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1. Introduction

Water is not only by far the most important liquid in nature but also the one with the most
puzzling behavior. Its density decreases upon cooling below 4 ◦C and the compressibility and
specific heat increase anomalously by cooling. Water has also unusually high boiling, freezing
and critical points and also a very high viscosity. In certain range of pressures, the diffusivity
of water molecules increases with increasing pressure. Nevertheless, many very simple
molecular water models proved to be able to reproduce several water anomalies (Angell
et al., 2000; Errington & Debenedetti, 2001; Guillot, 2002; Kumar et al., 2005; Lynden-Bell,
2010; Netz, Starr, Barbosa & Stanley, 2004; Netz et al., 2001; Pi et al., 2009; Stanley et al., 2008).
Consequently, very complex thermodynamic, dynamic or macroscopic features in principle
could be captured in simple intermolecular model potentials.
In addition, some other complex materials also exhibit anomalous behavior. This is the case of
SexTe1−x (Thurn & Ruska, 1976), and Ge15Te85 (Tsuchiya, 1991) which have density anomaly.
Liquid sulfur displays a sharp minimum in the density (Sauer & Borst, 1967), related to a
polymerization transition (Kennedy & Wheeler, 1983). Waterlike anomalies were also found
in simulations for silica (Angell et al., 2000; Angell & Kanno, 1976; Poole et al., 1997; Sharma,
Chakraborty & Chakravarty, 2006; Shell et al., 2002), silicon (Sastry & Angell, 2003) and BeF2

(Agarwal et al., 2007; Angell et al., 2000; Hemmer et al., 2001). Despite being sucessfull in the
description of many aspects of water and other anomalous materials behavior, however, none
of these potentials could indeed reproduce all desired properties.
The understanding of the phase behavior of fluids based solely on the information about
the intermolecular interactions remains as one of the biggest challenges in the statistical
thermodynamics. The scientific community has already recognized that such big challenge
demands a smart strategy: beginning with the simplest models.
It is recognized that the origin of the anomalies is related to the competition between open
low-density and closed high-density structures, which depend on the thermodynamic state of
the liquid (Krekelberg et al., 2008). In simple isotropic models, this competition is described by
two preferred interparticle distances. This simple recipe gives raise to a myriad of models and
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approaches (Almarza et al., 2009; Balladares & Barbosa, 2004; Buldyrev et al., 2002; Buldyrev
& Stanley, 2003; de Oliveira & Barbosa, 2005; de Oliveira et al., 2007; de Oliveira, Franzese,
Netz & Barbosa, 2008; de Oliveira, Netz & Barbosa, 2008; de Oliveira et al., 2009; 2006a;b;
Fomin et al., 2008; Franzese et al., 2001; 2002; Gibson & Wilding, 2006; Hemmer & Stell, 1970;
Henriques & Barbosa, 2005; Henriques et al., 2005; Jagla, 1998; Kurita & Tanaka, 2004; Netz,
Raymundi, Camera & Barbosa, 2004; Pretti & Buzano, 2004; Scala et al., 2000; Skibinsky et al.,
2004; Wilding & Magee, 2002; Xu et al., 2005).
Among these models, the core-softened shoulder potential (Cho et al., 1996; de Oliveira
et al., 2006a;b; Netz, Raymundi, Camera & Barbosa, 2004) reproduces qualitatively water’s
structural, density and diffusion anomalies. This potential is built summing a Lennard-Jones
potential and a displaced Gaussian term, as follows:

U∗(r) = 4

[

(σ

r

)12
−

(σ

r

)6
]

+ a exp

[

−
1

c2

(

r − r0

σ

)2
]

, (1)

