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2Tokyo Metropolitan University, Tokyo,

Japan

1. Introduction

A discrete wavelet transform (DWT) has been widely applied to various digital signal
processing techniques. It has been designed under a certain condition such as perfect
reconstruction, aliasing cancellation, regularity, vanishing moment, etc. This article
introduces a new condition referred to “DC lossless”. It guarantees lossless reconstruction of
a constant input signal (DC signal) instead of rounding of signal values and coefficient
values inside a transform. The minimum word length of the values under the new condition
is theoretically derived and experimentally verified.

Since JPEG 2000 algorithm based on the discrete wavelet transform (DWT) was adopted as
an international standard for digital cinema video coding [1], high speed and low power
implementation of a DWT has been becoming an issue of great importance [2,3]. In
designing a DWT, its coefficient values and signal values are assumed to be real numbers.
However, in implementation, they are rounded to rational numbers so that they are
expressed with finite word length representation in binary digit. Therefore it is inevitable to
have rounding errors inside a DWT processing unit.

In this article, we derive a condition on word length of coefficient values and that of signal
values of a DWT such that the transform becomes lossless for a DC signal. Under this
condition (DC lossless condition), it is theoretically guaranteed that an output signal
contains no error in spite of rounding of coefficients and signals inside the DWT. We treat
the irreversible 9-7 DWT adopted by the JPEG 2000 for lossy coding of image signals as an
example.

In case of the 5-3 DWT in JPEG 2000 for lossless coding, benefiting from its lifting structure
[4-6], lossless reconstruction of any signal is guaranteed even though signals and coefficients
are rounded. On the contrary, it does not hold for the 9-7 DWT because of scaling for
adjusting DC gain of a low pass filter in a forward transform [7]. However, we have pointed
out that it became possible to be lossless for a DC signal under a certain condition on word
length of coefficients and signals [8].

This DC lossless condition is a necessary condition for the regularity which has been
analyzed by numerous researchers to improve coding performance of a transform. When
the regularity is not satisfied, the DWT has some problems such as a checker board artifact
which is observed in a reconstructed signal as unnecessary high frequency noise in flat or
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232 Discrete Wavelet Transforms: Algorithms and Applications

smooth region of a signal [9]. It also brings about DC leakage which decreases the coding
gain of a transform [10].

The regularity has been structurally guaranteed for a two channel quadrature mirror filter
bank (QMF) [9] and the DCT [10] respectively. However, since these previous methods were
based on the lattice structure, these are not directly applicable to the lifting structure of the
9-7 DWT. Beside these relations to the regularity, the DC lossless condition itself is also
considered to be important for white balancing of a video system in which the DC signal is
used as a reference input for calibration [11].

This article aims at deriving the DC lossless condition theoretically and clarifying the
minimum word length of signals and coefficients. In conventional analysis, errors due to
shortening of word length of signals (signal errors) were described as 'additive' to a signal
[7,12]. They were treated as independent and uniformly distributed white noise. On the
other hand, errors due to rounding of coefficients (coefficient errors) were described as
'multiplicative' to a signal and evaluated with the sensitivity [13-15]. It should be noted that
the signal error and the coefficient error have been treated independently. Unlike those
conventional approaches, we utilize mutual effect between rounding of signals and that of
coefficients. Introducing a new model which unifies the coefficient error and the signal
error, we define tolerance for those errors as a parameter to simultaneously control both of
word length of signals and that of coefficients.

As a result of our theoretical analysis, the minimum word length of signals and that of
coefficients inside the lifting 9-7 DWT are derived under the DC lossless condition. We
confirm that the minimum word length derived by our analysis is shorter than that
determined by a conventional approach. We also confirm that the DWT under the condition
does not have the checker board for a DC signal.

This article is organized as follows. Chapter 2 defines a rounding operation and a rounding
error, describes their basic properties in algebraic approach, and derives 'addition' formula
and 'multiplication' formula of the rounding (modulo) operation. Application of these
formulas to scaling of a signal value is introduced in chapter 3. Chapter 4 introduces the DC
lossless DWT. Its usefulness is also described. Derivation process of conditions on word
length of signals and coefficients is described in chapter 5. The new condition derived from
the basic properties in chapter 2 is summarized in chapter 6. Other related condition derived
from a conventional approach is also summarized. Theoretical results are verified and the
minimum word length of the DC lossless DWT is clarified in chapter 7. This article is
concluded in chapter 8.

