onm : m ,m 2,m 4,m 6,
-on3m : 3m ,3m 2,3m 4,3m 6,
-on5m : 5m ,5m 2,5m 4,5m 6,
-on 2m : 2m 1,2m 3,2m 5,
-on 4m : 4m 1,4m 3,4m 5,
-on6m : 6m 1,6m 3,2m 5,

± ± ± ü
ï± ± ± ï
ï± ± ± ï
ý± ± ± ï
ï± ± ±
ï

± ± ± ïþ

(47)

The initial structure in Figure 3a can also be presented using the scheme given in Figure 16
where a harmonic, function of mq, must also be distinguished according to the considered

phase “q”. It results that an harmonic rank will be denoted using two superscripts ��, �.

Figure 16. Equivalent structure of the converter associated to the IM.

To analyze how an harmonic of rank “k” modifies the behavior of the load, the superposition
principle is applied and the generator giving a signal of frequency kf is searched for each phase.
Then, after identification of these different generators, all the others are switched off. Let us
underline that this approach concerns all the harmonics different from the components of rank
1, 3, 5, 7 …., for the latter, the voltage STPHSs applied to the load will be balanced because the
(H) component cannot exist at the terminal connections of the load.

It results that an harmonic of “k” rank can, for example, concerning the Phase 1, belong to the
group of components centered on m1 and, concerning the Phase 2, to the group of component
centered on 2m2. This example shows that three cases have to be considered:

- Case 1. If a STPHS of rank “k,” which exists on a phase, is also on the two other phases, then
the structure in Figure 17a is obtained where the three generators constitute an imbalanced

three-phase system where �1, � = �2, �′ = �3, �" = �.
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- Case 2. If a STPHS of rank “k,” which exists on Phase 1, is only on one of the two other phases

(Phase 2, for example), then the structure in Figure 17b is obtained where �1, � = �2, �′ = � and
where the RMS voltage generators have, a priori, no link.

- Case 3. If a STPHS of rank “k,” which exists on Phase 1, is not on the two other phases, then

the structure in Figure 17c has to be considered where �1, � = �.

- The Case 1 has already been considered: the intermediate system has to be decomposed in
(C), (A), and (H) components using Eq. (41) and considering that only the (C) and (A) systems
are applied to the load.

- For the Case 2 it appears, considering the example given in Figure 17b, that V k
1 = (2W k

1 −
W k2)/3, V k2 = (2W k2 − W k1)/3, V k3 = − (W k1 + W k2)/3. This STPHS that appears at the load inputs
is unbalanced without (H) component.

- Concerning the Case 3, Figure 17c leads to V k
1 = 2W k

1/3, V k
1 = −W k

1/3. As previously, this
STPHS that appears at the load inputs is unbalanced without (H) component.

- When the structures of circuits in Figures 17b and 17c are changed (by considering, for
example, that the generator of Figure 17c that supplies the circuit is not connected to Phase 1
but to Phase 2, the previous equations can still be used but need an adaptation of the indexes.

Figure 17. Different configurations of the equivalent circuit with k.

6.2. Numerical application—experimental validation

The case of m1 = 45, m2 = 55, and m3 = 65 for f = 50 Hz and r = 1 is considered.

6.2.1. (SS) PWM

Taking into account Eq. (47), it appears immediately that all the harmonics have odd ranks.
Considering only the two first groups of components, the theoretical spectra given in Figure
18 show that:
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Figure 18. Principle of frequency shift carriers for (SS) PWM, f = 50 Hz and m1 = 45, m2 = 55 et m3 = 65.

- For the first group of components, the equivalent circuits are the same as the circuit given in

Figure 17c. The component m1f (2250 Hz) of �1(�), whose theoretical amplitude is 100% (Table

4), is dispatched on ��(�) with an amplitude of 66.6% for q = 1 and 33.3% for q = 2 and 3.

Concerning ��(�), there is, for example, coincidences of the component (m1 + 4)f of �1(�) with

the component (m2-6)f of �2(�) (2450 Hz). However, the amplitudes of these theoretical
components are, respectively, 6.6 and 2.8% so that the resulting effect to be analyzed with the

scheme given in Figure 17b will nearly not appear in the ��(�) spectra. Consequently, this
interaction is ignored.

Coincidences exist, in general, for all the components, but if the quantities mq are chosen
correctly, they involve two generators on the three that have almost zero voltages so that one
has only to consider the configuration given in Figure 17c.

- The previous remark can be generalized for all the second groups of components shown in
Figure 18. It must be noted that the third group of component (not shown) modifies signifi-
cantly the amplitudes of the components between 6250 and 6750 Hz. Indeed, if the third group
is considered for q = 1, the components which will interfere with the existing components have,
for the most important of them, the following characteristics:

- 3m1f = 6750 Hz whose theoretical amplitude is 11.1%,

- (3m1–2)f = 6650 Hz whose theoretical amplitude is 20%

- (3m1–4)f = 6550 Hz whose theoretical amplitude is 14.3%

- (3m1–6)f = 6450 Hz whose theoretical amplitude is 3.7%
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In this case, the analysis has to exploit the scheme in Figure 17b. It results that what appears
in Phase 1 is different from what can be observed on Phases 2 and 3 which are not modified
by the third group of components.

