
Selection of our books indexed in the Book Citation Index 

in Web of Science™ Core Collection (BKCI)

Interested in publishing with us? 
Contact book.department@intechopen.com

Numbers displayed above are based on latest data collected. 

For more information visit www.intechopen.com

Open access books available

Countries delivered to Contributors from top 500 universities

International  authors and editors

Our authors are among the

most cited scientists

Downloads

We are IntechOpen,
the world’s leading publisher of

Open Access books
Built by scientists, for scientists

12.2%

122,000 135M

TOP 1%154

4,800



Chapter 11

A Numerical Procedure for 2D Fluid Flow Simulation in
Unstructured Meshes

António M. G. Lopes

Additional information is available at the end of the chapter

http://dx.doi.org/10.5772/63077

Abstract

The  present  work  addresses  the  numerical  simulation  of  fluid  flow for  2D prob‐
lems.  The physical  principles  and numerical  models  implemented in  the  software
package EasyCFD are presented in a synthetic and clear way. The 2D form of the
Navier-Stokes equations is considered, using the eddy-viscosity concept to take into
account turbulence effects upon the mean flow field. The k-ε and the k-ω Shear Stress
Transport (SST) turbulence models allow for the calculation of the turbulent viscosity.
The numerical model is based on a control volume approach, using the SIMPLEC
algorithm on an unstructured quadrilateral mesh. The mesh arrangement is a non-
staggered type. The coordinate transformation, integration discretization and solution
method for the governing equations are fully described. As an example of applica‐
tion,  the airflow around a NACA 0012 airfoil  is  calculated and the results  for the
aerodynamic coefficients are compared with available experimental data.

Keywords: CFD, SIMPLEC, unstructured mesh, fluid flow, 2D simulation

1. Introduction

The software EasyCFD [1] is a 2D simulation tool aimed at an initiation in the field of compu‐
tational fluid dynamics. The main guiding lines on its development were the simplicity and the
intuitiveness of utilization, in a self-contained package. The physical domain is discretized with
quadrilateral unstructured meshes, allowing the simulation to deal with complex geometries
of any configuration virtually. The present work synthesizes the main physical principles and
numerical models implemented for the solution of 2D fluid flow problems, including heat
transfer, in arbitrarily shaped geometries.

© 2016 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use, distribution,
and reproduction in any medium, provided the original work is properly cited.



2. Basic transport equations

For the description of the transport equations, the x and z coordinates of the Cartesian system
will be taken as the independent variables, to which correspond, for velocity, the u and the w
components. The coordinate transformation for the generalized mesh will be presented later
on the present work.

The Navier-Stokes equations describe momentum conservation and, for a 2D situation, may
be stated as follows:

( ) ( ) ( )
¶ r ¶¶ ¶ ¶ ¶ ¶ ¶ ¶r r G G
¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶

é ù é ùæ ö æ ö
+ + = - + + -ê ú ê úç ÷ ç ÷

ê ú ê úè ø è øë û ë û
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where p [N/m2] stands for pressure and I represents the buoyancy forces. The diffusion
coefficient includes the contributions of the dynamic and turbulent viscosity, i.e.,
Γ =μ + μt N s / m2

In turn, the conservation of mass law, or continuity equation, is

( ) ( )¶r ¶ ¶r r
¶ ¶ ¶

+ + =u w 0
t x z

(2)

The energy conservation equation is obtained considering the transport equation for the
enthalpy ϕ = cp T , where cp J/kg K  is the specific heat and T [K] is its temperature. For a fluid
medium, the corresponding equation is

( ) ( ) ( )w
¶ r ¶ ¶ ¶ ¶ ¶ ¶r r G G

¶ ¶ ¶ ¶ ¶ ¶ ¶
é ù é ù

+ + = + +ê ú ê ú
ë û ë û

p
p p T
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(3)

with the source term ST representing the heat generation rate per unit volume [W/m3] and
Γ =(μ / Pr + μt / Prt)cp, with Pr and Prt as the laminar and the turbulent Prandtl number. For solid
regions, heat transfer is governed by conduction:

( )p
T

c T T T S
t x x z z

¶ r ¶ ¶ ¶ ¶l l
¶ ¶ ¶ ¶ ¶

æ ö æ ö= + +ç ÷ ç ÷
è ø è ø

(4)
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where λ W/mK  is the material thermal conductivity. In a multi-component fluid flow
situation, different fluids are present, sharing the same velocity, pressure, temperature and
turbulence quantities. The concentration of one of the components (the secondary fluid) is
computed with a normal transport equation for a scalar:

( ) ( ) ( )c2 c2 c2
c2 c2u w

t x z x x z z
¶ rf ¶f ¶f¶ ¶ ¶ ¶r f r f G G

¶ ¶ ¶ ¶ ¶ ¶ ¶
æ ö æ ö+ + = +ç ÷ ç ÷
è ø è ø

(5)

where ϕc2 is the mass fraction, or concentration, of the secondary fluid. The diffusion coefficient
is given by

c
t

t
D

Scf
m

G r= + (6)

where Dϕc
[m2/s] is the kinematic diffusivity that characterizes the fluids pair and Sct is the

turbulent Schmidt number. The concentration of the secondary fluid plays an active role in the
flow field since fluid properties depend on the concentration of each component. The mixture
properties (such as viscosity, specific heat, etc.) are determined by a weighted average of the
properties of the components. Thus, for a generic property X, we have

c1 1 c2 2X X Xf f= + (7)

where the constraint ϕc1 + ϕc2 =1 holds. Exception is made for density, where a simple analysis
may prove that the mixture density ρ is given by

2

1
cc1

1 2

ff
r

r r

-
æ ö

= +ç ÷ç ÷
è ø

(8)

3. Turbulence modelling

Two of the most popular turbulence models are presented next.

3.1. The k-ε turbulence model

The standard formulation of this turbulence model is described in, e.g., [2]. The turbulent
viscosity is given by

2

t
kCm

rm
e

= (9)
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The turbulence kinetic energy, k [m2/s2], and its dissipation rate, ε [m2/s3], are computed with
the following transport equations:

( ) ( ) ( ) t t
k T

k k

k k kuk wk P G
t x z x x z z
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The term Pk represents the production rate of k as the results of the velocity gradients:

2 2 2
2 2k t

u w u wP
x z z x

m
é ù¶ ¶ ¶ ¶æ ö æ ö æ öê ú= + + +ç ÷ ç ÷ ç ÷¶ ¶ ¶ ¶è ø è ø è øê úë û

(12)

while the term GT accounts for the production or destruction of k and ε due to the thermal
gradients:

Pr
t

T
t

TG g
z

m
b ¶

= -
¶ (13)

with g [m/s2] being the gravity acceleration and β [K−1] being the fluid dilatation coefficient.
The remaining constants are

2; ; ; ; ;k 1 3C 0.09 1.0 1.3 C 1.44 C 1.92 C 1.44m es s= = = = = = (14)

In the proximity of a wall, the previous equations should be modified to account for the viscous
effects that become predominant. Wall functions ensure the connection between the viscous
sub-layer and the inertia layer, at a location established by the y+ value:

0.25C k yu yy mt rr
m m

+ = = (15)

where uτ represents the friction velocity and y [m] is the distance to the wall. The utilization
of wall laws does not require mesh nodes in the viscous sub-layer, which is a major advantage
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from the computational standpoint. The momentum flux per unit area along the direction
normal to the wall is given by the wall shear stress, which is computed differently depending
on the location of the wall neighbour node relatively to the transition between the viscous and
the inertia sub-layers. Denoting by v the generic velocity component parallel to the wall (which
may, actually, be u or w) and by y the distance to the wall, we have

0
0

v vy 11.63
y

t m+ -
£ Þ = (16)

( ) ( )*ln

0.25

0 0
C k

y >11.63 v v
E y

mr c
t m+

+
Þ = - (16a)

where v0 is the wall velocity, E*=9.793 for smooth walls and χ=0.4187 is the von Karman
constant. In the wall neighbourhood, the production term given by Eq. (12) is computed
assuming a Couette flow:

2

k t
vP
y

m
æ ö¶

= ç ÷¶è ø
(17)

where, once again, v is the generic velocity component parallel to the wall and y is the generic
distance to the wall. Due to its significant variations near the wall, ε is averaged for the term
ρε in Eq. (10):

( )
Pr
m+ £ Þ = -& p

0
c

y 12 q T T
y

(18)

( )*
0.75 1.5

ln
11.63

E y
y C k

ymre r
c

+

+ > Þ = (18a)

For the turbulence kinetic energy, a zero flux along the direction perpendicular to the wall is
assigned. For the dissipation rate, Eq. (11) is not employed in the node adjacent to the wall.
Instead, the dissipation rate is given by

0.75 1.5

0
C k

y
me
c

= (19)
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As for momentum, the energy flux is computed differently depending on the y+ values. In this
case, we have

( )
Pr
m+ £ Þ = -& p

0
c

y 12 q T T
y

(20)

( )
( )

.
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mr

c

+

+
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é ù
+ê ú

ë û

&
0 25

p
0

t

c C k
y 12 q T T

1 E y P
(20a)

where T0 is the wall temperature and P* is the so-called Jayatillaka function:

(21)

3.2. The k-ωSST turbulence model

The k-ω SST model [3] represents a combination of the k-ε and the k-ω models. According to
Menter et al. [4], the k-ω model is more accurate near the wall but presents a high sensitivity
to the ω values in the free-stream region, where the k-ε model shows a better behaviour. The
k-ω SST model represents a blend of the two, through a weighting factor computed based on
the nearest wall distance. The governing equations are

