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1. Introduction 

In ’usual lasers’ the light amplification is a consequence of stimulated emission stemming 
from bound-bound quantum transitions in the active medium (e.g. gas or vapour atoms, 
molecules, or radiation centers in a solid), on the other hand, in free electron lasers (FELs) 
the radiation is produced in free-free transitions, taking place in static magnetic fields. In a 
homogeneous static magnetic field an electron (or other charged particle) moves along an 
ideal circular (or, in general, helical) trajectory, if the radiation damping is negligible, and 
emits a ’broad-band radiation’ containing all the higher harmonics of its frequency of 
revolution. The characteristics of this ideally periodic radiation field has been first analysed 
by Schott [1]. Later several refinements and asymtotic formulae have been derived for 
describing the quasi-continuous radiation (which in the meantime received the name 
’synchrotron radiation’) of ultrarelativistic electrons moving along an instantaneous circular 
orbit (see e.g. Schwinger [2]). A very detailed analysis of this radiation can be found in the 
book by Sokolov and Ternov [3], which deals with this phenomenon both in the frame of 
classical electrodynamics and in the frame of relativistic quantum mechanics. By the 
beginning of the eighties of the last century the synchrotron radiation has become a widely 
used experimental tool in many branches of science and technology [4]. 

The idea of using periodic magnetic fields (undulators, wigglers) for properly bending the 
trajectories of the (ultra)relativistic electrons, and generating coherent radiation is due to 
Motz [5]. Besides working out the classical theory, he, with his coworkers, made the first 
experimental demonstrations, too. In these experiments a 100-MeV electron beam from the 
Stanford linear accelerator passed through the undulator, and besides millimeter waves, 
light radiated by the beam was also observed [6]. Later Schneider [7] found, by using a 
phenomenological rate equation approach, that the absorption of radiation around the 
cyclotron resonance of an electron may go over to negative absorption (stimulated 
emission), if we take into account the relativistic kinematics of the electrons. His analysis 
was based on the transitions between the Landau levels of electrons in a homogeneous 
magnetic field. In 1971 Madey’s work [8] gave a new impetus to the research on generation 
of coherent radiation by free electron beams. He used the Weizsacker-Williams 
approximation (or in other words, the method of equivalent photons, see e.g. Heitler [9]) to 
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calculate the gain due to the induced emission of radiation into a single electromagnetic 
mode parallel to the motion of a relativistic electron through a periodic transverse static 
magnetic field. He has proved that “Finite gain is available from the far-infrared through 
the visible region raising the possibility of continuously tunable amplifiers and oscillators 
at these frequencies with the further possibility of partially coherent radiation sources in 
the ultraviolet and x-ray regions to beyond 10 keV.”[8]. In this description the periodic 
magnetic field is represented by an ‘equivalent photon beam’ in the nearly comoving 
frame of the relativistic electrons. By going over to this frame, the macroscopic period (on 
the order of centimeters) of the magnet is down-converted, due to the Lorentz contraction, 
to microns or even shorter wavelengths, depending on the velocity of the electron. 
According to the appropriate Lorentz transformation, this periodic field is essentially 
equivalent to a zero-mass-shell true radiation field, which is back-scattered on the 
electron. In this frame the amplification may come from the stimulated Compton 
scattering, if the radiation is coupled back by mirrors, e.g. in a Fabry–Perot arrangement. 
Concerning the further development of the theory, it was a remarkable result in Madey’s 
work [8] that, though the quantum kinematics of the Compton process has been used in 
the analysis, the final gain formula does not contain Planck’s constant in the relevant 
regime of the parameters. In fact, most part of the later analyses of FELs were relying on 
classical electrodynamics and statistics (see e.g. [10-12]). Really, the first true laser 