Depending of the choice of a, c and r0, a whole family of potentials can be built, which
shapes ranging from double well to a ramp-like shoulder (Netz, Raymundi, Camera &
Barbosa, 2004). Molecular dynamics simulations using double well intermolecular potentials
constructed with this function show anomalous behavior in the stable region of the phase
diagram if the outer minimum is deeper than the inner minimum. In the case of a deeper
inner minimum, anomalous behavior is also present but inside an unstable region. Another
choice of parameters, yielding a ramp-like shoulder profile is a = 5.0, r0/σ = 0.7 and c = 1.0,
which result in stable fluid phases in a large portion of the phase diagram.
Using this potential, we found that the hierarchy of anomalies, i.e. the loci in the
pressure-temperature phase diagram of the state points displaying anomalous behavior
(de Oliveira et al., 2006a;b), is the same as in water (Errington & Debenedetti, 2001; Netz
et al., 2001): the structurally anomalous region in the pressure-temperature phase diagram
enclosing the region of dynamic (diffusivity) anomalies, that in its turn is enclosing region of
the thermodynamic (density) anomalies. In principle this shoulder potential can represent
in an effective and orientation-averaged way the interaction between water pentamers
(Krekelberg et al., 2008) characterized by the presence of two structures – one open and one
closed – as discussed above. Similarly, the thermodynamic and dynamic anomalies result
from the competition between the two length scales associated with the open and closed
structures. The open structure is favored by low pressures and the closed structure is favored
by high pressures, but only becomes accessible at sufficiently high temperatures.
Even though core-softened potentials have been mainly used for modeling water (de Oliveira
& Barbosa, 2005; de Oliveira et al., 2009; 2006a;b; Franzese, 2007; Gibson & Wilding, 2006;
Xu et al., 2006; Yan et al., 2006; 2005), many other materials present the so called water-like
anomalous behaviour. In this sense, it is reasonable to use core-softened potentials as the
building blocks of a broader class of materials which we can classify as anomalous fluids. One
interesting aspect in this investigation is the role of multiple length scales and of anisotropy.
It has been shown that the presence of many length scales in a spherical symmetric potential
leads to only one region in the pressure-temperature phase-diagram with thermodynamic and
dynamic anomalies (Netz et al., 2006) because actually only the smaller and the larger scales
compete.
Obviously anisotropic systems are not only more complicated but the addition of other
degrees of freedom result in a richer phase-diagram. For instance diatomic particles
interacting through a Lennard-Jones potential (Kriebel & Winkelmann, 1996; Sumi et al.,
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Phase Diagram and Waterlike Anomalies in Core-Softened Shoulder-Dumbbell Complex Fluids 3

2004) exhibit a solid phase that occupies higher pressures and temperatures in the
pressure-temperature phase diagram. In the case of the solid phase, the diatomic particles
exhibit two close-packed arrangements instead of one as observed in the monoatomic
Lennard-Jones (Vega et al., 2003). Therefore, it is expected that the dimeric system interacting
through two length scales potential might have a phase-diagram with a larger solid phase
region in the pressure-temperature phase diagram than the one occupied by the solid phase
in the monomeric system.
In the recently proposed model of dimeric molecules linked as rigid dumbbells, interacting
with the shoulder potential described above (de Oliveira et al., 2010) the anisotropy due to
the dumbbell leads indeed to a much larger solid phase and to the appearance of a liquid
crystal phase. This system has a peculiar phase behavior: by isothermal increase of the
pressure at moderate temperatures, the system, beginning in the fluid phase, becomes solid,
at high pressures it becomes fluid again and by further increase of the pressure it becomes
liquid-crystal-like before becoming a solid.
The regions of thermodynamic, dynamic and structural anomalies display the same hierarchy
as in the monomeric case. In general, the range of pressures and temperatures occupied
by these anomalous regions are larger than those observed in the monomeric case. The
differences are more pronounced for the regions of diffusion and structural anomalies and
not so large for the thermodynamic anomalies.
These results showed that the dimeric particles interacting with the core softened shoulder
potential have a different behavior when compared with the monomeric particles with the
same interaction potential. This raises the following question: how to quantify the influence
of the anisotropy, i.e. what is the role of the strength of anisotropy, the interparticle separation
λ, on the phase and anomalous behavior?
We consider a set of N/2 dimeric molecules formed each by two spherical particles of
diameter σ, linked rigidly in pairs with the distance of λ between their centers of mass, as
depicted in Fig. 1. Each particle within a dimer interacts with all particles belonging to other
dimers with the intermolecular continuous shoulder potential (de Oliveira et al., 2006b) given
by equation 1 with the parameters: a = 5.0, r0/σ = 0.7, c = 1.0 and comparing several values
of λ.
In the following section we describe some details of the simulation methodology, the choice
of state points and the methods of analysis and quantification of the anomalous behavior.
In the next section, detailed results from simulations using λ = 0.50 are compared with the
previously simulated system with λ = 0.20. The results pointed out to further simulations
with other values of λ, which are also discussed in this section. Finally, in the conclusions
section, a survey of all we have learnt from this system is given, as well as we point out some
perspectives.