( ) ( ) ( ) * ( ) ( )k k t k t
k uk wk k kP k
t x z x x z z
r r r

b rw m s m m s m
¶ ¶ ¶ ¶ ¶ ¶ ¶æ ö æ ö+ + = - + + + +ç ÷ ç ÷¶ ¶ ¶ ¶ ¶ ¶ ¶è ø è ø

(22)
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( )12k
2

t
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v x x z zw
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w
¶ ¶ ¶ ¶æ ö+ - + - +ç ÷¶ ¶ ¶ ¶è ø

(23)

where ω is the frequency of dissipation of turbulent kinetic energy [s-1]. The production of
turbulent kinetic energy is limited to prevent the build-up of turbulence in stagnant regions:

( )min , *k kP P 10 kb r w= (24)
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The weighting function F1 is given by

4

tan h min max ; ;
*
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1 2 2
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k 2

j j

1 kCD 2 10
x x

(26)

where y represents the distance to the neighbour wall and v is the laminar dynamic viscosity.
F1 is zero away from the wall (k-ε model) and changes to unit inside the boundary layer (k-ω
model) with a smooth transition based on y. The turbulent viscosity is computed as

( )max ;
1

t
1 2

a kv
a SFw

= (27)

where S is the invariant measure of the strain rate given by

;
æ ö¶¶

= = ç + ÷ç ÷¶ ¶è ø

ji
ij ij ij

j i

uu1S S S S
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(28)

and

2tanh max ;
*

2

2 2
k 500vF
y yb w w

ì üé ùæ öï ï= ê úç ÷í ýç ÷ê úï ïè øë ûî þ
(29)

The constants are computed as a blend of the k-ε and k-ω models by the following generic
equation:

( )11 1 1 2F Fa a a= + - (30)
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The constants are α1= 5/9; β1= 3/40; σk1 = 0.85; σω1 = 0.5; α2= 0.44; β2 = 0.0828; σk2 = 1; σω2 = 0.856;
β* = 0.09.

The near wall treatment for momentum and turbulence equations follows the proposal
described in [5]. The basic principle behind the automatic wall functions is to switch from a
low-Reynolds number formulation to a wall function based on the grid nodes proximity to the
wall. According to these authors, the automatic wall treatment avoids the deterioration of
results typical of low-Reynolds models when applied on too coarse meshes.

The known solutions for ω in the viscous (linear) and in the logarithmic near wall region are

log;
..
tnw w
c

= =vis 2
u6

0 3 y0 075 y
(31)

The imposed value for ω at the first node close to a wall is

logw w w= +2 2
1 vis (32)

For the turbulence kinetic energy, a zero flux along the direction perpendicular to the wall is
assigned. In turn, for the momentum equations, a similar reasoning applies, with expressions
for the shear velocity in the viscous and in the logarithmic region:

( )
log;

ln
t t

c
+ +

= =vis 1 1U Uu u
y E y (33)

with U1 being the fluid velocity relative to the wall velocity. The wall shear stress is computed
as follows:

( ) ( )log4 4vis4u u ut t t= + (34)

4. Numerical method

4.1. Transformation of coordinates

Discretizationand integration of the transport equations described previously are performed
using a non-orthogonal generalized mesh as shown in Figure 1. The independent Cartesian
coordinates (x, z), describing the physical domain, are thus replaced by a boundary-fitted
coordinate system (ξ, ζ), defined by the mesh lines which may have, locally, any orientation
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and inclination. The computational domain (as opposed to the physical domain) is the space
considered in terms of the boundary-fitted coordinate system(ξ, ζ) as depicted in Figure 1. In
the computational domain, the mesh spacing is considered, for convenience, as unitary, i.e.,
Δξ =Δζ =1, and the mesh lines are always horizontal (ξ lines) or vertical (ζ lines). The mesh
arrangement is of the collocated type (as opposed to the staggered mesh) with the two velocity
components and scalar quantities (temperature, pressure, turbulence kinetic energy and its
dissipation rate or frequency, as well as concentrations) located at the control volume (CV)
centre.

Figure 1. The two domains. (a) Physical domain, showing the mesh lines; (b) Computational domain.

Transformation of the original equations is accomplished by replacing the independent
variables, using the chain rule, which states that, generically:

f f x f z f fx z
x z x z

¶ ¶ ¶ ¶ ¶ ¶ ¶
= + = +

¶ ¶ ¶ ¶ ¶ ¶ ¶x xx x x (35)

The Jacobian of the transformation

x x
J x z x z

z z
x z

x z z x
x z

= = - (36)
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represents the ratio between the physical size of the control volume and its computational size
(unitary). The derivatives ξx, ξz, ζx ζz are the contravariant metrics of the transformation. They

are computed from the covariant metrics, xξ, zξ, xζ, zζ as follows:

/ ; / ; / ; /z z x xx x z z= = - = - =x z x zz J x J z J x J (37)

To obtain the strong conservative form in the boundary-fitted coordinate system (ξ, ζ), the
transport equations are transformed through the application of the chain rule (35) and
multiplied by the Jacobian of the transformation. The metric identity

