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1. Introduction

In the quantum field theory with the vacuum being the ground state the Green functions are
the vacuum expectation values of the chronological, retarded or advanced products of the
field operators (Bjoken & Drell, 1964; Itzykson & Zuber, 1985; Peskin & Schroeder, 1995).
They are the generalized functions of the real time variables # (and also other spatial
coordinates). For the application of the Green function technique to the study of the time-
independent phenomena in equilibrium many-body systems at a finite temperature, the
Matsubara imaginary time Green functions were introduced and widely used (Abrikosov et
al., 1975; Bruuns & Flensberg, 2004; Haken, 1976). They are the mean values over a statistical
ensemble at a finite temperature of the chronological products of the imaginary time-
dependent operators. Both these types of Green functions are inadequate for the application
to the study of the time-dependent phenomena in the many-body systems with a finite
density and at a finite temperature, in particular the non-equilibrium systems. For the
application to the study of the time-dependent dynamical processes in non-equilibrium
many-body systems Keldysh (Keldysh, 1965) has introduced a more general class of time-
dependent Green functions at finite temperature and density. They are the mean values of
the time-ordered products of quantum operators in the Heisenberg picture over statistical
ensembles of many-body systems with finite densities and at finite temperatures (which
may be non-vanishing). The simplest example is the two-point Green function

: Tr{e™T b(0
G, () = ~i(T[a(t)b(0)]) = —i L1 Tr{iﬂgfl)} O)]}

, (1.1)

where a(t) and b(f) are two quantum operators in the Heisenberg picture, H is the total
Hamiltonian of the system, f and T are the Boltzmann constant and the temperature.

Having shown that the Green functions at finite density and temperature of the form (1.1) can
be analytically continued with respect to the time variable t to become the functions of a
complex variable z analytical in the stripe -f < Im z < 0 parallel to the real axis, Keldysh
(Keldysh, 1965) has proposed to consider these functions as the quantum statistical averages of
the linear combinations of the products of ordered operators depending on complex variables
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as complex times. For the definition of the ordering of the complex variables z, z" it was
proposed to use some contour C in above-mentioned stripe with some initial point fy on the
real axis and the final point f, —if such that all the complex numbers z, z’... belong to this
contour. Then the “chronological” ordering Tc of the complex times z, z” ... is defined as the
ordering along the contour C. The complex time-dependent operators a(z), (z) and @(z),b(z),
for example, are defined in the analogy with the operators in the Heisenberg picture

a(z) = e"a(0)e ",
b(z) =e"b(0)e ",

a(z)=e"a"(0)e"",
b(z) = e™b*(0)e ™.

(1.2)

As the generalization of formula (1.1) one defines the two-point Green function of two
operators a(z) and b(z"), for example, depending on two complex times z,z' € C, as follows:

o , Tr{e™T.[a(z)b(z
Gy(z=2). ==i(T.la(ab(z)]) = - fREN, 13)

Tc denoting the “chronological” ordering along the contour C. The Green functions of the
form (1.3), usually called the Keldysh complex time-dependent Green functions at finite
density and temperature, some time also simply called non-equilibrium Green functions, are
widely used in quantum statistical physics and many-body theories (Chou et al., 1985;
Kapusta, 1989; Le Bellac, 1996).

In practice we need to know the Green functions at the real values of the time variables. For
the convenience we chose the contour C to consists of four parts C=C, uC,uC,uUC, ,
being the part of the straight line over and infinitely close to the real axis from some point
t, +io to infinity 4o +io, C; being the part of the straight line under and infinitely close to
the real axis from infinity +co—io to the point f,—io, C3 and C, being the segments
[t,,t, —iB] and [+0+i0, + 0 —io] parallel to the axis Oy (figure 1).

The contributions of the segment [+ +i0, + o0 —io] to all physical observables are negligibly
small, because of its vanishing length. Therefore this segment plays no role, and the contour
C can be considered to consist of only three parts C;, C; and Cs. Then the function
G, (z—2Z"). with the complex time variables z and z" on the contour C effectively becomes a
set of nine functions of two variables, each of which has the values on one among three
segments C;, C; and Cz. When both variables z and z” belong to the line C;, the function (1.3)
is the quantum statistical average of the usual chronological product of two quantum
operators a(t) and b(t") in the Heisenberg picture over a statistical ensemble of a many-body
system at finite density and temperature, and can be denoted by G, (t-t'),,. When both
variables z and z" belong to the line Cs, the function (1.3) is reduced to the Matsubara
imaginary time Green function and can be denoted G, (-it+it'),, .

In the study of stationary physical processes one often uses the complex time Green functions
of the form (1.3) in the limit #, - —co. Because the interaction must satisfy the “adiabatic
hypothesis” and therefore vanishes at this limit, the segment C; also gives no contribution to
the stationary physical processes. In this case the contour C can be considered to consist of
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only two segments C; and C,, and the complex time Green function (1.3) effectively becomes a
set of four functions of real variables G, (t—t'),,, G,(t—t),, G,(t—1t),, G,(t—t),,.

z
totio = trtio
@ >
Co
<
to —io G b —io
C
’ Y t1—> o0
]
to —if3 C=C,uC,uC,uC,

Fig. 1. Contour C consists of four parts C=C, uC, uC, UC, .

The electrons transport through a single-level quantum dot (QD) connected with two
conducting leads has been the subject for theoretical and experimental studies in many
works since the early days of nanophysics (Choi et al., 2004; Costi et al., 1994; Craco & Kang,
1999; Fujii & Ueda, 2003; Hershfield et al., 1991; Inoshita et al., 1993; Izumida et al., 1997,
1998, 2001; Konig & Gefen, 2005; Meir et al., 1991, 1993; Ng, 1993; Nguyen Van Hieu &
Nguyen Bich Ha, 2005, 2006; Nguyen Van Hieu et al., 2006a, 2006b; Pustilnik & Glasman,
2004; Sakai et al., 1999; Swirkowicz et al., 2003, 2006; Takagi & Saso, 1999a, 1999b; Torio et
al., 2002; Wingreen & Meir, 1994; Yeyati et al., 1993). Two observable physical quantities,
which can be measured in experiments on electron transport, are the electron current
through the QD and the time-averaged value of the electron number in the QD. Both can be
expressed in terms of the single-electron Green functions. In the pioneering theoretical
works (Meir et al.,, 1991, 1993) on the electron transport through a single-level QD, the
differential equations for the non-equilibrium Green functions were derived with the use of
the Heisenberg equations of motion for the electron destruction and creation operators. Due
to the presence of the strong Coulomb interaction between electrons in the QD, the
differential equations for the single-electron Green functions contain multi-electron Green
functions, and all the coupled equations for these Green functions form an infinite system of
differential equations. In order to have a finite closed system of equations, one can assume
some approximation to decouple the infinite system of equations. Moreover, since the
electron transport is a non-equilibrium process, one should work with the Keldysh
formalism of non-equilibrium complex time Green functions.

