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Different Approaches for Modelling
of Heat Transfer in Non-Equilibrium

Reacting Gas Flows

E.V. Kustova and E.A. Nagnibeda
Saint Petersburg State University

Russia

1. Introduction

Modelling of heat transfer in non-equilibrium reacting gas flows is very important and
promising for many up-to-date practical applications. Thus, calculation of heat fluxes is
needed to solve the problem of heat protection for the surfaces of space vehicles entering
into planet atmospheres.
In high-temperature and hypersonic flows of gas mixtures, the energy exchange between
translational and internal degrees of freedom, chemical reactions, ionization and radiation
result in violation of thermodynamic equilibrium. Therefore the non-equilibrium effects
become of importance for a correct prediction of gas flow parameters and transport properties.
The first attempt to take into account the excitation of internal degrees of freedom in
calculations for the transport coefficients was made in 1913 by E. Eucken Eucken (1913),
who introduced a phenomenological correction into the formula for the thermal conductivity

coefficient. Later on, stricter analysis for the influence of the excitation of internal degrees
of freedom of molecules on heat and mass transfer was based on the kinetic theory of gases.
Originally, in the papers concerning kinetic theory models for transport properties, mainly
minor deviations from the local thermal equilibrium were considered for non-reacting gases
Ferziger & Kaper (1972); Wang Chang & Uhlenbeck (1951) and for mixtures with chemical
reactions Ern & Giovangigli (1994). In this approach non-equilibrium effects were taken
into account in transport equations by introducing supplementary kinetic coefficients: the
coefficient of volume viscosity in the expression for the pressure tensor and corrections to the
thermal conductivity coefficient in the equation for the total energy flux. Such a description
of the real gas effects becomes insufficient under the conditions of finite (not weak) deviations
from the equilibrium, in which the energy exchange between some degrees of freedom and
some part of chemical reactions proceed simultaneously with the variation of gas-dynamic
parameters. In this case characteristic times for gas-dynamic and relaxation processes become
comparable, and therefore the equations for macroscopic parameters of the flow should
be coupled to the equations of physical-chemical kinetics. The transport coefficients, heat
fluxes, diffusion velocities directly depend on non-equilibrium distributions, which may differ

substantially from the Boltzmann thermal equilibrium distribution. In this situation, the
estimate for the impact of non-equilibrium kinetics on gas-dynamic parameters of a flow

21

www.intechopen.com
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and its dissipative properties becomes especially important. In recent years, these problems
receive much attention, and new results have been obtained in this field on the basis of the
generalized Chapman-Enskog method Nagnibeda & Kustova (2009), see also references in
Nagnibeda & Kustova (2009). The kinetic theory makes it possible to develop mathematical
models of a flow under different non-equilibrium conditions, i.e. to obtain closed systems of
the non-equilibrium flow equations and to elaborate calculation procedures for transport and
relaxation properties.
In the present chapter, on the basis of the kinetic theory developed in Nagnibeda & Kustova
(2009), the mathematical models for calculation of heat transfer in strong non-equilibrium
reacting mixtures are proposed for different conditions in a flow.

2. Theoretical models

The theoretical models adequately describing physical-chemical kinetics and transport
properties in a flow depend on relations between relaxation times of various kinetic processes.
Experimental data show the significant difference in relaxation times of various processes.
At the high temperature conditions which are typical just behind the shock front, the
equilibrium over the translational and rotational degrees of freedom is established for a
substantially shorter time than that of vibrational relaxation and chemical reactions, and
therefore the following relation takes place Phys-Chem (2002); Stupochenko et al. (1967):

τtr < τrot ≪ τvibr < τreact ∼ θ. (1)

In (1), τtr, τrot, τvibr and τreact are the the relaxation times for the translational, rotational
and vibrational degrees of freedom, and the characteristic time for chemical reactions; θ is
the mean time of the variation of gas-dynamics parameters. In this case for the description
of the non-equilibrium flow it is necessary to consider the equations of the state-to-state
vibrational and chemical kinetics coupled to the gas dynamic equations. It is the most detailed
description of the non-equilibrium flow. Transport properties in the flow depend not only
on gas temperature and mixture composition but also on all vibrational level populations of
different species Kustova & Nagnibeda (1998).
More simple models of the flow are based on quasi-stationary multi-temperature or
one-temperature vibrational distributions. In the vibrationally excited gas at moderate
temperatures, the near-resonant vibrational energy exchanges between molecules of the same

chemical species occur much more frequently compared to the non-resonant transitions
between different molecules as well as transfers of vibrational energy to the translational and
rotational ones and chemical reactions:

τtr < τrot < τVV1
≪ τVV2

< τTRV < τreact ∼ θ. (2)

Here τVV1
, τVV2

, τTRV are, respectively, the mean times for the VV1 vibrational energy
exchange between molecules of the same species, VV2 vibrational transitions between
molecules of different species and TRV transitions of the vibrational energy into other modes.
Under this condition quasi-stationary (multi-temperature) distributions over the vibrational
levels establish due to rapid energy exchanges, and equations for vibrational level populations
are reduced to the equations for vibrational temperatures for different chemical species.
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Different Approaches for Modelling of Heat Transfer in Non-Equilibrium Reacting Gas Flows 3

Heat and mass transfer are specified by the gas temperature, molar fractions of species and
vibrational temperatures of molecular components Chikhaoui et al. (1997).
For tempered reaction regime, with the chemical reaction rate considerably lower than that
for the internal energy relaxation, the following characteristic time relation takes place:

τtr < τint ≪ τreact ∼ θ, (3)

τint is the mean time for the internal energy relaxation. Under this condition, the
non-equilibrium chemical kinetics can be described on the basis of the maintaining thermal
equilibrium one-temperature Boltzmann distributions over internal energies of molecular
species while transport properties are defined by the gas temperature and molar fractions of

mixture components Ern & Giovangigli (1994); Nagnibeda & Kustova (2009). The influence
of electronic excitation of atoms and molecules on the transport properties under the last
condition is also considered in Kustova & Puzyreva (2009).
Finally, if all relaxation processes and chemical reactions proceed faster than gas-dynamic
parameters vary, the relaxation times satisfy the relation:

τtr < τint < τreact ≪ θ. (4)

Under this condition, on the time scale θ a gas flow can be assumed thermally and
chemically equilibrium or weakly non-equilibrium (Brokaw (1960); Butler & Brokaw (1957);
Vallander et al. (1977)). In this case the closed system of governing equations of a flow
contains only conservation equations, and non-equilibrium effects in a viscous flow manifest

themselves mainly in transport coefficients.
In the present contribution, for all these approaches, on the basis of the rigorous kinetic
theory methods, we propose the closed sets of governing equations of a flow, expressions for
transport and relaxation terms in these equations and formulas for the calculation of transport
coefficients. The results of applications of proposed models for particular flows are briefly
discussed. The comparison of the results obtained for heat transfer in different approaches
behind shock waves, in nozzle flows, in the non-equilibrium boundary layer and in a shock
layer near the re-entering body is discussed.

