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1. Introduction

Induction motors are by far the most used electro-mechanical device in industry today.
Induction motors hold many advantages over other types of motors. They are cheap,
rugged, easily maintainable and can be used in hazardous locations. Despite its advantages
it has one major disadvantage. It draws reactive power from the source to be able to operate
and therefore the power factor of the motor is inherently poor especially under starting
conditions and under light load (Jimoh and Nicolae, 2007). Poor power factor adversely
affects the economics of distribution and transmission systems and therefore may lead to
higher electricity charges (Muljadi et al., 1989). At starting, power drawn by the motor is
mainly reactive and it can draw up to 8 times its rated current at a power factor of about 0.2
until it reaches rated speed after which the power factor will increase to more than 0.6 if the
motor is properly loaded and depending on the size of the motor.

To improve the power factor, reactive power compensation is needed where reactive power
is injected. Several techniques have been suggested including synchronous compensation
which is complex and expensive. Switched capacitor banks which requires expensive
switchgear and may cause voltage regeneration, over voltage and high inrush currents (El-
Sharkawi et al., 1985).

In this chapter another approach for power factor correction is explored where the stator of
an induction motor has two sets of three phase windings which is electrically isolated but
magnetically coupled. The main winding is connected to the three phase supply and the
auxiliary winding connected to fixed capacitors for reactive power injection.

The first part of this chapter focuses on the development of a mathematical model for a
normal three phase induction motor, the second part of the chapter focuses on the
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development of the mathematical model for a dual winding three phase induction motor
with reactive power injection, where the derived mathematical model is simulated using
Matlab/Simulink environment and the third part of the chapter focuses on the performance
analysis of both theoretical and experimental results.

2. Arbitrary reference frame theory

Arbitrary reference frame theory is mainly used in the dynamic analysis of electrical
machines. Because of the highly coupled nature of the machine, especially the inductances
within the winding make it rather impossible to perform dynamic simulations and analysis
on electrical machines.

Arbitrary reference frame theory was discovered by Blondel, Dreyfus, Doherty and Nickle
as mentioned in the classical paper (Park, 1929). This newly found theory was generalised
by Park on synchronous machines and this method was later extended by Stanley to the
application of dynamic analysis of induction machines (Stanley, 1938).

By using this method a poly-phase machine is transformed to a two-phase machine with
their magnetic axis in quadrature as illustrated in Figure 1. This method is also commonly
referred to as the dg method in balanced systems and to the dg0 method in unbalanced
systems with the ‘0’relating to the zero sequence or homopolar component in the Fortescue
Transformation.
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Figure 1. Park’s Transform

This transformation eliminates mutual magnetic coupling between the phases and therefore
makes the magnetic flux linkage of one winding independent of the current of another
winding.

The transformation is done by applying a transformation matrix, Equation (1) while the
inverse transformation matrix, Equation (2) will transform back to the natural reference
frame. Equations (1)&(2) applies to a three phase system but can be modified to
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accommodate a system with any number of phases which might be useful in the case of the
machine having an auxiliary winding as proposed in this work.

[0059 cos (9 - Z?N) cos (9 - 4?”)]

[C] = % sinf sin (9 - 2?”) sin (0 - 4?”) 1)
[ 1 1 1 J
2 2 2
cos6 sinf 1
e = |cos(6-5) sim(6-F) 1 @)

cos (9 —4?”) sin (0 _4?11) 1

3. Modelling of three-phase induction motor

The winding arrangement of a symmetrical induction machine is shown in Figure 2. The
stator windings are identical and sinusoidally distributed, displaced 120" apart, with Ns
equivalent turns and resistance rs per winding per phase. Similarly the rotor windings are
also considered as three identical sinusoidally distributed windings, displaced 120" apart,
with Nr equivalent turns and resistance of rr per winding per phase.

Figure 2. Three-Phase Winding Arrangement

In developing the equations which describe the behaviour of the induction machine the
following assumptions are made:

The airgap is uniform.

Eddy currents, friction and windage losses and saturation are neglected.
The windings are distributed sinusoidally around the air gap.

The windings are identical

Ll .
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3.1. Voltage equations

Using Kirchoff’s Voltage Law, the voltage equations for each winding on the stator and
rotor can be determined.

