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1. Introduction  

Combustion is a natural phenomenon. It happens in forest, automotive engine and gas 
cooker. In Computational Fluid Dynamics (CFD), the combustion phenomenon complies 
with a set of partial differential equations. According to the resolution scale, from big to 
small, the simulation methods in combustion are Reynolds Averaged Navior Stokes method 
(RANS), Large Eddy Simulation (LES), and Direct Numerical Simulation (DNS). 
Combustion model research in RANS and LES was, is and will still be a hot topic. 
In this chapter, an Algebraic Sub-grid Scale turbulent Combustion Model (ASSCM) for LES 
is brought forward. Then this model is applied to a partly diffusion jet flame and a pre-
mixed flame, after that, the database of the LES simulation results is used to test a RANS 
turbulent combustion model closure idea. Finally, a DNS by spectral method (Xu et al, 1996) 
in channel flow is carried on with consideration of buoyancy effects, and the database of the 
DNS simulation results is used to study RANS and LES turbulent combustion models. 

2. Turbulent combustion models in LES 

The Sub-Grid Scale (SGS) turbulent combustion model is a key point in LES study. There are 
two methods in modelling: one is to build the turbulent combustion model for all turbulence 
scale, the other is  to build the models for big scale and small scale  separately. Generally, 
there are probability density function models, laminar flame-let models, eddy break up 
model, and ASSCM sub-grid scale model, etc. 
As for probability density function models, there are filtered density function method (FDF), 
probability density function method (PDF), and filtered mass density function method 
(FMDF), which are similar methods and all rooted in the probability function. They solve the 
PDF transport equation by the Lagrangian Monte Carlo scheme without using the assumed 
PDF functions. Also the  detail chemical reaction kinetics can be applied directly without 
models, while the mixing term and the convection term need to be closed. The value of the 
filtered scaler, such as the averaged temperature, can be calculated by the integration over the 
composition space. When the FMDF or FDF method extended into turbulent combustion SGS 
model, the joint probability density function of the sub-grid-scale (SGS) scalar quantities are 
obtained by solution of its modelled transport equation. In the work of Colucci et al 1998 and 
James et al 2000, the FMDF combined with detail reaction gave good prediction in temperature 
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and species profiles. The SGS PDF method still use Monte Carlo method to solve the transport 
equation of the SGS PDF function ( Gao et al 1993).  Renfo et al 2004 used this method and 
Smagorinsky model to predict the [OH] time series in H2/N2 jet turbulent flame. The predicted 
power spectral densities and the [OH] time scale are close to the measurements. 
The SGS laminar flame-let model is a quick reaction model, that means it assumes that the 
chemical time scales are shorter than the turbulent time scales. It uses a conservation scalar, 
such as the mixture fraction, to define the flow variables, such as the species concentration. 
Assumed PDF functions, as the double-delta function, the clipped Gaussian function and 
the Beta-pdf function are commonly used. The filtered mixture fraction and its variance can 
be calculated by transport equations. The relational expression also can be defined by 
experimental data. DesJardin et al 1999, using the experiential expressions, simulated the 
ethyne-air jet flame, the temperature prediction is higher than the experimental data in some 
regions. Jones 2002 applied this method in jet flame and combustion chamber in gas turbine 
engine, with Smagorinsky turbulent model. The averaged velocity and mixture fraction are 
close to the experimental data. In the simulation of the gas turbine chamber, the temperature 
predictions are close to the experimental data in the down stream regions. The 
instantaneous vortex structures showed detail flow information in the combustion chamber. 
The Eddy Break Up (EBU), Eddy Dissipation Concept (EDC) and other similar concept SGS 
model are rooted from the same type RANS model. The turbulent time scale is rescaled by 
the Kolmogorov turbulent time scale, and the concentrations were calculated by the filtered 
values. Yaga 2002 applied this model in a swirl combustion chamber with Smagorinsky 
turbulent model and three steps reaction kinetics. The prediction results of the temperature 
and the methane concentration are in good agreement with the experimental data while the 
CO concentration is not very well. 
An ASSCM sub-grid scale model is proposed by author and colleagues. In the filtered 
species equation, there are two reaction terms: 