2.1 State-to-state model

2.1.1 Distribution functions and governing equations

The mathematical models of transport properties in non-equilibrium flows of reacting viscous
gas mixtures are based on the first-order solutions of the kinetic equations for distribution
functions fcij(r, u, t) over chemical species c, vibrational i and rotational j energy levels,
particle velocities u, coordinates r and time t. In the case of strong deviations from thermal
and chemical equilibrium in a flow, the kinetic processes may be divided for rapid and slow
ones and the kinetic equations for fcij(r, u, t) can be written in the form Nagnibeda & Kustova
(2009)

∂ fcij

∂t
+ uc · ∇ fcij =

1

ε
J
rap
cij + Jsl

cij, (5)

where J
rap
cij , Jsl

cij are the collision operators for rapid and slow processes, respectively, the small

parameter ε represents the ratio of the characteristic times for rapid and slow processes ε =
τrap/τsl ∼ τrap/θ ≪ 1. Under the condition (5), the integral operator for rapid processes
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J
rap
cij describes elastic collisions and rotational energy exchange whereas the operator for slow

processes Jsl
cij describes the vibrational energy exchange and chemical reactions:

J
rap
cij = Jtr

cij + Jrot
cij ,

Jsl
cij = Jvibr

cij + Jreact
cij . (6)

The integral operators (6) are given in Ern & Giovangigli (1994); Nagnibeda & Kustova (2009).
For the solution of the kinetic equations (5), (6) modification of the Chapman-Enskog method
for rapid and slow processes Chikhaoui et al. (1997); Kustova & Nagnibeda (1998) is used.
This method makes it possible to derive governing equations of the flow, expressions for
the dissipative and relaxation terms in these equations and algorithms for the calculation of

transport and reaction rate coefficients. The solution of the equations (5), (6) is sought as the
generalized Chapman-Enskog series in the small parameter ε.
The solution of the kinetic equations in the zero-order approximation

J
rap(0)
cij = 0 (7)

is specified by the independent collision invariants of the most frequent collisions which
define rapid processes. These invariants include the momentum and particle total energy
which are conserved at any collision, and additional invariants for the most probable collisions
which are given by any value independent of the velocity and rotational level j and depending
arbitrarily on the vibrational level i and chemical species c. The additional invariants appear
due to the fact that vibrational energy exchange and chemical reactions are supposed to be
frozen in rapid processes. Based on the above set of the collision invariants, the zero-order
distribution function takes the form

f
(0)
cij =

( mc

2πkT

)3/2
sci

j
nci

Zrot
ci (T)

exp

(
−

mcc2
c

2kT
−

εci
j

kT

)
(8)

Here, nci is the population of vibrational level i of species c, cc = uc − v, v is the macroscopic
velocity, εci

j is the rotational energy of the molecule at j-th rotational and i-th vibrational

levels, T is the gas temperature, mc is the molecular mass, k is the Boltzmann constant, sci
j

is the rotational statistical weight, Zrot
ci is the rotational partition function. For the rigid rotator

model, εci
j = εc

j , Zrot
ci = Zrot

c = 8π2 IckT
σh2 , Ic is the moment of inertia, h is the Planck constant, σ is

the symmetry factor.
The distribution functions (8) are specified by the macroscopic gas parameters: nci(r, t)
(c = 1, ..., L, i = 0, 1, ..., Lc, L is the number of chemical species, Lc is the number of excited
vibrational levels in species c), T(r, t), and v(r, t) which correspond to the set of the collision
invariants of rapid processes.
The closed set of equations for the macroscopic parameters nci(r, t), T(r, t), and v(r, t) follows
from the kinetic equations and includes the conservation equations of momentum and total
energy coupled to the relaxation equations of detailed state-to-state vibrational and chemical
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Different Approaches for Modelling of Heat Transfer in Non-Equilibrium Reacting Gas Flows 5

kinetics Nagnibeda & Kustova (2009):

dnci

dt
+ nci ∇· v +∇· (nciVci) = Rci, c = 1, ..., L, i = 0, ..., Lc, (9)

ρ
dv

dt
+∇· P = 0, (10)

ρ
dU

dt
+∇· q + P : ∇v = 0. (11)

Here P is the pressure tensor, q is the total energy flux, Vci are diffusion velocities of molecules
at different vibrational states, U is the total energy per unit mass:

ρU =
3

2
nkT + ρErot + ∑

ci

εc
i nci +∑

c
εcnc.

Erot is the rotational energy per unit mass, εc
i is the vibrational energy of a molecule of species

c at the i-th vibrational level, εc is the energy of formation of the particle of species c.

The source terms in the equations (9) are expressed via the integral operators of slow
processes:

Rci = ∑
j

∫
Jsl
cijd uc = Rvibr

ci + Rreact
ci . (12)

and characterize the variation of the vibrational level populations and atomic number
densities caused by different vibrational energy exchanges and chemical reactions.
For this approach, the vibrational level populations are included to the set of main
macroscopic parameters, and the equations for their calculation are coupled to the equations
of gas dynamics. Particles of various chemical species in different vibrational states represent
the mixture components, and the corresponding equations contain the diffusion velocities Vci

of molecules at different vibrational states. Thus the diffusion of vibrational energies is the
peculiar feature of diffusion processes in the state-to-state approximation.

2.1.2 Transport properties

In the zero-order approximation of Chapman-Enskog method

P
(0) = nkTI, q(0) = 0, V

(0)
ci = 0 ∀ c, i, (13)

I is the unity tensor.
The set of governing equations in this case describes the detailed state-to-state vibrational and

chemical kinetics in an inviscid non-conductive gas mixture flow in the Euler approximation
Nagnibeda & Kustova (2009). Taking into account the first-order approximation makes it
possible to consider dissipative properties in a non-equilibrium viscous gas.
The first-order distribution functions can be written in the following structural form
Kustova & Nagnibeda (1998):

f
(1)
cij = f

(0)
cij

(
−

1

n
Acij · ∇ ln T −

1

n ∑
dk

Ddk
cij · ddk −

1

n
Bcij : ∇v −

1

n
Fcij∇ · v −

1

n
Gcij

)
. (14)
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The functions Acij, Ddk
cij, Bcij, Fcij, and Gcij depend on the peculiar velocity cc and the flow

parameters: temperature T, velocity v, and vibrational level populations nci, and satisfy the
linear integral equations with linearized operator for rapid processes; dci are the diffusive
driving forces:

dci = ∇
(nci

n

)
+

(
nci

n
−

ρci

ρ

)
∇ ln p. (15)

The transport kinetic theory in the state-to-state approximation was developed, for the first
time, in Kustova & Nagnibeda (1998) and is given also in Nagnibeda & Kustova (2009). The
expressions for the transport terms in the equations (9)-(11) in the first order approximation
are derived on the basis of the distribution functions (14).
The viscous stress tensor is described by the expression:

P = (p − prel)I − 2ηS − ζ ∇ ·vI. (16)

Here, prel is the relaxation pressure, η and ζ are the coefficients of shear and bulk viscosity,
S is the deformation rate tensor. The additional terms connected to the bulk viscosity and
relaxation pressure appear in the diagonal terms of the stress tensor in this case due to rapid
inelastic TR exchange between the translational and rotational energies. The existence of the
relaxation pressure is caused also by slow processes of vibrational and chemical relaxation. If
all slow relaxation processes in a system disappear, then prel = 0.
The diffusion velocity of molecular components c at the vibrational level i is specified in the
state-to-state approach by the expression Kustova & Nagnibeda (1998); Nagnibeda & Kustova
(2009):

Vci = −∑
dk

Dcidkddk − DTci∇ ln T, (17)

where Dcidk and DTci are the multi-component diffusion and thermal diffusion coefficients for
each chemical and vibrational species.
The total energy flux in the first-order approximation has the form:

q = −λ′∇T − p ∑
ci

DTcidci + ∑
ci

(
5

2
kT + 〈εci〉rot + εc

i + εc

)
nciVci, (18)

where λtr + λrot is the thermal conductivity coefficient, 〈εci〉rot is the mean rotational energy.
The coefficients λtr and λrot are responsible for the energy transfer associated with the most
probable processes which, in the present case, are the elastic collisions and inelastic TR- and