( ) ( ) ( ) ( );x x z zJ J 0 J J 0x z x z
x z x z
¶ ¶ ¶ ¶

+ = + =
¶ ¶ ¶ ¶

(38)

is then used to recast some terms. The result, for a generic variable ϕ, is

( ) ( ) ( )

11 33 13 13

J J U J W
t

Jg Jg Jg Jg JSf

¶ rf ¶ ¶r f r f
¶ ¶x ¶z

¶ ¶f ¶ ¶f ¶ ¶f ¶ ¶fG G G G
¶x ¶x ¶z ¶z ¶x ¶z ¶z ¶x

+ + =

é ù é ù é ù é ù
+ + + +ê ú ê ú ê ú ê ú

ë û ë û ë û ë û

(39)

The terms g11, g13 and g33 are the contravariant metric relations given by

; ;x x z z x z x z= + = + = +11 2 2 33 2 2 13
x z x z x x z zg g g (40)

The non-orthogonal term g13 is null if the mesh is locally orthogonal. U and W, in Eq. (39), are
the contravariant velocities. The terms JρU and JρW represent mass fluxes through the control
volume faces along the computational directions ξ and ζ, respectively, and are computed as
follows:

( )F J U z u x wx z zr r= = - (41)

( )F J W x w z uz x xr r= = - (42)

Note that, in this case, the sub-index for the fluxes (such as in Fξ ) represents the flux direction

(and not a derivative, such as for the metrics). Eq. (39) may be rewritten as
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( ) ( ) ( ) ( )11 33
crossJ F F Jg Jg J S S

t x z f
¶ rf ¶ ¶ ¶ ¶f ¶ ¶ff f G G
¶ ¶x ¶z ¶x ¶x ¶z ¶z

é ù é ù
+ + = + + +ê ú ê ú

ë û ë û
(43)

where the cross-derivatives were incorporated into the source term Scross. A similar procedure
is applied to obtain the generalized form of remaining equations, leading to the following form
for the Navier-Stokes and continuity equations:

( ) ( ) ( )
11 33

crossu

u
J F u F u

t
u u p pJg Jg z z S

x z

z x

¶ r ¶ ¶
¶ ¶x ¶z

¶ ¶ ¶ ¶ ¶ ¶G G
¶x ¶x ¶z ¶z ¶x ¶z
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é ù é ù
+ - + +ê ú ê ú
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(44)

( ) ( ) ( )x z

z x

¶ r ¶ ¶ ¶ ¶ ¶ ¶G G
¶ ¶x ¶z ¶x ¶x ¶z ¶z
¶ ¶
¶x ¶z

é ù é ù
+ + = +ê ú ê ú

ë û ë û

+ - + +

11 33

crossw

w w wJ F w F w Jg Jg
t
p px x S I

(45)

( ) ( ) ( ) ( )pJ z u x w x w z u J J U J W 0
t tz z x x

¶r ¶ ¶ ¶ ¶ ¶r r r r
¶ ¶x ¶z ¶ ¶x ¶z

é ù é ù+ - + - = + + =ë û ë û (46)

4.2. Integration

The integration and solution method for the transport equations are entirely based on the
methodology in [6], with some of the suggestions described in [7] and incorporating the
necessary modifications for the generalized mesh approach. The general Eq. (43) may be
written as

( ) ( )11 11
crossJ F Jg F Jg J S S

t x z f
¶ rf ¶ ¶f ¶ ¶ff G f G
¶ ¶x ¶x ¶z ¶z

æ ö æ ö
+ - + - = +ç ÷ ç ÷

è ø è ø
(47)

The integration of the previous equation in its control volume leads to

( ) ( ) ( )

( ) ( ) ( )1 2P P

e e e E P o o o P O

t t t T P b b b P B P

J F D F D
t

F D F D J S S

rf
f f f f f f

f f f f f f f

¶
+ é - - ù - é - - ù +ë û ë û¶

é - - ù - é - - ù = +ë û ë û

(48)

A Numerical Procedure for 2D Fluid Flow Simulation in Unstructured Meshes
http://dx.doi.org/10.5772/63077

273



where the source term has been written as a linear combination involving ϕP. F and D represent
the advective fluxes and the diffusive coefficients, respectively:

( ) ( );e e o oe o
F F z u x w F F z u x wx z z x z zr ré ù é ù= = - = = -ë û ë û

( ) ( );t t b bt b
F F x w z u F F x w z uz x x z x xr ré ù é ù= = - = = -ë û ë û (49)

( ) ( ) ( ) ( ); ; ;G G G G= = = =11 11 33 33
e o t be o t b
D Jg D Jg D Jg D Jg (50)

In the previous expressions, the subscripts indicate the location relative to the CV centre, in
the computational domain, with the uppercase denoting neighbour nodes and the lowercase
denoting neighbour faces: E,e: East; O,o: West; T,t: Top; B,b: Bottom. For simplicity, in
Eq. (48), the subscripts ξ and ζ  were dropped from the fluxes F (in fact, fluxes across the eastern
and western faces are always along the ξ direction and fluxes across the top and bottom faces
are always along the ζ  direction).