 

s s
j s

j j s j
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ρY ┤ Y
+ (ρu Y ) = ( )

t x x Sc x

g
w w

x

  
   


  



 


 (1) 

The instantaneous reaction expression for s species is in the Arrhenius form: 

  exp /2 2
s fu ox fu oxw = Bρ Y Y E RT = ρ KY Y  (2) 

B is the pre-exponential factor, E is the activation energy and R is the universal gas constant. 
If the fluctuation of density can be neglected, in order to shorten the expression, the 
exponential term and the pre-exponential factor can be merged into one parameter K. The 
filtered 'big' scale reaction rate is defined as: 

 2
L,s fu oxw = ρ KY Y   (3) 

The filtered SGS reaction rate is:  

 ,
2( )

~
S s fu fu oxox

w KY Y KY Y     (4) 
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The exact expression of the SGS reaction rate is very complex. Anyway it presents the 
influence from the turbulent fluctuation under the grid scale. Conceptually, comparison 
with the Reynolds decomposition and the correlation of the turbulent fluctuation, the 
expression is rewritten as: 

    (5) 

 is the integral value in the control volume. The separate subtract terms in the SGS reaction 
rate denote the contribution from the 'small' scale turbulence fluctuation, and they can be 
closed by the products of the gradient of the filtered values: 

  (6) 

The CK,Yox is the constant, between 0.05 to 0.005 and Ls is the SGS mixing length. 

3. Jet flame simulation and premixed flame simulation using LES 

The ASSCM sub-grid scale turbulent combustion model is applied to a partly diffusion jet 
flame and a premixed flame after a bluff body. The SGS turbulent combustion model is 
verified by the experimental data and the LES database is used to verified the RANS 
turbulent combustion model. The instantaneous turbulent and flame structures are studied 
too. The implicit box filter function and the Smagorinsky-Lilly’s eddy viscosity turbulent 
model are used. The Smagorinsky constant is 0.1 in this chapter. The SGS mass flux and heat 
flux are in gradient models. Second order upwind scheme in space, second order central 
difference scheme for momentum equation, second order in temporal, and PISO algorithm 
are used. A random velocity component, satisfying Gaussian distribution is superposed at 
the inlet boundary. The grid size near inlet is 0.5mm around, and under 2mm in the 
simulation domain. The time step is 0.1ms. Each time step, it iterated 25 steps. As a 
comparison, the RANS model is applied for the jet flame too. 
The methane-air jet flame, the 'Flame D', is measured by the Sandia Laboratory. The sketch 
map of this flame is shown in the figure 1. The central flow consists of 25% methane and 
75% dry air, the inlet velocity is 29.7m/s, and the inlet temperature is 294K. The annular 
flow velocity is 6.8m/s and its temperature is 1880K. The surrounding flow velocity is 
0.9m/s, and its temperature is 291K. The exit is located at a distance of 1m from the jet exit. 
The methane air reaction kinetics is taken from Westbrook as: 

 11 1.3 0.2 82.119 10 exp 2.027 10 /fu ox fuw = Y Y ( RT)    (7) 

The specific heat for all the species are using subsection polynomial expression, such as the 
specific heat value of methane when the temperature is between 300K to 1000K: 

 2 5 3 9 4

  403.58 9.0575 – 0.014425 1.5805 10 6.3431 10C T T T Tp

 
       (8) 

Figure 2 is the averaged temperature comparison between the RANS unified second order 

moment (USM) transportation turbulent combustion model prediction results and the LES 

ASSCM turbulent combustion model prediction results with the experimental results. In 
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most regions the, the prediction value of the ASSCM model are very close to the 

experimental data. The RANS model can give the same trend of the temperature profiles. 

 

 

Fig. 1. The sketch map of the jet flame and its dimension. 

 

 

Fig. 2. The average temperature profiles. 
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Fig. 3. The average oxygen concentration profiles. 