2. Rounding operation and its basic formulas

This chapter introduces basic properties of the rounding operation focusing on 'quotient’,
rather than 'remainder', in modulo operation. So far, 'remainder' had been attracted
numerous mathematicians' attention and various basic properties were found such as the
Chinese remainder theorem in the commutative algebra (commutative ring theory). On the
contrary, 'quotient' plays an important role as a 'practical' value in finite word length
implementation in modern computer systems. This chapter introduces an algebraic
approach of expressing 'quotient' as a practical value, and 'remainder' as a rounding error,
so that it can be applied to analyzing exact behavior of rounding errors in a complex
calculation procedure.
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2.1 Definition of rounding operation and rounding error

In a digital calculation system, all the values of both of signals and coefficients are calculated
and stored as a binary digit with finite word length. In this article, we treat a case such that a
value x is expressed with a fixed point binary expression as

-1
x=b2", bef{0,1}, 121, F20, IeZ, FeZ (1)
p=-F

where b,, pe {-F,--- ,I-1), is a set of binary digit for a value x. It has I bit integer part
including one sign bit and F bit fraction part. Hereinafter, F is referred to as word length of a
value x. This F bit value x has a range expressed as

x e[-217,2 —2F] e[-2', 2. 2)

For example, in case of =1 and F=2, the maximum value is x=0.75 for [by b1 b-»]=[0 1 1], and
the minimum value is x=-1.00 for [bo b1 b2]=[1 0 0].

When an F bit signal value is multiplied with a coefficient value, in a convolution of a
filtering process in DWT for example, a resulting signal value has longer word length than
its original value. Therefore it is rounded to F bit again. So far there are various types of
rounding operations [16]. In this article, we deal with the rounding operation defined by

Ro[x]=Lx+2'1J or Ry[x]=x-(x' mod 1) for x'=x+2" 3)
as an example. This rounding operation generates a rounding error. We denote it as
Ao [x]=x—-R,[x] or Ao[x]z{ (x+27") mod 1 }—2’1. 4)

Expanding these expressions to an F bit case, we can define the rounding operation and the
rounding error as

{RF[x] =R, [x2F2°F o

Alx]= A 272
for an F bit word length implementation case.
Fig.1 illustrates rounding operations expressed by these equations. The term Rp[x] is a
quotient, and Ar[x] (= x - Re[x]) is related to a remainder. The former is an actual value
treated in a digital system under a finite word length implementation, and the latter is a

rounding error. We are now trying to develop an algebraic expression approach to exactly
trace a practical value and a rounding error in a convolution processing inside a DWT.

x —>(0)—> ¥=Ry[x] x —>F)—> y'=Rp[x]

_ Lx+2—lj I = Ry[x2" 127"

2F 2—F
a) integer b) F bit fraction
g

Fig. 1. Definition of the rounding operation and the rounding error. (a) An integer
implementation case. (b) An F bit word length implementation case.
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234 Discrete Wavelet Transforms: Algorithms and Applications

2.2 Basic properties of the rounding operation

Since a convolution includes additions and multiplications, we should know behavior of an
addition of two values x and y. Resulting value is Rf[x+y] and its rounding error is Af[x+y].
A multiplication result R[xy] and its error Af[xy] should be also investigated.

First of all, let's derive basic properties of the rounding operation starting with an obvious

property;
yeZ — Ry[x+y]=R)x]+y for xeR. (6)

It represents that only a real number x can be rounded if y is an integer to calculate a
rounded value of x+y. In this case, its rounding error becomes

yeZ — Ajfx+y]l=A,[x] for xeR. (7)

It suggests that an integer y can be ignored when only the rounding error is considered in an
analysis. There is another obvious property;

R)[x]=0 « xe[-27,27). 8)
Since the range of a rounding error is
Afx]e[-27,27), )

we can add two more identities;

{RO [A,[x]]=0, 10)

A0 [Ao[x]] = Ao[x]-

The equations above for F=0 can be straightforwardly extended to an F#0 case as follows.