operations [13] in the infrared, at ~3.4m and in the visible [14] at wavelength ~0.65m 
could be satisfactorly described in the framework of the cassical theory. From the 
conceptual point of view, this has been in good accord with an earlier analysis of 
Borenstein and Lamb on the “classical laser”[15]. Nevertheless, Madey [8] has already 
made some estimates concerning the photon statistics of the proposed FEL. Also in a later 
special issue on free electron lasers Chen and Madey [16] concluded that “Both the 
experiment data and the simulations indicate that the reduction of phase noise are directly 
associated with electron bunching. In fact, higher degree of electron bunching leads to less 
phase fluctuations in the optical field. The conclusion is that our study has once again 
supported the idea of imparting statistical properties from radiating particles to radiated 
photons. Hence the generation of phase squeezed light out of the FEL radiation is 
anticipated, given the reduction of electron phase fluctuations due to the FEL bunching 
mechanism.” A more general analysis of related questions has been given by Tanabe [17] 
in this same special issue. According to his conclusions “An ideal single-mode amplitude-
stabilized gas laser operating well above its threshold could produce coherent state, 
however, many so-called ‘coherent’ light may possess only the first-order coherence. 
Some experimental efforts have been made for spontaneous emission; however, no 
experimental investigation was made for FEL stimulated emission either in exponential 
gain regime or in saturated one.” In fact, there have already been theoretical results 
published, according to which the interactions of free electrons with quantized radiation 
fields lead to non-classical states [18-21], like squeezed coherent states or number-phase 
minimum-uncertainty states. Both in theory and in practice, for the characterization of the 
statistical properties of such radiations, the higher-order correlation functions have to be 
studied, as is done in Hanbury Brown and Twiss type experiments [22-23]. Recent 
measurements [24-25] on undulator radiation in the x-ray regime have shown that the 
spontaneous signal produces positive second order (intensity-intensity) correlation, 
similar to that of thermal radiation. This is set to be the consequence of the chaotic spatial 
distributions of the electrons. For the FEL a sort of ‘phase-squeezed state’ has been 
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expected by Chen and Madey [16] earlier, on the other hand, extremely short (attosecond) 
pulses produced in very high-order harmonic generation processes of atoms or solids [26-
27], can certainly be reasonably represented by quantum mechanical phase eigenstates 
[28]. At present it seems that the higher-order quantum correlation properties of the 
existing FEL sources [29-31] do not play a significant role in the applications. 

We have seen above that he cyclotron and synchrotron radiation in free space has long been 

thoroughly studied both theoretically and experimentally. The feedback of the radiation, in 

case of a true laser system is usually secured by a Fabry–Perot type linear resonator 

arrangement. Besides, already in the sixties of the last century, in the context of cyclotron 

masers [32] and cavity electrodynamics, more general cavity effects have also been studied 

[33-34]. In the cyclotron maser the fundamental or low harmonics are generated, on the 

other hand, in the synchrotron radiation very high harmonics are dominant. The question 

naturally emerges whether could one somehow feed back these high harmonics in order to 

have stimulated emission and manage perhaps lasing also. This idea dates back to the 

principle of operation of the so-called ‘halo laser’ [35], on the basis of which two-

dimensional stimulated emission and planar laser action in the whole 2 angle have been 

achieved. In this device the laser active dye material in a cylindrical cuvette is pumped from 

below, and the feedback is secured by partial radial and oblique reflections on the wall of 

the cuvette. Besides, the whispering-gallery modes of light may have also served for energy 

storage. The functioning of this system has clearly illustrated that the linear cavity and very 

small divergence is not a necessary condition to the laser action. We have studied [36-37] a 

slightly analogous feedback mechanism, where the radiation, emanating tangentially from 

an electron, is coupled back by a cylindrical mirror. The radiation follows the electron in the 

form of very high angular momentum whispering gallery modes. The present chapter is 

devoted to the discussion of the case in which the trajectories of the gyrating ultrarelativistic 

electrons are completely surrounded by a coaxial mirror, in a wave-guide configuration. We 

will show that, if the ratio of the the cylinder’s radius and radius of the electron’s trajectory 

satisfies certain geometrical resonance conditions, then the resonance practically for all very 

high harmonics can be achieved. As a general remark, we would like to note that recently 

there has been a wide-spreading interest in the physics of electromagnetic whispering-gallery 

modes in nanostructures [38-39]. For instance, in ref [38] it has been demonstrated that e.g. 

crystalline optical whispering-gallery resonators with very high Q factors can be constructed, 

and used for studying nonlinear processes, owing to the large field concentration.  