For the solution of the equations, it is necessary to evaluate the values of ϕ in the CV faces (i.e.,
ϕe,  ϕo,  ϕt ,  ϕb). These values are computed as a function of both ϕP  and the values in the
neighbour nodes ϕE ,  ϕO ,  ϕT ,  ϕB according to the adopted advection scheme (to be descri‐
bed later on). Eq. (48) may, then, be written in the following standard form:

f f f f f= + + + +P P E E O O T T B Ba a a a a b (51)

or, in a more compact manner,

P P nb nb
nb

a a u bf = å + (51a)

with “nb” indicating that the sum is to be performed for all the neighbouring locations.

It is necessary to compute the face values ϕe,  ϕo,  ϕt ,  ϕb as a function of ϕP ,  ϕE ,  ϕO ,  ϕT ,  ϕB

in order to obtain the coefficients aE ,  aO ,  aT ,  aB of Eq. (51). It is known that a simple arithmetic
average is not a physically plausible solution since, due to the presence of a flow, the property
ϕ, being advected, tends to assume a value closer to the upwind value. Several advection
schemes may be adopted, being the simplest one the upwind scheme. According to this scheme,
the property ϕ in the CVface takes the upwind value, i.e.,for example, Fe >0 ⇒ϕe =ϕP ;
Fe <0 ⇒ϕe =ϕE  . The complete mathematical formulation for the upwind scheme is
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§ ¨ § ¨
§ ¨ § ¨

, ; ,

, ; ,
E e e O o o

T t t B b b

a D F 0 a D F 0

a D F 0 a D F 0

= + - = +

= + - = +
(52)

Due to its first-order character, the upwind scheme is often not used due to associated
numerical diffusion. The Quick scheme is third-order accurate. The deferred correction version
of Hayase [8] combines the first-order upwind scheme with a third-order correction, bquick,
added to the source term as follows:

§ ¨( ) § ¨( )

§ ¨( ) § ¨( )

§ ¨( ) § ¨( )

§ ¨( ) § ¨( )

, ,

, ,

, ,

, ,

quick

e O P E e P E EE

o O P E o OO O P

t B P T t P T TT

b B P T b BB B P

b

1 1F 0 2 3 F 0 3 2 3
8 8
1 1F 0 3 2 F 0 2 3
8 8
1 1F 0 2 3 F 0 3 2 3
8 8
1 1F 0 3 2 F 0 2 3
8 8

f f f f f f

f f f f f f

f f f f f f

f f f f f f

=

- - + - - - - +

- - - - - - + +

- - + - - - - +

- - - - - - + +

(53)

The Quick scheme, although third-order accurate, presents oscillations that may lead to some
unrealistic behaviour. Total variation diminishing (TVD) schemes, also implemented in the
present code, were developed to provide second-order accurate solutions that are free or
nearlyfree from oscillations. For further information on this, please refer to, e.g., [9].

4.3. Pressure-velocity coupling

EasyCFD adopts the SIMPLEC algorithm (Semi-Implicit Method for Pressure-Linked Equa‐
tions-Consistent) [7], which is based on the original formulation SIMPLE [6]. Due to the non-
staggered mesh arrangement (collocated mesh), the Rie-Chow interpolation procedure [10],
with the modifications proposed in [11] and [12], is implemented. Let us consider the u
momentum conservation Eq. (44). After integration, the evaluation of this equation leads to

P P nb nb crossu
nb

p pa u a u z z Sz x
¶ ¶
¶x ¶z

= å - + + (54)

During the iterative process, velocities u* are computed from the available velocity field um and
pressure field p* obtained at the previous step as follows:

* *
* *

z x
¶ ¶
¶x ¶z

æ ö+ = + - + +åç ÷
è ø P P

mP
P nb nb crossu

nb

1 a p pa 1 u a u u z z S
E E

(55)
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where E is the under-relaxation factor [7]. During the iterative process, unless convergence is
reached, the velocity field u* obtained from the solution of the momentum equations does not
satisfy the continuity requirement unless the correct pressure field p is employed (instead of
an incorrect pressure field p*). This means that, if the correct pressure field was employed, a
mass-conservative velocity field would be obtained:

z x
¶ ¶
¶x ¶z

æ ö+ = + - + +åç ÷
è ø P

mP
P P nb nb

nb

1 a p pa 1 u a u u z z b
E E

(56)

Thus, the pressure and velocity fields p* and u* should be corrected by a certain amount p' and
u' :

'* * ¢= + = +P P Pp p p ; u u u (57)

Subtracting Eq. (56) from Eq. (55) and taking into account Eq. (57), one obtains

' '
' '

P P nb nb
nb

1 p pa 1 u a u z z
E z x

¶ ¶
¶x ¶z

æ ö+ = å - +ç ÷
è ø

(58)