2. Methods

We performed molecular dynamics simulations in the canonical ensemble using N = 500
particles (250 dimers) in a cubic box with periodic boundary conditions, interacting with
the intermolecular potential described above. The cutoff radius was set to 5.5 length units.
Pressure, temperature, density, and diffusion are calculated in dimensionless units, as detailed
elsewhere (de Oliveira et al., 2010). We first compared the previous (de Oliveira et al., 2010)
results, obtained with the choice of λ/σ = 0.20 with a new choice λ/σ = 0.50, in a broad
range of temperatures (0.10 ≤ T∗ ≤ 3.00) and densities (0.10 ≤ ρ∗ ≤ 0.50). In order to follow
the trend of the anomalies on lambda, several additional sets of simulations in a rather small
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Fig. 1. Effective potential versus distance, in reduced units.

region of the phase diagram (0.60 ≤ T∗ ≤ 0.94 and 0.20 ≤ ρ∗ ≤ 0.28) were carried out, for λ/σ
= 0.10, 0.30, 0.40 and 0.70.
Thermodynamic and dynamic properties were calculated over 700 000 steps after previous
200 000 equilibration steps. The time step was 0.001 in reduced units, the time constant of the
Berendsen thermostat (Berendsen et al., 1984) was 0.1 in reduced units. The internal bonds
between the particles in each dimer remain fixed using the SHAKE (Ryckaert et al., 1977)
algorithm, with a tolerance of 10−12 and maximum of 100 interactions for each bond.
The stability of the systems was checked analyzing the dependence of pressure on density
and also by visual analysis of the final structure, searching for cavitation. The structure
of the system was characterized using the intermolecular radial distribution function, g(r)
(RDF), which does not take into account the correlation between atoms belonging to the same
molecule. The diffusion coefficient was calculated using the slope of the least square fit to the
linear part of the mean square displacement, < r2(t) > (MSD), averaged over different time
origins. Both the g(r) and < r2(t) > where computed taking the origin as the center of mass
of a dimer. The phase boundary between solid and fluid phase was mapped by analysis of
the change of the pattern of the mean squared displacement and radial distribution function.
For the quantification of the structural anomaly we use the translational order parameter t
(Errington & Debenedetti, 2001), given by

t ≡
1

ξc

∫ ξc

0
|g(ξ)− 1|dξ, (2)

which decreases upon increasing density in the structurally anomalous region. Here ξ ≡ rρ1/3

is the distance r in units of the mean interparticle separation, computed by the center of mass
of the dimers, ρ−1/3, ξc is the cutoff distance set to half of the simulation box times ρ−1/3. g(ξ)
is the radial distribution function as a function of the (reduced) distance ξ from a reference
particle. For an ideal gas g = 1 and t = 0. In the crystal phase g �= 1 over long distances and t
is large.
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Phase Diagram and Waterlike Anomalies in Core-Softened Shoulder-Dumbbell Complex Fluids 5

In a previous work we showed that (de Oliveira et al., 2010), depending on the chosen
temperature and density, the system could be in a fluid phase metastable with respect to the
solid phase. In order to check this case, for λ/σ = 0.50, two sets of simulations were carried
out, one with a ordered crystalline initial configuration and other with a liquid configuration
obtained from previous equilibrium simulations. No noticeable differences were detected in
the results of both sets.

3. Results

We carried out a detailed set of simulations of rigid dumbbells interacting with the potential
1 with λ/σ = 0.50. In order to locate the anomalous regions for this system, the following
methodology was adopted.
First of all, it is needed to locate the phase boundary, i.e. the loci in the phase diagram
separating the solid and fluid phases. This was determined by the change of pattern in the
mean square displacement and radial distribution function. Fig. 2 shows that, for a chosen
fixed density (ρ = 0.22 in this figure), the system becomes fluid for temperatures above
T = 0.39, as can be seen by the abrupt change of the slope of the mean square diplacement and
the change of a solid-like radial distribution function below this temperature to a fluid-like
g(r) above that. This transition was independent of the starting configuration: simulations
starting from the ordered crystalline initial configuration and from a previoulsy equilibrated
liquid configuration showed the same behavior. For other densities the location of the phase
boundary was done in the same way.
Second, in order to map the region of thermodynamic anomalies, one has to locate the
temperature of maximum density, TMD. The TMD was determined plotting the pressure
against the temperature along isochores and locating the minima, as shown in Fig. 3. The
isochores located between 2.0 < P∗