Stator Windings:
Vs = Tylgs + 22 3)
Ups = Tsips + djfs 4)
Ves = Tsles + d;l:s ®)
Rotor Windings:
Var = Tyigy + 22 (6)
Vpy = Typlpy + % 7)
Ver = Trley + 22 ®)

With subscript ‘a’,’b’,’c” referring to the phases, subscript ‘s’ referring to stator variables,
subscript ‘1’ referring to rotor variables, ‘v’ referring to instantaneous voltage, ‘i’ referring to
instantaneous current and ‘A’ referring to flux linkage.

After obtaining the voltage equations in the natural reference frame, the transformation to
the arbitrary reference frame can be done. It is very convenient to first refer all rotor
variables to the stator by applying the appropriate turns ratio. Equations (9)-(11) represents
all rotor variables and is expressed in a simplified way including the variables of all the
rotor phases in one equation.

. Ny

l =—I 9
abcr N abcr ( )
N,
U,abcr = N_Svabcr (10)
Tr
N,
A,abcr = N_S/labcr (11)
s

The transformation of the voltage equations to the arbitrary reference frame are dealt with
in Section 3.3. It is important to determine the different inductances which will influence the
flux linkage in Equations (3)-(8) and also transform it to the arbitrary reference frame.

3.2. Inductances

The flux linkages as seen in the voltage equations are functions of inductance and therefore
the inductances within the motor must be determined.



Modelling and Analysis of Squirrel Cage Induction Motor with Leading Reactive Power Injection

The inductances within the motor consist of self inductance, leakage inductance,
magnetizing inductance and mutual inductance. The flux linkage equation is shown in
Equation (12) and contains the inductance matrix [L].

-Aas _Lasas Lasbs Lascs Lasar Lasbr Lascr_ —ias_

Abs Lbsas Lbsbs Lbscs Lbsar Lbsbr Lbscr lps

/1cs _ Lcsas Lcsbs Lcscs Lcsar Lcsbr Lcscr les

A | TIL L L L L Lover | < i (12)
ar aras arbs arcs arar arbr arcr lar

/1br Lbras Lbrbs Lbrcs Lbrar Lbrbr Lbrcr Lpr

_/1”_ —Lcras Lcrbs Lcrcs Lcrar Lcrbr Lcrcr— Licrd

Where the inductance is defined by the subscript, for example Lasas refers to the inductance
between winding as and winding as, meaning that this is self inductance in winding as; and
Lasor refers to the inductance between winding as and winding br, meaning that this is a
mutual inductance.

3.2.1. Self inductance

The self inductance in the stator windings consists of magnetizing and leakage inductance.
The windings are identical and therefore the self inductance of all stator windings will be
identical.

Lasas = Lpsps = Lescs = Lims + Lis (13)

The magnetizing inductance (Lms) can be expressed as in Equation (14) (Lipo and Novotny,
1996).

2
Lins = ﬂoe:% (14)
The self inductance in the rotor windings is similar to that of the stator windings.
Larar = Lorpr = Lerer = Ly + Ly (15)
And,
rN?
Ly = % (16)

Where Ns and N is the effective number of turns of the stator and rotor windings, r is the
radius of the motor cross-section, ¢ is the length of the motor and g is the airgap radial length.

3.2.2. Mutual inductance

Mutual inductance exists between all windings of both the stator and the rotor. There are
four different types of mutual inductance which are stator-stator (mutual inductance
between two different stator windings), rotor-rotor (mutual inductance between two
different rotor windings), stator-rotor (mutual inductance between a stator and rotor
winding) and rotor-stator (mutual inductance between a rotor and stator winding).
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Stator-stator mutual inductance can be expressed as Equation (17) (Lipo and Novotny,
1996).

__ MofrNim
Lxsys =

C0Sbygys (17)

Where Lxsys is the inductance between any stator winding ‘x” and any other stator winding
y" and O,y is the angle between stator winding ‘x” and “y’.

Using Equation (14), Equation (17) can be modified to be:

Lxsys = Lmscosexsys (18)

When considering the winding distribution in Figure 2, it can be seen that the only possible
displacement between two stator windings are 120° and 240" in both directions. This implies
that cos,,s in Equation (18) can be evaluated as follows:

€0SBy5ys = cos(+1207) = cos(+240") = —% (19)

From Equations (18)&(19) the expression describing the mutual inductance between any
two stator windings can be simplified to Equation (20).

1
Lasps = Lascs = Lpscs = Lpsas = Lesas = Lesps = _ELms (20)

The rotor-rotor mutual inductances are similar to that of the stator-stator mutual
inductances and can be expressed as:

1
Larpr = Larer = Lbrer = Lorar = Lerar = Lerpr = _ELmr (21)

The stator-rotor mutual inductances depend on the position of the rotor according to the
following relationship.