The keystone of the SIMPLECalgorithm consists on the subtraction of the term ∑
nb

anbuP
'  on both

sides of the equation and subsequent dropping, leading to

( )' ' 'é ùæ ö+ - = -å åç ÷ê úè øë û
P nb P nb nb P

nb nb

1a 1 a u a u u
E

' '

z x
¶ ¶
¶x ¶z

- +
p pz z (59)

or, for simplicity:

' '
'

z x
¶ ¶
¶x ¶z

= - +%P P
p pa u z z (60)

where

æ ö= + - åç ÷
è ø

%P P nb
nb

1a a 1 a
E

(61)
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The equations for the velocity correction are obtained through the pressure correction field,
recurring to the previous equation:

' ' ' '
' ';z x x z¶ ¶ ¶ ¶

¶x ¶z ¶z ¶x
= - + = - +

% % % %P P
P P P P

z z x xp p p pu w
a a a a

(62)

leading to

' ' ' '
* *;P P P P

P P P P

z z x xp p p pu u w w
a a a a
z x z x¶ ¶ ¶ ¶

¶x ¶z ¶x ¶z
= - + = + -

% % % %
(63)

4.4. The pressure correction equation

As previously stated, the objective of the pressure correction is to produce a pressure field such
that the solution of the momentum equations is a mass-conservative velocity field. Conse‐
quently, the equations for solving the p’ field must be obtained from the continuity equation.
The discretized form of this equation is obtained directly from the integration of Eq. (2):

( ) ( ) ( ) ( ) 0
0

P P
e o t b

J z u x w z u x w x w z u x w z u
t z z z z x x x x

r r r r r r- é ù é ù é ù é ù+ - - - + - - - =ë û ë û ë û ë ûD
(64)

As one may see, velocities are, now, needed at the control volume faces. Taking Eq. (63), for
the u velocity component, at the “e “ and “o” faces and the same equation for the w component
at the “t” and “b” faces, substituting into Eq. (64) and rearranging the terms leads to

' ' ' '
* * * *

' ' ' '

0

0
P P 33 33 11 11

e o t b
P P P Pe o t b

13 13 13 13

P P P Pe o t b

g p g p g p g pJ F F F F
t a a a a

g p g p g p g p
a a a a

r r r ¶ r ¶ r ¶ r ¶
¶x ¶x ¶z ¶z

r ¶ r ¶ r ¶ r ¶
¶z ¶z ¶x ¶x

æ ö æ ö æ ö æ ö-
+ - + - - + - + +ç ÷ ç ÷ ç ÷ ç ÷

D è ø è ø è ø è ø

æ ö æ ö æ ö æ ö
- + - =ç ÷ ç ÷ ç ÷ ç ÷

è ø è ø è ø è ø

% % % %

% % % %

(65)

The terms gij are the covariant metric relations defined as

x x z z x z x z= + = = + = = + = -2 2 33 2 2 2 11 2 13 2
11 33 13g x z g J ; g x z g J ; g x x z z g J (66)

The derivatives are evaluated as
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' ' ' '
' ' ' ' ' ' ' '¶ ¶ ¶ ¶

¶x ¶x ¶z ¶z
æ ö æ ö æ ö æ ö

= - = - = - = -ç ÷ ç ÷ ç ÷ ç ÷
è ø è ø è ø è ø

E P P O T P P B
e o t b

p p p pp p ; p p ; p p ; p p (67)

and, for the cross-derivatives,

( ) ( )

( ) ( )

' '
' ' ' ' ' ' ' '

' '
' ' ' ' ' ' ' '

. ; .

. ; .

¶ ¶
¶x ¶x

¶ ¶
¶z ¶z
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E TE O TO E BE O BO
t b
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p p0 25 p p p p 0 25 p p p p

p p0 25 p p p p 0 25 p p p p
(68)

Introducing the discretization expressed by Eqs. (68) and 67 into Eq. (65) allows us to obtain
the pressure correction equation:

' ' ' ' '
P P E E O O T T B Ba p a p a p a p a p b= + + + + (69)

where

/ / / /r r r r
æ ö æ ö æ ö æ ö

= = = =ç ÷ ç ÷ ç ÷ ç ÷ç ÷ ç ÷ ç ÷ ç ÷
è ø è ø è ø è ø% % % %

33 33 11 11
E O T B

P P P Pe o t b

g g g ga ; a ; a ; a
a a a a (70)

P E O T Ba a a a a= + + + (71)

* * * *
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0
P P

e o t b
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P P P Pe o t b

b J F F F F
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¶ ¶ ¶ ¶
r ¶z r ¶z r ¶x r ¶x

-
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D
æ ö æ ö æ ö æ ö

+ - +ç ÷ ç ÷ ç ÷ ç ÷ç ÷ ç ÷ ç ÷ ç ÷
è ø è ø è ø è ø% % % %

(72)