In Section 2 the combined initial-value and boundary-value problem of the relevant 

Maxwell equations are solved exactly on the basis of the suitable Green’s function, and the 

modal structure of the synchrotron radiation in the cylindrical mirror is analysed. The direct 

radiation reaction will be left out of consideration, however the effect of damping at 

resonance will be briefly discussed. In Section 3 we prove the existence of a ’broad-band 

resonance’ where an accumulation process is taking place, due to which the intensity of the 

resulting radiation can be considerably increased. The present analysis aims to show that, if 

the electron meets with its own radiation field emitted earlier in a tangential narrow cone, 

and reflected back by the cylindrical mirror, then a constructive interference shows up 

between this retarded self-field and the actually emitted radiation field. This arrangement 

could perhaps serve as a basis for constructing a compact „disk-synchrotron-lasers” 

radiating in a plane. In section 4 we shall briefly summarize our results.  
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2. Excitation of cylindrical wave–guide modes by an ultrarelativistic electron 

In the present section we give an exact solution of Maxwell’s equations driven by an 
ultrarelativistic electron gyrating inside of a perfectly reflecting cylindrical wave-guide. 

The transverse position of the electron moving in the homogeneous magnetic field 0ze B


 has 

the Cartesian components 

 0 0 0( ) cos( )  x t r t , 0 0 0( ) sin( )  y t r t , ( ) 0z t  , (1) 

where 0 0/r   , 0 /c    with 0| | /c e B mc   being the cyclotron frequency,   

denotes electron’s velocity and 2 1/2(1 )    , /c  . We assume that the longitudinal 

component of the electron’s velocity is zero, i.e. 0z  , and the gyration takes place in the 

0z   plane. The charge density   and the current density j


, associated to the trajectory of 

one single electron with initial phase 0  given by Eq. (1), can be conveniently expressed in 

cylindrical coordinates 

 
1

0 0 0{ ( , , ; ), ( , , ; )} {1, } ( ) [ ( )] ( ) ( )            
 

r z t j r z t e er r r t z u t  (2) 

where we have also introduced the unit step function ( )u t , describing a sharp switching–on 

of the interaction. Equations (1) and (2) correspond to a highly idealistic situation for many 

reasons. Because in reality no perfectly homogeneous and stationary magnetic fields can be 

sustained over large spatio-temporal regions, exactly planar and circular trajectories of 

charges can never be secured, and, moreover the position of the guiding center cannot be 

fixed up to an arbitrary accuracy. The production and injection of a perfectly monoenergetic 

electron beam is impossible, either. The radiation loss necessarily distorts the trajectory, and 

the reacceleration cannot be solved without causing additional oscillations. In short, the 

spatio-temporal inhomogenities and spectral imperfections of both the boundary conditions 

and of the charged particle beams, of course, do not allow to prepare and sustain such an 

ideal current distribution shown in Eq. (2). The ’fragility’ of this external current density 

may be a subject of a separate study, like the investigation of the possible bunching effect 

caused by the feedback of the radiation which would result in superradiance and lasing. In 

the present we shall not consider these important questions, rather we concentrate on the 

simplest, but exactly solvable part of the radiation problem. 

In order to obtain a physically meaningful solutions of Maxwell’s equations driven by the 

densities given by Eq. (2) inside the cylinder, we have to take into account the boundary 

conditions [ ] 0Cn E 


 and [ ] 0Cn B 


, where the subscript C  symbolizes the boundary of 

the cylinder of radius a  (larger than 0r ), and n


 is the outward unit normal of it. In words 

this means that the tangential component of the electric field strength E


 and normal 

component of the magnetic induction B


 must vanish at the surface of the cylinder (at any 

vertical position z ). Thus E


 and B


 are expanded into a superposition of the so-called cross-

sectional vector eigenfunctions [40-41], 

 mp mp ns z ns z mp mp

m p n s m p

E a b e e c          
   

 (3a) 
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mp z mp ns ns z ns ns

m p n s n s

B e e            
     (3b) 

The symbol  x y/ , / ,0     


 in Eqs. (3a-b) denotes the transverse nabla vector. In Eqs. 

