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Abstract

In this chapter, we consider an optimal control problem with retarded control and
study a larger class of singular (in the classical sense) controls. For the optimality of
singular controls, the various necessary conditions in the recurrent forms are
obtained. These conditions contain also the analogs of Kelly, Koppa-Mayer, Gabasov,
and equality-type conditions. While proving the main results, the Legendre
polynomials are used as variations of control.

Keywords: singular control, optimal control, variation transform method, Legendre
polynomial, necessary optimality conditions

1. Introduction

As is known, optimal control problems described by the dynamical systems with retarded
control are attracting the attention of many specialists, and the results obtained in this field
deal mainly with the first-order necessary optimality conditions [1-8, etc.]. However, theory
of singular controls for systems with retarded control has not been studied enough yet [9, 10].
One of the main reasons here is that the methods proposed and developed for ordinary
systems (for systems without retardation) in [11-18] are not directly applicable to the singular
controls in dynamical systems with aftereffect (see [9, 14-19]). Therefore, to study optimal
control problems in the systems with retarded control is of special theoretical interest. Besides,
such problems have practical significance as well, because mathematical modelling for some
problems of organization of the economic plan and production leads to the problems with
retarded control (see, e.g., [20]).
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As is known, the concept of singular control was first introduced to the theory of optimal
processes by Rozenoer [22] in 1959. First results on the necessary optimality conditions for
singular controls have been obtained by Kelley [12] in the case of open set U, and by Gabasov
[11] in the case of arbitrary (in particular, closed) set U, where U is a set of values of admissible
controls. Afterward, Kelley and Gabasov’s conditions as well as the methods for treating
singular controls proposed in [11, 13] have been significantly generalized in [10, 14-19, 23—
41, etc.] to the cases of (1) controls with higher-order degeneration, (2) multidimensional
controls, and (3) various classes of control systems. Considering all these cases, the methods
in [11, 13] have been generalized in [17, 37] and for optimality of singular controls, necessary
conditions in the form of recurrence sequences are obtained for dynamical systems with
delayed in state. Similar results for the problem of dynamic systems with retarded control have
been obtained in [10] only for singular controls with full degree of degeneration. Below, by
considering a larger class of singular controls, proposing a modified version of the variations
transform method [13] and matrix impulse method [11], we generalize all results of [10]. While
treating the optimality of singular (in the classical sense) controls, we use the Legendre [[42],
p. 413] polynomials as variations of control because such an approach is more convenient.

1. Problem statement. Consider the following optimal control problem with retarded control:

S(u)=gp(x(1)) > min (1.1)
x(6)=f(x(e)u(t)u(t=h),t), tel=[t,4],x(t) =% (1.2)
u(t)=w(t), tel,=[t,—ht,),u(t)eU R, tel (1.3)

Here, U is an open set in r -dimensional Euclidean space R’, Rl = :R: = (—o, + ), x € R is
an n-vector with phase coordinates, u € U is an r-vector of control actions, h = const > 0, X

ty ty are fixed points with ty >ty + h, o(x): R" > R, f(x,u,v, t):Rn xR"xR'xR— Rn,

~+ T : : ~+ ry .
w(-)€eC ([to —h, to],R ) are the given functions, where C ([to —h, to],R ) is a class of
piecewise continuous (continuous from the right at discontinuity points and continuous from

the left at the point to ) vector functions w(t): [to —h, tO] — R

The function u( - ) is said to be an admissible control if it belongs to c +(l 1 Rr) and satisfies the
condition (1.3), where /1 = {o W1 = [to —1.1,]
Note that if the function f(-) and its partial derivative f x( -) are continuous on

R™ x R" x R" x R, then, by using the method of successive approximations as in [21] it is easy
to show that every admissible control u( - ) generates a unique absolutely continuous solution
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x(-) of the system (1.2), (1.3) where this solution will be assumed as defined everywhere on
I.

If the admissible control «° (¢), t €1, isasolution of the problem (1.1)—(1.3), we will call it an

optimal control, while the corresponding trajectory xo(t), t € I of the system (1.2)—(1.3) will be
called an optimal trajectory. The pair (uo( ) xO( . )) will be called an optimal process.

While studying the problem (1.1)—(1.3), we will also use the following assumptions:

(A1) let the functional ¢(x): R™ — R be twice continuously differentiable in the space R";

(A2) let the function f(-) and its partial derivatives f L0 f,,0) be continuous in the space
R"x R" x R" x R, where z = (x,u,v);

(A3) let the function f(-) be three times continuously differentiable in the totality of its
arguments in the space R"xR"xR" x R;

(A4) let the inclusions w(-) € C ([to —h, to],Rr) and uo( Yec (I 1 Rr) hold for the derivatives

w(-)and u(’( .), where C ([a, b], Rr) is a class of piecewise continuous (continuous from the right

and left at the points a and b, respectively) vector functions c(t):[a, b] — R";

(A5) let the function f( - ) be sufficiently smooth in the totality of its arguments in the space

R"x R ' xR" xR;

(A6) let the initial function w(-) € C +([t0 —h, to],Rr) and admissible control uO( -) be suffi-

—h,zo],Rr)

ciently piecewise smooth, that is, dt and

m

%uo(z)e 5(1],1{"), m=12,....

Especially note that more precise assumptions on the analytic properties of
@(-), f(-)u(-),w(-) will directly follow from the representation of optimality criteria
obtained below.

2. The second variation of the objective functional and the definition of a
singular (in the classical sense) control

Let assumptions (A1) and (A2) be fulfilled, and (uo( ), xO( . )) be some admissible process. If

the process (uo( 9,20 )) is optimal, then, by using the known technique (see, e.g., [27, p. 51]),

it is easy to get
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§1S(u°;§u(-)) = O,§2S(u0;5u(-)) >0, ‘v’5u(-) eC” (II,R’),&t(t) =0,tel,. (2.1)

Here

]

8'S(usu ()=~ [[ H (¢)u(t)+ HL (t)ou(t—h) Jat,

o (2.2)
Su(-)e C*(1,.R"),0u(t)=0,t1,,

i

52S(u0;5u(~)) =0x" (1) 9. (xo (1, ))(5'x(t1 ) - I{&xT (1)H . (1)6x(1)

)

+ou’ (t)H,, (t)ou(t)+ou" (t—h)H,, (t)Su(t—h)+ 2[5;/ (t)H,,(t)6u(t) 2.3)
+0x (£)H,,,(1)5u(t = h)+ 8u” (1) H,,, () ou(th) |} at,
Su(-)e C*(1,.R").0u(t)=0,t€1,,

where 615 (uo; Su( - )) and 825 (uo; du( - )) are, respectively, the first and the second variations
of the functional S(u) at the point uo( 2); H(l//,x,u,u,t) = (//Tf(x,u,z),t),
H(t)= Hp ()2 ()0 (0.0 H ()= H () x(e) (00" (0t

H#V(t) = HyV(l//O (t)’ X! (t)’”o(t)’ v’ (t)’t)’ te ], w v € {x,u,v}; Su( - ) is the variation of the control

uO( -), while 6 x( - ) is the corresponding variation of the trajectory X0 (t), t€l, whichd§x(-)is
the solution of the system

6x(t)=f.(¢t)6x(t)+ f, (¢)ou(t)+ £, (¢t)Su(t —h),t 1,

5x(1,)=0, 6u(t)=0, t=1, (24)

