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1. Introduction

Spin-based electronics in low dimensional structure (LDS) e.g. quantum wells (QWs)
and quantum dots (QDs) (especially in QDs) have recently attracted a lot of interest for
applications in quantum information technology (Burkard et al., 1999; Imamoglu et al., 1999;
Nielsen & Chuang, 2000). Two-dimensional (2-d) QDs (Baruffa et al., 2010; Bertoni et al.,
2005; Fessatidis et al., 1999; Foulkes et al., 2001; Hayashi et al., 2004; Hu & Sarma, 2000; 2001;
Räsänen et al., 2003; Simserides et al., 2000; 2006; 2007; Stano & Fabian, 2005; 2006; Thorwart
et al., 2005; Witzel et al., 2007) and self-assembled QDs (SAQDs) (Artús et al., 2000; Bányai
& Koch, 1993; Fujisawa et al., 1998; 2006; Lee et al., 1998; 2004; Pryor et al., 1997; Pryor,
1998; Pryor & Flatté, 2003) among other heterostructures have been suggested for constructing
quantum bits (qubits). Quantum computing architecture mainly uses the properties of QDs
related to charge and spin of the confined carriers, among others. Thus, the carrier relaxation
via the emission of phonons (Khaetskii & Nazarov, 2001; Mohanty, 2000; Stavrou & Hu,
2005; 2006; Stavrou, 2007; Woods et al., 2002) and the light polarization interplay with the
spin-polarized states within QDs (Chye et al., 2002; Pryor & Flatté, 2003; Stavrou, 2008; 2009),
which are electrically injected into QDs, are of special importance in quantum computing
technology.

During the last decade, a few theoretical and experimental reports have been announced
related to light polarization within self-assembled quantum dots (Cantele et al., 2001; 2002;
Chye et al., 2002; Pryor & Flatté, 2003; Stavrou, 2008; 2009). More specifically, they have
studied circular polarization dependence of dipole recombination of spin-polarized states
within a self-assembled quantum dots. The comparison between the theoretical estimation
(Pryor & Flatté, 2003) and the experimental report (Chye et al., 2002) shows that the theoretical
model can successfully describe the experiment.

In this chapter, we review the circularly polarized light along the orientation of spin-polarized
carriers in a system of two coupled SAQDs made with InAs/GaAs. The dependence of
circular light polarization on the geomerty parameters, the absence of an external magnetic
field and the presence of a magnetic field is the main part of our investigation We can highlight
the most important results along the direction [110]: a) for large interdot distances (uncoupled
single QDs), our results are consistent with the polarization along to the direction [110], of
the emitted light for the case of a single QD (∼ 5%, Ref. (Chye et al., 2002; Pryor & Flatté,
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Fig. 1. The Geometry of the coupled ellipsoidal-shaped quantum dot heterostructure made
with InAs/GaAs and a fixed wetting layer thickness to 0.3nm. The two quantum dots are
identical and the dot height is fixed to h = 2.1nm. The thickness of the wetting layer must be
included in the height of the QDs in order to achieve the comparison to the experimental
results.

2003) ), b) for smaller distances the polarization increases receiving maximum value for our
typical geometry ∼ 40%, c) in the case of large QDs the polarization decreases by increasing
the magnetic field and for small dots the polarization increases, d) circular polarization along
other polarization directions shows that light polarization does not depend on the above
mentioned parameters.

This chapter is arranged as follows: In section 2, we briefly review the most recent SAQS
fabrication methods. The eight-band k · p theory and light polarization theory are described in
section 3. In section 4, we present and comment the numerical results. Lastly, the conclusions
are placed in section 5.

2. Self-assembled QDs

SAQDs are nanostructures which have been worldwide used in nanotechnology e.g. quantum
computing devices. The fabrication techniques of the SACQDs are not a simple formation
mechanism but appears to be difficult and not easy to be controlled (Barabási & Stanley, 1995;
Barabási, 1997; Darula & Barabási, 1997; Daudin et al., 1997; Dawson et al., 2007; Eaglesham &
Cerullo, 1990; Lee et al., 1998; 2004; Rastelli et al., 2005; Tersoff, 1995; 1998; Tu & Tersoff, 2007).
The various parameters (e.g. thermodynamic parameters) which influence the SACQDs
growth are not well understood and as a result the shape of the SACQDs, which are very
important in determining confining energies of electrons/holes, can not be easily achieved
with high quality. Semiconductor QDs growth techniques which have been often used are
the colloidal methods (Blackburn et al., 2003; Chestnoy et al., 1986; Wang & Herron, 1991)
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Spin-Based Quantum Dot Qubits 3