(3a,b) mp  and ns  are Dirichlet and Neumann eigenfunctions satisfying the scalar 

Helmholtz equation 2 2( ) 0k f    with eigenvalues mpk  and nsk , respectively. The 

unknown coefficients mpa , nsb , mpc  and mp , ns , ns  are to be determined as functions of 

time ( t ) and vertical position ( z ). According to the boundary condition [ ] 0mp C  , mp  

must have the form 

 
sin( )

( ( / ))
cos( )




 
   

 
mp m mp

m
J x r a

m
, ( ) 0m mpJ x   (4a) 

where mpx  is the p -th root of the ordinary Bessel function of first kind mJ  of order m . 

Because of the Neumann boundary condition, [ / ] 0ns Cr   , we have 

 
sin( )

( ( / ))
cos( )




 
   

 
ns n ns

n
J y r a

n
, ( ) 0n nsJ y   (4b) 

where nsy  is the s -th root of the derivative nJ  of the the ordinary Bessel function of first 

kind of order n . The eigenvalues of the corresponding wave numbers are /mp mpk x a  and 

/ns nsk y a , respectively, where a  is radius of the cylinder. By taking into account the 

orthogonality property of the cross-sectional eigenfunctions, we can derive from the 

inhomogeneous Maxwell equations two sets of coupled first order differential equations for 

the expansion coefficients. The set { , , }mp mp mpa c  is responsible for the dynamics of the TM 

and longitudinal components of the electromagnetic field. On the other hand, the dynamics 

of the TE components is governed by the set { , , }ns ns nsb   . It can be shown that 

( 0, ) 0mp z t    and ( 0, ) 0mpc z t  , moreover, in the case we shall discuss below mpa  

vanishes to a good approximation at any vertical position. This means that in the plane of 

the electron gyration only the TE modes are excited, and that is why henceforth we shall be 

dealing only with the behaviour of the TE modes. 

The coupled system of equations for nsb , ns and ns reads 

 2
2

1 4 1
( )ns ns

ns z ns
ns

b
d sj e

z c t c N

  
 

     
  

   (5a) 

 1
0ns nsb

z c t

 
 

 
 (5b) 

 
2

1
0ns

ns
ns

b
tck


 


 (5c) 

where 2 2 2 2( / ) ( )( )ns n n ns nsN J y y n   , and 1 1   and 2n   for 2,3,...n  .The integration 

on the rhs of Eq. (5a) is to be evaluated over the cross-section of the cylinder. Having 

eliminated the functions ns  and ns  from Eqs. (5a,b,c) we arrive at an inhomogeneous 

Klein-Gordon equation for ( , )nsb z t , 
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2 2

2
2 2 2

1
( ) ( ) /ns ns ns nk b B z f t c

z c t


         
 (6a) 

where 

 0
2 2 2

( / ) ( / )
4

( )( )
ns n ns n

ns
n ns ns

y a J y r a
B e

J y y n








, 0 0

0 0

sin[ ( )]
( ) ( )

cos[ ( )]

 
 

 
   

n

n t
f t u t

n t
 (6b) 

The Green’s function of Eq. (6a) can be derived by using standard methods 

  2 2 2
0

| |
( , ) /

2
ns

c z
g t z J ck t z c u t

c

     
 

, 1 2t t t  , 1 2z z z   (7) 

With the help of the Green’s function in Eq. (7), the solution of Eq. (6a) can be determined by 

straighforward integrations. The general explicit form of nsb  is a complicated expression, 

however for large values of t  a relatively simple expression can be derived (for short, we 

present only the upper component stemming from the sine oscillations): 

 