L= Ory . 0ppy . 0pp . . °()
where fﬂ(t). = fﬂ(x ®),u (t),u (t—h), l:), t € I and u € {x,u,v}, while the vector function ¥

is the solution of the conjugate system
0 (0)=—H,(1).1e 1. v (1) =0, (x" (1) 25)

Below, we consider that the following conditions are fulfilled:

H(t)=0, H,(t)=0, H,,(t)=0, fors>14 and v € {x,u,0} . (2.6)
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If (uo( 9,20 )) is an optimal process, then, by definition of an admissible control and taking

into consideration (2.2)—(2.4) from (2.1), proceeding the same way as in [27, p. 53], we obtain
the classical necessary conditions of optimality (analogs of the Euler equation and Legendre-
Clebsch condition) [10, 43], that is, the following relations are valid:

a. H,(0)+x(t)H,(t+h)=0, Vtel, (2.7)

b. i'[H,(t)+z(t)H,, (t+h)]i<0, Viel, VieR; (2.8)

c. Hv(tl) =0, ﬁT[Huu(tl — h) + va(tl)]ﬁ <0, for all ZeR", if optimal control uo( -) is
continuous at the points t = ty—thi=12. Here, x( - ) is the characteristic function of the
set [to, ty— h).

It should be noted that the optimality condition (c) is the corollary of conditions (a) and (b).

Definition 2.1. An admissible control uo(t), t € I, satistying conditions (2.7) and (2.8), is called
singular (in classical sense) if

rang[HW (t)+;((t)Hw(t+h)] =n<r, Vtel

In this case, the set I is called a singular plot for an admissible control u9(-). The main goal of
this chapter is to study such singular controls.

Tr r
Letu = (p, q)T, v=(p, c})T, where p,p € R 0, q,4ER 1, rotry=r. Without loss of generality

[[27], p. 138], we assume that the singularity to the control u(+) is delivered by a vector

o )
component p € R *, that is,
H, (t)+x(1)H,,(t+h)=0, tel (2.9)

Note that the general inequality (2.8) implies the equality-type optimality condition for a

singular (in classical sense) control uo( )
H, (1)+x(t)H,;(t+h)=0, tel (2.10)

Proposition 2.1. Let assumptions (Al) and (A2) be fulfilled, the admissible control
uo( )= (), q(: ))T be singular (in the classical sense) and condition (2.9) be fulfilled along
it. Let also the variations éu(t) = (60p(t), 6q(t))T ecC +(I 1 RT) be non-zero only on [6,0 + ¢),

199
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where 8 € [to, tl) and € € (0, 50), with the number £g € (0, h) be such that (1) if 6 € [to, t]— h),
theney <t;—6—hand (2)if0 € [tl —h, tl), then ¢y <t; — 6. Then, (a) the variational system
(2.4) becomes

ox(t)=1.(t)o () 1, (0)3up(0)+ 1,()34(¢) + 1, (1) Syp (1 = 1)
f()dq(t=h), te[0.1], @.11)
5x(t)=0, te[to,H],ﬁop(z‘) 0, 5q( )= , te[to—h,ﬁ);

(b) the following representation is valid for the second variation (2.3):

525(u0;§u( )) & (1) (pm( (t) )5x (t) f&x (¢ Yt —
O+g

-2 j{[&x’ (e)+ & (r+h)H (Hh)]aop(z)
+[&T(Z)qu(t)+c%cr(t+h)Hx‘7(t+h)]dq(t)}dt— (2.12)

O+&

-2 f&OpT(t)[Hpq )+ H (1 + h)]éq(t)dt -

O+¢&

- iéqT(t)[qu(t)+Hﬁ(t+h)]5q(t)dt, Vee(0,g,).

Proof. To prove (a), it suffices to consider the definition of the variation

du(-) = (60p( ), 8q(- ))T in (2.4). The proof of (b) follows directly from (2.3), in view of (2.6),

(2.9), (2.11), and the definition of the variation du(-) = ((Sop( ), 8q(- ))T.

3. Transformation of the second variation of the functional by means of
modified variant of matrix impulse method (when studying singular (in
the sense of Definition 2.1) of controls)

Let conditions (A1) and (A2) be fulfilled and along the singular control uo( -) the equality (2.9)
hold. Use Proposition 2.1. Let the variation su(t) = (6 Op(t), 8q (t))T €~C +(I 1 Rr) have the form:

5uplt)= {g, te0,0+¢),e<(0,5,), sa(t)=0.c1, -

o, te1\[6,6+¢),
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T
where § € E 0, fe [tO, tl), and the number €g was defined in Proposition 2.1.

Along the singular control uo( ) =(p(),q(: ))T satisfying condition (2.9), taking into account
(3.1), formula (2.12) takes the form:

528(u®; () = &7 (1, o (61 ) ) - A, — 245, (32)
where

Al = tfléxf () H . (¢)Sx(t)dt, A, = T[éxT (t)H,,(¢)+ox" (t+h)H,, (¢t +h) |,

0

where 6x(t), t € I is the solution of the system (2.11).

By the Cauchy formula, we have

) J:i(s,t)[fp(s)c?op(s)Jr £,(5)8p(s —h)]ds, 1 (0.1]

5x(t) (3.3)
0, te [IO,Q],
where A(s, t), (s,t) € I x [ is the solution of the system
A, (s,t)=f()A(s,1), t,<s<t<t, (3.4)

A(s,t) =0, s>t A(s,s) =E (E is a unit n X n matrix).

As (A2) and uo( Nec +(1 1 Rr) are fulfilled, then by (3.1) and (3.4) and for all 6 € [to, tl), from
(3.3) we get

0, te(t,,0],

(t-0)2(0,1)f,(0)E+0(t—0), te(0,0+¢),

eA(0,t) f,(0)E+o(s), te[0+&,0+h)N],
e2(0,0)f,(0)E +(t—0-h) x(0)A(0+h,t) f,(0+h)é

+o(t—0—h), te[0+h60+h+e)nI,

[ 2(0.1)£,(0)+ 2(0)A(0+ hit) f,(0+h)|E+o(e), te[0+h+e,t]n]
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where y( -) is the characteristic function of the set [to, ty— h) ;o0(1)/t—0,asT7— 0.

By (2.6) and (3.5) and taking into account A(s,s) = E and A(s,t) = 0 for s > t, we calculate

separate terms of (3.2). As a result, after simple reasoning, we get

& (1) (Ol ) = 2287 [T (O (0.0 Yo (OB, )7, (6)+
+240)/7 (0 )ﬂe,q)%( (1O + oty (6 + )+
+ OO0+ WA O+ ht) o C)AO + ht )50+ B +ole),

A=e¢ f[f (0)A7(0.0)H.(1)A(6:1) £, (0)

+22(0) 1, (0)A"(0.0)H (1) A(0+h,t) (6 +h)
+2(0) £ (0+h) AT (0+ht)H, (t)A(0+h.t) f,(0+h) |dté +o(&*),

O+¢

A =g j[ 0) A7 (0.0)H,, (1)(t~0) + (0) (¢ £ (0) A7 (6,6 + ) H,, (¢ + h)
+fT (0+h)/”LT(:9+h,t+h)Hxﬁ(t+h)(t—@))]dt§+o(gz)
:%zgf[f;(e)pr(e)+2;((9)f;(9)/1r(9,9+h)Hxi,(9+ h)

+2(0)f] (0+h)H,, (0 +h)]&+o(e).