Figure 3 shows the averaged oxygen concentration profiles comparison amongst the LES, 
RANS and the experimental data. In most regions, the LES ASSCM model gives good 
results. While the RANS predictions also are close to the experimental data in most regions. 
Considering RANS 1/500 computing time, it is still useful and popular in industry field. The 
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big difference between the RANS prediction results and the experimental data is mainly 
from the shear layer gradient assumption and one global step reaction kinetics.  
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Fig. 4. The root mean square (RMS) value of the temperature. 
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Fig. 5. The RMS value of the methane concentration. 

The RMS value of the LES ASSCM model and the RANS model prediction results are shown 
in the figure 4 and 5, as well as the comparison with the experimental data. Generally, the 
LES RMS predictions are worse than the LES average value predictions, especially in the 
regions near the methane jet area: x=1d, x=2d, and x=3d sections. These regions have great 
gradient value of temperature and concentration, and there are more active turbulence 
fluctuations. As for the prediction of the turbulent character, the LES is much better than the 
RANS method. 
Figure 6 is the instantaneous stain rate contour at the central axis section. The high velocity 
jet flow mixed with the low velocity co-flow air, then the mixing layer induced vortex and 
higher stain rate regions. 
Figure 7 and figure 8 are instantaneous temperature contour in different time step. From 
these two pictures, the temperature in the central jet flow remains low for quite long 
distance from the inlet. The pilot flow ignite the jet flow and the flame spread downstream. 
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1.47            917           1830            2750            3660            4580          5490             6410 

Fig. 6. The instantaneous stain rate contour (1/s). 

 

 
 

288            583            878            1170           1470            1760             2060               2500 

Fig. 7. The instantaneous temperature contour (K, t=0.8990s). 

 

 
 

288            583            878            1170            1470            1760            2060              2500 

Fig. 8. The instantaneous temperature contour (K, t=1.1094s). 
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Fig. 9. The instantaneous reaction rate contour (kmol/m3s). 
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 The co-flow air was entraining to the combustion flames. The high temperature areas changed 
temporally. The unsteady flame is similar to the candle flickers. It also can be seen the wrinkle 
flame structures. Figure 9 is the instantaneous reaction rate contour. The high reaction rate 
area is the low concentration area. Reaction also happens in some isolated 'islands'. 
Then, a propane air premixed flame is studied. The combustion chamber is shown in the 
figure 10 (Giacomazzi 2004). The inlet velocity is 17m/s, temperature is 288K, and the 
equivalence ratio is 0.65. The final mesh section is shown in figure 11, the maximum grid 
size is 0.5mm. Time step is 0.1ms, and 35 iterations during each time step. 
 
 

 

Fig. 10. The premixed chamber with bluff body (Giacomazzi 2004). 

 
 

 

Fig. 11. The final mesh at z=0 section. 

The laminar reaction rate is: 

 9 1.65 0.1 44.836 10 exp 1.51 10 /fu ox fuw = Y Y ( T)    (9) 
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Fig. 12. The averaged x velocity with combustion. 
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Fig. 13. The RMS value of the x velocity with combustion. 
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Fig. 14. The averaged temperature profiles with combustion. 
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In figure 15 and 13, the x velocity and its RMS value are compared with the experimental 

data generally. The predictions are close to the experimental data. Figure 14 is the averaged 

temperature profiles. The LES predictions are in good agreement with the experimental 

data. So the LES ASSCM model with the Smagorinsky-Lilly model can properly predict the 

combustion flow in this premixed case.  

 

 

Fig. 15. The instantaneous temperature contour (K). 

 

Fig. 16. The averaged temperature contour (K). 

The section results are shown in figure 15 and 16: the instantaneous temperature contour 

and the averaged temperature contour. The bluff body in the combustion chamber works as 

a flame stabilizer: the premixed flame attached behind the bluff body. The high temperature 

regions changed a lot in pace with the time steps. The instantaneous high temperature 

regions are different from the averaged high temperature regions. There are wrinkled flame 

structures. There are vortex 'source' in the after side of the bluff body. The vortex is 

generated, stretched and mixed along the combustion chamber. 