As the simplest explanation of the calculation methods for establishing the differential
equations of non-equilibrium Green functions and deriving their exact solutions, in Section
2 we present the theory of non-equilibrium Green functions of free electron in a single-level
quantum system. In Section 3 we study non-equilibrium Green functions of interacting
electron in an isolated single-level QD. The elaborated calculation methods are then applied
in Section 4 to the study of non-equilibrium Green functions of electrons in a single-level QD
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connected with two conducting leads. Due to the electron tunneling between QD and
conducting leads there does not exist a closed finite system of differential equations for
some finite number of Green functions. In order to truncate the infinite system of differential
equations for the infinite number of Green functions we can apply some suitable
approximation. In Section 5 the mean-field approximation was used to truncate the infinite
system of differential equations for the Green functions. As the result we establish a closed
system of Dyson equations for a finite number of Green functions. This system of
differential equations can be exactly solved. The asymptotic analytical expressions of these
Green functions at the resonances, Kondo and Fano resonances, are derived in Section 6.
Section 7 is the Conclusion.

2. Non-equilibrium Green function of free electrons in a single-level quantum
system

For the demonstration of the calculation methods to derive the differential equations and the
expressions of the non-equilibrium Green functions let us consider a simplest quantum
system - that of free electrons at a single energy level E. Denote by ¢, and ¢ the
destruction and creation operators of the electron with the spin projection c=T,{ in the
Schrodinger picture and by Hy the Hamiltonian of this system. We have

H,=E) clc, . (2.1)

The non-equilibrium Green function of electron system with Hamiltonian (2.1) is defined as
follows:

Trie "M T [c, (2)c, ()]} (2.2)
Tr{e Pt} ,

Sto(z—2)c = =i(Tele, (2)C, (2)]) = i

where

iHyz —-iHyz
4

cy(z)=e"c e
iHyz' + —iHyz'

c (Z)=e""cle &)

Note that at the real values t of the time variable we have ¢ (t)=c!(t)=c,(t)". Complex
time-dependent operators c_(z) and c,(z) satisty Heisenberg quantum equation of motion

dc (z
Z% - _[HO’CU(Z)] 7

d_f ) (2.4)
.dc (z _
Z;l— = —[HO,C“(Z)] .

z
From the canonical anti-commutation relations
{CG’C:;'} = 850' 4
(2.5)

it follows that
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;e (2) _ Ec.(z),
a4z (2:6)
;4c.(z) _ ~Ec.(2).
dz

Green function S!,(z-z'). with both variables z and z” ranging over contour C is a set of
nine functions S_,(z-2'), with the variable z(z") ranging over the segment Ci(C;j). All they
have the form

Sfﬁ’(z — Z’)C = S{m,SE(Z - Z')C 4 (2 7)
S:o’(z - Z’)ij = 600'SE(Z - Z,) ° .

Y

First consider three cases when both variables z and z” belong to one and the same segment
C,i=1,2,3 For z,7€C, ,z=t+io,,z =t'+io, Tcis the usual chronological ordering T of
the real times t and ¢":

Tle, (#)e, (£)] = 6(t =), (£)c, () = B(F = F)ey (), (F)-

Using one of equations (2.6) and one of anti-commutation relations (2.5), we derive the
differential equation for S’ (z-z"), =S (t—t'), and obtain

{i%—EJSE(t —t), =8(t—t). (2.8.1)

For z,z2'eC, ,z=t-io,,z =t'—io, Tc is the anti-chronological ordering T-! reverse to the
usual chronological ordering T of the real times f and t":

T e, (e ()] = O(F — £)e, (e (1) — (¢~ )es (F)e, (0).

In this case we have the differential equation

[i% - E}SE(t —t), =-8(t—1). (2.8.2)

For z,z2/€C, ,z=t,—it,,z'=t,—it’, Tc becomes the usual chronological ordering T of the
real values T and 7’ in the imaginary times it and i7’, 0< 1,7 <f, and we have

Scfc' (Z - Z’)as = S(fc’(_ir + iT')aa = _iéic'('c I T’)' (29)

where & (t—1')is the Matsubara imaginary time-dependent two-point Green function in
statistical physics

S, (t-1)=8,,5" (- ) = (T.[1,()7.(¥)]), (2:10)
where

Hyr ~Hyr
4

v.(r)=¢e""c e
Hyr + -Hyr

7o(z)=ccle .
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and

T [v,(0)7. (v)] = 8(z = ')y, (0)7, (¥) = O(% = )7, (¥)7, (0). (2.12)

The Heisenberg quantum equation of motion for imaginary time-dependent operators (2.11)
has the form

dy (t
AL _h, 1, @)
pu E ) (2.13)
T \
=2 =[H,, 7,0
T
From the anti-commutation relations (2.5) it follows that
dy (t
L9 gy, )
-~ t (2.14)
() _ gy (),
dt
and therefore
d E / !
{—+E}é (t—1)=58(t-1"). (2.15)
dt
In the analogy with relations (2.9) we set
St (it +it'), =—i8"(t -7 (2.16)
and rewrite equation (2.15) in the form similar to equations (2.8.1) and (2.8.2):
.d Bl . ,
i———E |S"(—it+i7),, =id(t—7'). (2.17)
d(—it)

Now consider six other cases when two variables z and z’ belong to different segments C;
and C;withi#j. For z=t+ioeC, and z'=t'-i0 € C, the values of z always precede those of
z’ with respect to the ordering along the contour C and therefore

T [c (t+1i0)c, (t'—i0)]=—c,(t'—io)c (t +i0).
Similarly, for z=t+ioeC, or z=t-ioeC, and z'=t,—iteC, we have
T.[c (ttio)c,(t, —it)]=—c,(t, —it)c, (t L io).

On the contrary, for z=t-ioeC, and z'=t'+ioeC, the values of z” always precede those
of z with respect to the ordering along the contour C and therefore

T [c (t—io)c (t'+i0)] =c_(t —io)c,(t' +io0).

Similarly, for z=t —iteC, and z'=t'+ioeC, or z'=t'—-io e C, we have
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T [c (t, —it)c, (t £io)]=c_(t, —it)C, (t' tio).

In all six later cases the differential equations for corresponding functions S*(z-z2'),, i#j,
are six homogeneous ones:

d d
——E|S"(t-t),=|i——E|S*(t-t
B[S, =i |51,

. d . . d £ .
= [15 - E}SE(t —t, +i1),, = {15 - E}S (t—t, +i1),, (2.18)
=1 d, —E|[S"(t,—it— 1), =|1i d, —E|S"(t,—it—1t),, =0.
d(—it) d(—it)
By introducing a new notation
d(t—t) forz,z eC,,
—d(t—t") forz,z' eC,,
o - 2 219
8(z=2) i8(t—1') forz,z' eC,, @19)
0 forzeCi,z'eCj,i;tj
we rewrite equations (2.8.1), (2.8.2), (2.17) and (2.18) in the unified form
. d E ’ ’
ld——E 5(z-72).=08(z-2). . (2.20)
z

From above presented reasonnings and relations determining nine functions S"(z-z'),, and
formula (2.1) for total Hamiltonian, it is straightforward to derive explicit expressions of
these functions. They depend on the average electron number with a definite spin projection

n={n,)= <C;CU> _ %. (2.21)
We obtain following results:
S¥(z—-2),, =—=i[0(t —t") —nle ™", (2.22.1)
S¥(z-2'),, =—i[0(t' —t) —n]e """, (2.22.2)
S¥(z-2), =—i[0(t— 1) —nle ", (2.22.3)
S¥(z-72), =ine™", (2.22.4)
S¥(z-72), =—i(1-n)e ™", (2.22.5)
SE(z—2')3 = SE(z—2') 5 = inelTe ET), (2.22.6)
SE(z—2")3, = SE (2= 2')5y = —i(1—n)e Ere E™D), (2.22.7)
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They satisfy above presented differential equations (2.8.1), (2.8.2), (2.17) and (2.18),
respectively.