Lxsyr = Lsrcosexsyr (22)

Where Ly, is the mutual inductance between any stator winding ‘x” and any rotor winding
y’; and O,y is the angle between them.

The expression for Lg, in Equation (22) is given by Equation (23).

Ng\ [Ny £
L = (3) () (23)
(Krause, 1986, Lipo and Novotny, 1996)

Now, using Equation (22) and Figure 2, the expressions for the stator-rotor mutual
inductances can be deduced.

Lasar = Lpspr = Leger = Lgr€0S6, (24)

2
Laspr = Lpscr = Lesar = Lsycos (01" + ?T[) (25)
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2
Lascr = Lpsar = Lespr = Lsycos (Qr - ?T[) (26)

Likewise it can be shown that the rotor-stator mutual inductances are:

Laras = Lyrbs = Leres = Lsrcos(=6;) (27)
Larbs = Lpres = Leras = Lsrcos (_ -0 ) (28)
Lares = Lpras = Lerps = Lsrcos (_ -0 ) (29)

All inductances have now been quantified. The complete inductance matrix can now be
constructed but to simplify the work the inductance matrix in Equation (12) is first divided
into sub-matrices. The inductance matrix as in Equation (12) is repeated as Equation (30).

_Lasas Lasbs Lascs Lasar Lasbr Lascr_
Lbsas Lbsbs Lbscs Lbsar Lbsbr Lbscr
_ Lcsas Lcsbs Lcscs Lcsar Lcsbr Lcscr

L= 1oe Lo Loves Larar Lavpr L (30)
aras arbs arcs arar arbr arcr

Lbras Lbrbs Lbrcs Lbrar Lbrbr Lbrcr

—Lcras Lcrbs Lcrcs Lcrar Lcrbr Lcrcr—

The inductance matrix is divided into four sub-matrices.

L L
Lz[ s Lok 31
Les Ly (31)

Where L; is the inductance within the stator windings, L, is the inductances within the rotor
windings, Lgg is the inductances between stator and rotor windings and Lgg is the
inductances between the rotor and stator windings.

Using Equation (30) and dividing according to Equation (31) and substituting inductances

yield the following:
Lins + Lis  —5Lms =5 Lms
Ly=| =5Lms Lms+Lis —3Lms (32)
—lms  —3lms Lims+ Ly
Loy + Ly =5 Ly = Lmr ]I
Ly=| =ZLmr  Lpy+ Ly | (33)
—~Lmr  —lme L+ Ler

[ cosé, cos(@r+2?n) cos(6, — )]
cos(HT—%n) cos0, cos(6, +2 )

(34)
[cos(er + 2?”) cos(6, — Z?H) cos0, J

Lgp = Lgyr

105



106

Induction Motors — Modelling and Control

[ cosH, cos(6, — %n) cos(6, + 2?71)]

cos(6, + z?n) cos0, cos(6, — 2?”)

Lps-— (LSR)T = Lgr (35)

I
) cos(9r+2?n) cos6, J

T

[cos(@r - 2?
It can be proven thatLgg_ (Lsg)".

It is evident that 6, exists in Equations (34)&(35) where 6, relates to rotor position, this rotor
position changes continuously which means that in the natural state the inductances are
varying with time. To be able to derive a rigorous dynamic model de-coupling has to be
done by using arbitrary reference frame theory as mentioned in Section 2.

Before transforming the inductances to the arbitrary reference frame all rotor parameters
must be referred to the stator.

The magnetizing inductances (L5, L) and mutual inductances (Lg, L,s) are from the
same magnetic flux path and are therefore related. From Equations (14)&(23) it can be
deduced that:

Ny
Lins = (N_r) Lgy (36)
By using the effective turns ratio Lg, can be referred to the stator.
' Ns
Lg = N, (Lsr) (37)
And therefore

L'sr = Lms (38)

The mutual inductance matrix referred to the stator can now be expressed as:

cos6, cos(6, + 2?71) cos(6, — 2?”)
L'sg = Lys|cos(6, — 2?17:) cos0, cos(6, + 2?”) (39)
cos(6, + 2?11') cos(6, — 2?”) cosO,

Using the same approach the inductances within the rotor windings can also be simplified as:

, 1 1
[L Ir + Lms _ELms _ELms ]
’ 1 I} 1
Lr:| _ELms L'y + Ly _ELms | (40)
1 1 ’
I_ _ELms _ELms L Ir +LmsJ
The flux linkage can now be expressed as:
Aabcs ] [ Ls L’SR] [ iabcs ]
! =\, N I I 41
[A abcr (L SR)T L T Uaber ( )

Equation (41) can be transformed to the arbitrary reference frame as indicated in Equation
(42) (Krause, 1986).
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A KLoK ™' KoL'spK. "' [iga
[AZO] ) [Kr(f's;)’s" K, IgrLffKrr‘l] g [lid‘l] )
Where;
[cos® cos (9 — 2?”) cos (9 — 4?”)]
K = gllsine sin (6 - 2?”) sin (9 - 4?”)J| (43)
1 1 1
2 2 2
cosf sinf 1
K= cos (9 — 2?71:) sin (6 - 2?”) 1 (44)
cos (0 - 4?11) sin (9 - 4?”) 1
[cos[)’ cos (ﬁ - 2?”) cos (ﬁ - 4?”)}
K, = %lsinﬂ sin (,8 - 2?”) sin (,8 - %)J (45)
1 1 1
2 2 2
cosf sinf 1
Kr_l _|cos (ﬁ - 2?”) sin (,B - 2;”) 1 (46)
cos (ﬁ - 4?”) sin (,3 - 4?”) 1
Where;
B=6-6, (47)

K, is the transformation matrix and K; ! the inverse transformation matrix for the stator
parameters, K, is the transformation matrix and K, ! the inverse transformation matrix for
the rotor parameters.

Evaluating Equation (42) with Equations (43)-(46) yield the flux linkage in the arbitrary
reference frame as shown in Equation (48).

Comparing Equation (48) with Equations (32)-(35), it is clear that 6, has been eliminated
from the flux linkage equations by using the arbitrary reference frame transformation. It
means that the flux linkage is no longer a function of rotor position.

3 -

Ly + 2L, 0 0 2 s 0 0 ,
Ags 2 X 2 , igsT
Ads 0 Lls + ELmS 0 0 ELmS 0 ids
Ao 0 0 L, 0 0 0 ios
=1 s S X | (48)
A’qr > Lins 0 0 L'y + 2L 0 0 ar
dar 3 ’ 3 Lar
e 0 > Lins 0 0 L'y +2Lys 0 i
0 0 0 0 0 L,
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Ly = ELms (49)

3.3. Voltage equations in arbitrary reference frame

Recalling and repeating the voltage equations in the natural reference frame in section 3.1,
for ease of reading only, now it is presented in matrix format.

< . dlabcs
Vabes = Tslabes + dt (50)
’ Y Y Al gper
Vaber =7 vl aber + dt (51)

Taking only the stator voltage equations as in Equation (50) and only considering the
resistive part, it can be transformed to the arbitrary reference frame as follows:

Vggf)s = KsTsKs_liquS (52)
. 0 0
KsrsKs‘1=[0 s 0] (53)
0 0 r
Therefore;
ng%s = rsiquS (54)
Where;
., 0 O
s = [O Ts 0] (55)
0 0 r

The superscript ‘res” refers to the resistive part of the voltage equation.

Now considering only the inductive part of the of the voltage equation as in Equation (50)
which can be transformed to the arbitrary reference frame as follows:

i d _
vclzrclic(l)s T st_t [Ks 1Aqus] (56)

Expanding Equation (56) using the product rule:
ind

d
Vqdos = Ks—

— _1 d
Sdt [Ks 1]/1qu5 + KsKs 1 E/‘lquS (57)

Now, evaluating parts of the terms in Equation (57) separately;

Knowing that;

6 = [ w(©) d¢ +6(0) (58)
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Where ¢ is a dummy variable for integration.
—sinf cos6 0
. 2T 2T
Lk = 0|75 (6-%) cos(6-%) o (59)
, ( 21 21
—sin(6 + ?) cos (9 + ?) 0

0 w O
] (60)

d L
Ksa [Ks 1] = l—w 0 0
0 0 0

10 0
KK:*=[0 1 0 (61)
0 0 1

Using Equations (58)-(61) to evaluate Equation (57) yields;

d Aqs
+ — | Ags (62)

md Ads
ind _ _
Vgdos = @ [—4 p”

Aos

qs
0

The superscript ‘ind” refers to the inductive part of the voltage equation.