Fig. 2. The circular light polarization along the direction [110] dependence on the elongation
for different separation distances, width-to-height ratio and fixed dot height h = 2.1nm.
There is not an applied external magnetic field to the structure.

and the high-resolution electron lithography. (Lebens et al., 1990; Owen, 1985; Temkin et al.,
1987) The main problem of these growth techniques is the incorporation of the defects. In
fabricating SAQDs, these difficulties were overcome by using the Stranski-Krastanov (SK)
coherent island growth mode. SK growth is one of the three primary modes by which thin
films grow epitaxially at crystal surfaces/interfaces.

Theoretical and computational studies in epitaxial crystal growth is highly attractive in
QDs sample fabrication. Several research groups have studied several growth parameters
which play a crucial role during the self-organized growth of semiconductor quantum dot
structures in the Stranski-Krastanov growth mode. Among others, the strain field of the
lattice-mismatched systems, the growth temperature V/III ratio and the QD growth time
are a few parameters which are of crucial importance in theoretical studies and fabrication
technology. Kinetic Monte-Carlo simulations (Biehl & Much, 2003; 2005; Ghaisas & Madhukar,
1986; Kew et al., 1993; Khor & Sarma, 2000; Lam et al., 2002; Madhukar, 1983; Much et al,
2001; Ohr et al, 1992; Sitter, 1992) have been used to describe the wetting-layer and the island
formation in heteroepitaxial growth.

3. Theory

Computational algorithms which have been used to solve Schrodinger equation in
nanostructures are density functional theory (DFT) (Gross et al., 1991; Hohenberg & Kohn,
1964; Kohn & Sham, 1965; Sham & Kohn, 1966), Monte Carlo techniques (Foulkes et al.,
2001; Räsänen et al., 2003; Thijssen, 1998), direct diagonalization techniques (Sadiku, 2001;
Thijssen, 1998; Varga et al., 2011) and k · p theory (Bahder, 1990; 1992; Bimberg et al., 1999;
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Fig. 3. The circular light polarization along the direction [110] as a function of the energy gap
for different interdot distances and width-to-height ratio with fixed dot height h = 2.1nm
and elongation e = 1.4 in the absence of an external magnetic field.

Gershoni et al., 1993; Pryor et al., 1997; Pryor, 1998), among others. Although, k · p is
used to describe single electron/hole wavefunctions in heterostructures, all the other above
mentioned algorithms can also solve Schrodinger equation in heterostructures with a large
number of electrons/holes.

In this section, we theoretically describe the k · p model for the case of single electron/hole
quantum dots. The evaluation of wavefunctions will be used in our present research
concerning the circular light polarization. The 8-band k · p model requires a basis of eight
Bloch functions. The wavefunctions related to the Bloch functions are the following

{ψs,↑, ψx,↑, ψy,↑, ψz,↑, ψs,↓, ψx,↓, ψy,↓, ψz,↓} (1)

where x, y, y are related to three directions of the space and the arrows denote the spin.

The 8-band k · p Hamiltonian (Bahder, 1990; 1992; Bimberg et al., 1999) is described by the
following 2x2 block matrix form

Ĥ =

(

G(k) Γ

−Γ G(−k)

)

(2)

where Γ and G are 4x4 matrices. The matrix Γ couples the spin projections ↑ and ↓ due to
spin-orbit (SO) interaction and matrix G consists of the potential energy, the kinetic energy, a
SO interactions and a strain dependent part.
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Fig. 4. The circular light polarization along the direction [110] as a function of
width-to-height ratio with fixed elongation and different interdot distances with fixed dot
height h = 2.1nm in the absence of an external magnetic field.

Γ =

⎛

⎜

⎜

⎝

0 0 0 0
0 0 0 ∆0/3
0 0 0 −i∆0/3
0 −∆0/3 i∆0/3 0

⎞

⎟

⎟



(3)

where ∆0 is the splitting between the Γ8 and Γ7 valence bands (Bahder, 1990; 1992; Bimberg et
al., 1999).