Following [10, 14, 17], we consider the matrix functions

‘P(s,r):]lT(s,t)Hm(t)ﬂ(r,t)dt—ﬂT(s,tl)goxx(xO(tl))/l(r,tl), (s.7) e Ix1,

fy

M, 0. B)(s7) = £ ()47 (8:0) L (2) + 17 ()% (5.2) 1, (2). () e Ix L.

where A( -, -) is the solution of the system (3.4).

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

Thus, substituting (3.6)—(3.8) in (3.2), allowing for (3.9), (3.10) and equality A(s,t) = 0, for

s>t, (s, t) €IxI, we getthe validity of the following statement.
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Proposition 3.1. Let conditions (Al) and (A2) be fulfilled, and the admissible control
uO( ) =((m(),q(- ))T be singular (in the classic sense) and the condition (2.9) be fulfilled along

T
it. Then, for each 6 € [to, tl) and forall é € R 0 the following expansion is valid:

8°S(u’su(-)) =" {M,[ p.p)(0.0)+ 22 (0)M,[ p.5](0.0+ )
(3.11)
+2(0)M,[p.p)(0+h.0+h)}E+0(e%), Vee(0.5,),

where the number ¢, was defined above (see Proposition 2.1), x(- ) is the characteristic function

of the set [to, ty— h) and matrix functions M[p, p](6,6), M[p,p1(6,6 + h), M,[p,p](6 + h,6 + h)
that are defined by (3.10).

4. Transformation of the second variation of the functional by means of
modified variant of variations transformation method

4.1. Expansion of the second variation 625(u0; su(- )) in Kelley-type variation (first-order
transformation)

Letu%(-)bea singular control satisfying condition (2.9), and assumptions (A1), (A3), and (A4)
be fulfilled. Now, we proceed to generalize and apply the variation transformation method
[13].

Introduce the following set dependent on the admissible control w0

I = I(uo (-))={0 e[t~ h.t,): the derivative u"(-) is continuous
or continuous from the right at the point € and 6 — h} v {6’ € [to,t1 - h) : the derivative (4.1)

u’ () is continuous or continuous from the right at the points € and 6 + h}

The following properties are obvious: (1) I\I* is a finite set and t; € I*; (2) for every 6 € I*, there
exists a sufficiently small number € > 0 such that [§,0 + &) U [0 +h, 6 + h+ &) NI c I*; and (3)

by (1.2), (1.3), and (2.5), the derivatives 3&0( ), 1[)0( -) are continuous or continuous from the
rightatevery 6 € I*. These properties are important for our further reasoning, and we call them
properties of the set I*.

Require that the variation éu(-) = (80p(-),6q(-))T satisfies additionally the following

conditions as well:

203
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O+¢&

[ 8,p(t)dt=0,0e1",5,p(t)=0,5q(t) =0, 1,\[0,0+¢), £(0,&"), (4.2)
0

where ¢* = min{eo, ?}, and £y £ were defined above.

Make a passage from the variation du(t) = (60p(t), 6q(t))T , tEL, satisfying (4.2), to a new

variation 61u(t) = (61p(t), (Sq(t))T, tely, where

§lp(t)=j§0p(r)dr, tel,. (4.3)

Obvious,
51p(t)=0,tell\(9,9+g). 4.4)

Transform the variation of the trajectory as well: in place of 6x(t), t € I, consider the function
51x(t) , tel

5x(1)=0x(1)—go[P](2)8,p(1) - g [ P](2)6,p(t = h), 1 €1, (4.5)
where
gu)(t)=1,.(t).tel, ne{p.p}. (4.6)

As assumptions (A3) and (A4) are fulfilled, then by virtue of property of the set I* we easily

have: the function § 1x(t) , t €I1is continuous and 613'5(t) ecC (I, Rn).

By direct differentiation, allowing for (A3), (A4) and (2.11), (4.3), (4.4) from (4.5) we obtain that
6 1x(t) , t €11is the solution of the system

51)'6(t) = fx(t)é‘l)c(f)-l‘gl[p](t)51p(t)+gl[ﬁ](t)51p(t—h)

+ [, (1)8q(1)+ £,(t)8q(t = h),t €[6.1,], (4.7)

6x(1)=0,t€[t,,0], 6,p(t)=0,64(1)=0, te[t,—h,0), (4.8)



Conditions for Optimality of Singular Controls in Dynamic Systems with Retarded Control
http://dx.doi.org/10.5772/64225

where

glu(t)=1.()g [« ]()——go[ﬂ]() tel, pe{p.p}. (4.9)

Now, let us write down the second variation (2.12) in terms of new variables. By (4.4) from (4.5),
we have 6x(t1) = 61x(t1). According to this property and (4.2)-(4.6), for any ¢ € (0, €*) the

second variation (2.12), after simple reasoning takes a new form

52S(u°;5u(-))=ZA,, (4.10)
where
A =8x" (¢, )gon .[5x S,x()dt
‘2QI5[51XT(X)Hm(f)go[P](t)+ S (t+h)H, (t+h)g,[B](t+h) o,p(¢)dt - 4.11)

O+¢e

) ! [Sx" (x)H,, (t)+ Sx" (¢ +h)H ; (t + 1) [5q(t)at,

A, = —gf{é‘lpT(t)[goT[p](l)Hxx(t)go[P](f)+goT [B)(e+h)H..(1+h) g, [B](1+h)|6.p(1)
26" (1) & [P)(1)H ., (1) + g5 [P)(e +h)H o (1+ ) | 5q(0) (*12)
(t)[Hpq(t)+HM(t+h)]&q(t)+5qT(t)[qu(t)+qu(t+h)}5q(t)}dt,

+268,p"

O+¢

_—2j (8" (0)H,, (1) + 8 (t+h)H ; (t+h)]6,p(t)dt, (4.13)

O+¢

__zjglp ) &0 [P)(6)H,, (£)+ g [B)(t+h)H (¢ +h)]8,p()dt. (4.14)

In the obtained representation, taking into account (A3), (A4), (4.2), (4.3), (4.7), (4.8), (4.13),
(4.14) and the property of the set I*, we transform 4,, 4, by integration by parts. Then, we have

205
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=2 [ {0 () (01, (0)+ 77 011, 0)

+o.x7 (1 + h)[%(Hp (t+h))+ £ (t+h)H,(t+ h)}}dlp(t)dt
+29_I851pr(t)[ng[p](t)pr(t)+ng[[)](t+h)Hxﬁ(t+h)]51p(t)dt

O+e

+2 ! Sp () H,, (0)f,(t)+ HL (t+h) £, (t+ 1) |5q(t)dt,

O+e

A= _([ sp' (’)[Qo[p](t)+Q0[1~7](t+h)]51p(t)dt

O+¢

+ I 5lpT(t){%(goT[p](t)pr(t))+%(g§[f)](t+h)]‘1xﬁ(t+h))}é‘lp(t)dl‘,
where g,[u] (-),u € {p,p} is defined by (2.19),

O [u](t)=go [u](t)H, (t) - H., (t) & [1](2), tel, ue{p,p}. (4.15)

By substituting these relations in (4.10), after elementary transformations considering (4.11)
and (4.12), we arrive at the validity of the following statement.