RR rotational energy exchanges. In the state-to-state approach, the transport of the vibrational
energy is described by the diffusion of vibrationally excited molecules rather than the thermal
conductivity. In particular, the diffusion of the vibrational energy is simulated by introducing
the independent diffusion coefficients for each vibrational state. It should be noted that
all transport coefficients are specified by the cross sections of rapid processes excepting the
relaxation pressure depending also on the cross sections of slow processes of vibrational
relaxation and chemical reactions.
From the expressions (17), (18), it is seen that the energy flux and diffusion velocities include
along with the gradients of temperature and atomic number densities also the gradients of
all vibrational level populations with multi-component diffusion coefficients depending on
the vibrational levels of colliding molecules. In the state-to-state approach, the transport of
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Different Approaches for Modelling of Heat Transfer in Non-Equilibrium Reacting Gas Flows 7

vibrational energy is associated with diffusion of vibrationally excited molecules rather than
with heat conductivity. This constitutes the main feature of the heat transfer and diffusion
in the state-to-state approach and the fundamental difference between Vci and q and the
diffusion velocities and heat flux obtained on the basis of one-temperature, multi-temperature
or weakly non-equilibrium approaches.
The transport coefficients in the expressions (16)-(18) can be written in terms of functions Acij,

Ddk
cij, Bcij, Fcij, and Gcij:

η =
kT

10
[B, B] , ζ = kT [F, F] , prel = kT [F, G] , (19)

Dcidk =
1

3n

[
Dci, Ddk

]
, DTci =

1

3n

[
Dci, A

]
, λ′ =

k

3
[A, A] (20)

Here [A, B] are the bracket integrals associated with the linearized operator of rapid processes.
They were introduced in Nagnibeda & Kustova (2009) for strongly non-equilibrium reacting
mixtures similarly to those defined in Ferziger & Kaper (1972) for a non-reacting gas mixture
under the conditions for weak deviations from the equilibrium.
For the transport coefficients calculation in the state-to-state approximation, the functions
Acij, Ddk

cij, Bcij, Fcij, and Gcij are expanded into the Sonine polynomials in the reduced

peculiar velocity and those of Waldmann-Trübenbacher in the dimensionless rotational
energy. For the coefficients of these expansions, the linear transport systems are derived in
Kustova & Nagnibeda (1998), Nagnibeda & Kustova (2009), and the transport coefficients are
expressed in terms of the solutions of these systems.
Solving transport linear systems for multi-component mixtures in the state-to-state
approximation is a very complicated technical problem because a great number of equations
should be considered. A simplified technique for the calculation of the transport coefficients
keeping the main advantages of the state-to-state approach, is suggested in Kustova (2001).
The assumptions proposed in this paper made it possible to noticeably reduce the number of
multi-component diffusion and thermal diffusion coefficients and simplify the expressions for
the diffusion velocity and heat flux:

Vci = −Dcicidci − Dcc ∑
k 	=i

dck − ∑
d 	=c

Dcddd − DTc∇ ln T, (21)

q = −λ′∇T − p ∑
c

DTcdc + ∑
ci

(
5

2
kT +

〈
εci

j

〉
rot

+ εc
i + εc

)
nciVci. (22)

Here, dc is the classical diffusive driving force associated to chemical species rather than
to the vibrational level Ferziger & Kaper (1972). It is important to emphasize that in these
formulae, after the simplifications, only the self-diffusion coefficients Dcici depend explicitly
on the vibrational quantum number.
The systems for the calculation of the diffusion, viscosity and thermal conductivity coefficients
can be solved using the efficient numerical algorithms elaborated in Ern & Giovangigli (1994)
for the solution of linear algebraic systems, or more traditional techniques used in classical
monographs on the kinetic theory Chapman & Cowling (1970); Ferziger & Kaper (1972);
Hirschfelder et al. (1954).
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The expression for the total energy flux may be presented as a sum of contributions of different
processes:

q = qHC + qMD + qTD + qDVE, (23)

where qHC, qMD, qTD, and qDVE are, respectively, energy fluxes associated with the heat
conductivity of translational and rotational degrees of freedom, mass diffusion, thermal
diffusion, and the transfer of vibrational energy.
Fig. 1 shows the contribution of different transport processes in the mixture (N2,N) to the
heat flux variation behind a shock wave and in a nozzle flow along its axis found in the
state-to-state approach.

0.0 0.5 1.0 1.5 2.0

-2

-1

0

1

2

3

(a)

x, cm

q /q

 HC

 TD

 MD

 DVE

0 10 20 30 40 50

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

 HC

 TD

 MD

 DVE

(b)
q /q

x/R

Fig. 1. Ratio of the heat flux due to various processes (α = HC, TD, MD, DVE) to the total
heat flux q (a) behind the shock wave (T0 = 293 K, p0 = 100 Pa, M0 = 15) as a function of the
distance x from the front, and (b) in a conic nozzle (T∗ = 7000 K, p∗ = 100 atm) as a function
of x/R (R is the throat radius).

We can see that the contribution of thermal diffusion to the heat flux is small in both flows
while mass diffusion of atoms is important in the whole flow region. Diffusion of vibrationally
excited molecules plays more important role behind a shock than in a nozzle. Close to the
shock front, heat conduction and mass diffusion compensate each other, and the main role in
the heat transfer belongs to the diffusion of vibrational states. In an expanding flow, qDVE is
not negligible only close to the throat (but does not exceed 15%).
The model presented in this section gives a principle possibility to take into account

the state-to-state transport coefficients in numerical simulations of viscous conducting gas
flows under the conditions of strong vibrational and chemical non-equilibrium. The
influence of state-to-state vibrational and chemical kinetics on the dissipative processes
was studied using this model in the flows of binary mixtures of air components
behind shock waves Kustova & Nagnibeda (1999) and in the nozzle expansion of
binary mixtures Kustova, Nagnibeda, Alexandrova & Chikhaoui (2002) and 5-component air
mixture Capitelli et al. (2002). However, even taking into account proposed simplifications of
transport coefficients mentioned above, the problem of implementation of the state-to-state
model of transport properties in numerical fluid dynamic codes for the flows of
multi-component reacting mixtures remains time consuming and numerically expensive for
applications particularly if many test cases should be considered. Indeed, the solution of
the fluid dynamics equations coupled to the equations of the state-to-state vibrational and
chemical kinetics in a flow requires numerical simulation of a great number of equations
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Different Approaches for Modelling of Heat Transfer in Non-Equilibrium Reacting Gas Flows 9

for the vibrational level populations of all molecular species. Moreover, the closed system
of macroscopic equations in the state-to-state approach includes the state-dependent rate
coefficients of all vibrational energy transitions and chemical reactions. Experimental
and theoretical data on these rate coefficients and especially on the cross sections of
inelastic processes are rather scanty. Due to the above problems, simpler models based on
quasi-stationary vibrational distributions are rather attractive for practical applications.
Such approaches are considered in the next section.

2.2 Quasi-stationary models

In quasi-stationary approaches, the vibrational level populations are expressed in terms of a
few macroscopic parameters, consequently, non-equilibrium kinetics can be described by a
considerably reduced set of governing equations. Commonly used models are based on the
Boltzmann distribution with the vibrational temperature different from the gas temperature.
However, such a distribution appears not to be justified under the conditions of strong
vibrational excitation, since it is valid solely for the harmonic oscillator model, which
describes adequately only the low vibrational states. In the present section, the transport

kinetic theory is considered on the basis of the non-Boltzmann vibrational distributions taking
into account anharmonic vibrations.