Now adding the voltage equations for the resistive and inductive parts gives the full stator
voltage equations in the arbitrary reference frame.

iqS Ads A

s 0 0 S
quOS = [0 TS 0] idS + w —Aqs + E Ads (63)
0 0 rlli, Aos

Using the same method the rotor voltage equation can be determined.

'y 0 0 ][t A ar Nar
Vigaor =| 0 7 0 [fi'gr |+ (@ =) |24 | + 7 [Aar (64)
o o ||i, 0 Ao,

Where w is the rotational speed of the reference frame and w, is the rotational speed of the
rotor.

The model developed up to now is a general model in the arbitrary reference frame which
means that this model can take the form of any reference frame depending the value
substituted for w , therefore called arbitrary.

Different reference frames are obtained by substituting the appropriate value of the
reference frame speed into w. Three different reference frames are commonly used, the
stationary reference frame where w = 0, the synchronous reference frame where w is set to
the angular velocity of the supply voltage (w = w,) and the rotor reference frame where w is
set to the angular velocity of the rotor (w = w,). The use of reference frames depends on the
nature of the problem to be solved.
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3.4. Electromagnetic torque

The torque equation for a three phase induction machine is well known and is not derived
in this section. The torque equation of the three phase machine with auxiliary winding is
derived in Section 4.

T, = (g) (g) (Adsiqs 4 Aqsids) (65)

An electric motor is an electro-mechanical device and needs an equation that couples the
electrical and mechanical systems.

2

Tem =1 (2) %22+ T, (66)

Where P is number of poles, ] is moment of inertia, Tt is torque connected to the shaft and
w, is the angular rotational speed of the rotor.

3.5. Equivalent circuit

The full mathematical model of the three phase induction machine is given by Equations
(48),(63)&(64). These equations are used to develop the equivalent circuits for the three
phase induction machine as in Figure 3

w)\ds

fs Lls L’Ir rr

Figure 3. Equivalent Circuits

4. Modelling of three-phase with auxiliary winding

This machine consists of two three phase windings arranged on top of each other in the
same slots. This means that there is no displacement between the two windings. These two
windings are electrically isolated but magnetically connected. One of these windings is
treated as the main winding and will be supplied with a three phase voltage. The main
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winding is labelled with the subscript ‘abc’. The remaining winding is treated as the
auxiliary winding. The auxiliary winding is connected to static capacitors for reactive power
injection. The injection of reactive power will improve the power factor of the machine. The
auxiliary winding is labelled with the subscript “xyz’. The winding arrangement is as shown
in Figure 4.

Va -
Cx

A H
C.

Ve -
Cy

Figure 4. Winding arrangement of Main and Auxiliary Windings

The assumptions in developing the equations which describe the behaviour of this machine
are the same as the assumptions mentioned in Section 3 with one addition. It is assumed
that the main and auxiliary winding is identical. It has the same conductor cross section and
the same number of turns.

4.1. Voltage equations

The voltage equations for this machine are developed in the same way as described in
Section 3.1. There are three additional voltage equations because of the additional set of
three phase windings. For simplicity the voltage equations are represented in matrix format.
It is assumed that the main and auxiliary windings are identical and will therefore have the
same resistance.

Main Stator Windings:
, dAapcs
Vabes = Tslabes T d: (67)
Auxiliary Stator Windings:
. dA’X ZS
Vxyzs = Tslxyzs T d: (68)
Rotor Windings:
. A gper
Vaber =748 aper + d_tb (69)

4.2. Inductances

Because of the addition of the auxiliary winding the dimensions of the inductance matrix
will increase. The dimension of the inductance matrix is equal to the number of windings, in
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this case a [9 x 9] matrix. The inductance matrix can again be divided into smaller more
manageable sub-matrices as in Equation (70).

abc S abcs abcsxyzs Labcsabcr
xyz s| — xyzsabcs nyzs nyzsabcr (70)
abc r abcrabcs abcrxyzs Labcr

where Labes, Lxyzs, Laber are the inductances within the different three phase sets of windings.
The other sub-matrices refer to mutual inductances between different sets of windings. This
includes stator and rotor windings, for example Labesxyzs refer to the mutual inductance
between the main winding and the auxiliary winding on the stator. Many of the inductances
in this structure are very similar to that of the conventional three phase machine. Therefore,
many of the developed inductances in Section 3 can be used.