Because LES method can give much better predictions on turbulent fluctuations, the LES 

database can be used as a preliminary test source for the RANS combustion model. In RANS 

USM model, the correlations are solved by transportation equations, such as the transport 

equation of the correlation of the reaction rate factor K and a species concentration: 
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 (10) 

As for the ASOM model, the expression of the the correlation of the reaction rate factor K 
and concentration is: 
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Fig. 17. The correlation comparison between the LES statistic value and ASOM model value. 

From the jet flame simulation database here, the RANS ASOM model correlation value is 
close to the statistic correlation value which is gotten from the LES database, which is shown 
in figure 17. Generally, the model value is in the same trend with the statistic value and 
consistent with positive and negative symbols. 
The concentration correlation comparison between the model value and the statistic value is 
shown in figure 18. In most regions, the model values are close to the statistic values. 
Generally, the model value is of the same magnitude order with the statistic value. The 
similar statistic calculation is applied in the premixed case too, and the comparison result is 
shown in figure 19. The model value is close to the statistic value in all the sections. 
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Fig. 18. The relative correlation comparison between the LES statistic and ASOM model 
value. 
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Fig. 19. The correlation comparison between the LES statistic and ASOM model value. 

4. Direct numerical simulation for reacting flows 

Along with the development of computational technology, direct numerical simulation 
becomes more and more popular in combustion simulation studies. It is a powerful tool for 
fundamental study and test sources for RANS and LES models. 
In this chapter, a DNS of turbulent reacting channel flows with the consideration of the 
interaction between the velocity and scalars by buoyancy effect is performed using a 
spectral method. The instantaneous reaction rate is in Arrhenius form. The computational 
domain and coordinate system are shown in figure 20. x, y, z are the flow direction, normal 
direction, and span-wise direction separately. The height of the channel is 2H, the length in 
the stream-wise is 12.6H and the width in the span-wise direction is 6.28H. The flow is fully 
developed and the reactants mixed sufficiently. 
 

 

Fig. 20. The computation domain for DNS. 

The instantaneous continuity, momentum, species concentration and energy equations of 
incompressible turbulent reacting flows, with consideration of the buoyancy effect using 
Boussinesq approximation and taking the Arrhenius expression of one-step kinetics. 
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The Fi term in momentum equation stands for the effect from buoyancy force which caused 

by the difference of the temperature, also it induces the scalar and velocity interaction. The 

Reynolds number Rem defined by the channel half width H and average velocity Um is 3000. 

The parameters in DNS cases are given in Table 1.  

For all cases, the mass fraction of species 1 (fuel) is given as 1.0 at the top wall and 0.0 at the 

bottom wall, whereas the mass fraction of species 2 (oxidizer) is given as 0.0 at the top wall 

and 1.0 at the bottom wall. The wall temperature is given as 900K. Periodic boundary 

conditions are used in the longitudinal and spanwise directions and solid-wall boundary 

conditions are used on the top and bottom boundaries. 
 

Case B E/R  (K) Q  (kJ/kg) yF   (m/s2) 

1 0 0 0 0 
2 0.1 0 0 0 
3 1.0 0 0 0 
4 108 15000 100 0 
5 108 20000 100 0 
6 1010 20000 100 0 
7 108 20000 100 -0.5 

8 108 15000 100 yF  

9 108 20000 100 yF  

Table 1. Parameters for DNS Cases. 

For numerical simulations, the Galerkin-Tau spectral expansion method is adopted. The 

Fourier transform is used in x and z directions and the Chebyshev transform is used in the y 

direction. Uniform grid distribution is  in x and z directions and the Gauss-Lobatto 

nonuniform grid distribution is used in the y direction. The number of grid nodes in x and z 

directions is 128, and in the y direction is 129. This results a total of 2.11 million nodes. The 

time step used is 0.01H/Um. A third-order scheme is used for  time marching. 
The statistical RMS value of velocities and a correlation were compared with the literature 

data (Kawamura 2000), which are shown in figure 21 and 22. The predictions from this 

chapter are labelled by SM DNS, and the predictions from literature are labelled by FD DNS. 
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In the SM DNS simulation results, U=0.063845247, Re=191.54. The two DNS results are 

very close to each other. 
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Fig. 21. The RMS value of velocities. 
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Fig. 22. The averaged value of the correlation of concentration and v velocity 