< 3.5 have minimum at a certain temperature and
pressure corresponding to a temperature of maximum density (TMD) at a given P∗.
Third, the region of diffusion anomalies is defined as the region where the mobility behaves
anomaloulsy, increasing D with increasing density. Indeed, for T∗

> 0.65, the plot of the
diffusion coefficient D against the density ρ along isotherms shows the same anomalous
behavior (see Figure 3) already known for the waterlike core-softened shoulder monomeric
(de Oliveira et al., 2006a;b) and dimeric (de Oliveira et al., 2010) systems. For low densities
ρ < ρDmin D decreses with increasing ρ (normal behavior); for intermediate densities
ρDmin < ρ < ρDmax, D increases with increasing ρ (anomalous behavior) and for high
densities ρ > ρDmax, the behavior turns out to be the same of the normal fluids. For each
temperature there is a ρDmin and a ρDmax and consequently a PDmin(T) and a PDmax(T). The
line of PDmax(T) in the P-T phase diagram illustrated in Fig. 5 is similar to the diffusivity
maxima observed in experiments for water as well as in simulations of water (Errington &
Debenedetti, 2001; Mittal et al., 2006; Netz et al., 2001), silica, (Poole et al., 1997; Sharma,
Mudi & Chakravarty, 2006; Shell et al., 2002), other isotropic potentials (Xu et al., 2006; Yan
et al., 2006; 2005) and for the potential Fig. 1 in the case in which the particles are monomeric
(de Oliveira et al., 2006b). The line of PDmin(T) is also shown in Fig. 5. The region of diffusion
anomaly in the P∗-T∗ phase diagram is bounded by PDmin(T) and PDmax(T).
Finally, the location of the structurally anomalous region demands mapping the extrema in the
translational order parameter t. Fig. 4 shows the behavior of t along isotherms against density.
It is expected, for normally behaved fluids, the increase of translational order parameter with
increasing compression (as in the red and blue portions of the isotherms). The region where t
decreases with increasing compression (delimited by the maximum and minimum) is shown

395Phase Diagram and Waterlike Anomalies in Core-Softened Shoulder-Dumbbell Complex Fluids
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in black and corresponds to the structurally anomalous region. For low temperatures, the
behavior is strikingly anomalous, stronger than in the monomeric case. It is also shown the
typical pattern in the radial distribution functions, corresponding to the three regions seen
in the figure. For low densities, the compression leads to an increase on the first peak of
the radial distribution function, thus increasing t. For intermediate densities, a new, short
range peak appears. The intensity of this inner peak increases and the former first peak (now
termed the second peak) decreases in intensity. This competition is the main characteristic
of the structurally anomalous region. Finally, a normal behavior is recovered at very high
densities, because the inner peak dominates and grows leading to the increase in t.
Fig. 5 shows the pressure-temperature phase diagram of the shoulder-dumbbell system with
the parameters described above and with the choice of λ/σ = 0.5. For comparison, it is also
shown the corresponding phase diagram obtained previously (de Oliveira et al., 2010) with
λ/σ = 0.2. For both cases, two solid regions are clearly seen, as well as fluid phases with
different densities.
The boundaries of the anomalous regions depend clearly on λ. The solid-fluid phase
boundary and the TMD are shifted towards lower temperatures and slightly higher pressures
with the increase of lambda. The high-temperature limit of the boundary of the region
of diffusion anomalies becomes also shifted towards lower temperatures, whereas the
lower-temperature part of this regions becomes broader. The structurally anomalous region
shrinks with increasing λ.
In order to confirm the influence of λ on the phase diagram and regions of anomalous
behavior, we carried out several simulations restricted to the small region in the phase
diagram between the densities ρ = 0.20 and ρ = 0.28 (which correspond roughly to 2 < P∗