1 1
[Lms + Lls - E Lms - E Lms ]
1 1
Lapes = nyzs =1~ ELms Lins + Lis - ELms (71)
1 1
) Lms ) Lms Lms + Lls
1 1
Lmr + Llr p) Lmr ) Lmr
1 1
Laoper =| — 2 Ly Loy + Ly 3 Ly (72)
1 1
- E Lmr - ELmr Lmr + Llr
[ cosé, cos(6, + 2?”) cos(6, — 2?”)]
2 2
Labesaber = nyzsabcr = Ly |cos(8, — ?n) cos6, cos(6, + ?71) (73)

[cos(Gr + 2?”) cos(6, — 2?”) cosO, J

Labcrabcs - Labcrxyzs - Labcsabcr (74)

All of the above was taken from Section 3 because of similar relationships between the
windings. The only sub-matrices remaining are the two describing the inductances between
the main and auxiliary windings on the stator. For determining the expressions of all the
elements of the sub-matrices, equation (18) is used.

Lasxs Lasys Lgszs
Labcsxyzs = Lbsxs Lbsys Lbszs (75)

LCSJCS LCS_’VS LCSZS

Where;
Losxs = Lbsys = Leszs = Lips COS(OO) = Lps (76)
° 1
Lasys = Laszs = Lpsxs = Lpszs = Lesxs = Leszs = Lims COS(ilZO ) = _ELms (77)

Now;
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1
[ Lms -5 Lms 3 Lms]
1 1
abcsxyzs =|- o m L Lms 3 Lms I (78)
1
[ E L ms Lms J
It can be shown that;
nyzsabcs = Labcsxyzs (79)

Mutual leakage inductance exists between the main and auxiliary windings because they are
sharing the same stator slots. This mutual leakage inductance should be reflected in
Equation (78) but are neglected for the purpose of this study.

Transforming the inductance matrix in the natural reference frame to the arbitrary reference
frame as explained in Section 3.2 yields the following inductance matrix in the arbitrary
reference frame.

Lgis] fLes O O Lp, O O L, O 07
Lais 0 Lgx O o L, O 0o L, O
Loqs 0 0 L O 0 0 0 0 0
Lgzs L, O 0 Ly, O 0o L, O 0
Lips{=10 Lpn O 0 L O 0o L, O (80)
Loas 0 0 0 0 0 Ls O 0 0
Lgr L, O 0 L, O 0 L, O 0
Lgy o L, O o L, O 0 L, O
Loy L 0 0 0 0 0 0 0 0 L'
Where;
Lys=Lis+ Ly (81)
Ly =L'y + Ly (82)

Where the subscripts ‘1’ refers to the main stator winding, 2" refers to the auxiliary stator
winding and ‘7’ refers to the rotor winding.

Because flux linkage appears in the voltage equations it is very convenient to represent flux
linkage instead of inductance.

A=LI (83)

Where Equation (83) is in matrix format and refers to any flux linkage in the system.

4.3. Voltage equation in the arbitrary reference frame

The voltage equations as developed in Section 4.1 can be transformed to the arbitrary
reference frame. This is quite an easy task when the developments in Section 3 are used. The
equation for the main winding on the stator and the rotor winding remains the same as that
for the conventional three-phase machine as shown in Equations (84)-(85).
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s 0 07riqus Aa1s 4 Aqis]
Vqdols = [0 Ts 0] [idls tw _Aqls + at Adis (84)
0 0 rllipgs 0 Ao1s ]
‘ [l qr A dr p Agr
v,qur — ' gr| + (0 =) = qr + o g (85)
Lor 0 _/101”

The voltage equations of the auxiliary winding are different from the main winding because
no voltage is applied directly to the winding. Capacitors are rather connected to the
auxiliary winding as in Figure 4. It is therefore important to develop the voltage equation
for a capacitor in the arbitrary reference frame. This is given in Equation (86).

) Veaoz
Vegaozs = Ef[ichsz]dt + w | —Vcqo2 (86)
0
Now, the voltage equation for the auxiliary winding becomes;
rs lq25 /1d2$ Aqu VCqZ
Vgdozs = 0= lazs q25 E AdZS + Vegs (87)
Lozs Aozs 0

4.4. Electromagnetic torque

The electromagnetic torque can be derived from the energy stored in the coupling system.
The stored energy for a normal three-phase can be written as Equation (88) (Krause, 1986).

1,. . . I 1., / ’ v
E (labcs)T(Ls - Llsl)labcs + (labcs)TL srlaber + E (L abcr)T(L r L lrl)l abcr (88)

Where I is the identity matrix. The machine is assumed to be magnetically linear and
therefore, the field energy Wris equal to the co-energy W...