 2 2 2
0 0

2
0 0

2

20
0 0

2

1
2 ( , ) / / (sin ) | |

( 1) 1
sin 1| |

1

(1 )
(cos ( ))exp 1 | |

1

 

 
  



  
  



     
 

          

       

ns ns ns

ns ns
ns

ns

ns ns
ns

ns

b z t B J t z c u t z
c

u
n t z

c

u n
n t z

c

, (8) 

where 0 /ns nsn    with ns nsck   being the TE eigenfrequencies. The first term on the 

rhs of Eq. (8) represents a (transient) precursor with front velocity c , which vanishes as 

1 / t . The second and the third terms correspond to above–cutoff and below–cutoff waves, 

respectively, the latter being bound to the 0z   plane. At the exact resonances 1ns  , Eq. 

(8) loses its validity, and nsb  has a qualitatively different form. For short, we present only 

the upper component of nsb  taken at the 0z   plane (of the electron’s trajectory): 

 0 0 0 0 0 0 0 1 0 02 / ( )(sin ) ( )[ ( )(cos ) ( )(sin )]         ns nsb B J n t n n t J n t n J n t n  (9) 

On the basis of the asymptotic behaviour of the Bessel functions, it can be shown that for large 

t  times nsb  diverge as t  (oscillatory function). Of course, since some sort of damping is 

always present in physical systems, such a divergence is not realistic. If we introduce the 

phenomenological damping term ( / )( / )ns ns nsk cQ b t    into the Klein-Gordon equation on 

the lhs of Eq. (6), then the solution has a similar structure as that shown in Eq. (8), but with the 

essential difference that the potential unphysical divergences are replaced by finite resonance 

terms. The oscillatory parts will contain resonance denominators of the form 
2 2 2 2 1/4[( 1) / ]ns ns nsQ   , where nsQ  is spectral Q-factor related to the assumed finite 

conductivity of the cylinder wall. Thus, close to resonance the amplitudes are increased by a 

factor of nsQ . For the high harmonics, we are interested in, nsQ  can be well approximated 
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by / nsa  , where 1/2(2 / )ns ns   is the skin depth for a spectral component. For example, 

for silver 66 10 cm
   for 10/ 2 10 Hz   . In the optical region   can well be of two 

orders of magnitude smaller, thus Q  can be very large if a  is of order of meters, say. 

3. Resonance conditions 

In the present section we study the question of under what conditions simultaneous 

resonance can be reached for the ’most of the higher harmonics’ in the synchrotron 

radiation in the cylindrical mirror. The geometrical arrangement we are interested in is 

shown in Fig. 1. On geometrical resonance condition we mean that the radii of the electon’s 

trajectory and of the cylinder are adjusted in such a way, that a signal emanating 

tangentially at point A , after reflection, gets back to the electron’s trajectory at point B  

exactly at that time when the electron (possibly after 1N   complete revolutions, or even 

’almost immediately’) gets to the same point B . It is clear that, if once this condition is 

satisfied for the pair of points A  and B , then it will be satisfied for the pair A  and B , 
which can be obtained by rotating the pair A  and B  by an arbitrary angle. In this way the 

electron ’after a while’ will continuously move ’in phase’ in its own retarded radiation field which 

has been emitted earlier at different points on the trajectory. We think that this arrangement 

would secure an effective feedback for obtaining stimulated emission. Needless to say, the 

correctness of the expectation suggested by this intuitive picture (which was originally 

just the starting point of the present investigation) should be checked on the basis of the 

accurate analytic treatment. By simple kinematic considerations it can be shown that, if 

the geometrical resonance condition holds, then the ratio 0/a r  satisfies the following 

transcendental equation 

 
2 1 arccos(1 / )x x N    , 0/x a r , (10) 

where N  is the number of complete revolutions of the electron before the first ecounter 

with its own radiation field after one reflection. For 1N   we obtain approximately 

0/ 3 / 2a r  , and for 0N   we have 2
0/ 1 3 / 4a r   . It is clear that for an 

ultrarelativistic electron the latter ’zeroth resonant condition’ can be satisfied if a  is only 

slightly larger than the radius of the trajectory, i.e. the electron moves very close to the inner 

surface of the cylinder. If we assume 0 10r cm  in a strong confining magnetic field, then the 

the first resonance condition can be satisfied in a cylinder of radius 47a cm . Henceforth we 

shall study the case 1N  . 