Proposition 4.1. Let assumptions (A1), (A3), (A4), and conditions (2.6) be fulfilled. Also, let the
functions 90[“]( ), 91 ], Qo[y]( -) be defined by (4.6), (4.9), and (4.15), respectively, and

6,x(t), t €1 be the solution of the system (4.7) and (4.8). Then along the singular control

uO( -), satisfying condition (2.9), and on the variations su(t) = (Sop(t), 6q(t))T, tel satisfying

(4.2), (4.3), the following representation (first-order transformation) is valid:
52S(u°;§u(~)) = Agz)S(uO;élp,éq,é}x,g) + A(Zz)S(uoﬁop,é}p,é'q,s), Vee (0,8*). (4.16)

Here

APS(4%36,p,6¢,6.x,2) = 5" (1) . (x° (1)) Sx (1) — [ 6. (¢) H . (£) Sy (¢) e
4

O+¢

5 ! (6" ()G [p)(r) + 67x(t+ h)G [B)(t + ) |5,p (1) 4.17)

+[ S () H (1) + 6 (t+h)H ; (t+h) | 5q(¢)} de
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O+e

A(ZZ)S(uo;éop,51p,5q,8)= J. {é‘lpr(t)[Ll[p](t)+L1 [ﬁ](t+h)]51p(t)

4280 (1) B[ p.a)()+ B[ p.a)(1+ )] g (1) +

" [p)(1)+ Q. [B)(r+ k)]s (1) (*.18)
28,07 () H, (1) + Hiy (1 1) |54(0)
—5q()[ L)+ H  (t+h } }dt

where £* was defined above (see (4.2)),

d

Gi[u](6):= Ho (1) 0[] (1) = £ (¥)H,, (1) == H,, (1), t €L e{p. B (4.19)

Rlp.al(t)=H, (1) f,(1)- g [p)(1)H,, (e).t 1,
R[p.al(e)= H L, (1) £; (1)~ &5 [PI(0) H g ()t < 1,

(4.20)
Li[p](t)=—go [1](t)H .. () go [1](1) + 28] [u] () H,, ()
+%(gor[,u](t)Hx#(t)),te],,ue{p,[)}.

(4.21)

4.2. Higher-order transformation

Let uO( ), xO( -) ) be some process, where uo( -) is a singular control satisfying condition (2.9),
p g ymng

and assumptions (A1), (A5), and (A6) be fulfilled. Introduce the matrix functions calculated

along the process (uo( ), xO( . )) and determined by the following recurrent formulas:

g [)(0)= 1.0 [u)(0)- < [u](0).

go[u](t):zf() tel, ,ue{pp} =0,1,...,

(4.22)

Ga[u](t)=H.,. (1) [1](2) - £] (1) G [1](r) —in [1](2),

GO[,u](t):sz(t), tel, ,ue{p p} =0,1,...

(4.23)

Furthermore, similar to (4.15), (4.20), (4.21), and (3.10), consider the functions
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Palp.al(0) =G [p)(1) 1, (1)=& [P)() H., (). B [p.4](t) = H ,,(¢), 1 € Li = O,L,..., w24
P [5.q)(0) =Gl [B](0) £3(1) - &l [P)(1) H (1) . B [5,G)(1) = H (1), 1 € 1, '
O [u)(1) =g/ [#]()G,[u])(1) -G [u](t) &, [#](1), nelp.p}teli=01,., (4.25)
L 0=~ ) .08 ) 2L L) G ee)+ G TG ).
L, [,u](t) =H, (t), HE {p,[)},t el,i=0,1,...,
M,[p.p](s,7)= g/ [P](s) 4" (5,7) G,[P](r) w27)

+g,~T[P](S)\P(S,T)gi[ﬁ](’r),(s,r) elxI, i=0,1,...,

where A(-) and ¥( -) are determined by (3.4) and (3.9), respectively.

Similar to I*, we introduce the set I * * when assumption (A6) is fulfilled:

[** = I(uo( . )) = {9 € [tl —h, tl): the admissible control uo(-) is sufficiently smooth or
sufficiently smooth from the right at the points 6 and 6 — h} U {0 € [to, t;— h): the admissible

control uO( -) is sufficiently smooth or sufficiently smooth

from the right at the points 6 and 6 + h}. (4.28)

The following obvious properties hold: (1) I\/ * * is a finite set, and t; € [* *, also [ * * c [*; (2)
for every 6el** there exists a sufficiently small number &>0, such that
[0,0+)0[0+h,0+h+E)NTI' furthermore, (3) by (A5), (A6), (1.2), (1.3), and (2.5), the

0 0
functions X ()s ¥° (") are continuous and sufficiently smooth or sufficiently smooth from the
right at every point 6 € I* *. These properties are important at the next reasoning and we call
them the properties of the set 1 * *.

Let us consider a variation du(t) = (6 Op(t), Sq(t))T, tel; that in addition satisfies the follow-

ing conditions as well:

50p(t) =0, 5q(t) =0,te \[9,9+8),

Sp(t)=..=06,p(t)=0,tel\(6,0+¢), (4.29)

where
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op(t)=[6.p(r)dr, tel, i=12,. .k kef{l,2,.}, (4.30)
4

Oel** e€(0,e**), e**= min{so, g, 5} (¢y &, € were defined above).

According to (4.30), we have

0-f

i—

dr Oel” ,tel, i=12,.,k, ke{l,Z,...}. (4.31)

The following statement is valid.

Proposition 4.2. Let assumptions (A1), (A5), (A6), and condition (2.6) be fulfilled. Furthermore,
let the functions g,[ul(-), G,[ul(-), P;p,qlC-), Pi[p.ql(-), Qul(-) and L;[u](-), where
p€{p,p}, i=0,1,., be defined by (4.22)—(4.26), and the set I * * be defined by (4.28). Then
along the singular control W00, satisfying condition (2.9), and on the variations
du((t) = (50p(t), 6q(t))T, tely satisfying (4.29) and (4.30), the following representation (k-th

order transformation, where k € {1, 2,...}) is valid:

8°S(u;0u) = A}S (136, p.0¢.5,x,6) + A3S (433, p..... 06, p. 5. € ). (4.32)
Here
AT () =" (1) o (' I 8x" Joux(1)d
_zgf ([6.27 ()G [P)(1)+ 5,57 (¢ +h)G, [ B)(t + k) .0 (1) (4.33)

+[5kxT (t)H,, (t)+ 85" (t+h)H (1 + h)] 5q(t)} dr,

0= {4070 ,-H[p](t)wfﬂ[ﬁ](”hmlp(t)dt

i=0

+251+1p(t)( i+l p Q] ) itl p q] t+h )
w0 (00 [P)(0)+ L)t + 1) p )] 4
-26,p" (t)(R[p.4)(1)+ B[ 5.4)(1 +h))5q(t)

)

0" (1)(H,, (1) + H 4 (¢ + 1)) 3q (0)} dr,

where 6 € [ * *, € € (0,&* *) (the number ¢ * * was defined above), § kx(t), t € I is the solution

of the system

209
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5,x(t) = £.(t)5x(t) + g [ p](t) 5 (¢) + 8 [ B](¢) S (t = 1)
+/f,(1)3q(t)+ £;(¢)3q(t —h).t €[0,1] (4.35)
5,x(1)=0, 1€[t,,0], 5, p(t)=0, 6q(t)=0, t[t,—1,0), ke{l,2,..},

Proof. We carry out the proof of Proposition 4.2 by induction. For k = 1, Proposition 4.2 was
completely proved at item 4 (see Proposition 4.1). Assume that Proposition 4.2 is valid for all
the cases to (k — 1) inclusively, (k = 2). We prove the validity of representation (4.32) for the

case k. Let the variation su(t) = (6 Op(t), Sq(t)) T, tely satisfies the conditions (4.29) and (4.30).