For concluding this Section we consider the Fourier transformation of the functions
S (z-7),:

S (z-7), = 1 j doe ™S ).,  i,j=1,2, (2.23.1)
] 271: y
SE(z=2");5 = LY [doe 0708 () 5, i=1,2, (2.23.2)
27
SE(z—2)y = 1 [doe 0755 (@), i=1,2, (2.23.3)
27
S*(z-7), = —i%Z e IGE, (2.23.4)

e, =(2v+1)Z, v=0,+1,2,..

From the expressions (2.22.1)-(2.22.7) of the functions S*(z-z"), it follows that

ij

S5 (), = ; +i2nn8(w— E)
o-E+ o - (2.24.1)
. —e€
-p - 8(w—E),
o—E m1+e’BE (0=F)
- 1 .
5% (w),, =————+i2mnd(w—E)
o-E- SO (2.24.2)
=-P —in——¢ d(w—E),
o-E 1+e*
where P means the principal value,
S¥(®),, = i2mnd(w—E), (2.24.3)
S5 (®),, =—i2n(1—n)d(w - E), (2.24.4)
S5 (),, = i2nnd(w — E), i=1,2, (2.24.5)
S¥(w),, = —i2n(1—n)8(ow — E), i=1,2, (2.24.6)
SF = L (2.24.7)
ie, +E
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The explicit expressions of Green functions of free electrons presented in this Section are
often used in the theoretical studies of non-equilibrium processes by means of the
perturbation theory.

3. Non-equilibrium Green functions of electrons in isolated single-level
quantum dot

The calculation methods and reasonnings presented in the preceding Section are now
applied to the study of the Keldysh non-equilibrium Green functions of interacting electrons
in the simplest nanosystem - the isolated single-level quantum dot (QD) with total
Hamiltonian

H=EY cc +UN,N,, 3.1)

where U is the value of a potential energy, c =T,{ denotes the spin projection (if =T then
~o =| and vice versa) and

NG = C;Cc (32)

is the number of electrons with the spin projection o. The second term in Hamiltonian (3.1)
is the potential energy of the Coulomb electron-electron interaction (two electrons with
different spin projections in one and the same energy level). The interacting nanosystem
with total Hamiltonian (3.1) is an exactly solvable model. There are four exactly determined
eigenstates and eigenvalues of H: the vacuum with vanishing energy, two degenerate
single-electron states with two different spin projections and the same energy E, and a two-
electron state with total energy 2E+U. The Keldysh complex time-dependent two-point
Green function of two operators c¢(z) and c(z') is defined as follows

Tr{e™T.[c(z)c,(Z)]}

Guslz =) =T Le ()L () =i BT 3
with total Hamiltonian (3.1). They have the form
Gco" (Z - Z’)C = SGG'G(Z - Z’)C' (34>

As in the preceding Section, we choose the contour C to consist of three segments C;, C; and
Cs. Then G(z-2z'). becomes the set of nine functions G(z-z'),, i,j=1,2,3. The calculations
of these functions are straightforward, as they have been done in the preceding Section for
free electrons at a single energy level. We obtain following results:

o :i . N[ piE(tE) —BE _—i(E+U)(t-t')
G(z-2), Z{ o(t—t")[e +e'e ] (3.5.1)

+9(t' _ t)[e—BEe—iE(t—r') 4 PREAD poi( B (1) ]} ,

' l ! —iE(t-t' —-BE —i(E+U)(t-t'
G(Z_Z)ZZZE{—e(t —t)[e (1) | o PE pi(E+U)( )] (352)

+e(t _ tr)[e—BEe—iE(t—t’) 4 p PREAD poi( B (1) ]} ,
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G(z-7), =iQ(t—1),

G(r) = %{ [0(t)e  —O(—1)e “PF] (3.5.3)
+e—BE [e(,r)e—t(E+u) _ e(_r)ef(wﬁ)(am ]} ,

G(Z _ Z’)u — é{e—ﬁEe—iE(.‘—t') +e—[}(2E+u)e~z’(E+u)(t—t’)} , (354)

G(Z < Z')21 = é{_qu(w) —eiBEefi(Hu)(H)} P (3.5.5)

G(z=2)13=G(z-2)y3

_ i{e—ﬂEerEe—iE(t—tO) +e—,8(2E+LI)er(E+U)e—i(E+U)(t—t0)} (3.5.6)

4

and

G(z=2)3 =G(z—2)5

_ i {_e—rEe—iE(tO—t’) +e—ﬁEe—r(E+u)e—i(E+u)(t0—t')}.

Z

(3.5.7)

In the study of non-equlibrium dynamical processes by means of the perturbation theory
one often needs to use the Fourier transformation of four functions G(z-=z'), with i,j =1,2:

ij

’ ' 1 —io(t-t')
Glz-2), =G(t=1), =5 [doe G (0),. (3.6)

We have following exact expressions of their Fourier transforms:

B 1 1 o PE o P o PREAD
G((D)u == + + +

Z | o—E+io wo—-E-i0o owo—-E-U+io owo-E-U-io
1 1
=1+ |P———in[1-¢" |§(0—E (3.7.1)
e e ciaf1-e*Joto-B)
+e 1+ e’B(E*”)]P—w TR ine ™ [1- e |3(0—E - U)},
~ 1 1 e*BE e—BE e—B(2£+u)
G(CO)22=—{— T T ._ ;
Z| o—-E+i0 ow—-E-i0 ow-E-U-i0 o—-E-U+io
1 1
=——{1+e" |P——+in|1-¢" [§(w—E 3.7.2
Al e Ipt vinf1-e Jaw- b 672

+ePE |:1 + e—B(E+U)]Pﬁ+ineﬁE [1 _ e'B(E*U)]S(O) _E— U)} ,

G(w),, = %{ d(w—E)+e™d(w-E-U)}, (3.7.3)
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~ 2mi -BE —B(2E+U)
G(w),, = —7{ e"d(w—E)+e 6((0—E—U)} (3.7.4)
with

Z=1+2¢" 4 P00,

Now we derive the system of differential equations for two-point Green functions
G (t—t'), . Consider first the function withi=j =1:

i

Gt~ ), ==i{Tle, (2, ()]) - (3.8)
We have
dG_,(t-t) w el de (t) — }
e M =§ §(t—t)—i(T|i—=LC ()] ) 3.9
A0t o) -i{ 1] 19505 69)
From the Heisenberg quantum equation of motion
i% =—{H,c_(t)] (3.10)

with total Hamiltonian (3.1) it follows that

i% = Ec_()+UN __c_(b). (3.11)

de_(t)

Substituting this expression of i e;t into the r.h.s. of equation (3.9), we obtain

{Z% - E:l Gccs'(t - t') = 80‘0"6(t - t’) + UHO'O"(t - t’)ll’ (3.12)
where

Ho‘c’ (t - t’)ll = _l <T[N—Gcc(t)66'(t’)]> =
. _ . _ (3.13)
~i0(t— ) {(IN_c. (O, (E)]) + i8¢ ~ (S ()N _c. (D).