6.2.2. (SΔ) PWM

The experimental �2(Δ) and �3(Δ) spectra (without decomposition considering (C) and (A)
systems) for a (SΔ) PWM for the conditions corresponding to the theoretical study, are shown
in Figure 19. The spectral distribution in Figure 18 is verified, except for the amplitudes.

This technic which consists in using three carriers of different frequencies leads, if comparing
to a classical (SΔ) PWM, to a splintering of the spectrum with a decrease of the initial compo-
nents.

Figure 19. Experimental validation of the principle using carriers of different frequencies for f = 50 Hz and m1 = 45, m2 =
55 and m3 = 65.

Concerning this presentation, it seems difficult to develop further as the number of combina-
tions on the choice of values to assign to the mq quantities is infinite justifying that, from an
analytical point of view, only the principle is presented.

7. Experiments on noise and vibrations

Certain machines have been redesigned in order to be more efficient when they operate at
variable speed using PWM inverters. Precautions have also been taken to minimize noise
problems. Unfortunately, for some of them, severe acoustic problems due to the STPHSs appear
when they operate. It is in this context that the presented methods were developed. For
confidential reasons, it is not possible to give the results about these specific experiments. Thus
the presented results concern 2 IMs available in our laboratory with the following character-
istics:

M1: cage IM—15 kW, 50 Hz, p = 2, 1456 rpm, 380 V, 24.8A, Ns = 48, Nr = 36.

M2: wound rotor IM—15 kW, 50 Hz, p = 3, 950 rpm, 365 V, 28A, Ns = 72, Nr = 54.
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Figure 20. Positions of the accelerometers on M1.

Figure 21. Frequency response of the M1 outer casing.

Figure 22. Noise and vibrations of M1 connected to the grid.
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Figure 23. Noise and vibrations of M2 connected to the grid.

Figure 24. Vibrations of M2:

- (a) connected to a single carrier (SΔ) PWM—m =70.4, r = 1.

- (b) connected to (SΔ) PWM—m=70.4, r = 1 and carrier phase jump.

Alternative cancellation of 2m + 1 and 2m−1 harmonic ranks.
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Since the control techniques must be adapted to the problems that appear on machines taking
into account their design, the presented results concern either M1 or M2. Note that these two
IMs are not especially sensitive to magnetic noise generated by STPHSs and, therefore, will
not lead, in terms of reducing vibrations and noise, to performance that can described as
exceptional. However, the effects are significant enough to validate our developments.

• Figure 20 shows M1 equipped with three accelerometers A1, A2, and A3 (A2 and A3 are
shifted spatially from 45° to 90° with respect to A1) to, on the one hand, characterize the
mode numbers of the Maxwell force components and, on the other hand, to be sure to
consider the effects generated by unbalanced STPHSs in accordance with what was
presented in section II.3. Figure 21 gives the results of nodal analysis performed on M1 that
shows that it is particularly sensitive to frequencies around 2800 Hz, 3800 Hz, 4800 Hz, and
6200 Hz.

For the test results to be presented, the IMs are supplied by fundamental 50 Hz three-phase
systems with an implementation of a (SΔ) PWM for r = 1.

• Figures 22 and 23 show the noise and vibration spectra of, respectively, M1 and M2 directly
connected to the grid. In this case, in terms of noise, the mechanical, aerodynamic and
magnetic effects appear simultaneously. As can be noted, these “low frequency” effects
generate a relatively significant overall noise (66.5 dBA for M1 and 65.8 dBA for M2). The
M2 spectra shows more clearly the slotting effect by covering a wider frequency range given
the highest values of Ns and Nr. In this case, the slotting effect will interfere with the noise
components generated by the STPHSs as seen in Figure 24 where m = 70.4. Note that specific
procedures have been developed to minimize the slotting magnetic noise as presented in
reference [30].

• Figure 24a shows the M2 acceleration spectra using a conventional (SΔ) PWM inverter that
uses only one carrier. Note that the overall noise is 65.8 dBA when M2 is supplied directly
by the grid and 66.4 dBA when M2 is supplied via the inverter. As already mentioned, this
machine is not particularly sensitive to STPHSs though, from a vibrational point of view,
the impact on first and second groups of spectral lines, respectively, centered on 3520 and
7040 Hz is clearly visible.

The carrier-phase jump has been implemented on M2 to reduce the effects of STPHSs
centered on 2m eliminating alternatively harmonics of ranks 2m + 1 and 2m – 1. To optimize
this control, analytical developments show that the constant values must be adjusted as
follows: C(x) = 0, C(y) = 8π/3. Figure 24b shows the impact of this control strategy on the
spectral content of vibrations in areas that contain these harmonics. Spread spectrum with
reduced amplitudes of the initial components is clearly visible with the appearance of an
impact on the third group of components.

• Figure 25 shows in terms of M1 vibrations, the impact of an adaptation of carrier frequen-
cies with m1 = 39, m2 = 48, and m3 = 57. Again, the positive impact of this control strategy is
clear.
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Figure 25. Vibrations of M1—Impact of a carrier frequency shift.

8. Conclusion

The proposed calculation method is particularly interesting, because of its implementation
simplicity, to characterize the STPHS phase sequences that have a direct impact on the
definition of the force components at the origin of the magnetic noise generated by AC
machines. On the other hand, it allows anticipating easily over the entire audible frequency
range of the spectrum, the consequences of certain control strategies for reducing this noise.
Regarding the strategies proposed, they have been analyzed on the basis of experiments on
noise and radial vibrations.
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