Then by assumption the following representation is valid:
8°S(u’;0u) = A}S(u;6, ,p.6q.8, x.)+ NS (u":0,p..... 8, P.3G. ). (4.36)

Here

AfS(u0;5k71p,5q,5k71x,8)=5k71xT(tl)(pxx(x (1, ))5k x( .[5" X () H , (¢)0,_x(t)dt

O+¢

_2j { X (8)G [ p](2 )+§k71xT(t+h)Gk71[[9](t+h)}5k71p(t) (4.37)

[ B (OVH (1) + 8, x (t+h)H,, (t+h) | 5q(¢)} dr,

A;S(uo;50p,--~75k—1p’5q’8) -

TS0 Ol A1)l

1

+25I+1PT(1)( z+1[p Q]( ) z+1[p q t"'h )§q (4.38)
+5pT(t (Q +Q[p]t+h ,+1P ]
26,0 (t)(R [p-a)(t) + B[ 5.q](¢ + 1)) dq(1)

54" (1)(H )+ Hig (14 1)) g (1),

where Gul(-), Pyfp,al(-), PF.dl(), QuI(-), Lul(), w€ {p,F) i =0,1,.. are defined by
(4.23)-(4.26), and &, _ 1x(¢), t € I is the solution of the system:
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5k—1x(t) =1, (t)ék—lx(t)-i- 8 [p](t)ék—lp(t) + 8o [ﬁ](t)é‘k—lp(t - h)
+1,(t)3q(t)+ £;(¢)6q(t - h), (4.39)
5,Hx(t) =0,te [IO,Q], 5,Hp(t) =0, 5q(t) =0, te [to —h,@), k>2.

Apply the modified variant of variations transformations method [13] to the system for
§), _ 1x(0), t € I and representation (4.36). According to the technique of the previous item (see

item 4.1), we introduce a new variation in the following way:
6x(t) = 5 x (1) = g [P)(1) 0P (1) & [)(1)Sep (1= D) € L (4.40)

According to (4.22), (4.30), (4.31), and (4.39) from (4.40) by direct differentiation, we get the
system (4.35) for & kx(t), t €l. Furthermore, as 6€Il** then by (440) we get

1) kx(tl) =0, _ 1x(t1). Taking into account this equality and by (4.29), (4.30), and (4.40) in (4.37),
let us transform the representation (4.36) into new variables &§ kp( ), 8q(-), & kx( -). Then,

§2S(u°;5u):5er (tl)(oxx(xo (tl))ékx(tl) )
A=A, - A, +AﬁS(uO;éop,...,@flp,§q,£), .

where A%S (-) is determined by formula (4.38) as wellas 4,;, i =1,2,3 by (4.22), (4.29), (4.30),
(4.35), (2.6) are calculated in the following way:

A, = }5kxT(t)Hxx(t)5kx(t)dt

O+¢

2 j (5 (1) H,. (£) 0 [ P)(6) + 8,7 (¢ + W) H, (¢ + ) g, [ )t + 1) ]8,p (1)

(4.42)
o[ o el L. 0 [210)
+g, . [P)(t+h)H  (t+h)g, [ P](t+ h)]5kp(t)dt,
pe=2 | {87 () + 80" (0L 1)) 60 [P ](0)
) (4.43)

+[5er(; +h)+8.p" (t) gl [P](t+ h)]GH [P](t+ h)} Sp(t)dt = A, + AL,

where
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O+e

Al =2 £ (8,27 (6)G,,[p)(t) + ,x(¢+ k)G, [ B](t+h) o, ,p(t)at,

O+e

8i=2 [ 8 (Ol (216 [p)0)+ &L (21 )G [2)(e+ ) (0

O+¢&

Ay=2 [ {8 (1) + 6,07 (1)l [P) (1) JH., (1)

9 (4.44)
+[ o7 (e+n)+ 80" (1)l | ﬁ](t+h)]qu(t+h)}5q(t)dt

O+¢&

=2 ! (82" (0)H,, () + 8, (t+h)H , (t+h) 5q(¢)dt

O+¢&

+2 .l: 5kpr(t)|:gkr_1 [p(0)H,, (t)+ g, [P](t+h)H (1 + h)]é‘q(t)dt.

Taking into account (A5), (A6), (4.29), (4.30), (4.35), and the properties of the set I* *, let us
calculate 4% ,, A{,* Then, applying the method of integration by parts, we have

O+¢

=2 [ || a0 £ 06 [0+ 46, [)0)
+5er(t+h)( (e R)G [P+ )+ kl[p](t+h))ﬂ k
(1+h)]

5.p(t)
+6.p" (1) &l [P)(1) G i [P)(1)+ &k [B]( + 1) G, [ B)(¢+ 1) |5,p(t)
+5,.p" (1) GLL[P)(1) £, (1) + G, [ ](f+h)12(t+h)]541(f)}df

O+¢

A Z_'f Sp’ (Z)[qu[p] +0,. 1[ H'h ]5kp

O+¢

- '! 5ka (t)|:%(glfl [p](l)Gk—l [p](t)) +%(g51 [ﬁ](t + h)Gk—l [ﬁ](t + h))}é‘kp(t)dt‘

At first, we substitute the last expression 47,, 45" in (4.43), and then (4.42)—-(4.44) in (4.41).

Then by (4.23)—(4.26), (4.33), (4.34), and (4.38), it is easy to get representation (4.32). Conse-
quently, we get the proof for k. This completes the proof of Proposition 4.2.

5. Optimality conditions

Based on Propositions 3.1, 4.1, and 4.2, we prove the following theorem.

Theorem 5.1. Let conditions (Al), (A5), and (A6) be fulfilled, and the matrix functions
Pl[P, q]( : )!Pl[ﬁl (ﬂ( : )' Ql[l"']( : )/ Ll[/.l.]( : ).ML[P, ﬁ]( : )' uEe {P; ﬁ}' i = Or 11 .. be defined as in
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(4.24)—(4.27). Let also the set I * * be defined as in (4.28) and along the singular (in the classical

sense) control uO( -) the following equalities be fulfilled:
L[p)(t)+ x(¢)L[p](t+h)=0, Viel ,i=0,1,...k, ke{0,l,..}, (5.1)

where y( -) is the characteristic function of the set [to, t - h).