2.2.1 Distribution functions and governing equations

Quasi-stationary models follow from the kinetic equations (5) under the conditions (2) for
the relaxation times. In this case, the integral operator of the most frequent collisions in the
kinetic equations (5) for distribution functions includes the operator of VV1 vibrational energy
transitions between molecules of the same species along with the operators of elastic collisions
and collisions with rotational energy exchanges:

J
rap
cij = Jtr

cij + Jrot
cij + JVV1

cij . (24)

The operator of slow processes Jsl
cij consists of the operator of VV2 vibrational transitions

between molecules of different species, the operator describing the transfer of vibrational
energy into rotational and translational modes JTRV

cij , as well as the operator of chemical

reactions Jreact
cij :

Jsl
cij = JVV1

cij + JTRV
cij + Jreact

cij . (25)

For the solution of Eqs. (5) with the collisional operators (24) and (25), the distribution
function is expanded into the generalized Chapman-Enskog series in the small parameter
ε ∼ τVV1

/θ. In the zero-order approximation, the following equation for the distribution

function is deduced:
J
tr(0)
cij + J

rot(0)
cij + J

VV1(0)
cij = 0 (26)

The solution of these equations is specified by the invariants of the most frequent collisions. In
addition to the momentum and total energy which are conserved in any collision, under the
condition (2) there are additional independent invariants of rapid processes: the number of
the vibrational quanta in a molecular species c, and any value independent of the velocity,
vibrational i and rotational j quantum numbers and depending arbitrarily on the particle
chemical species c. Conservation of vibrational quanta presents an important feature of
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collisions resulting in the VV1 vibrational energy exchange between the molecules of the same
species. The existence of a similar invariant for VV transitions in a single-component gas
was found for the first time in Treanor et al. (1968) where a non-equilibrium quasi-stationary
solution of balance equations for the vibrational level populations was found using this
invariant. This solution is now called the Treanor distribution.
In a gas mixture, during VV1 vibrational energy exchange between molecules of the same
species, the number of vibrational quanta in a given species keeps constant. The existence of
the other additional invariants is explained by the fact that under the condition (2), chemical
reactions are supposed to be slow and remain frozen in the most frequent collisions.
Taking into account the system of collision invariants we obtain the zero-order distribution
functions:

f
(0)
cij =

( mc

2πkT

)3/2 ncsc
i

Zrot
c (T)Zvibr

c (T, Tc
1)

exp

(
−

mcc2
c

2kT
−

εc
j

kT
−

εc
i − iεc

1

kT
−

iεc
1

kTc
1

)
. (27)

Here, Zvibr
c is the non-equilibrium vibrational partition function for molecules of species c:

Zvibr
c = Zvibr

c (T, Tc
1) = ∑

i

sc
i exp

(
−

εc
i − iεc

1

kT
−

iεc
1

kTc
1

)
. (28)

Zrot
c (T) is given in Section 2.1, Tc

1 is the temperature of the first vibrational level for each
molecular species c. It should be noted that vibrational energy εc

i hereafter is counted
from the energy of the zero-th level. The functions (27) represent the local equilibrium

Maxwell-Boltzmann distribution of molecules over the velocity and rotational energy levels
and the nonequilibrium distribution over the vibrational states and chemical species. For the
vibrational level populations, from Eq. (27) it follows:

nci =
nc

Zvibr
c (T, Tc

1)
sc

i exp

(
−

εc
i − iεc

1

kT
−

iεc
1

kTc
1

)
. (29)

It should be emphasized that nci depend on two temperatures (T and Tc
1 ) because

translational-rotational and vibrational degrees of freedom are not isolated in the most

frequent collisions as a consequence of the non-resonant character of VV1 exchange.
The distribution function is specified by the macroscopic parameters nc, v, T, and Tc

1 . The
temperature Tc

1 is associated to the additional collision invariant ic and is defined by the mean
specific number of vibrational quanta Wc in molecular species c:

ρcWc = ∑
ij

ic

∫
fcij duc. (30)

The expression (29) yields the non-equilibrium quasi-stationary Treanor distribution
Treanor et al. (1968) in a multi-component gas mixture. Note that similarly to a
single-component gas, the distribution (29) describes adequately only the populations of
low vibrational levels ic ≤ ic∗, where ic∗ corresponds to the minimum of the function nci.
It is explained by the fact that the number of vibrational quanta is conserved only at low
levels ic ≤ ic∗. For the collisions of molecules at higher vibrational states ic > ic∗, the
probability of VV1 transitions becomes comparable to that of VV2 and VT vibrational energy
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exchanges. In the high gas temperature range, if T ≫ Tc
1 , the level ic∗ appears to be close to

the last vibrational level ic = Lc and the Treanor distribution is valid for the entire range of
vibrational states. Such a situation is typical for the relaxation zone behind a shock wave. For
a strongly excited gas with a high vibrational energy supply (Tc

1 ≫ T), the minimum of the
Treanor distribution is located rather low, and the increasing branch of the distribution is not
physically consistent. In this case it is necessary to account for various relaxation channels
at different groups of vibrational levels. Non-equilibrium vibrational distributions taking
into account this effect was obtained for a one-component gas in Gordiets & Mamedov (1974);
Kustova & Nagnibeda (1997) and are given also in Nagnibeda & Kustova (2009).
Under the conditions when the anharmonic effects can be neglected, the distribution (29) is
reduced to the non-equilibrium Boltzmann distribution with the vibrational temperature of
molecular components Tc

v = Tc
1 different from T:

nci =
nc

Zvibr
c

sc
i exp

(
−

εc
i

kTc
1

)
, (31)

where the vibrational partition function takes the form

Zvibr
c = Zvibr

c (Tc
1) = ∑

i

sc
i exp

(
−

εc
i

kTc
1

)
. (32)

In the case of the local thermal equilibrium, the vibrational temperatures of all molecular
species are equal to the gas temperature Tc

1 = T, and the Treanor distribution (29) is reduced
to the one-temperature Boltzmann distribution:

nci =
nc

Zvibr
c

sc
i exp

(
−

εc
i

kT

)
, (33)

Zvibr
c = Zvibr

c (T) = ∑
i

sc
i exp

(
−

εc
i

kT

)
. (34)

The closed set of governing equations for the macroscopic parameters nc(r, t), v(r, t), T(r, t),
and Tc

1(r, t) were derived in Chikhaoui et al. (2000; 1997), it includes conservation equations
for the momentum and the total energy, equations for species number densities and additional
relaxation equations for the specific numbers of vibrational quanta Wc in each molecular
species c:

dnc

dt
+ nc∇ · v +∇ · (ncVc) = Rreact

c , c = 1, ..., L, (35)

ρ
dv

dt
+∇· P = 0, (36)

ρ
dU

dt
+∇· q + P : ∇v = 0, (37)

ρc
dWc

dt
+∇ · qw,c = Rw

c − WcmcRreact
c + Wc∇ · (ρcVc) , c = 1, ..., Lm. (38)
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(L is the total number of species, Lm is the number of molecular species).
The conservation equations for the momentum and total energy (36) and (37) formally
coincide with the corresponding equations (10) and (11) obtained in the state-to-state
approach. One should however bear in mind that in the multi-temperature approach, the
total energy is a function of T, Tc

1 , and nc:

ρU =
3

2
nkT +

Lm

∑
c=1

ρcErot,c(T) +
Lm

∑
c=1

ρcEvibr,c(T, Tc
1), (39)

Evibr,c(T, Tc
1) is the specific vibrational energy of species c. The transport terms are expressed

as functions of the same set of macroscopic parameters.
In Eqs. (35), (38), Vc is the diffusion velocity of species c. The value qw,c in Eq. (38) has the
physical meaning of the vibrational quanta flux of c molecular species and is introduced on
the basis of the additional collision invariant of the most frequent collisions ic:

qw,c = ∑
ij

i
∫

cc fcijduc. (40)

The source terms in Eqs. (35) are determined by the collision operator of chemical reactions

Rreact
c = ∑

ij

∫
Jreact
cij duc. (41)

The production terms in the relaxation equations (38) for the specific numbers of vibrational
quanta are expressed as functions of collision operators of all slow processes: VV2 and TRV
vibrational energy transfers and chemical reactions,

Rw
c = ∑

ij

i
∫

Jsl
cijd uc = Rw, VV2

c + Rw, TRV
c + Rw, react

c . (42)