The instantaneous contour of temperature and species are shown in figure 23 and 24. The 
plenty turbulent structures and near-wall stripe structures can be seen. The statistical 
averaged reaction factor K profiles is shown in figure 25.  
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(a) 

 

   
(b) 

Fig. 23. The instantaneous contour of temperature fluctuations in case 5  
(a-y+=8.2, b-y+=24.9) 

 
 

 

Fig. 24. The instantaneous contour of concentration fluctuation (case 8, y+=8.2) 
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Fig. 25. The averaged reaction factor K profiles. 

5. Turbulent combustion model study by DNS 

The DNS database is used for the scalar fluctuation correlations transportation equations' 
budget. The exact values are compared with the model values, and then the improvement is 
given in the turbulent combustion model. 
Firstly, a RANS transport equation combustion model is studied. In turbulent combustion 

model, the correlations are important terms. As for incompressible flow, Pc  is constant, D  

= 
P

┣
ρc

, and put 1 1 2 1 2exp2 2
2

E
w = w = Bρ Y Y ( ) = ρ Y Y K

RT
  reaction term into the equations, 

then the exact transportation equation for 1T'Y ' ,  1K'Y '  and 1 2Y 'Y '  are: 
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  (19) 

The statistical correlation values are shown in figure 26 to 29. The temperature fluctuation is 

very important in reaction correlations. Then the budgets are studied and shown in figure 

30 to 32. In these results, 1K'Y '  value changes greatly and 1T'Y '  are more important than 

1 2
' 'Y Y  according to the average value. 
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Fig. 26. The profiles of the 1 2
' 'Y Y .    
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Fig. 27. The profiles of the 1T'Y ' . 
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Fig. 28. The profiles of the 1K'Y ' . 
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Fig. 29. The profiles of the '
1v'Y . 
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Fig. 30. The budget of the 1 2
' 'Y Y  equation. 
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Fig. 31. The budget of the 1T'Y '  equation. 
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Fig. 32. The budget of the 1K'Y '  equation. 

From the magnitude and distribution, the chemistry affects a lot in correlations and their 
budget. In RANS model, the correlation transportation equations need to be closed with the 
production term, turbulent diffusion term and the dissipation term. As for the production 

term, the isotropic turbulent model is applied with Y┫  = 0.7. It is assumed that the 

dissipation of the correlation is direct proportion to itself. And gradient model is used in the 
diffusion term.  
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  (21) 

In which, 1 11.5C = , KY 0.7YY┫ = ┫ = , 2 0.005C = , 3 0.012C = , 1.0┚ = . 

The comparison of the DNS exact values and the RANS model values are shown in figure 33 
and 34. Generally, the model values of the production term (a), diffusion term (b) and the 
total dissipation term (c) are close to the exact values from DNS database. The difference 
between the exact values and the model values is rooted from the model assumption.  
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Fig. 33. The DNS statistical value and RANS model value of terms in 1
' 'K Y  correlation 

equation in case 5. 
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Fig. 34. The DNS statistical value and RANS model value of terms in 1 2
' 'Y Y  correlation 

equation in case 6. 

The algebraic second order moment (ASOM) RANS turbulent combustion model is quite 
simple but have been applied in jet flame successfully. The model expression is: 
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Fig. 35. The DNS statistical value and RANS model value of correlation 1 2
' 'Y Y  
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The comparison between DNS exact values and the algebraic model values are shown in 
figure 35 and 36. The model values are in same trend with the exact values while in some 
regions, the model values are rather of distortion. The overestimated value in the near wall 
regions and the underestimations in the main flow regions resulted from the gradient 
simplification. The model constant in ASOM model is 0.005. These results show the 
reasonableness of ASOM model.  
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Fig. 36. The DNS statistical value and RANS model value of correlation 1K'Y ' . 