Then for the optimality of the admissible control uo( -), it is necessary that the relations

B[p.q](0)+ x(t)B[,q)(6+h)=0, i=0,1,....k, (5.2)

&' (M, [p.p)(6,0)+2x(t)M,[p,p](0,6+h)

5.3
+x7(0)M,[p.p)(0+h.0+h)}E<0, i=0.1,....k, ©3)

o.[pr](6)+ x(6)0[p](6+h)=0,i=0,1,..,k, (5.4)

k+l(9 ¢, 77) g ( k+l[p](9)+Z(H)Lk+l[p](9+h))§+
+2&7 (P lp.q0)+ 2(0)P..[P. GO+ h)n - (5.5)
—n"(H,,(0)+ 2(0)H,, (0+h)) >0,

: "o "1
be fulfilled forall@ e I* *, £ €R andn €R

Proof. Let uo( -) be an optimal control. We will prove the theorem by induction. Let k = 0, that
is, i = 0. Then, according to (4.24) and (2.10) we get the proof of optimality condition (5.2) for
k = 0. The proof of optimality condition (5.3) for k = 0 directly follows from (3.11) allowing for
(2.1) (see Proposition 3.1). Now, based on Proposition 4.1 prove the optimality conditions (5.4)
and (5.5) for k = 0.

We first prove the validity of (5.4) for k=0.

Suppose that

S0, (1)=0,Viel,,Vme{1,2,...5,} \{i, j} (5.6)
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all[2(t_0)—1}te[9,9+8),ee(0,3**),
50p1( )_ 2
0, te]l\[9,9+g),
2(t-0) -
Pl [——IJ,te 0,0+¢),ee€(0,e ),
Sp,(t)= ’ & | ) ( )
0, tE]l\[9,19+8),

5q(1)=0, tel,

where i, j (i # j) are arbitrary fixed points of the set {1, 2, ro} and §,p, (- ) is the k-th coordi-
nate of the vector 6 Op( ); &,BER and 6 € [** are arbitrary fixed points, the functions

ll(s) s, 1 (s) = 3 s % s € [—-1,1] are the Legendre polynomials.

T
It is clear that the variation 94(1) = (8,p(1). 84(¢))", 1 € I, I = I, defined by (5.6) satisfies the
condition (4.2) and, according to (5.6) the function §,p(t), t € I, defined by (4.3) is of order ¢,

and the solution §,x(t), t €I of the system (4.7), (4.8) is of order £2. Also, according to (4.15)
it is easy to see that for every t € I the matrix Qo[p] )+ )((t)QO[ﬁ](t + h) is skew-symmetric.
Therefore, by Proposition 4.1 and condition (2.6), considering (2.1), (4.3), (4.17), (4.18), and the

properties of the set I * *, along the singular optimal control u0(+), we have

O+¢

5's(u's6u()) = [ o' ([ @lple) + 2()Q[P)e+ 1) Bip(e)ar +o(=")
=T[%ﬁ”(f)(?op,-(t)alp,(z)+qg.j.’)(z)aopj(t)alp,.(t)}mo(gz)

:%aﬁ[qy qﬂ M.l jl a’ra’s+0 )

2
=L 0(0)- O] ols*) 20, Vo <(07)

where ql(](.))(e) , q}?)(e) are the elements of the matrix Qo[p](e) + )((G)Qo[ﬁ] (6 + h).

Then, we conclude from the arbitrarinessofa,f € R, 6 € [* *and i, j € {1, 2, TO}’ i # jthatthe

skew-symmetric matrix QO[p](G) + )((H)Qo[ﬁ](H + h) is also symmetric. Consequently, for
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every t € [* *we have Qo[p](t) + x(t)QO[ﬁ](t + h) = 0. This completes the proof of the optimal-
ity condition (5.4) for k = 0.
To prove statement (5.5) for k = 0, under the conditions (4.2) and (4.3), we write down the

vector components of the variation su(-) = (6 Op( -),6q(- ))T in the following form:

51{20_9) —1}, te[0,0+¢),
Sp(1) é
0 tEIl\[9,9+8),8€(0,8**),
t (5.7)
njll(z(s_e) —les, te [9,9+8),
5q(t)= 0 &
0, tel\[0,0+¢).ec(0,6"),

T T
where ll(r) =1, 7€ [—1,1]is a Legendre polynomial, { € R 0, nER 1, 0 € I* * are arbitrary
fixed points.

According to (4.2), (4.3), (4.7), (4.8), and (5.7), it is easy to prove that
Sp(t)~e0q(t)~e,tel, Sx(t)~& tel.

In view of the last relations and above proved condition (5.4) (for the case k = 0) taking into
account the properties of the set I * * and the relations (2.1), (4.3), (4.17), (4.18), and (5.7) from

.16), we obtain the following relation along the singular optimal control u”(¢),t € I,.
416 btain the following relation along the singular optimal 1u0@), ce 1y

5zs(uo;5u(.)):9r{ ([ L[p)(2)+ 2 ()L [B](t+h) (1)

+251pT(t)|:Pl[p,q](t)+ ( )P[ t+h ]5q

—5qr(t)|:qu(t)+;((t)qu(t+h)]5q(t)}dt+o(8 )
=S LR)(O) 2O [P0+ 1)]¢ 22 [ R[p.g)0)+ 2(O)RI7) O+ 1)]n

-n"[H,,(0)+x(0)H, 9+h]}jl(j1 jdt+o )20,vee(0,67).

r T
Hence, taking into account the arbitrariness of 6 € I*, £ € R 0 and neER 1, we easily get the
validity of the optimality condition (5.5) for k = 0.
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Now suppose that all the statements of Theorem 5.1 are valid for i =1,2,..,.k—1 (k> 2) as
well. Prove statements (5.2)—-(5.5), for i = k. By assumption, the inequality £, (6,¢,7) = 0 (see

T Tr
(5.5) for the case k-1) is valid forall @ € [* *, ¢ €R 0 and nER L Hence, taking into account
(5.1), we have

25(R[p.q](0)+ 2(6)R[p.q)(0+h))n
" (H,,(0)+2(0)H; (0+h))n>0Y0el”,VEeR, VneR".

From this inequality, we easily get that P, [p, q](6) +x(€)P,[p,q](6 + h) = 0, that is, we get the
validity of optimality condition (5.2) for i = k

Now, prove the validity of condition (5.3) for i = k. In formula (4.32), we put

&

&l [M—lj, tel0,0+¢),

S,p(t) = 5q(t)=0,t¢l, (5.8)

0 Jtel\[0+¢),

where [ k(r) , T € [—1,1]is the k-th Legendre polynomial, ¢ € (0,&* *) which the number ¢* *

r
is defined above (see (4.30))and 6 € [ * *, ¢ €R 0

Obviously, conditions (4.29) and (4.30) are fulfilled for variation (5.8).

As the conditions L.[p](t) + )((t)L.[ﬁ](t) =0, tel** i=0,k and Q.[p](t) + )(Q.[ﬁ](t + h) =0,
t € 1** i=0,k— 1, are fulfilled, then by (4.33), (4.34), and (5.8), formula (4.32) takes the form:

5’ (u 6”) 5xT(fl)(Dxx( (fl)b x(tl) Ay =245, (5.9)

where
Ay =[S (0)H () Sx (), (5.10)
0

O+¢

AT = j[ax (£) G [P)(£)+ 85" (¢t +h) G, [p](t + h) [0, p(¢)dt. (5.11)

7
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Here, by (4.31), (4.35), (5.8), and the Cauchy formula, §,p(-) and §,x(-) are determined as

follows:

gj(t_s)k_lf [Z(Sg_e)—ljds, te[0,0+¢),

s,p(1)=1 "5 (k=1)1" (5.12)
0, tel\[6,0+¢), 86(0,5**),
5.x(1) = iﬂ(w)[gk[P](f)5kp(f)+gk[ﬁ](f)5kp(f—h)]dfa te(0.1], (5.13)

0, re[t,,0],

where A( -) is the solution of the system (3.4).
By considering (5.12) in (5.13), we calculate §, x(¢), t €1. As 6 € I* ¥ then by the properties

of the set I * *, we have

0, telt,,6],

2(0.0) gk[p](e)cf;[ck (v)dr +o(), 1< (0.0+¢).