Thus the equations of non-equilibrium chemical kinetics (35) coupled to the conservation
equations of the momentum and the total energy (36), (37), as well as to the relaxation
equations (38) for the specific numbers of vibrational quanta in molecular components Wc (38)
form a closed system of governing equations for the macroscopic parameters of a reacting gas
mixture flow in the generalized multi-temperature approach. It is obvious that the system
(35)–(38) is considerably simpler than the corresponding system (9)–(11) in the state-to-state
approach, as it contains much fewer equations. Indeed, instead of ∑c Lc (c = 1, 2, ..., Lm

stands for the molecular species) equations for the vibrational level populations, one should
solve Lm equations for the numbers of quanta and Lm equations for the number densities of
the chemical components. Consequently, for a two-component mixture containing nitrogen
molecules and atoms, one relaxation equation for WN2

and one equation for the number
density of N2 molecules should be solved instead of 46 equations for the level populations.
While studying the important for practical applications five-component air mixture N2, O2,

NO, N, O in the state-to-state approach, one should solve LN2
+ LO2

+ LNO = 114 equations
for the vibrational level populations. In the multi-temperature approach, they are reduced to

six equations: three for the molecular number densities and three for TN2

1 , TO2

1 , and TNO
1 .
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In a system of harmonic oscillators, the relaxation equations for the specific numbers of
vibrational quanta Wc (38) are transformed into those for the specific vibrational energy:

ρc
dEvibr,c

dt
+∇ · qvibr,c = Rvibr

c − Evibr,cmcRreact
c + Evibr,c∇ · (ρcVc) , c = 1, 2, ..., Lm, (43)

with
qvibr,c = εc

1qw,c, Rvibr
c = εc

1Rw
c . (44)

2.2.2 Transport properties

In the zero-order approximation of the Chapman-Enskog method, the transport terms are
found taking into account the distribution function (27):

P
(0) = nkTI, q(0) = 0, q

(0)
w,c = 0, V

(0)
c = 0 ∀ c, (45)

and the system (35)–38) takes the form typical for inviscid non-conductive flows of
multi-component multi-temperature mixtures.
The first-order distribution functions in the generalized multi-temperature approach take the
form (see Chikhaoui et al. (1997); Nagnibeda & Kustova (2009):

f
(1)
cij = f

(0)
cij

(
− 1

n Acij · ∇ ln T − 1
n ∑d A

d(1)
cij · ∇ ln Td

1 − 1
n ∑d Dd

cij · dd−

− 1
n Bcij : ∇v − 1

n Fcij∇ · v − 1
n Gcij

)
. (46)

The coefficients Acij, A
d(1)
cij , Bcij, Dd

cij, Fcij, and Gcij are functions of the peculiar velocity and

macroscopic parameters of the particles.
The first-order transport terms in Eqs. (35)-(38) are obtained in Chikhaoui et al. (1997) (see
also Nagnibeda & Kustova (2009)) on the basis of the first-order distribution function (46).
The expression for the viscous stress tensor formally coincides with Eq. (16), the shear and
bulk viscosity coefficients, as well as the relaxation pressure, are specified in terms of bracket
integrals by the formulae (19). However, in the multi-temperature approach, the bracket
integrals [A, B] themselves are introduced differently compared to the state-to-state model.
In the multi-temperature model the bracket integrals depend on the cross sections of elastic
collisions and collisions resulting in the RT and VV1 energy exchanges, i.e. on the cross

sections of the most probable processes according to the relation (2) for the characteristic
relaxation times.
In the multi-temperature approach, the relaxation pressure prel and bulk viscosity coefficient
ζ can be presented as the sums of two terms:

ζ = ζrot + ζvibr, prel = prot
rel + pvibr

rel , (47)

where the first term is due to inelastic RT rotational energy exchange, whereas the second is
connected to the VV1 transitions in each vibrational mode.
The diffusion velocity in the first-order approximation takes the form

Vc = −∑
d

Dcddd − DTc∇ ln T, (48)
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and the diffusion and thermal diffusion coefficients Dcd and DTc for the particles of each
chemical species are given by the formulae

Dcd =
1

3n

[
Dc, Dd

]
, DTc =

1

3n

[
Dc, A

]
. (49)

The total energy flux and the fluxes of vibrational quanta depend on the gradients of the gas
temperature T, the temperatures of the first vibrational level Tc

1 , and the molar fractions of
chemical species nc/n:

q = −

(
λ′ + ∑

c
λvt,c

)
∇T − ∑

c
(λtv,c + λvv,c)∇Tc

1 − p ∑
c

DTcdc + ∑
c

ρchcVc, (50)

εc
1qw,c = −λvt,c∇T − λvv,c∇Tc

1 . (51)

The heat conductivity coefficients in the expressions (50), (51) are also introduced on the basis
of the bracket integrals:

λ′ =
k

3

[
A, A

]
, λvt,c =

kTc
1

3T

[
Ac(1), A

]
,

λtv,c =
kT

3Tc
1

[
A, Ac(1)

]
, λvv,c =

k

3

[
Ac(1), Ac(1)

]
. (52)

The coefficient λ′ describes the transport of the translational and rotational energy, as well
as of a small part of the vibrational energy, which is transferred to the translational mode
as a result of the non-resonant VV1 transitions between molecules simulated by anharmonic
oscillators. Hence the coefficient λ′ can be represented as a sum of three corresponding

terms: λ′ = λtr + λrot + λanh. The coefficients λvv,c are associated with the transport of
vibrational quanta in each molecular species and thus describe the transport of the main part
of vibrational energy εc

1Wc. The cross coefficients λvt,c, λtv,c are specified by both the transport
of vibrational quanta and the vibrational energy loss (or gain) as a result of non-resonant VV1

transitions. For low values of the ratio Tc
1/T, the coefficients λanh, λvt,c, and λtv,c are much

smaller compared to λvv,c, and for the harmonic oscillator model λvt,c = λtv,c = λanh = 0
since VV1 transitions appear to be strictly resonant. For the same reason, the coefficients ζvibr

and pvibr
rel disappear in a system of harmonic oscillators.

While writing Eq. (50) we take into account the definition for the specific enthalpy of c particles

hc =
5

2

kT

mc
+ Erot,c + Evibr,c +

εc

mc
, h = ∑

c

ρc

ρ
hc.

The expressions for the diffusion velocity and heat flux in the multi-temperature approach
are significantly different from the corresponding expressions in the state-to-state approach.
Within the framework of the state-to-state model, the diffusion velocities and heat flux

are determined by the gradients of temperature and all vibrational level populations, in
the quasi-stationary approach Vc and q depend on the gradients of chemical species
concentrations, the gas temperature and the temperatures of the first vibrational levels (or,
for harmonic oscillators, vibrational temperatures) of molecular species. The number of
independent diffusion coefficients in the multi-temperature model is considerably smaller
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than that in the approach accounting for the detailed vibrational kinetics. Therefore the use of
the quasi-stationary vibrational distributions noticeably facilitates the heat fluxes calculation
in a multi-component reacting gas mixture.
The procedure for the derivation of transport linear systems for the calculation of transport
coefficients in the quasi-stationary approaches is similar to that described in Section 2.1.
Following the standard technique, while searching the solutions of the linear integral

equations, we expand the unknown functions Acij, A
d(1)
cij , Bcij, Dd

cij, Fcij, and Gcij specifying

the transport coefficients into the series of the Sonine and Waldmann-Trübenbacher
polynomials. The trial functions are chosen in accordance with the right-hand sides of

the integral equations, which are specified by the zero-order distribution function f
(0)
cij (27)

which describes the equilibrium distribution over the velocity and rotational energy and
non-equilibrium distribution over the vibrational energy. This determines some particular