Thus the differential equation for G_(t —t'),, contains a new Green function H__(t-t'),. In
order to derive the differential equation for this new Green function it is necessary to
calculate the time derivatives of both sides of equation (3.13). Note that N-, commutes with
H and therefore does not depend on t. Moreover, it has following property

N’ =N

—c*

Multiplying both sides of relation (3.11) with N _ and using these two above-mentioned
properties of N _, we obtain

N e (0] = E+ [N, 0] (314)
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Differentiating both sides of equation (3.13) and using relation (3.14), we derive following
differential equation for the new Green function H__(t—t'),,:

{ﬁ%—@+UﬂHma—ﬂ=nQ@U—ﬂ. (3.15)

Thus both G_,(t—t'),, and H_,(t—t'),, have the common form

G(}'(}"(t 3 t’)]] = SGG'G(t - t’)'l] 4

3.16
Hca’ (t Vi t’)u = SGG'H(t ~ t’)u ’ ( )
where G(t-t'),, and H(t-t'),, must satisfy differential equations
M d ’ ’ !
{ZE—E}G(t—t)H=6(t—t)+UH(t—t)n, (3.17)
. d ' '
{1E—(E+U)}H(t—t)u =nd(t—t'). (3.18)
In preceding Section we have shown that
{ii — E}SE(t —t),, =8(t—t)
dt 11
(equation (2.8.1)). Therefore
. d E+U ’ ’
[z%—(E+U)}S (t—t), =06(t—t". (3.19)

Equations (3.18) and (3.19) show that lH(t‘—t’)11 satisfies the same inhomogeneous
n

differential equation as S (t—t') does. It follows that
H(t =), =nS"™"(t-1t).,, (3.20)
and the differential equation for G(t-1t'),, becomes
{i% - E} G(t—t),, =8(t—t")+nS™ (t-t),. (3.21)
Similarly, it can be shown that the Green function

Gy (£ = 1), = =1{B( = £)(c, ()T, (t)) = B(t = ) (T, (), (1))} (3.22)
has the form

Go‘o" (t - t,)zz = SGG'G(t - t,)2z ’ (323)

www.intechopen.com



Non-Equilibrium Green Functions of Electrons
in Single-Level Quantum Dots at Finite Temperature 383

and G(t —t'),, satisfies differential equation
. d ’ [ E+U !/
lE_E G(t-t),, ==0(t—t)+nlUS"(t-t), (3.24)

etc. In general, Keldysh complex time Green function
G..(z-2)c ==i(T [c,(2),(2)) (3.25)
has the form

G,.(z-2).=%_G(z-2)., (3.26)

oo’

and G(z-2z'). satisfies differential equation

{i% — E} G(z-2).=8(z—2'). +nUS™ (z—2)... (3.27)

4. Non-equilibrium Green functions of electrons in single-level quantum dot
connected with two conducting leads

Consider the single-electron transistor (SET) consisting of a single-level quantum dot (QD)
connected with two conducting leads through two potential barriers. The electron transport
through this SET was investigated experimentally and studied theoretically in many works
(Choi et al., 2004; Costi et al., 1994; Craco & Kang, 1999; Fujii & Ueda, 2003; Hershfield et al.,
1991; Inoshita et al., 1993; Izumida et al., 1997, 1998, 2001; Meir et al., 1991, 1993; Ng, 1993;
Pustilnik & Glasman, 2004; Sakai et al., 1999; Swirkowicz et al., 2003, 2006; Takagi & Saso,
1999a, 1999b; Torio et al., 2002; Wingreen & Meir, 1994; Yeyati et al., 1993). It was assumed
that the electron system in this SET has following total Hamiltonian
H=EY cc, +UN,N, +> > { E,(K)a,(k)a, (k) + E,(k)b; (k)b, (k)]
c k o (41)
+ 2. 2 Vi (k)e, +V, (k) c; a, (k) + V,(k)b; (k)c, +V, (k) ¢, b, (K)}
k o

In order to define the complex time-dependent Green functions we introduce the complex
time-dependent quantum operators

c(z)=e"c e™, T (z)=e"cle™,
a,(k,z)=e"a_(k)e™ , a(kz)=e"a (k)e™, 4.2)

bc(k/Z) = eiHZbG(k) e , bs(k,z) = einb;(k) o

The Keldysh non-equilibrium Green functions of electrons are defined as follows:

Gro(z=2)c =8,,G" (2= 2) ==i(T [c,(2),(2)), (4-3)

Hi (z-2) =8, H" (2= 2). ==i(T.IN_,(2)c,(2)c. (), (4.4)
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Go(k;z—2). =8, G (k;z—2'). = —i(T.[a,(k;z)c,(Z)]), (4.5)
Hi, (k;z-2') =8,,H" (k;2~2'). = ~i(T.[N_,(2)a,(k;2z)c, (2)]), (4.6)
G (k;z—2). = Scc'gmﬁ (k;z—2'). B B 4.7)

— (T [0, (K 2)e, (T (2)E ()]),
Gccf (k;z— Z,)c = Scc'C';CCﬁ(k;Z \ Zl)c B i (48)

(T e, (2)e.(2). (k2. ()]),
G (klz—2'). = SGf,G““E (k1;z—2). - (@9)

(T (k;2)a, (2)E ()5 (2)]),
G (k;z—2"). =8_G ™ (k;z—2'). (410)

=—i{T.[a_ (k;2)e, (22, (12T, ()]),

and similarly for the others G (k;z—2)., HJ(k;z—Z)., G (k;z-2)., G (k;z—2).,
G (k;z—2)., G (k);z—2'). etc.

Because there is no magnetic interaction, all Green functions (4.3)-(4.10) and other ones are
proportional to J_,. From Heisenberg quantum equations of motion and equal-time
canonical anti-commutation relations for the electron destruction and creation operators it
follows the differential equations for these operators:

i dc;iz) = Ec,(2) +UN_,(2)c,(2) + Y[ V. (K)a,(k;2) + V; ()b, (K;2) ], (4.11)
i dE;liz) = ~Ec,(2)-UN_,(2)5,(2) - 2| V, (K7, (k;2) + V, (K)b, (k;z) |, (4.12)
Z.dacl(ik;Z) = E,(K)a,(k;2)+V,(K)c,(2), (4.13)

Z
idﬁ“g;_;z) =-E, (k)a,(k;z) -V, (k)c,(2) (4.14)

and similarly for b, (k;z) and b (k;z) .