As for the ASSCM SGS model in LES, the small scale reaction is calculated by: 

 1 2 1 2Y Y K Y Y K   
OXOX Fu OX Fu OX Fu Fu Fu OX= K(Y Y Y Y )+ Y (KY KY )+ Y (KY KY )           (24) 

The three quasi-correlation parts in the right hand side, shortened as 
1 2Y YR , 

1Y KR and
1Y TR , 

are 

 ΦΨR 2ΦΨ Φ,Ψ S
j j

Φ Ψ
= ΦΨ = C L

x x

 


 

   (25)   

 
Initially, the turbulent model is Smagorinsky-Lilly SGS model with S SL = C Δ . While this 

model get bigger dissipation in flow regions especially in the near wall region, then a 

damping correction is used [zhang 2005]: 

 1 exp /+ +
S SL = C Δ[ ( y A )]  , SC =0.2, +A =26   (26)   

In the spectral method, each variable in flow can be expended as Fourier function, in this 

chapter, the DNS wave number is 128, then assumed that the cut-off wave number in LES is 

64, thus the DNS results can be divided into two parts: the low-pass value represents the 

resolvable value in LES and  the rest high order value represents the sub-grid scale value. 

Using the filtering function, the statistic value of SGS correlation 
1Y

R K  and 
1Y

R T  from DNS 

database and SGS model value are shown in figure 37 to 42. 
1Y

R T  and 
1Y

R K  have same 

trend, and they have similar distribution in all domain. 
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Fig. 37. The DNS value of SGS 
1Y TR . 
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Fig. 38. The DNS value of SGS 
1Y KR . 
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Fig. 39. The DNS value of SGS 
1 2Y YR . 
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Fig. 40. The DNS value of SGS 
1 2Y YR   with wall correction. 
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Fig. 41. The DNS value of SGS 
1Y KR  with wall correction.  
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Fig. 42. The DNS value of SGS 
1 2Y YR  with wall correction  
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In ASSCM turbulent SGS combustion model, the model factor is constant, while the exact 
value for model factor is shown in figure 43. It can be treat as a constant in most regions, but 
changes a lot in the near wall regions and varies according to different cases. 
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Fig. 43. The SGS model factor from DNS statistic. 

While the model factor value with the near wall damping modification is shown in figure 44.  
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Fig. 44. The modified SGS model factor (XModel-ZN) divided by constant model value (XModel) 

According to the figures above, it is clearly that the modified model (XModel-ZN) is better than 
the constant value model (XModel) in the near wall regions because its value is closer to the 
exact DNS statistic value, so the damping model can give more reasonable prediction 
results. 
The SGS scalar flux model is using gradient model with damping modification: 

 1

1

T
u uj j 1 j

┛ Y
g = CY Y ┫ x





 (27) 

Sum up the main points in this part, briefly, there are typical strip structures in the velocity 
and scalar field. The chemical reaction enhanced the turbulence especially in high shear 
regions. In the transportation equations of correlations, the production term and the 
dissipation term are more important. Comparison with the exact value from DNS, the RANS 
second order moment turbulent combustion model and the RANS algebraic second order 
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moment turbulent model can give reasonable predictions in most regions. The damping 
modification model can give better prediction results than the constant value model because 
it is closer to the exact model factor value. 
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Fig. 45. The SGS flux model tested with damping model. 

6. Conclusion 

The LES and DNS methods are more and more important recently. There are many SGS 

turbulent combustion models for LES. The algebraic sub-grid scale turbulent combustion is 

quite simple in expression, while it is successfully applied in partly diffusion jet flame and 

premixed after bluff body flame. The predicted temperature, species, velocity and RMS 

values are all close to the experimental data in the most regions.  
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A spectral method DNS is carried in a channel reaction flow. The results are used for 

turbulent model research. It is shown that the ASSCM SGS model value is close to the exact 

value mainly, so ASSOM model is reasonable again. 

The ASOM RANS turbulent combustion model is tested by LES and DNS results. Though 

this model is simple, its value has same trend with the exact value and quite close to the 

exact value sometimes. It can give quick and roughly prediction for average parameters but 

not RMS value. 

The correlations in turbulent combustion model are studied in DNS, the temperature 

fluctuation is very important. The RANS equations were modelled. The near wall damping 

modification can improve the prediction ability of SGS model. 
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