The change in mechanical energy in a rotational system delivering mechanical power is
given as:

AW, = TemdOrm (89)

Where Tem is electromagnetic torque and 6,,, is the actual angular displacement of the rotor.
The flux linkages, currents, Wy and W, are all expressed as a function of the electrical
angular displacement®, .

0, = (g) Orm (90)
Substituting Equation (90) into Equation (89) yields:
AWy, = Ty = d0, (91)

Because Wy=W the electromagnetic torque can be evaluated with:
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ow
. P c(ij,0r
Tem(lj’ 01") = ;% 92)

Substituting Equation (88) into Equation (92) gives the electromagnetic torque of the stator side as

P .7 0[Lg] .
E za—erls (93)

Where,

s = [ iabes ixyzs] (94)

L L
Ls — abcs abcxyzs (95)

nyzabcs nyzs
Les = (Ls - Lls) (96)

Substituting Equation (95) into Equation (93) gives the torque for each of the stator currents.

_ P T a[Labcs]
Tem — (( iabcs) iabcs
2 a0,

8[Labexyzs] T 9[Lyyzs]
+( iabcs)T % ixyzs T ( ixyzs) a:;;;zs ixyzs T
T 8[Lyxyzabes]
+( ixyzs) % iabcs) (97)

Applying the transformation from ‘abc’ to “dq0’ yields the torque equation:

3P . , , .
Tem = 22 (}ldlslqls - Aqlsldls + AdZSqus - /1q25 leS) (98)

4.5. Equivalent circuit

The electrical system of this machine as described by Equations (80)&(84)-(87) can be
represented with an equivalent circuit. The zero sequence circuit diagram is omitted because
the system is assumed to be balanced.

WAg1s

L‘Ir (w'wr))\dr rlr

Vq1s

Vir

Vd1s

Figure 5. Equivalent ‘qd’ circuit diagrams
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5. Simulation results

The derived mathematical models implemented in the Matlab/Simulink environment can be
used to generate steady-state and dynamic simulation results. The machine without
compensation is used as reference. Capacitance is added to the auxiliary winding and
compared with the behaviour of the reference machine. This will show the effect of the
capacitors connected to the auxiliary winding on the performance of the modified machine.
The dynamic model can be used for steady state analysis by taking readings after the
transient.

5.1. Steady state analysis

The main objective of the modifications done in terms of the addition of the auxiliary
winding is to improve the poor power factor an induction motor has. It is therefore
important to focus on the behaviour of the machine parameters that involves power factor
when introducing reactive power injection.

Figure 6 shows that the injection of reactive power in the auxiliary winding improves the
power factor of the motor. The bigger the size of the capacitor, the more reactive power is
injected and hence the better the power factor. For this specific machine, capacitors of 30uF
connected per phase as in Figure 4 leads to a power factor very close to unity.
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| |
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‘ ‘ ‘ ‘ =330 microF
0 0.2 0.4 0.6 0.8 1 1.2 14

Load Torque (pu)

Figure 6. Torque — Power Factor waveform
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Figure 7. Torque — Reactive Power waveform

With the increase in power factor as seen in Figure 6 it is expected that less reactive power
will be drawn from the source with the addition of capacitors to the auxiliary winding.
Figure 7 supports this expectation. In Figure 7 the reactive power drawn from the source
reduces with increasing capacitor size.

Because the reactive component of the supply current decreases with the reactive power
injection, the magnitude of the supply current therefore decreases. This is shown in Figure 8.

14
1.2F
;, 0 ///
k=
2
50.6F
o
0.4r B
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0.2F =¥ 10 microF
=20 microF
3 ‘ ‘ ‘ ‘ ‘ == 30 microF
00 0.2 0.4 0.6 0.8 1 1.2 14

Load Torque (pu)

Figure 8. Torque—Current waveform
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Figure 9. Torque Efficiency waveform

The active power drawn from the source consists of different components of which one is
copper losses (I’R losses). With the decrease of current shown in Figure 8, it is logical that
the copper losses of the main stator winding will also decrease. This will lead to a decrease
in active power drawn from the source without a change in output power and hence the
improvement in the efficiency of the motor as seen in Figure 9.
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Figure 10. Capacitance-Power Factor waveform
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Figure 11. Capacitance-Efficiency waveform

The effect that the change of capacitance has on the performance of the machine is studied in
Figures 10 and 11. Figure 10 shows that as the capacitance increase the power factor also
increases. It also shows that it is possible to over-compensate the machine which will lead to a
decreasing power factor. With the current machine at the current load it can be seen that the
optimum value for the capacitor is slightly less than 35uF and will lead to a power factor close
to unity. Figure 11 shows the improvement in efficiency as capacitance increases. The
efficiency of this machine at current load can be improved with about 0.07 as seen in Figure 11.