The matrix G is given by the summation of a potential energy part (G1), a kinetic energy part
(G2), a SO interaction part (GSO) and a strain dependent part (Gst)

G = G1 + G2 + GSO + Gst (4)

where the matrices G1, G2, GSO and Gst are respectively given by

G1 =

⎛

⎜

⎜

⎝

Ec iPkx iPky iPkz

−iPkx E′
v 0 0

−iPky 0 E′
v 0

−iPkz 0 0 E′
v

⎞

⎟

⎟



(5)

G2 =

⎛

⎜

⎜

⎜

⎝

A′k2 Bkykz Bkxkz Bkxky

Bkykz L′k2
x + M(k2

y + k2
z) N′kxky N′kxkz

Bkzkx N′kxky L′k2
y + M(k2

x + k2
z) N′kykz

Bkxky N′kxkz N′kykz L′k2
z + M(k2

x + k2
y)

⎞

⎟

⎟

⎟



(6)
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Fig. 5. The circular light polarization along the direction [110] as a function of the interdot
distance for different elongation and width-to-height ratio with fixed dot height h = 2.1nm.
There is not an applied external magnetic field to the structure.

GSO =

⎛

⎜

⎜

⎜

⎝

0 0 0 0

0 0 −i∆0/3 0

0 −i∆0/3 0 0

0 0 0 0

⎞

⎟

⎟

⎟



(7)

and

Gst =

⎛

⎜

⎜

⎜

⎜

⎝

ac(ǫxx + ǫyy + ǫzz) b′ǫyz − iPǫxjk
j b′ǫzx − iPǫyjk

j b′ǫxy − iPǫzjk
j

b′ǫyz + iPǫxjk
j lǫxx + m(ǫyy + ǫzz) nǫxy nǫxz

b′ǫzx + iPǫyjk
j nǫxy lǫyy + m(ǫxx + ǫzz) nǫyz

b′ǫxy + iPǫzjk
j nǫxz nǫyz lǫxx + m(ǫyy + ǫzz)

⎞

⎟

⎟

⎟

⎟



(8)

where all the parameters used within the matrices are given by Refs (Bimberg et al., 1999;
Gershoni et al., 1993; Saada, 1989).
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Fig. 6. The energy gap as a function of the applied magnetic field for different
width-to-height ratio and fixed elongation (e=1.4).

In our study, we have considered two ellipsoidal caps QDs made with InAs which are
separated by a distance D as illustrated in Fig.1. The QDs are embedded on a wetting layer
of InAs and are surrounded by GaAs. Single electron and hole wavefunctions are calculated
using the strain dependent k · p theory. In our calculations, we have fixed the height of the
dots to h = 2.1nm and varied the width-to-height ratio

b = (d[110] + d[1−10])/h (9)

and elongation
e = d[110]/d[1−10] (10)

The electron/hole wavefunctions were numerically computed on a real space grid with
spacing equal to the wetting layer thickness 0.3nm. Strain and carrier confinement split the
heavy hole (HH) and light hole (LH) degeneracy and the states are doubly degenerate which
are denoted by |ψ > and T|ψ > (time reverses of each other). The energy gap (Eg) of the
coupled SAQD structure strongly depends on the interdot distance as it is shown in our
investigation. All material parameters that have been used in the k · p simulations are taken
by Ref. (Pryor1, Vurgaftman). Spin polarized ground states are constructed by taking a linear
combination of the states comprising the doublet and adjusting the coefficient in order to
maximize the expectation value of the pseudospin operator projected onto a direction l (Pryor
& Flatté, 2003). The requested complex number α maximizes the following

[< ψ|+ α∗ < ψ|T]l̂ · S[|ψ > +αT|ψ >]

1 + |α|2
(11)
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Fig. 7. (a) The circular light polarization along the direction [110] as a function of the
width-to-height ratio for different applied magnetic fields with fixed dot height h = 2.1nm
and elongation e = 1.4. (b) The circular light polarization along the direction [110] as a
function of the energy gap for different applied magnetic fields with fixed dot height
h = 2.1nm and elongation e = 1.4.

where S is the pseudospin operator (Pryor et al., 1997; Pryor, 1998; Pryor & Flatté, 2003) in the
8-band k · p theory

�S =

⎛

⎝

�σΓ6 0 0

0 �JΓ8 0
0 0 �σΓ7

⎞

 (12)

and l the spin orientation.