<

4) and temperatures T = 0.60 and T = 0.94. Figure 6 shows the solid-fluid phase boundary
for the systems with λ/σ = 0.10, 0.20, 0.40, 0.50 and 0.70. The increase of the interparticle
separation shifts the solid-fluid phase boundary to lower temperatures.
Figure 7 show the radial distribution functions for a chosen state point (density 0.20 and
temperature 0.60) as a function of λ. The smaller values of λ tend to increase the solid-like
nature of the system.
Comparing the results of the simulations corresponding to the several values of λ with
the results of the monomeric shoulder-dumbbell simulations, we see an unexpected
non-monotonic behavior. The effect of the introduction of a rather small anisotropy due to
the dimeric nature of the particle (small values of the interparticle separation λ) leads to the
increase of the size of the regions of anomalies (de Oliveira et al., 2010). Nevertheless, the
increase of λ shrinks those regions.
For very high densities, however, the boundary between solid and liquid phases is not sharp
and a broad metastable region exhibiting liquid-crystal-like behavior is found. This state can
be recognized by the comparison of the mean square displacement and radial distribution
function for several temperatures with a fixed density. In this case there is no clear-cut
change of pattern as the state point moves from solid to liquid (as in Figure 2 and it is seen,
instead, a seemingly contradictory liquid-like mean square displacement and solid-like radial
distribution function (see Fig 8).
This liquid-crystal-like behavior was also found in the shoulder-dumbbell system with λ/σ =
0.20 (de Oliveira et al., 2010). In this state the particles have a crystal-like ordering, but diffuse
as a one-dimensional string.
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Fig. 2. Mapping the phase boundary between solid and fluid by the change of profile in the
mean square displacement (a) and radial distribution function (b) for rigid dumbbells with
interatomic separation λ/σ = 0.50 and density 0.22.
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Fig. 4. (a) Translational order parameter for rigid dumbbells with interatomic separation
λ/σ = 0.50 as a function of density for temperatures T = 0.30, 0.40, 0.42, 0.44, 0.46, 0.48, 0.50
and 0.60 (from top to bottom); (b) radial distribution functions (g (r)) for a fixed temperature
T = 0.30 and several densities. The colors correspond to the densities where the translational
order parameter increases (red), decreases (black) or increases (blue) under increasing
density, as in (a).
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Fig. 5. Pressure versus temperature phase diagram of the potential illustrated in Figure 1 for
for rigid dumbbells with interatomic separation λ/σ = 0.20 and λ/σ = 0.50. The thin solid
lines represent the boundaries between the fluid and the solid phases, the bold solid line, the
TMD’s lines, the dashed lines represent the D extrema lines and the dotted-dashed lines the
boundary of the structurally anomalous region.
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Fig. 7. Radial distribution functions for a chosen state point (density 0.20 and temperature
0.60) showing the influence of the interparticle separation λ on the structure.
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4. Conclusions

In this work we have simulated a system consisting of rigid dimers in which each monomer
interacts with monomers from the other dimers through a core-softened shoulder potential.
In order to check how the anisotropy induced by the dimeric structure affects the presence of
density, diffusion and structural anomalies, we have obtained the pressure temperature phase
diagram, the diffusion constant and the structural order parameter of the system for different
λ, distance between the bonded particles in each dimer, values.
The understanding of this effect is a fundamental step towards modeling more complex
systems such as polymers in which anomalies would be present.
We found that this system has thermodynamic, dynamic and structural anomalies similar to
the anomalies present in the monomeric case, but the size of the anomalous region in the
pressure temperature phase diagram is dependent on the value of λ.
In particular we found that in the range 0.1 < λ < 0.7 the pressures and the temperatures
of the melting line decrease with increasing λ. This result is consistent with the idea that the
anisotropy enhanced by large values of λ made it difficult for the system to reach the proper
solid configuration. Any small thermal motion disrupts the structure that finds it easier to be
in a solid phase. The same argument also explains why the region in the pressure temperature
phase diagram occupied by the density, diffusion and structural anomalous regions is smaller
for large λ values than for smaller values. As the anisotropy becomes larger, the competition
between the two length scales that is responsible for the anomalies becomes less important for
the organization of the particles than the dimer scale. As a result the anomalous regions do
exist only for a narrow range of pressures and temperatures where the dimeric scale does not
prevail.
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