5.2. Dynamic analysis

Steady-state analysis is not always sufficient in determining the behaviour of an electrical
machine. Transient and dynamic periods are the most likely periods for harming an
electrical machine. The dynamic model will show the exact behaviour of the machine during
transient and or dynamic periods.

Power Factor

----- Uncompensated
— Compensated

15 2 25 3
Time (seconds)

Figure 12. Power Factor
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Figure 13. Efficiency

The dynamic behaviour of a compensated and uncompensated induction machine is
compared in Figure 12. The uncompensated machine (dashed waveform) has a low power
factor when starting and settles at a power factor of just more than 0.7. The compensated
machine (solid waveform) has a higher power factor when starting and settles at a power
factor close to unity. This shows how effective this concept is in power factor correction.

The earlier statement that the improvement in power factor will improve the efficiency is
supported in Figure 13.

The inrush current of the machine is shown in Figure 14. This machine has a transient state
when starting where the current can reach eight times rated current.

The current of the auxiliary winding is shown in Figure 15.
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Figure 14. Phase Currents — Main Stator Winding
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Figure 15. Phase Currents — Auxiliary Stator Winding

6. Experimental validation

In order to validate the theoretical model with the practical model, three capacitor values of
10, 20 and 30uF are used for the three phase auxiliary winding.

o o

Figure 16. The Experimental set up
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The stator current of the motor is observed for both uncompensated and compensated
windings. It is seen that the starting current for the uncompensated winding is high as
compared to the compensated. The current at steady state also identifies the stator current
for the uncompensated to be lower as compared to the compensated. These results are
shown in figures 17 and 18.
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Figure 17. Stator current of uncompensated winding
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Figure 18. Phase Currents-Stator current of the compensated winding

Other experimental results such as the active power versus the capacitance and power factor
versus capacitance are shown in figure 19. These results conform to the theoretical
simulations.
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Figure 19. Experimental results of active power and power factor versus capacitance values
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Figure 21. A p.u plot of torque versus p.u. loading for various angles

Since the effective capacitance varies with load when there is an application with varying
load, the machine might not always operate at optimum power factor. A possible solution to
this is to implement a thyristor controlled static switch or a PWM controller between the
capacitors and the auxiliary winding; this will make the capacitance and therefore power
factor controllable. Finally, further experiment is carried out on the active power per phase,
the power factor versus firing angle and the per unit torque versus per unit loading where
the switched series capacitor is connected to the auxiliary winding. The static switching is
such that only the required level of reactive compensation is allowed. Figures 20 and 21 are
the experimental results obtained based on this analysis.

7. Conclusion

A study has been conducted on a 0.75 KW machine with 380V, 50Hz supply for an effective
power factor correction. This has been achieved by connecting the main winding to the three
phase supply and the auxiliary winding to the fixed capacitors for reactive power injection.
The modified machine with reactive power injection has potential compared to the
conventional three-phase machines. It is seen from the waveform analysis that the machine
has capability of reducing the starting current. Simulation results have shown a good
improvement on both power factor and efficiency when introducing the reactive power
injection with increase of capacitor value. Both steady-state and dynamic analysis together
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with experimental set up has shown a great improvement compared to the uncompensated
machine. Another very important improvement is the supply current decreasing with
increasing capacitance. This is not the case with conventional power factor correction
techniques because the reactive power needed is still drawn through the only stator winding
set. This advantage of the modified machine may potentially reduce installation costs as
smaller supply cables can be used.

Despite its good performance it has certain drawbacks. The machine would be bigger in
structure than a conventional machine. More copper is needed for the additional
winding and more insulating material is needed. This would make the machine much
more expensive than the conventional three phase machine. Another drawback of this
concept is that the capacitors have to be sized for a specific load. When there is an
application with varying load, the machine might not always operate at optimum power
factor. A possible solution to this is to implement a PWM controller between the
capacitors and the auxiliary winding; this will make the capacitance and therefore power
factor controllable.

This modified induction machine has a research potential with the recent focus on energy
efficiency. Further research needs to be carried out on the performance behaviour of this
machine.
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