Let us consider the situation in which the electron spin is polarized along the same direction l
as the observed emitted light. The polarization which characterizes the emitted light is given
by (Jackson, 1998)

Pl =
I
(+)
l − I

(−)
l

I
(+)
l + I

(−)
l

(13)

where I
(±)
l is the light intensity with ± helicity. The intensity of emission of circularly

polarized light for the case of spin-polarized electron and unpolarized holes is given by

I
(±)
l = | < ψh|ǫ̂

(±)
l · p|ψe > |2 + | < ψh|Tǫ̂

(±)
l · p|ψe > |2 (14)
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Fig. 8. The circular light polarization along the direction [110] as a function of the elongation
for different applied magnetic fields and width-to-height ratio with fixed dot height
h = 2.1nm.

and for the case of spin-polarized holes and unpolarized electron the intensity of circularly
polarized light is given by

I
(±)
l = | < ψh|ǫ̂

(±)
l · p|ψe > |2 + | < ψh|ǫ̂

(±)
l · pT|ψe > |2 (15)

where the indices e and h correspond to electron and holes respectively, p is the momentum

operator and ǫ̂
(±)
l is the circular polarization vector with helicity ± (which denotes circularly

polarized light that propagates along direction l). It is worth mentioning that the last
two equations give identical results as a result of the anticommutation relations between p

and T. As a result the emitted light polarization is independent, no matter if the injected
spin-polarized carriers are electrons or holes.

4. Results

In this work, we research the circular light polarization along the plane [110] (as illustrated in
Fig.1) for 100% spin-polarized carriers along [110]. The dependence of light polarization on
the elongation is shown at Fig.2 for different interdot distances and QD sizes (width-to-height
ratio). For axially symmetric QDs the polarization is zero because the intensities with different
helicity are equal and in the case of more elongated QDs the light polarization increases due
to the azimuthal symmetry breaking. Furthermore, circular light polarization increases as
QDs come close to each other and as the size of the dots decreases. This happens as a result
of the wavefunction dependence on the QDs geometry. Increasing the interdot distance the
electron energies in two lowest conduction band converge towards that of an electron in a
single QD. The energy difference between the ground state and first excited state decreases as
the distance increases. On the other hand, in the valence band the energy splitting decreases as

215Spin-Based Quantum Dot Qubits
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Fig. 9. The circular light polarization along the direction [110] as a function of the applied
magnetic field for different elongation and width-to-height ratio with fixed dot height
h = 2.1nm.

the separation distance increases. Both conduction and valence band ground energies increase
by increasing the separation distance (Bimberg et al., 1999; Stavrou, 2008). As a result the
energy gap increases by increasing the interdot distance. Fig. 3, presents the polarization
as a function of energy gap for different geometric parameters. It is clear that increasing
the width-to-height ratio light polarization decays and increases as the separation decreases
because of the wavefunction dependence on the geometric parameters. In the case of large
elongation (e = 1.4), small dot size (b = 3) and interdot distance (D = 0.3nm) the polarization
has the largest value (P110 = 0.38, the emitted light is 38% polarized). Polarization has the
smallest values for large dots for all the interdot distances as it is illustrated in Fig.3. The
dependence of circular light polarization on the width-to-height ratio is presented in Fig.4.
For small separation distance the polarization becomes large and as the separation distance
increases the light polarization decreases.

A complete picture of the dependence of circular light polarization on all the above mentioned
parameters is illustrated in Fig.5. The light polarization efficiency along the direction [110]
strongly depends on the interdot distance, the size and the elongation of the QD. In the limit of
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large interdot distance (uncoupled QDs) and elongation e = 1.4 the results are consistent with
the numerical calculations previously reported (Pryor & Flatté, 2003) and the experimental
results (Chye et al., 2002) (∼ 5% circularly polarized light for 100% polarized carriers). For
other polarization directions like [001] the polarization efficiency it founds to be very close
to 1 (P001 = 0.99) and almost independent on the interdot distance. So (P001 = 0.99) is the
best choice if one is interested in the light polarization along the growth direction. Along the
directions [100] and [010] the circular polarization vanishes P100 = P010 = 0 for any of our QD
geometry.