By using differential equation (4.11) and the equal-time canonical anti-commutation relation
between c_(z) and c_(z), it is easy to derive the differential equation for the Green function
Goo(2=2))c

4L —E|G (e =082, +UHE ()

dz (4.15)

+2 [V (KRG (k2= 2) + V, (K)GL (k2= 2). ],
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which contains Green functions HS,(z—-7')., G&(k;z—Z2'). and GZ(k;z—Z2').. These new
functions must satisfy following differential equations which can be also derived by using
differential equations (4.11)-(4.14):

L (B [ (a2 =18,00:- ),

dz
+> [ VI (R)HE (k;z—2') + V, (K)HE (k;z2— 2), (4.16)
k -V, (k)G (k;2=2). =V, (K)G (k;2—-2))c ],
where
n= <C;CT> = <cIc¢>, (4.17)
4L 096 522, = VG 22, @.18)

and similarly for G, (k;z—z'). .

In Section 2 we have established the differential equation (2.20) for the Keldysh non-
equilibrium Green function of a free electron. If the free electron has energy E (k) , then it is
denoted by S (z-2z'). and must satisfy differential equation

{ii—Ea(k)}SE"“‘)(z—z:’)C =8(z—-2).. (4.19)
dz

Using this function, we obtain following expression of the solution of equation (4.18)
GE (k;z—2). =V, (K)[ d2"S"™) (2~ ). G (2 - 2) (4.20)
and similarly for G (k;z-2z').. Substituting the expression of the form (4.20) for

G~ (k;z—7'). and GZ (k;z—Z'). into the r.h.s. of differential equation (4.15) for G, (z—2).,
we rewrite this equation in a new form

{ii — Ei| Gi(z-2).=8_8(z—2). +UHS, (z-2').

dz (4.21)
+I dz's"(z-2").GE (2" - 2').,
C
where £ (z-2'). is following self-energy part
=0(z-2) = Y [[V,(K)[ §4 (2~ 2). +|V, (k)] $T¥ (2~ 2).]. (4.22)

k

The differential equation for H{ (z-Z'). contains new functions H, (k;z-z2'),
HE(k;z—-2)., G:f(k;z—2)., Gi(k;z—2)., GZ(k;z—Z). and GZr(k;z—2z')., which
must satisfy following differential equations
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LB |HE (52 2). = VOHE (-2, (4.22)

and similarly for H (k;z—-2').,

{i%—Ea(k)}Giﬁf(k;z—Z')C =({a,(K)c,c, . })d(z-7),
+V, (k) H(2-2). -G (z-2), ]

i (4.24)
+Z[V )G (kl;z—2). +V, ()G (kL;z-2')]
X[V, (06 (liz = 2), +V, (NG2F (kb2 -2). ],
and similarly for G/ (k;z—2'),
d . :
{ZE—[ZE—E k +u]} (kiz-7), =({c.ca, (k) })d(z - 2),
VI (k) Hy (2-7). -G (2= 7). ]+ (4.25)

+Z{V; ()| G (Lk;z—2') + G (Lksz — z’)C]
1

+V, (l)[Gifj7 (Lksz—z2'). + G (Lksz— z')C]}

and similarly for G (k;z—2')_.

The presented calculations for deriving differential equations of Green function showed that
there does not exist a closed system of a finite number of differential equations for a finite
number of Green functions. Some approximation should be used for truncating the infinite
system of all differential equations at some step. The mean-field approximation is the most
appropriate one. In order to apply this approximation we rewrite equations (4.23)-(4.25) in
the form of integral equations:

Cc oo

HE (k;z—2) =V, (k) [dz'$"¥ (2= 2") HE (2= 2"), (4.26)
C
and similarly for H!, (k;z-z')_,
G (kiz—2), =({a, (K)c,c, 0 }) S (z- 7).
k)J.dZHSEg(k) (Z _ ZH)C |:H(C; (ZII _ Z/)C _ G;i’ (ZH _ Z’)C:'
+Idz"SE“ z—2" Z[V “(kLz" -2 +V, ()G (k12" -2, ]
—j dz'S" (z=2") Y[V, ()G (k12" =) +V, ()G (k12" 2],
C 1

(4.27)

and similarly for G (k;z-2')_,
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G;T (k,Z - Z') < {C Gcca . (k),C;,} >SZE+U—Ea(k) (Z _ Z’)C
k)J-dZ”SZBU_Eu 77 . ':H;i, (Z” _ Z;)C _ Gi’ (ZH _ Z!)C:I
C

+ .l.dz”SZE*“’E”(k) (z"- z')CZ{V: (l)[ij‘ (Lk;z" -z ) +GI (Lk; 2" — ')C]

[tha l Kk; Z”_z +G§Zﬁ (lak;ZI’_Z’)C:I }'

(4.28)

and similarly for G (k;z-2) . - Substituting these solutions into the r.h.s. of the differential
equation (4.16) for H:, (z—2z')., we rewrite this equation in the new form

|:ld£ —(E " U):|H;2 (Z _ Z')C _ nscd 6(Z _ Z/)C n J‘dzrrz(l) (Z _ ZH)C Hi (Z” _ Z')C
4 C

V) (e (e, e )s (2-2),

| V. (k)f Jaz's"™ (2= 2) [HI(2 - 7). - GL (2" -2). ]}

+jdz”ZV K)S" ™ (z—2") Z[V )G (k12" = 2) +V, (1) G (k12" - 2'), |
—Idz’ZVa (k)5 (2= 2") [V, (NG (k2" =2). + Vi (NG (kkiz"=2), | @.29)
S0l e () e -2,

+|V, (k)| [z (2 2") [HE (2" - 2), -G (¢~ 1) ]}
C

—Z[dz"Zk:Va(k)SZE*“'E”(")(z—Z")C Z{ DG (Lk;z" - 2') + G (Lk; 2" - 2'), ]}

_J. dZ”Z Va (k)SZBU—Ea(k) (Z . Z”)CZV I:Gbca l K; o Z + G;bgﬁ (l,k,'Z” . Z’)C:I
C k 1
+ similar terms with suitable interchange (2 <> b).