The wave resonance condition 0 01 / ( / )( / )ns ns nsn n y a r      , on the basis of the 

previous section, can be studied by using the asymptotic form of the zeros nsy  of the 

derivatives nJ  of the Bessel functions nJ . Here we restrict the discussion to the case when 

not only n  but also the s  are large. (It can be shown that if s  considerably differs from n , 

then the resonance cannot be reached.) For large n  we have 

 2
0 0

1
( )nsya a

z O
r r n n

        
 

, 
2 3/22

1 arccos(1 / ) ( )
3

z x     , 
3/2

sn a   . (11) 
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Fig. 1. A ray of radiation emanating tangentially within a narrow cone from the electron at 
point A , gets reflected on the cylindrical mirror and arrives at point B  exacly at the time 
when the electron arrives there. Left: illustrates the zeroth geometrical resonance condition 
(N=0). Right: illustrates the first resonance condition (N=1). In the latter case, after one 
complete revolution the electron encounters with its own radiation field (which was emitted 
tangentially one turn earlier). For further explanation see the main text. 

A

B

C D 

A

B

A 

B 
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The function ( )z   is the inverse function defined by the second equation of Eq. (11), with 

sa  being the s -th negative zeros of the Airy function. Since n  is very large , z x , and 

because /c   is practically unity, the left hand sides of Eq. (10) coincides with the left 

hand side of the second equation of Eq. (11). Now, for large s  values the zeros can be 

approximated by the analytic formula 2/3(3 /2 )s n   . By having taken this relation into 

account, we can easily check that, if the geometrical resonance condition is secured, then the 

wave resonance condition in Eq. (10) becomes an identity for s n . As a consequence, the 

wave resonance condition is independent of the n -values, provided these are large enough. This 

means that (if nsQ  is a smooth function of n ) there exist a broad band of the spectrum 

which is uniformly ’lifted-up’ due to these resonances. This resonant accumulation process can 

be interpreted as a result of the constructive interference between the radiation actually emitted and 

the self- radiation emitted earlier and fed back (by reflection) to the actual position of the electron. 

4. Summary 

We have discussed the characteristics of the synchrotron radiation emitted by ultrarelativistic 

electrons in the interior of a coaxial cylindrical mirror. This is an unconventional geometrical 

arrangement, where the « superradiance » may be realized in two dimensions. In the first 

section we have summarized the early history and basic concepts of free-electron lasers, and 

outlined briefly some still partly open questions concerning the coherence properties of such 

sources of radiation. In the main part of the present chapter, in sections 2 and 3 we have 

analysed the characteristics of the synchrotron radiation emitted by a single ultrarelativistic 

electron in the interior of a coaxial cylindrical mirror. The combined initial-value and 

boundary-value problem of the Maxwell equations have been solved exactly, but neither the 

radiation reaction, nor the role of spatio-temporal imperfections have been discussed. It was 

shown that near the plane of the electron’s gyration mostly the TE modes are excited, and the 

effect of damping at resonance has also been briefly discussed. In section 3 we have introduced 

the concept of geometrical resonance, whose notion is based on a simple ray construction. It was 

shown that if this condition is satisfied, then the exact wave resonance condition does not depend 

on the excitation indeces of the very high harmonics. At such a ’broad-band resonance’ there is 

an accumulation process taking place, due to which the intensity of the resulting radiation can 

be increased by orders of magnitudes.  

The present analysis supports our original physical picture according to which, if, in the 

discussed geometrical arrangement, the electron meets with its own radiation field emitted 

earlier in a tangential narrow cone, and reflected back by the mirror, then there is a 

constructive interference between this retarded self-field and the actually emitted radiation 

field. 
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