The  symbol denotes a linear interpolation from the control volume centre (where the
momentum equations are defined) to the control volume faces (where the fluxes for the
continuity equations are needed). The pressure correction field p’ obtained from the solution
of Eq. (69) is employed for correcting pressure and velocity corrections are obtained from
Eq. (63). Note that, since these equations are defined at the control volume centre, p’ derivatives
are evaluated as
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( ) ( )
' '

' ' ' '
E O T B

P P

p p0.5 p p ; 0.5 p p¶ ¶
¶x ¶z

æ ö æ ö
= - = -ç ÷ ç ÷

è ø è ø
(73)

One may note that pressure values at the control volume centre are not included in the
evaluation of these derivatives (the same applies for the pressure derivatives in the momentum
equations). This may lead to the well-known checkerboard pattern for the pressure field. To
avoid this effect, the Chie-Row interpolation method proposes that the mass fluxes, to be
evaluated at the control volume interfaces for all the transport equations (Fe, Fo, Ft and Fb, in
Eq. (48)), be corrected using the pressure correction p’ field (instead of being computed from
the corrected control volume centre velocities). The correction equations for fluxes are obtained
from the correction equations for velocities:

' '

, ,

,

e o e o 33 13
P e o

p pF F g g
a
r ¶ ¶

¶x ¶z
* é ùæ ö

= - -ê úç ÷
ê úè øë û% (74)

' '

, ,

,

t b t b 11 13
P t b

p pF F g g
a
r ¶ ¶

¶z ¶x
* é ùæ ö

= - -ê úç ÷
ê úè øë û% (75)

The “starred” fluxes F* at the control volume interfaces are obtained by interpolating the
momentum equation. The keystone of the method is that the pressure gradient is not interpo‐
lated, but, instead, is obtained directly from the pressure at contiguous control volume centres.
Considering Eq. (55), evaluated in terms of fluxes, one may write

,
, ,

,,

ˆ
m
e o

e o e o 33 13
P e oe o

F p pF F g g
1 E a

r ¶ ¶
¶x ¶z

* *
* æ ö
= + + -ç ÷+ è ø% (76)
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,,

ˆ
m
t b

t b t b 11 13
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F p pF F g g
1 E a

r
z x

æ ö¶ ¶
= + + -ç ÷+ ¶ ¶è ø% (77)

The terms F̂ e,o and F̂ t ,b represent the fluxes

, , ,
ˆ ˆ ˆe o e o e o
F z u x wz zr r= - (78)
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, , ,
ˆ ˆ ˆt b t b t b
F x w z ux zr r= - (79)

where the revised velocities û and ŵ are obtained from the momentum equations as follows:
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ˆ ˆ ˆ= +å%
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(81)

Note that the source term b includes all the contributions (e.g., transient term, cross-derivatives
and buoyancy for the w velocity component), except the under-relaxation and pressure
gradient.

4.5. Solution of the equations

The solution of the equations previously described is carried out with an iterative procedure.
For accelerating the convergence rate, two relaxation factors (described next) are applied.

The solution of the equation is sub- or over-relaxed in the following manner:

( )computed previousf 1 ff f f= + - (82)

Values of flower than unity lead to sub-relaxation, while values greater than unity over-relax
the solution process. In the present code, the value f =1.1 is employed for the transport
equations, while, for the pressure correction equation, the Point Successive Over Relaxation
(PSOR) method [13] combined with the additive correction multigrid method [14] is employed.

The whole flow field calculation is considered to be converged when all the normalized
residuals are lower that a predefined value Rconv :

, , , , ,u w m T k convR R R R R R Re <§ ¨ (83)

The total normalized residual for the transport equations of ϕ (ϕ =u, w, T , k , ε, ω) is deter‐
mined as follows:
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è ø

(84)

where (ϕmax−ϕmin) quantifies the amplitude of the variable ϕ in the calculation domain.

5. Examples of application

To exemplify the numerical method described previously, two test cases are presented next
along with a comparison of results with published data.

5.1. Flow past an airfoil

A calculation was performed to compute the aerodynamic coefficients of a NACA 0012 airfoil
operating at a Reynolds number of 6×106. The obtained values for the drag and lift coefficients
are compared with existing experimental data. The first step is to define the calculation domain,
which should be large enough in order to avoid numerical blockage effects. Figure 2 represents
the domain, for a 1 m airfoil cord length. Lateral boundaries are assigned a free slip condition
and a uniform velocity profile with 5% turbulence intensity is imposed at the inlet. A mass
conservative condition is applied at the outlet boundary. After a mesh independency study, a
total of approximately 250,000 mesh nodes were employed, with three mesh refinement
regions. Particular care was taken near the airfoil surface, were y+ values ranging from,
typically, 0.1 to 6, with an average value of 1.7 all around, were obtained. Figure 3 depicts the
mesh employed.

For the present simulations, both the first-order hybrid [6] and the Quick advection schemes
were employed, along with the k-ε and k-ω SST turbulence models. Experimental data are
reported by Abbott and Von Doenhoff [15] and Ladson [16].

Figure 2. Domain dimensions. Airfoil cord is 1 m.
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Figure 3. Non-structured quadrilateral mesh.