features of the polynomials choice in the present case. Thus, in order to express the
dependence of the unknown functions on the internal energy, the Waldmann-Trübenbacher
polynomials are introduced for the rotational energy as well as for the part of vibrational
energy. The choice of the trial functions proposed in Chikhaoui et al. (1997) (see also
Nagnibeda & Kustova (2009)) makes it possible to derive the linear systems of algebraic
equations for expansion coefficients. The transport coefficients are expressed via the solution
of these equations.
The coefficients of the transport linear systems depend on the cross sections of elastic
collisions and inelastic ones specifying rapid relaxation processes whereas the source terms in
governing equations involve the cross sections of slow processes of vibrational relaxation and
chemical reactions. An important problem crucial for further development and applications
of transport kinetic theory for non-equilibrium reacting gases, is determination of the cross
sections of inelastic collisions. The most accurate calculations of the cross sections for
inelastic collisions are based on quantum-mechanical and semi-classical trajectory methods
Billing & Fisher (1979); Esposito et al. (2000); Laganà & Garcia (1994). Among up-to-date
analytical models for vibration transition probabilities we can recommend the forced

harmonic oscillator model Adamovich & Rich (1998) and generalizations of the SSH model
Armenise et al. (1996); Gordietz & Zhdanok (1986).
The proposed multi-temperature model was applied in Chikhaoui et al. (2000) for
the simulation of gas-dynamic parameters, transport coefficients and heat fluxes in
non-equilibrium reacting flows of 5-component air mixture behind shock waves. The flows of
binary mixtures of air components behind shock waves are studied in Kustova & Nagnibeda
(1999) and in nozzles in Kustova, Nagnibeda, Alexandrova & Chikhaoui (2002).

2.3 One-temperature models

One-temperature models of heat transfer in reacting flows follow from the kinetic equations
under the conditions (3) and (4) when equilibration of translational and internal degrees of
freedom proceeds much faster than the variation of gas dynamical parameters. It leads to the
local thermal equilibrium in a flow or weak deviations from the local thermal equilibrium.
In the case (3), chemical reactions proceed in a strongly non-equilibrium regime on the
gas dynamic time scale whereas the condition (4) corresponds to equilibrium or weakly
non-equilibrium chemical kinetics.
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2.3.1 Non-equilibrium reactions regime

Under the condition (3), the integral operator of rapid processes includes the operators of
all collisions resulting in the internal energy variation whereas the integral operator of slow
processes is associated only with chemically reactive collisions:

J
rap
cij = Jtr

cij + Jrot
cij + Jvibr

cij = Jel
cij + Jint

cij , (53)

Jsl
cij = Jreact

cij . (54)

The zero-order distribution function takes the form of the thermal equilibrium
Maxwell-Boltzmann distribution:

f
(0)
cij =

( mc

2πkT

)3/2 nc

Zint
c (T)

sc
ij exp

(
−

mcc2
c

2kT
−

εc
ij

kT

)
(55)

with the gas temperature T,

Zint
c (T) = ∑

ij

sc
ij exp

(
−

εc
ij

kT

)
(56)

is the internal partition function, εc
ij is the total internal energy of a particle including rotational

and vibrational energies, nc are the non-equilibrium number densities of chemical species.
In this approach the vibrational level populations have the form (33).
The governing equations for the macroscopic parameters nc(r, t), v(r, t), and T(r, t), include
the equations of the one-temperature non-equilibrium chemical kinetics coupled to the
conservation equations for the momentum and total energy:

dnc

dt
+ nc∇ · v +∇ · (ncVc) = Rreact

c , c = 1, .., L, (57)

ρ
dv

dt
+∇· P = 0, (58)

ρ
dU

dt
+∇· q + P : ∇v = 0. (59)

Note that the total energy U in Eq. (59) is a function of temperature and species number
densities since the vibrational energy is given by

ρEvibr =
Lm

∑
c=1

ρcEvibr,c =
Lm

∑
c=1

nc

Zvibr
c (T)

∑
i

sc
i εc

i exp

(
−

εc
i

kT

)
, (60)

where Zvibr
c (T) is given by the formula (34).

The production terms in Eqs. (57) are defined by the operator of reactive collisions.
In the zero-order approximation, the equations (57)–(59) describe an in-viscid non-conductive
gas flow of a multi-component mixture with non-equilibrium chemical reactions.

The first order transport terms are found using the procedure similar to one described in the
previous sections.
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The viscous stress tensor in the one-temperature approach is again expressed by the formula
(16), the diffusion velocity is specified by Eq. (48). The coefficients of shear and bulk viscosity,
the relaxation pressure and the diffusion and thermal diffusion coefficients are calculated
using Eqs. (19), (49). However, one should bear in mind that in the one-temperature approach,
contrary to the multi-temperature and state-to-state models, the bracket integrals in (19)
related to the viscosity coefficients and relaxation pressure include the cross sections of elastic
and all inelastic non-reactive collisions. The viscosity coefficients are determined by the cross
sections of all kinds of energy transitions. The relaxation pressure depends on the same cross
sections and, in addition, on the cross sections of chemically reactive collisions. The bracket
integrals specifying the diffusion and thermal diffusion coefficients also differ from those in
the multi-temperature approximation because they are specified by the cross sections of other
collisional processes and also due to the different form of the zero-order distribution functions.
The total energy flux in the one-temperature approach is associated with thermal conductivity,
diffusion and thermal diffusion:

q = −λ′∇T − p ∑
c

DTcdc + ∑
c

ρchcVc, (61)

the partial thermal conductivity coefficient is defined as follows

λ′ =
k

3
[A, A] (62)

and describes the transport of all kinds of internal energy: λ′ = λtr + λint = λtr + λrot +
λvibr (λvibr is the vibrational thermal conductivity coefficient). The thermal conductivity
coefficient depends on the cross sections of elastic and all inelastic collisions excepting those
chemically reactive. It is obvious that in the given case, the heat flux (61) takes the simplest
form compared to that found in the framework of the state-to-state and multi-temperature
approaches since it is determined only by the gradients of the gas temperature and molar
fractions of the chemical species. The thermal conductivity coefficient λ′ cannot be measured
experimentally since there is a thermal diffusion phenomenon also related to the temperature
gradient. For this reason, instead of the coefficient λ′, another heat conductivity coefficient is
often introduced Ferziger & Kaper (1972)

λ = λ′ − nk ∑
c

kTcDTc , (63)

where kTc are the thermal diffusion ratios:

∑
d

DcdkTd = DTc , c = 1, ..., L. (64)

In this case, the total energy flux can be rewritten as

q = −λ∇T + p ∑
c

[
kTc +

(
5

2
+

〈
εc

ij

kT

〉
+

εc

kT

)
nc

n

]
Vc, (65)

〈
εc

ij

〉
is the internal energy averaged with the Boltzmann distribution.
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The coefficient λ can be measured experimentally in a gas mixture under the steady-state
conditions. For a single-component gas, since diffusion and thermal diffusion processes are
absent, the coefficients λ and λ′ coincide.
The transport algorithms for the one-temperature mixture with non-equilibrium chemical
reactions are given Nagnibeda & Kustova (2009). The mathematical properties of transport
linear systems and transport coefficients are discussed in Ern & Giovangigli (1994).