O+¢

A(0,0)g,[p](0)& ! c,(r)dr+o(e), te[0+e,0+h)N1,

O+¢

5.x(1)=34(6.0) g, [p](6)¢& J- e, (7)dr+ x(0)A(0+h,t) g, [P](0+h)&Ex (5.14)

t—h
J- ¢.(7)dr +0(8k+1), te[@+h0+h+e)nl,

4

[4(6.0)g.[p](0)+ 2(0)A(6+ 1) g, [B](6+h)]&
X rc" (r)dr+0(5k“), te[0+h+e,t],

[

where

¢ (7)= g(zk__‘?)l z{z(sg_ o). 1]ds, re[0.0+¢) ee(0.6”). (5.15)

Asl, (t), te€[-11]is the k-th Legendre polynomial, then it is easy to get
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O+e gk 1 . gkl (_l)k 1 .
'[ ¢ (7)dr = W{(l —7) I (7)dr = WJ.T I, (t)dr #0. (5.16)

4 -1

Taking into account (5.12)—(5.16) and the fact that A(s,t) = 0 for s > t we calculate separately
each terms of (5.9). As a result, after simple reasoning we get

3 (1) 0 (¥ (1)) x(6) =& &1 [P1(0) A (0:) 0. (x° (1)) A(6.1) 2. [ ] (0)
+zz<e>gk [P1(0)27 (0:4) 0 (' (1)) 20+ )&, [ F](0 + )
+x(0)g"[B](0+h) A" (0+h.t)o, (x(1))

O+¢

xA(0+h,t)g, [ﬁ](@Jrh)](ﬁ _i ck(r)drj +0(52k+2)’

Ay = e”! L&l [P(0)2" (0.0) H.. () 2(0.0) 2, [ P)(0)
27(0)g! [p)(0) A7 (60,6)H,, (£)A(6+ hyt) g, [ ](6+ h)

+7(0)gl [P](0+n)A" (6 +ht)H  (t)A(6+h.t) gk[ﬁ](g-i_h):ldtg(j:gck(f)df] +0(€2k+2),

(5.17)

8 =3¢ [l [P)(0)G.[p)(0) +22(0)l [P)(0) 4 (0.0+ WG, [)(0+ 1)

+x(0)g. [P](60+h)G,[P](6+ h)}g{gfck (T)dT] n O(gzm)

Substitute (5.15)—(5.17) in (5.9). Then by (3.9), (4.27), and (5.14), we have

8°S(u’;0u)=~&" (M, [ p.p)(6.0)+2x(0)M, [ p.p](6.0+h)
+x(0)M, [, p](0+h,0+ h)}é(lj;z%u 41, (r)dr}
+o(%7?),VOel ,VEeR".

Hence, taking into account the inequality in (2.1), it is easy to complete the proof of optimality
condition (5.3) for i = k.

Continuing the proof of Theorem 5.1, we prove also the validity of optimality condition (5.4)
for i = k. Based on Proposition 4.2, let us consider the (k + 1)-th order transformation. As the
equalities
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L1p)(t)+ 2 () L[P)(1+h) =0, B[ p.q)(1)+ x() B[ 5.q](t+ h) =0, 1€ 1", i= 0.k,
o[p]()+ x())0[p)(t+h)=0,tel”, i=0k-1

taking into account (2.6), we have

O+¢&

52S(”0;5u) B A12S(”0;5k+1pa5%5k+1x58) + I [5k+1pT (t)(LkH [p](t) + Ly, [f)](t + h))
0

(1)+ 260" ()( B[ poq)(0) + B[ -] (¢ + 1)) 5a (1) (5.18)
(D@ [p)(0)+[p](t+1))Sp(1)
~5q" (t)(H,, (1) + Hy, 1+ 1)) 5q(¢) |dr,e € (0,67,

X0y, D
+0,p

where A%S (uo( )6y, L P89, 6} 1% s) are determined similarly to (4.33) by changing the

indexkby k+1, and § x(t) is the solution of the system (similar to (4.35))

k+1

5k+1x(t):f;c(t)5k+1x(t)+gk+1[p](t)5k+1p( )+gk+1[l’]( ) k+1p( h)
+1,(1)3q(1)+ f;(1)0q(t —h), te[0.1,], (5.19)
8,.x(1)=0, t€[t,,6], 6,.,p(1)=0,5¢(t)=0,t €[t, —h,0].

Choose the variation su(t) = (Sop(t), 6q(t))T, telin the following way:

50pm( ) 0, te[l,me{l 2,007 }\{l ]}, i,je{l,Z,...,rO},i;tj,
al,,, (z(t—_g)—lj, te[0,0+¢), (5.20)
g

0, tel \[6,6+5),

6P, (t) =

2(t-0)

Bl [ —lj, tel|0,0+c¢),
60, (1) =17 [0:0¢)
0, tel,\[0.0+¢),

5q(1)=0,1€1,

L=t L4 [ g}

where 2127 dr? , z€{k+1k+2} is a Legendre polynomials
a,BER, B€el** c€(0,e**).
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Obviously, by (5.20), the variation du(-) = (60p( ), 8q(- ))T defined in (5.20) satisfies condi-

tions (4.29), (4.30) for k + 1. Taking into account (5.20), by means of (4.30), (4.31), (4.33), and
(5.19), it is easy to calculate

Sp(t)~e,8,,p(t)~"" tel, 5, x(t)~" tel,

5.21
AfS(u°;5k+1p,5q,5k+1x,g) ~ g, (:21)

By (5.20) and (5.21), from (5.18) we get

O+¢&

578 (u's6u)= I 5.0" ()(Q.[P1(1) + O [B)(¢ +1))S,1p(t)di +0(e72).

where @, [u](-), ne€ {p,p} is determined in (4.25).

Hence, taking into account the skew symmetry of the matrix Q k[p](t)+ x(@®Q k[ﬁ] (t+h),tel
and the properties of the set I * *, and also by (2.1), (4.30), and (5.20), we have

O+¢

5ZS(u°;5u):[qé_k)(g)_q;k)(e)} J‘ 5kpi(T)5k+1p_/(r)5f+0(52k+2)

1

:4(k+1)(k+2)(§} + apab] ¢ (0)-4\ (0)|[ (72 =1)" " dz +o(e%) 20

-1

where 6 € [* *, a = 1 b= 1 and ql.(]I.‘”)(B) , q%‘)(e)) are the elements of

G+1)128TL  ep 2kt ?
the matrix @, [p](6) + x(6)Q, [p]1(6 + ).

From the last inequality, by arbitrariness of 6 € [**, o, €R and i,j € {1, 2, ro} (i#j) it
follows that for each 6 € I* *, the skew-symmetric matrix Q k[p] (0) +x(6)Q k[ﬁ](@ + h) is also
symmetric. Consequently, Q k[p](9)+ x(@Q k[ﬁ](B + h) = 0, that is, condition (5.4) is proved for
i=k.