Results for the dependence of the lift coefficient with the airfoil angle of attack α are shown in
Figure 4. As expected, the lift coefficient presents a linear dependence with the angle of attack
α up to the onset of separation, which occurs at α =16  . The two advection schemes give similar
results up to separation, after which the lift drop in the stall region is more pronounced with
the hybrid scheme. Separation is completely established at α =18  and for α ≥20  the flow
becomes unsteady. Both turbulence models perform very well in the linear region. After
separation, data are more spread. The difficulty to obtain reliable experimental data in this
circumstance is commonly recognized as the flow is unsteady and presents a 3D behaviour.
Comparing the two advection schemes, the Quick scheme performs better, particularly after
separation.

Figure 4. Lift coefficient vs. angle of attack. Influence of (a) turbulence modeland (b) advection scheme.

Figure 5 depicts the relation between lift and drag coefficients. In this case, the k-ω SST
turbulence model performs substantially better than the k-ε model. This is certainly due to the
fact that the friction component plays an important role in drag, and thus correctly resolving
the boundary layer in the very proximity of the wall is crucial for the drag computation. It is
also interesting to note that the advection scheme plays a very important role, with the higher
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order scheme Quick showing much better than the hybrid scheme, when results are compared
with the experimental data.

Figure 5. Drag coefficient vs. lift coefficient. Influence of (a) turbulence model and (b) advection scheme.

5.2. Natural convection inside a cavity

The natural convection flow in a cavity is a classical test for numerical methods in fluid
dynamics. The cavity is a square shape (cf. Figure 6) with adiabatic horizontal walls. A constant
temperature is imposed in each the vertical wall.

Figure 6. Problem definition for the natural convection inside a cavity.

The problem is governed by the following non-dimensional parameters:

Prandtlnumber vPr,
a

= (85)

where the thermal diffusivity is α =λ / (ρcp), ν is the kinematic viscosity, λ is the thermal
conductivity, ρ is the density and cp is the specific heat:
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Rayleigh number Pr3

2, g T LRa
v

b D
= (86)

where β is the thermal expansion coefficient, g is the gravity acceleration and ΔT =Th −Tc is the
temperature difference between the vertical walls. The transition between laminar and
turbulent flow takes place approximately for Ra =10 7 . In the present work, simulations were
conducted for Ra =10 5 (laminar regime). Air is the operating fluid, for which Pr = 0.71. The
hybrid advection scheme was used and the Boussinesq approximation was adopted. Compu‐
tations were performed in a non-uniform grid, with 82 × 82 = 6400 nodes. Reference results are
reported in [17] and [18] for several Rayleigh numbers in laminar regime, comparing solutions
given by several authors. Results for laminar and turbulent flow are also presented in [19].

Figure 7(a) and (b) displays isothermal lines generated using a constant value spacing between
the minimum and the maximum verified within the domain. Figure 8(a) and (b) shows the
flow streamlines. The flow, in the steady-state situation, is characterized by a large vortex
filling the cavity, rotating in the clockwise direction. Two small vortices rotating in the same
direction are located near the cavity centre. For this case, the minimum and the maximum
streamline values used in the visualization do not correspond to the total amplitude of the
stream function within the domain. These values were, instead, adjusted in EasyCFD to
correspond to those employed in [19]. The agreement between the calculations and those
reported in the literature is very good. Vahl Davis and Jones [18] present normalized maximum
values for the u and for w components of velocity

a a
* *= =

uL wLu ; w (87)

occurring in the vertical and horizontal symmetry lines, respectively. Table 1 shows the results
obtained with EasyCFD, the reference values in [17] and the range of variation for the 37
contributions reported in [18]. This range does not include the minimum and maximum
reported values since these clearly fall outside the general trend of the remaining contributions.

Figure 7. Isothermal lines. Ra = 105. (a) EasyCFD and (b) Dixit and Babu [19].
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Figure 8. Streamlines. Ra = 105. (a) EasyCFD and (b) Dixit and Babu [19].

EasyCFD Vahl Davis [17] Variation range [18]

34.44 34.81 34.2–41.2

68.21 68.68 65.8–70.45

Table 1. Normalized maximum values for the u and w velocity components.

6. Concluding remarks

The numerical simulation of fluid flow for 2D problems was addressed. The physical principles
and numerical models here presented correspond to the implementation in the software
package EasyCFD. Transformation of the original equations to cope with a non-orthogonal
generalized mesh is described in detail, along with the coupling of momentum and continuity
with an adapted SIMPLEC algorithm for non-staggered meshes. Although not addressed in
the present chapter, this software package was developed entirely based on a graphical
interface, aiming at an easy and intuitive utilization. With a fast learning curve, this package
is very suitable for learning the principles and application methods in computational fluid
dynamics and has a great value both as a didactic and an applied tool. Although, at first, the
restriction to 2D situations may seem very limitative, a great number of practical situations
may be addressed with this approach.
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