The next part of our investigation is related to circular light polarization dependence on an
applied external magnetic field. We have considered the case of a single QD in the presence of
a magnetic field. The variation of the magnetic field releases the dependence on the Zeeman
energy. As the magnetic field increases the energy splitting increases due to the Zeeman
energy splitting. The dependence of the energy gap on the magnetic field is presented in
Fig.6 for different sizes of QDs. The current investigation shows that the energy gap strongly
depends on the size of the dot and less on the external magnetic field (Fig.6). In the case of
small dots (b = 3) and B = 0T (or B = 16T) the energy gap gets the value Eg = 1.336eV (or
Eg = 1.334eV). Therefore, for the above case, the energy gap difference is 0.002eV which is
a tiny difference. The existence of the magnetic field does not change the energy difference
(Eg) between the ground states in conduction band and valence band. Thus, the size of the
dots is the dominant parameter that changes drastically the energy gap due to the fact that for
the case of small QDs the electrons (holes) have larger energy than in the case of larger QDs
which results in larger energy difference between the carrier in the bottom of the conduction
and the top valence band state.

The dependence of circular polarization on the size and on the energy gap is given in Fig.7. In
the case of fixed width-to-height ratio b=3, the smallest value of P110 is achieved for the case of
B=0T and the largest for B=16T, although the energy gap slightly differs. Fig.7(b) presents the
dependence of circular light polarization on the QD energy gap. As we have earlier shown
(absence of magnetic field), in the case of the presence of magnetic field and e = 1.0 (axial
symmetric QD), light polarization vanishes because of unchanging value of light intensity for
± helicity (Fig.8). Increasing the elongation, circular light polarization increases because of
the azimuthal symmetry breaking. Light polarization increases as the magnetic field increases
and decreases as the size of the quantum dots increases , as earlier explained.

The light polarization as a function of the external magnetic field, the separation distance, the
size of the dots and the elongation is presented in Fig.9. As it is obvious, in small (large dots),
polarizarion increases (decreases) by increasing the magnetic field. Responsible for this kind
of behavior is the dependence of the energy gap on the size of QD and the Zeeman splitting
due to the external magnetic field (Stavrou, 2009). As earlier mentioned, the energy gap of
small dots is larger than that of large dots. Furthermore, the carrier wavefunctions involved
in Eq. (13) depend on the size of the QDs and result in larger polarization for the case of small
dots (large Eg). Increasing the magnetic field in small QDs, the light polarization gets larger
values as a consequence of carrier wavefunctions dependence on the magnetic field. Although
the carriers are 100% polarized, the emitted light is less than 100% polarized. In the case of
B = 0T and elongation e = 1.4 the results are consistent with the numerical calculations (Pryor
& Flatté, 2003) and the experimental results (Chye et al., 2002) (∼ 5% circularly polarized light
for 100% polarized carriers) previously reported. Increasing the Eg, it is possible for small
QDs to increase the percentage of polarized light by increasing the external magnetic field.
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For small QDs, B = 0T and e = 1.4 the light is ∼ 18% polarized and for B = 16T, e = 1.4 the
light is ∼ 32% polarized. The dependence of the light polarization on the separation distance
in the presence of an external field is under investigation by our group.

Lastly, we mention that for other polarization directions other than [110], the light polarization
has different behavior, as in the case of the absence of the the magnetic field. The circular
polarization along the directions [100], [010] is zero and 1 along the direction [001] and appears
to be independent on magnetic field.

5. Conclusions

Summing overall, we have researched a possible qubit made with SAQDs. Our investigation
shows that for the case of absence of an external magnetic field, although the carriers are 100%
polarized the emitted light is less than 100% polarized. The largest polarization (P110 = 0.38)
was generated for small D, b=3 and e=1.4. Thus, the observed 1% polarization was generated
by carriers that were 1/0.38 ∼ 2.6% polarized. The circular light polarization depends
strongly on the interdot distance (Fig.5), the size of the dots and the elongation. On the other
hand, in the presence of an external magnetic field, it has been shown that both the magnetic
field and the geometry of the QD are parameters of special importance in order to control
the light polarization along the direction of spin polarization in QD qubits (Fig.9). For small
dots, circular light polarization along the direction [110] increases by increasing the magnetic
field and in the case of large dots it decreases as the field increases. Lastly, other polarization
directions like [001] and [100] lead to circular light polarization value 1 and 0 respectively.
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