At last, let us prove optimality condition (5.5). Choose the variation

Su(t) = (6Op(t), 6q(t))T, telin the following way:



Conditions for Optimality of Singular Controls in Dynamic Systems with Retarded Control
http://dx.doi.org/10.5772/64225

2029) 1) 1elp.0+e

0, tel \[9,0+8),

(5.22)

) nj(t_'s)k lkﬂ(z(‘: 9) —1jds, re[0.0+¢),

0, te/,\[0,0+5),

(5.23)

T r
where b+ 1(1), 7 € [-1,1] is the (1 + k)-th Legendre polynomial, { € R 0, neER 1, feI**

g€ (0,**).

Obviously, the variation su(t) = (60p(t), Sq(t))T, tel 1deﬁned in (5.22) satisfies the condi-
tions (4.29) and (4.30) fori =1,2..k + 1

By (4.30), (4.31), (5.12), (5.19), (5.22), and (5.23), the following relations hold:

gj(t_“v)kzkﬂ(z(t ) —l]ds, te[0.0+¢),

Sap(t)=1"5 K (5.24)
0, tel\[0,0+¢),
Sap(t)~e tel, 6q(t)~e"" tel, 5, x(1)~ " tel,
(5.25)

AfS(u°;5k+1p,5q,§k+1x,g) ~ g,

Taking into account (5.23)-(5.25) and validity of the equality
Qlrl(® + x(©Q, [pI(t + k) =0, t € I* *(see (5.4)), from (5.18), we get

58 (u'36u) = GJZM & (LeaP)(0)+ 2(0) L [B)(0+ 1))

+2E7 (B, [p.q](0)+ x(0) P [ .G) (0 + )7

-n" (qu (‘9) + Z(H)qu ((9 + h))n] (kl!)z .t[j;(t _S)k o (S)ds] " +0(52k+3)‘

From this expansion, taking into account (2.1), it follows inequality (5.5).

Therefore, Theorem 5.1 is completely proved.

221
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Corollary 5.1. Let all the conditions of Theorem 5.1 be fulfilled. Let, in addition, the following
equalities hold:

L[p](6)+ 2(t)L[p](t+ h) =0, Vee ", i=0,1,..
Then, for optimality of the singular control uO( -), it is necessary that the relations

P[p.q](0)+ x(0)B[5.G)(0+h)=0, i=0,1,..;
&M [p.p](6.0)+2x(0)M,[p.5)(6.6+h)
+2(0)M, [, B)(0+h0+h)}E<0, i=0,1,..;
o[p](0)+ x(8)0[p](6+h)=0, i=0,1L,..

.
be fulfilled forall € 1* *, £€R °.
The proof of the corollary follows immediately from Theorem 5.1.

Remark5.1. Asis seen (see Proposition 3.1 and (4.6), (4.15), and (4.24)), for validity of optimality
conditions (5.2)-(5.4), for k = 0 it is sufficient that assumptions (A1) and (A2) be fulfilled.

Remark 5.2. It is clear that (see Proposition 4.1) for validity of optimality conditions (5.5), for
k = 0 it is sufficient that assumptions (A1), (A3), and (A4) be fulfilled.

Remark 5.3. If in Definition 2.1 a special plot is some interval (£, ) c I, then very easily similar
to the proof of Theorem (5.1) we can prove that conditions (5.2)—(5.5) as optimality conditions

R T T
are valid forall 6 € (;,t) nI**and § € R 0 nerl

6. Conclusion

Asis seen, systems (1.2) and (1.3) are not the most general among all the systems with retarded
control. We have chosen it only for definiteness, just to demonstrate the essentials of our
method. Nevertheless, the optimality conditions (5.2)-(5.5) can be generalized to the case for
more general systems with retarded control.

It should be noted that (1) optimality conditions (5.4) and (5.5), for k = 0, are actually the
analogs of the equality-type conditions and the Kelly [12] condition, while optimality condi-
tion (5.3) is the analog of the Gabasov [11] condition for the considered problem (1.1)—(1.3); (2)
optimality condition (5.5), for k = 1 is the analog of the Koppa-Mayer [33] condition. Condi-
tions (5.3)—-(5.5) were obtained in [10] only for singular controls with complete degree of
degeneracy, that is, for the case when r =0 (see Definition 2.1).
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We also note that (1) the analog of the Kelly condition and equality-type condition was obtained
in [24] by another method for systems with retarded state; (2) optimality-type conditions (5.2)-
(5.5) for system with retarded state were obtained in [[31, 32], p. 119]; (3) optimality conditions
of type (5.4), (5.5) for systems without retardation were obtained in the papers [[23, 26, 27], p.
145, [29, 30, 33, 34, 39-41], etc.].

The proof of Theorem 5.1 shows that the optimality conditions (5.3)—(5.5) are independent.
Also, it is clear that, unlike (5.2), (5.3), and (5.5), the optimality condition (5.4) forr; =r—1

(see Definition 2.1) becomes ineffective, though it is effective in the general case for
r, <7 — 1. To illustrate the rich content of condition (5.4), we consider a concrete example:

Example. xl(t) = uz(t) + u%(t -1) - u3(t -1, xz(t) = ul(t) — uz(t) ,

13(0) = (ug (0 +uy(©) 2, +u5(® +uj(t—1), tel: =[0,2], x,(0) = 0, u,(t) = 0, t€[~1,0),

u| <2 i=123h=1 ¢px@)=x,02)+ %x%(z) > min.

Check for optimality of the control uo(t) = (0,0, O)T, t € [-1,2] . In this control according to
(2.7), (2.8), (3.9), (3.10), (4.6), (4.9), (4.15), (4.21), and (4.24), we have

D=0, i=123 PO =0,i=12 P3) = -1, te],

0 _ 2 2 . —
H(l/) (), x,u,v, t) = — (ul + uz)x2 — Uz — Vg, Huu(t). = (hij(t)), tel, where hij(t) =0,
Hij(t) =0,i,j €{1,2,3)}, G, j) # (3,3), hag() = —2; H, (t+1)=0t€ (2]

T 0 10 T~ -
golpl®) = (1 4 0),1: €l gylpl® =0, tel, where p:= (ul, uz), p: = (vl,vz);

Lo =00 =0 tel,  ollo=(; 7 el olctn=0 el

LIP® =L Bl + D=0, tel, Pylpql®=Pyl5d® =0, P,lpal® =P =0,

L o)ret Mlp, A1) =0, Mol 71-) = 0,

-4, t€[0,1),
-2, t€[1,2],

Mylp,plt,0) = (_1

qu(t)+qu(t+1)=[ whereq=u3, q=v3.

Hence, we have the following: (1) admissible control uo(t) = (0,0, O)T, t € [-1,2] is singular
(in the sense of Definition 2.1) and singularity to it is delivered by the vector component

p = (ug,u,)", that is, equality (5.1) is fulfilled only k = 0; (2) optimality conditions (5.2), (5.3),

(5.5), and the results of the papers [1-3, 6, 9, 10] cannot say that whether the control uO( -)is
an optimal or not. However, optimality condition (5.4) for k=0 is not fulfilled

223
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(0o [P)(®) + X(OQ,FI(E + 1) = ((2’

0 ) =0, t €1), that is, by condition (5.4) (for k = 0) we

conclude that the control uO(t) = (0,0, O)T, t € [-1,2] cannot be optimal.
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