5. Dyson equations for non-equilibrium Green functions of electrons in
single-level quantum dot connected with two conducting leads and their
solutions

The r.h.s. of equation (4.29) for Green function H{, (z—-2z'). contains multi-electron Green
functions  GZ°(kLz-z)., GI(kLz-Z)., GI(kLz-z2)., GZ(klLz-z2)_,
Gr(klz-2)., Gi(kLz-z2),, GI(klz-z'). and similar ones with suitable
interchange (a <> b). In order to decouple this equation from those for other multi-electron
Green functions we apply the mean-field approximation to the products of four operators.
For example

([, (52)a, (K2)e, ()2 ()] ~(@. 2)e, (o) (L[ ()E(2)]) 61

with
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(@, (52)a, (1:2) =5, (7, (K)o, (1)) =5, (K), 52)

where 1, (k) is the density of electrons with momentum k and spin projection ¢ or —o in
the lead “a” at the given temperature

¢ PEa(k)
n,(k)= T (5.3)
Note that
(T.[e.(2)e, (2)])=iG5 (2= ).
As the result we have
G (lkoliz =), = =8, [1-n,(K)|G, (2~ 2) (5-4)

and similarly for G (k,1;z - 7'). . Applying the mean-field approximation to each of others
above-mentioned multi-electron Green functions in any manner, we always obtain the
vanishing mean value in the lowest order the perturbation theory with respect to the
effective tunnelling coupling constants V, , (k). Note that these functions enter the r. h. s. of
the equation (29) with the coefficients of the second order with respect to the effective
tunnelling coupling constants. This means that in this second order they do not give
contributions. Thus in the second order approximation the equation (4.29) is simplified and
becomes

L (B H (2 2) =0 82 4 (2 2),
Z

(5.5)
+ J.dz”Z(z) (z—2') HL(2"-2). - J.dz”E(S) (z-2").G5 (2"-2),,
where
A(z-72'),. = Z[V; (k)<{a70 (k)cccfc,c;}>SE“(k) (z-2'),
z (5.6)
V) e ()¢ )55 (2 2) 4 (a>b)),
=¥ (z-2'), = Z{ v, (k)|2 [25%«) (z-2), +8 0 (2 - z')C] +(a—> b)} , (5.7)
2 (z-2), = Z{nﬂ (K)|V, (k)|2 [SE”“‘) (z-2) +S* " (2 - z’)C] +(a—> b)} . (5.8)

Note that in the r.h.s. of equations (5.6)-(5.8), there appear the crossing terms containing
§*a® (2 —2")_. They must disappear in the non-crossing approximation. Two equations
(4.21) and (5.5) form the closed system of Dyson equations for two Green functions
G (z-2). and HS (z-2)..

To proceed further we note that
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(fa,(K)e,e,ci)) ==8,(a,(K)e,),

* 59)
<{c_6ccafc (k),c;}> =-3,_, <‘1_5 (k)cf6> ,
where <a76 (k)cfc> is a limiting value of the Green function G*__(k;t),, :
(a_,(k)c',)=iG"  (k;+0), . (5.10)

For evaluating the vertex (5.6) in the second order with respect to the tunnelling coupling
constants V, , (k) we calculate the limiting value (5.10) in the first order. Introduce the
Fourier transformations of the Green functions, for example

i’

G™ (k; t),,j = 2i7r jic dw e G (k;0)

S (), = 2i j do e ™5 () , (5.11)
s —00

y

Y

cc _ 1 T —iot et P =
G*(t), ——2n£dm e ™'G (m)ij fori, j=1,2.
From the equation (4.20) it follows that

G (k;o), =V, (k)5 (), G (o), (512)
For deriving G* (k;®),, in the first order with respect to the constant V, (k) it is enough to
use the expression of G* (®),, in the case of the vanishing tunnelling coupling constant and
have

11

G (k; ) :lV

(k)[ (k) 1—na<k>}

noz“ —io—E_(k +io—E_ (k
oo, (k) ot io-E, (K] 519
o PE e—ﬁ’(2E+LI) 1 o PE
X . + . + . + . 4
w—10-E w-i0o-E-U w+io-E w+io—E-U
Z=1+2e" +¢ 5
It is easy to calculate the limit
ac : 1 N —iwe at
G (k;+0), = 1332_751610) e G"(K;0), (5.14)
by using the residue theorem and obtain
(a,(k)c”)==v,(k)V,(k), (5.15)

where
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K)=— BE
A i - T R E+U—E, (k)

(5.16)

1[en —[1+e"n (k) eB(E+”)—[1+eB(E*”)}na(k)}

The formula (5.6) becomes

Az-2). =]

k

V,(k) v, (K)[ S (2= 2), - SN (z-2) ]+ (a>b)| . (517)

The system of Dyson equations (4.21) and (5.5) is the mathematical tool for the
study of the electron transport through a single-level QD. Since this is a stationary process
one can apply the Keldysh non-equilibrium Green function formalism in the limit f, - —oo.
Because the interaction vanishes at this limit, the contour C can be considered to consist of
only two segment C, =[—o +i0,+0+i0] and C, =[c0 —io,—0 +i0]. In this case each complex
time-dependent Green function S*(z-2z')., G*(z-2')., H"(z-2)_, 2 (z-2)., «=1,2,3
or A(z-2Z'). becomes a set of four real time-dependent functions S*(t-+t) , G*(t-t),
Ijlcf(t - t')ij~, (¢t _f')ly , a=1,2,3 or A(t~— t’)q with their Fourier transforms SE((D)I_], ,
G* ((o)ﬁ, HCE(m)ij, 2“”(&))17,, a=1,2,3 or é(co) with i,j=1,2. Considering them as the
elements of corresponding 2x2 matrices S* (wj , G%(0), H(0), 2“(0), «=1,2,3 or

A(w), and setting
1 0
A= , 5.18
n (0 _J (5.18)

we rewrite the system of Dyson equations (4.21) and (5.5) in the matrix form

G(w) = 5" (o) + us* (o)AH () + S (@)AZ (u))ﬁé(m) , (5.19)
H(w) = n8"" (o) + 5 (0)HA(0) + 5 (0)A2? (0)AH (o)
_gru ((n)ﬁﬁ(a) (m)ﬁé((o)

From these matrix equations we derive two systems of algebraic equations, each of which
consists of four equations for four functions G(®) and H(w) or G(w), and H(o)
i=1,2. The observable physical quantities are expressed in terms of these functions.

(5.20)

27

For the application let us calculate the Green function G(w)n. By solving the system of
equation (5.19) and (5.20) we obtain following result:

=) = 2(®)
G(w)n—y(w) , (5.21)
Z(0) = { B)[1+ Q%) (0)]-UD,,(0)} { B(®)S*(v),, +UC, ()| <
—{ B(©)Q (0) ~UD,, ()} { B(w)S* (®),, +UC, ()} , 2
Y(0)= { B()[1-Qf(0)]+UD,, (o)} { B(®)[1+ Q5 (0)]-UD,,()} 5.23)

+{ B(0)Q2 (@) ~UD, (o)} { B(0)Q) (@) ~UD, (@)},
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B(@) =[1+ Q% (0)][1- Q% ()] + QF (@) (v), (5.24)
Cilo)= { S (@) 1+ 0] 50,05 ()] 1 (0) 5.25)
~{5°(0), Q% (0) + 5" (©),[1- Q7 ()] } 1, (o),
i=1,2
D, (@)= {5 (0),[1+Q% ()] - 5" (), (0)} O (0) -
(5.26)

{(57(0), 92 (@) + §(@),[1- Q0 ()]} 2 (o),

Q(l)( ) = §E((’))i1 i(l)(o‘))lj - gE((’))izi(l)(m)z]‘ ’
Q(Z)( ) SE+U((’)) ( )1j _§E+u ((D)izi(Z)(O‘))Zj ’ (5'27)
Qija)(m) SE+U(0)) ( )1/‘ _§E+u<(’))izi(3)(m)2,‘ ’
k(@) = nS" (@), + 57 (@), M), =5 (@), A0), , (5.28)
i=1,2, j=1,2.