2.3.2 Chemical equilibrium regime

Under the conditions of weak deviations from local thermal and chemical equilibrium, the
kinetic equations for distribution functions have the form

∂ fcij

∂t
+ uc · ∇ fcij =

1

ε
Jcij, (66)

where integral operator Jcij describes all kinetic processes including all kinds of energy

transitions and chemical reactions, ε = τ/θ ≪ 1, τ is the mean time of kinetic processes.
The kinetic theory of transport properties in weakly non-equilibrium reacting flows is
developed in Ern & Giovangigli (1998); Rydalevskaya (1977; 2003). Zero-order solutions of
Eqs. (66) nullify the total colliding operator and are found on the basis of the invariants of
all types of collisions. In reacting gas mixtures, the set of collision invariants consists not
only of the momentum and total energy (including the energy of formation), but contains
also additional invariants related to chemical reactions. Such invariants are represented
by the numbers of elements (atoms or other non-separable elements), which either exist

in the free state or form molecules: ψ
(λ)
c = kλc is the number of elements of the type λ

(λ = 1, ..., Λ) in a particle of chemical species c (for atomic species, kλλ = 1). The zero-order
distribution function corresponding to the local thermal and chemical equilibrium can be
written in the form (55) where the number densities of chemical species nc have the form
Nagnibeda & Kustova (2009); Rydalevskaya (2003)

nc =
Zc(T)

V
exp

(

∑
λ

γλkλc

)
exp

(
Dc

kT

)
, (67)

V is the gas volume, Dc is the dissociation energy, and Zc(T) is the total partition function

Zc = Ztr
c Zint

c , (68)

Ztr
c is the translation partition function:

Ztr
c (T) = (2πkTmc)

3/2 V

h3
, (69)

h is the Planck constant.

The parameters γλ(r, t) are connected to ñλ, which represent the numbers of atoms λ per unit

volume:

∑
c

kλcnc = ñλ. (70)
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Note that the number densities of species nc satisfy the equations of chemical equilibrium

R
react(0)
c = 0 (71)

and can be derived in the form (67) directly from the above equations.
The set of governing equations for the macroscopic parameters v(r, t), T(r, t), and ñλ(r, t)
(λ = 1, ..., L) follows from the kinetic equations and contains the conservation equations
of momentum, total energy and number densities of atoms (or elements). The first-order
transport terms differ from those obtained for the case of strongly non-equilibrium chemical
reactions considered above in Section 2.3.1. The stress tensor in the viscous gas approximation
can be obtained in the form (16), but in the considered case, prel = 0 since slow kinetic
processes are absent. The bulk viscosity coefficient is defined by the cross sections of all
inelastic processes including chemical reactions. In Ern & Giovangigli (1998); Rydalevskaya
(1977), the heat flux in the case of weak deviations from the chemical equilibrium is expressed
in terms of ∇T, the gradients of macroscopic parameters γλ and element diffusion velocities.
As is emphasized in Ern & Giovangigli (1998), it is more convenient to use the heat flux
formula written in the conventional form as a function of the gas temperature gradient, species

diffusive driving forces and species diffusion velocities. This form of the heat flux is useful
for practical calculations and for a comparison with experimentally measured coefficients, as
well as for the estimate of the contribution of chemical reactions to the total energy flux.
One should bear in mind the difference between heat fluxes calculated in a chemically
non-equilibrium one-temperature gas flow and in the regime of weak deviations from the
chemical equilibrium even if the fluxes are expressed in terms of the same macroscopic
parameters nc, p, and T. As a matter of fact, the transport coefficients in the two
approaches depend on the cross sections of different processes: while in the case of weak
chemical non-equilibrium, the transport coefficients depend on the cross sections of all
energy exchanges and chemical reactions, in the one-temperature approach for a strongly
chemically non-equilibrium gas, they are specified only by the cross sections of energy
exchange. Nevertheless, if one assumes that the cross sections of chemically reactive
collisions weakly contribute to the thermal conductivity and multi-component diffusion
coefficients, one can derive the expression for q in the regime of weak deviations from the
chemical equilibrium from the Eq. (61) obtained in the one-temperature approach, simply
substituting chemically equilibrium distributions (67) into the latter formula. Then the

thermal conductivity coefficient λ′ can be represented by the expression suggested in the
Brokaw (1960); Butler & Brokaw (1957):

λ = λtr + λint + λreact, (72)

where λreact is associated with the contribution of equilibrium chemical reactions to the
thermal conductivity. The coefficient λreact can be easily calculated on the basis of equilibrium
distributions.

3. Results

In the most of the papers on computational fluid dynamics, for numerical simulations of
high-temperature and high-enthalpy reacting flows the heat transfer and transport coefficients
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are described without taking into account non-equilibrium effects. The kinetic theory
approach makes it possible to include these effect in a numerical scheme.
In order to evaluate transport properties in particular flows of non-equilibrium reacting
mixtures on the basis of the kinetic theory models, it is necessary to solve numerically
the system of governing equations for the macroscopic parameters in the first-order
approximation of the generalized Chapman-Enskog method. In the frame of the rigorous
formalism, the transport coefficients in these equations should be calculated at each step
of the numerical solution. Such a technique, even using the simplifications discussed
in Section 2.1, appears to be extremely time-consuming particularly in the state-to-state
approximation. In Kustova & Nagnibeda (1999), an approximate approach for evaluation
of dissipative properties in non-equilibrium flows was suggested. First, the vibrational
level populations (in the state-to-state approach) or vibrational temperatures of molecular
species (in the multi-temperature approach), molar fractions of atoms, and gas temperature
were found from the governing equations in the zero-order approximation. Then the
obtained non-equilibrium distributions were used to calculate the transport coefficients,

diffusion velocities, and heat fluxes on the basis of the accurate formulae of the
kinetic theory. This approach was used for the evaluation of transport properties in
the flows of non-equilibrium reacting mixtures of air components behind shock waves
Chikhaoui et al. (2000); Kustova & Nagnibeda (1999), in the nozzle expansion Capitelli et al.
(2002); Kustova, Nagnibeda, Alexandrova & Chikhaoui (2002), in the hypersonic boundary
layer Armenise et al. (2006; 1999); Kustova, Nagnibeda, Armenise & Capitelli (2002) (see also
Nagnibeda & Kustova (2009)).
Below, we present some results of these applications concerning heat transfer in particular
flows studied using the state-to-state, multi-temperature and one-temperature models.
In Fig. 2, the variation of the total energy flux in the relaxation zone behind the shock
front in N2/N mixture obtained in the state-to-state, two-temperature and one-temperature
approximations is given for the following conditions in the free stream: T0 = 293 K,
p0 = 100 Pa, M0 = 15. Distributions in the free stream are assumed to be equilibrium
with the temperature T0. Comparing the heat flux values obtained in different approaches,
one can notice that the one-temperature and two-temperature approaches substantially
underestimate the absolute values for the heat flux in the very beginning of the relaxation

zone, where the process of vibrational excitation is essential. Calculations show that in the
one-temperature approach, heat conductivity coefficient λ′ noticeably exceeds the thermal
conductivity coefficient obtained within the two-temperature and state-to-state models since,
in the former case, it includes the coefficient λvibr associated with the vibrational energy
transfer (see sections 2.1, 2.2, 2.3).
Figure 3 presents the evolution of the thermal conductivity coefficient λ′ at the gradient of the
gas temperature T in the expression for the total heat flux and the coefficient λv = λtv + λvv

appearing at the gradient of the vibrational temperature T1 or Tv in the multi-temperature
approaches along the nozzle axis in dependence of the dimensionless distance from the
reservoir x/R (R is the throat radius). Two mixtures, O2/O and N2/N are studied in a conic
nozzle with the following initial conditions in the reservoir: T∗ = 4000 K, p∗ = 100 atm
(for O2/O) and T∗ = 7000 K, p∗ = 100 atm (for N2/N). The coefficients are calculated
within four models: the state-to-state approach, two-temperature model for anharmonic and
harmonic oscillators, and one-temperature approach. The expressions for the heat flux in
different approaches are given by the formulae (18), (50), and (61). The discrepancy between
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Fig. 2. The heat flux q as a function of x. The curves 1, 2, 3 represent the state-to-state,
two-temperature, and one-temperature approaches, respectively.

the coefficients obtained within various models appears to be more pronounced in the mixture
N2/N, since in this case the non-equilibrium factor T1/T is sufficiently high (it reaches 8 under
the considered conditions), and vibrational excitation and the influence of anharmonicity
on the coefficients λ′ and λv is more important. Contrary to the relaxation zone behind
a shock wave, the one-temperature approach results in underestimation for the coefficient
λ′, although it includes the coefficient λvibr. This is a consequence of inadequately low
temperature found in this approach.
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Fig. 3. The thermal conductivity coefficients λ′, λv as functions of x/R in different
approaches. The curve 1: the coefficient λ′ in the state-to-state approach; 2, 2′: the coefficients
λ′ and λv in the two-temperature approach (anharmonic oscillator); 3, 3′: the coefficients λ′

and λv in the two-temperature approach (harmonic oscillator); 4: the coefficient λ′ in the
one-temperature approach.