The expressions (5.21)-(5.28) of G(co)11 and similar ones for the Fourier transforms of other
Green functions contain the self-energies i(“)(oa)i].,oc =1,2,3. Because the tunnelling coupling
constants V (k) and V,(k)have small values, the contributions of these self-energies, in
general, give small corrections to the Green functions. However, the self-energies may be
divergent at some special values of ®. At some points near these special values the
denominator Y(®) may vanish and the Green functions have the resonances. The formulae
(5.23)-(5.28) would be used for the rigorous study of the behaviour of @(ca)11 at the
resonances. This will be done in the subsequent Section.

6. Kondo and Fano resonances in electron transport through single-level
quantum dot

In this Section we study the appearance of the resonances in the expressions of the Fourier
transforms of the Green functions when the denominator Y(w) is vanishing. The expression
of Y(w) consists of the terms of two types: the finite terms which do not depend on the
Fourier transforms = '(0), of the self-energies and those proportional to i(“)(oo)ij, a=1,2,3.
The functions (o ®), contain the small tunnelling coupling constants V, (k) and V,(k) .
They are determined by following formulae:

£V (), =2 { |V

k

k)|2 §1(w), +(a > b)} ) (6.1)

(2)(60)1,]. _ Z{ |Vn(k)|2 [2§Ea(k)( )/ + G2E-Eg( k)( ) 1+(a—> b)} (6.2)

£0(0) =2 { n,(K)

k

Vﬂ(k)r [gEa(k)((’O)ij + SZE*U*E“““(OJ),.].] +(a— b)} ) (6.3)
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Introducing the spectral functions

e—ﬁEa,b(k) ¢
(@) _ _
[ (o)=m 14 ¢ Fab® |4
k

a=0,1,2,

k) 8lo-E,,K), (6.4)

we rewrite them in the new form convenient for the study of their divergence:

1p J‘ dm';[ I+ ()]
T O—O

—i[ T"(0) + T (0) - 2T () - 2T (w) ],

(1) —

z (0))11 - (65)
£0(w),, =21 I (0)+ T} () ],

£0(@)y =21 I (0)+ I (0) I (0) - T} (o) ],

1

E(1>(m)22=——dem [r<°> )+T17 ()]

—i[ T(0) + " (0) = 2T () - 2T () |

- 1 ) 1 , :
%), =;de@ [m_mwm_z,s_mm,}[r?’(m>+r;°)(<» )=
= 2i[ T(0) +T" (o) - 2T (w) - 2T (@) | - (6.6)
~i[TYQE+U-0)+TV(QE+U - o)
2TV(QRE+U-0)-2I"(2E+U-w)],

£%(0),, = 4i[ T (0) + T (@) ]+ 2i[ T QE+U - 0) + TP (RE+ U - )|,

50(w),, =—4i] T(0) +T\"(0) -T(0) -T\"(0) | -

=2i [TY(2E+U - )+I"(2E+U - »)
~-TPQE+U-w)-TQE+U-0)],

- 1 2
2 (w), =——P | do’ + ') +T (') |-
(@) T J. [co—m' o—-2E- U+a)'}[ ):I

=2i[ T®(@) + T (w) = 2T () - 2T () | -
~i [TV (2E+U-)+T{(2E+U - o)
2I'YQE+U-0)-2T"QE+U-0)].

www.intechopen.com



Non-Equilibrium Green Functions of Electrons
in Single-Level Quantum Dots at Finite Temperature 393

T o-0 0-2E-U+o
~i[T0(0)+ T (0) - 2T(@) - 2T (0) + TV 2E + U - 0) 67)
#TVQE+U -0)-2T? (2E + U - 0)-2TPQE+U-0) ],

£0(@), =~ P j dm’[ e ,}[rﬁ“(m'>+r§,“(co')]—

£0(0),, =2i[ T?(0) + TP (0) |+ 2[TP(E+U -0)+ I’ (2E+U-0)],

a

+TVQE+U-0)-TP(QE+U-0)-TP(RE+U-o)],

$O(a), 21[1“(1 )+ T (0) - T?(0) -T?(0)+ """ (2E + U - )

iﬁ)(«o)f—lpj‘ o] L M) T )] -

i o—0 o-2E-U+o
~i[ T (@) +T" () - 2I'P (0) - 2T (0) + TV (2E + U - o)
+TVQE+U-0)-2T?(E+U -0)-2TP(QE+U - 0)].

The integrals in the r.h.s. of formulae (6.5)-(6.7) may be divergent at definite values of the
frequency o which will be called the divergence points. Although the functions X' (® ©);, 1,
j =1, 2, contain the small tunnelling coupling constants V,(k)and V,(k), near each
divergence point some of them may become comparable with the finite terms in Y(w).
When Y(w) vanishes due to the cancellation between the finite terms and those containing
divergent integrals, there appear the resonances. Therefore in order to study the
resonances it is necessary to investigate the divergence of the integrals in the r.h.s. of the

formulae (6.5)-(6.7).

The functions £“(®),, and Z“(w), contain the dispersion integrals with the spectral
functions T'%(®). Denote x4, and u the chemical potentials of the systems of conducting
electrons in the leads “a” and “b”. From the definition (6.4) with

E,,(k)=E;(K)-p,,,

where E{(k) are the kinetic energies of the conducting electrons in the leads, E!)(k)>0, it
follows that I'"(®) vanishes at o <—p, and similarly for I'"” () . Therefore the dispersion
integrals in formulae (6.5)-(6.7) have the form

Q,
] TI(@)
K;b)_de g (6.8)
_,uab
and
Qb (n),
[ p(@)
LN =P [ do'—2 : 6.9
Fup J o -2E-U+w (69)
“Hab
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where Q is the top of the energy band of the conducting electrons in the leads “a” and
similarly for Q,. For the study of the divergence of the integrals we replace approximately
the values of I'”(w) in the interval -u<w<Q, by a constant I', and similarly for I'\"(w) .
Then at zero temperature

K;?}? = ra,hIa,h 4
Koy =K =T, L,
| ' i (6.10)
L(ao,;z T ra,b]a,h 4
Lo =Lo =Tl
with
Qtz,b 1
Iy=P [ dof -, (6.11)
-0
_/ua,b
° 1
=P [ dof , (6.12)
-0
_,un/h
Qa/b 1
=P | do , 6.13
T =P | w-2E-U+ao (613)
_,uu,b
[ 1
=P | do : 6.14
Ja '[ o-2E-U+ o (6:14)
_;uu/b
Usually Q,(€Q,)is very large in comparison with p,(u,) and . Therefore we have
o+ “a b
L, A In|———2, (6.15)
g Qﬂ,b - ua,b
! 0) + a
I, ~In| 2 Fe (6.16)
Q)
Q -
J.» =In o B | (6.17)
’ o-2E-U-p,,
i, ~In—2=2E2 (6.18)
’ o-2E-U-p,,

It is obvious that I, is divergent at @ — —p,, I is divergent at ® > —p, and ©—0, J; is

divergent at @« >2E+U+p, and | is divergent at ©« >2E+U+p, and o —2E+U . For
I,,1,,], and ], we have similar results.

www.intechopen.com



Non-Equilibrium Green Functions of Electrons
in Single-Level Quantum Dots at Finite Temperature 395

If the temperature T of the system is low enough, but does not vanish,
u,, >kI'>0,

then instead of the divergence of I’ at the Fermi surface ® — 0 we have the limit

2
im [, = In=Hex (6.19)
i kT

»—0

and, similarly, instead of the divergence of |’ at ® —2E+U we have the limit

2
lim J', =—In=Hu (6.20)

o—2E+U 7Y kT

For the simplicity weset p, =p, =p.

From the results of the study of resonances of Green function G“(w), and the explicit
expressions (5.21)-(5.28) determining this function we obtain its asymptotic behavious at the

divergence points of i(“)(m)ij :
a. As o——p and at low temperature T =0, the Green function in equation (5.21) has
asymptotic form:

[1—n+;(E+u)l7:}U

A 1
e T ST o Jo+n
E(E+p)+—ln +2i
oo 6.21)
E+u+[1+n—(E+U+u)k}U
3 r 1
E+2U+u (E+U+u)+2—rln OTH L oir
T Q
If E+p>0,then G*(w), has two resonances at two points
o =—p+tQe Y (6.22)
and two resonances at two points
o) =—ptQe (6.23)

Between these four resonances there are the dips. If E+u<0 but E+U+p>0, then
G“(w),, has only two resonances at the points o). If E+U+p<0, then in the
neighbourhood of the point ®=—p, the Green function G*(®),, has no resonance. All four
points ®”and !’ are very close to the point ®=-p and the resonances at o’ and ®|’
look like a resonance at ®=—pn . The origin of these resonances is the presence of the Fano
quasi-bound state at the lower edge of the energy band of the conducting electrons. If they
exist, they would be called the Fano resonances.
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b. As ®—0 and at T =0, the Green functions G (®),, has asymptotic form

E+(1-nU

GCE (("))11 ~- : (624)
2ru, |p .
E(E+U)+ In|—|+2i(3E +2U)I"
T o
If E(E+U)<0,then G(0),, has two resonances at the points
E(E+U)|
® _ 40 _i' , 6.25
A Xp{ o U } 629)
which are very close to the point w=0. At ®=0 and 0<T <T,,
1 n|E(E+U)
T =—pexp{———>=1, 6.26
“TH p{ 2 TU (6:26)
where k is the Boltzmann constant, instead of formula (6.24) we have
G7(0) _nE+(1-nU 1 6.27)

"T2  TU  In|T/T,|-ir(3E+2U)T

The resonances in the neighbourhood of the point @=0 have the same physical origin as
the Kondo effect due to the scattering of electrons by a magnetic impurity. They are the
Kondo resonances.

c. As ®—2E+U andat T =0, the Green function G*(w),, has asymptotic form:

écE ((»0)11 ~ ZFUE + nu ‘ (628)
EE+U)-="In|—" | -2iEr
T o-2E-U

Therefore if E(E+U)>0, then G*(w),, has also two resonances at the points

n E(E+U)

o) =2E+U+pe > U (6.29)

which are very close to the point ©=2E+U . At ®=2E+U and 0<T <T,

, 1 n E(E+U)
T, =— — "%, 6.30
(=~ uexp -2 EE LD (630)
instead of formula (6.28) we have
nE+nlU 1

G*(2E+U),, ~ (6.31)

2 TU In|T/T}|-inEl

The resonances in the neighbourhood of the point w=2E+U are the Kondo resonances of
the crossing terms.
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d. As o—>2E+U+p and at low temperature T ~0, the Green functions G“(w), has
asymptotic form:

1—n+(E+U+u)l7:

= u
G* (0))11 ~ ) (632)
(E+U+u)+2—rln OZ2E-U-p o Etp
T
If E+U+p>0,then G™(w), has two resonances at the points
o) =2E+U+p+Qe? T, (6.33)

which are very close to the point @=2E+U+p. They are the Fano resonances of the
crossing terms.

7. Conclusion

The present Chapter is an introductory review of the Keldysh non-equilibrium Green
functions of electrons in simplest nanosystems: isolated single-level QD and single-level QD
connected with two conducting leads. In the case of an isolated single-level QD the closed
system of a finite number of differential equations for a finite number of Green functions
was established by using the Heisenberg quantum equations of motion for the electron
destruction and creation operators. The exact expressions of the Green functions were
derived. In the case of the nanosystem consisting of a single-level QD connected with two
conducting leads there does not exist a finite closed system of differential equations for
some finite number of Green functions. In the differential equations for n-point Green
functions there appear the contributions from (n+2)-point Green functions. Therefore, the
exact system of differential equations contains an infinite number of equations for an infinite
number of Green functions. In order to truncate this infinite system of differential equations
we have applied the mean-field approximation to the products of four electron quantum
operators and limited at the terms of the second order with respect to the effective
tunnelling coupling constants. As the result we have derived a closed system of Dyson
equations for two types of 2-point Green functions. All the crossing terms are included into
the equations. The exact solution of the system of Dyson equations may have the resonances
of four types in the dependence on the physical parameters of the system: the Kondo
resonances at the Fermi surface, whose origin is similar to that of the Kondo effect in the
scattering of electrons on magnetic impurities, the Fano resonances due to the presence of
the electron quasi-bound state at the lower edge of the energy band of the conducting
electrons, the Kondo resonances in the crossing terms and the Fano resonances in the
crossing terms. The analytical asymptotic expressions of the single-electron Green function
at these resonances were derived. These results agree well with the numerical calculations in
references on the electron Green functions in QD (Yeyati et al., 1993; Costi et al., 1994;
Izumida et al., 1997, 1998, 2001; Sakai et al., 1999; Torio et al., 2002).

The theoretical study of the non-equilibrium Green functions of electrons in QDs would
signify the beginning of the development of the quantum dynamics of physical processes in
QD-based nanodevices. The next step would be the elaboration of the theory of non-
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equilibrium Green functions of phonons in QDs as well as of electrons and phonons of
interacting electron-phonon systems in QDs. The quantum dynamical theory of QD-based
optoelectronic and photonic nanodevices necessitates also the study of non-equilibrium
Green functions of electrons and phonons confined in QDs in the presence of the electron-
phonon interactions as well as the interaction of photons with confined electron-phonon
systems. The methods and reasonnings presented in this Chapter could be generalized for
the application to the study of all above-mentioned non-equilibrium Green functions.
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