In Fig. 4, the heat flux q calculated for the same flow in the four approaches is presented. The
heat flux decreases with x, since the gradients of the macroscopic parameters also decrease
with the distance from the throat. While the one-temperature model yields underestimated

heat flux, the two-temperature quasi-stationary models provide a satisfactory accuracy for q.
For the N2/N mixture, the maximum deviation of the heat flux found in the non-equilibrium
quasi-stationary approaches from that obtained within the most rigorous state-to-state model
is 4% and 10% for anharmonic and harmonic oscillators, respectively, and, correspondingly,
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7% and 10% for the O2/O mixture. It can be seen that non-equilibrium vibrational
distributions do not affect essentially the heat flux in a nozzle though distributions themselves
found in various approaches differ dramatically. Note that in a flow behind a shock wave the
significant influence of a kinetic model on the heat flux values is found.
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Fig. 4. The heat flux q as a function of x/R in different approaches. The curve 1 represents the
state-to-state model; 2 the two-temperature approach for anharmonic oscillators; 3 the
two-temperature approach for harmonic oscillators; 4 the one temperature model.

It is explained by the fact that the vibrational distributions behind the shock front calculated
within the state-to-state and quasi-stationary models differ substantially already at low levels.
Therefore the role of diffusion of vibrationally excited molecules (see section 2.1) in the
heat transfer becomes important. On the contrary, in a nozzle flow, at low levels difference
between state-to-state and quasi-stationary distributions is negligible and becomes significant
at intermediate and high levels. As shown in Kustova, Nagnibeda, Alexandrova & Chikhaoui
(2002), contribution to the heat flux mainly is due to low vibrational levels, therefore difference
between heat flux values obtained in different approaches occurs small.
Thereby, to calculate the macroscopic parameters and to estimate the heat transfer in
nozzle flows, the multi-temperature approach providing a satisfactory accuracy can be used.
Nevertheless, to simulate the non-equilibrium distributions, the more detailed and rigorous
state-to-state model should be used.

The same conclusion was obtained for expanding flows of a 5-component air mixture in
nozzles of different shapes Capitelli et al. (2002) where the role of the diffusion of vibrational
energy was also found to be weak. In Fig. 5a, the effect of the nozzle geometry on the heat flux
is shown. Two nozzle shapes are considered: the ONERA F4 nozzle and the parabolic one.
The energy flux in the F4 nozzle has a more sharp peak in the vicinity of the throat (x = 0.5 m),
its value exceeds that of the heat flux in the parabolic nozzle even at lower initial temperature.
It means that the gradients of vibrational level populations and macroscopic parameters in
the parabolic nozzle are noticeably less compared to those in the F4 nozzle. Fig. 5b represents
the total heat flux in the parabolic nozzle at different initial conditions. One can see that q
increases significantly with the reservoir temperature T0.
The influence of different kinetic models on the heat transfer in a non-equilibrium
boundary layer and contribution of different kinetic processes to the total energy
transfer are studied for N2/N and O2/O mixtures in Armenise et al. (2006; 1999);
Kustova, Nagnibeda, Armenise & Capitelli (2002). It is interesting to emphasize noticeable
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Fig. 5. Total heat flux q as a function of x. (a) Various nozzle shapes. The curve 1 represents
the parabolic nozzle, T0=8000 K, p0=1.91 atm; 2: F4 nozzle, T0=7000 K, p0=300 atm. (b)
Parabolic nozzle. The curve 1: T0=4000 K, p0=1.17 atm; 2: T0=5000 K, p0=1.21 atm; 3:
T0=6000 K, p0=1.35 atm; 4: T0=8000 K, p0=1.91 atm.

competition of the thermal and mass diffusion processes found for N2/N mixture near
non-catalytic surface. It is commonly assumed that the effect of thermal diffusion in the
boundary layer can be neglected since the thermal diffusion coefficients are small. However,
the estimates show that close to the wall the thermal diffusion plays an important role in the
heat transfer, reducing the heat flux by the factor of two- to three. The significant contribution
of thermal diffusion (despite the small values for the thermal diffusion coefficients) is
explained by the high temperature gradient near the surface. The mass diffusion tends to
increase the heat flux, its contribution rises from 1% close to the wall up to 60-65% at the
external edge of the boundary layer. The important effect of recombination in a flow mainly
for the diffusive part of the heat flux is found.
The comparison of the heat flux calculated using the non-equilibrium state-to-state

distributions with that obtained on the basis of the one-temperature Boltzmann distribution
shows the maximum discrepancy is about 18-20% close to the surface.
Study of heat transfer in O2/O mixture flow near the catalytic wall shows an important role of
surface catalysis on diffusion processes. On the contrary, for the non-catalytic surface the total
heat flux is approximately equal to the Fourier flux associated to the thermal conductivity
which indicates a minor contribution of diffusion processes to the heat transfer (in contrast to
that in the previous case of N2/N mixture for which the role of diffusion was noticeable even
for the non-catalytic surface). Also in contrast to the results obtained for N2/N mixture, in
O2/O flow near catalytic surface the effect of thermal diffusion occurs rather insignificant. The
contribution of mass diffusion of atoms also appears small, the main role in the total energy
transfer belongs to the processes of heat conduction and diffusion of vibrational energy. Near
the wall these processes strongly compete.
It should be pointed out that the results concerning heat transfer in a boundary layer discussed
above are obtained using the simplified sets of governing equations for viscous gas with
constant Prandtl and Schmidt numbers. Then, macroscopic parameters values found from
these equations were used in rigorous kinetic theory transport algorithms. Such an approach

is not completely self-consistent, since the flow parameters and transport terms remain
uncoupled, but it makes possible to take into account the influence of the state-to-state kinetics
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on the flow parameters and heat transfer near the wall. Recently, a similar N2/N flow was
studied in Orsini et al. (2008) within a more rigorous model incorporating the accurate kinetic
theory transport algorithms directly into the boundary layer equations. In this paper, the
accurate set of the fluid dynamic equations was solved, and the results are compared to those
obtained within the simplified formulation of the problem. Thereby, for the first time, the
state-to-state kinetics and transport properties were coupled self-consistently, and the role of
the detailed vibrational kinetics in the heat transfer was estimated.
In the paper Kustova et al. (2009), the accurate transport kinetic theory algorithms for
multi-temperature mixtures containing CO2 molecules developed in Kustova & Nagnibeda
(2006) in the first time, were implemented directly into the CFD numerical simulations of
2D viscous hypersonic shock layer near a space craft entering to the Mars atmosphere and
the influence of non-equilibrium kinetics on fluid dynamic parameters and heat transfer in a
shock layer was shown.

4. Conclusion

In the present Chapter, the problem of modelling of heat transfer in high temperature
hypersonic flows of reacting gas mixtures is considered. Theoretical models for transport
properties in reacting flows are proposed for the conditions of weak and strong deviations
from the local thermal and chemical equilibrium. Peculiarities of the kinetic theory
transport algorithms developed for various non-equilibrium conditions are discussed and
recommendations concerning the choice of an adequate kinetic model for the total energy
transfer under particular conditions are given. The results of applications of proposed models

for different flows of reacting mixtures are demonstrated.
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