F Re[x+yl=Ri[x]+y
y2' eZ {Ap[x ryl=AL] for xeR (11)
R[x]=0 < xe[-277F,27"F) (12)
Aflx]e[-277,2777) (13)
R; [Ap[x]] =0
14
{AF (L] = A,Ix] -

In addition, Eq.(12) can be extended to a more general case with an integer n as

R.[x]=n2" « x2'e [—2’1+n, 2’1+n) for neZ. (15)

2.3 Basic formulas of the rounding operation
Utilizing the basic properties in Egs.(11)-(14), we can derive an addition formula and a
multiplication formula of a practical value (quotient) of the rounding operation as follows.
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Addition formula
Rp[x+vy]=R.[x]+R; [y + Ap[x]] for x,yeR

Proof:

R;[x+y]
:RF[RF[X]+AF[X]+]/] <_(4)
=R [x]+R; [AF[x] + y] «~—(11)

Multiplication formula

Ri[xy]=R; [xRF[y]] +R; [xAF[y] +A; [xRF[y]] J for x,yeR
Proof:

y]
e [xA ]+ xR [y]] < (4)

Ry[x
R
R [xAF[y]+A [<ReAyl]+ R Ryl | (4)
R

[ Arly]+A; [xRF[y]] J +R; [xRF[y]] «~(11)

Formulas for a rounding error (remainder) can be also derived as

{ L+ y]= A A Lx]+ ALLy]]
Aplxy] = Ap[ALX IR Y]+ Re[x]A[y]+ Ap[x]A[y]]

for real numbers x and y. These formulas have following variations;
Addition formula

Re[x+yl= Re[x]+y
y2feZ — (R [x+y]l=-Ax]+x+y
Arlx+yl= Aglx]

Multiplication formula

Rlxyl= Rp[Alxly]+R[x]y
y2'eZ — R [xyl=-A;[A[x]y]+xy

Arlxyl= A; [Ap[x]y]

Q.E.D.

(17)

Q.E.D.

(18)

(19)

(20)

Especially when two kinds of word lengths are mixed in a signal processing, the following
variation of the multiplication formula is conveniently applied to analyzing behavior of

signals and errors in a pair of encoder and decoder [17].
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Ry [xR; [y]] =Ry [xy]+ Ry, [~xA, [y]+ A, [xy]] (21)

Proof:

Ry, [xRF] [y]]
=R, [—xAF1 [y]2" +xy2" ] 2"

xAIcl []/]ZF2 + AO[x]/ZF2 1+ Ro[ac]/ZF2 ]] 2°F
Ap[y2™ + A [xy2" 127" + Ry[xy2"] 27"

X
Ay [y]+ A [xy]] + Ry [xy]

R, [-
R, |-
R, |-

)

Q.E.D.

3. Application of the formulas to basic signal processing

This chapter applies the formulas to some basic signal processing cases.

3.1 Mapping invariant condition

Fig.2 illustrates a scaling of a signal value x with a coefficient value h. As illustrated in
Fig.2(a), this processing maps an input value x to an output value y* with an ideal (infinite
word length) coefficient value h. Note that x has F bit word length. Output value of the
multiplication is also rounded to F bit (y* has F bit word length). In implementation, as
illustrated in Fig.2(b), a coefficient value / is also rounded to W bit word length (h' has W bit
word length). We aim at finding the minimum word length W of a coefficient ' such that
the mapping is invariant (y -y* =0).

Do~ O O-Do—
h '=R,[h]

h € real number h'E rational number
W — o [bit] W — min. [bit]
(a) assumption (b) implementation

Fig. 2. Scaling of a signal value x with a coefficient value /. (a) This processing maps x to y*
with h under a given F. (b) A mapped y should be equal to y* even though h is rounded to h'.

In case of Fig.2(b), an input value x is multiplied by a rounded value Rw[h] (=h') of a given
coefficient /. The result R{h]x is rounded to Re[Rw[h]x] (=y). When it is the same as R¢[hx]
(=y"), the mapping of x is invariant. It means that effect of rounding of / is nullified. This
mapping invariant case is expressed as

Em = RF [Rw[h]X} - RF[hx]

(22)
Ry [ == A, ]

E,=0 for {
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From the basic properties, the mapping invariant condition is derived as

Ay lhlx = Ahx]e(-277F, 27 ] (23)
Proof:
R, [R,y[h]x] - R,[hx]
=Ry [hx = A [h]x] —R[hx]
= Ry[A[hx]— A, [h]x] + R,[hx]— R, [hx]
= Ry [A[hx] - A, [h)x]

=0
Aclhx]- Ay [hlx e[ 27, 27F)
Q.E.D.
The Eq.(23) also means
-1 -1
Aw[h]e(AF[hx] 27 Adhx]+2 } 20
X X
Afhx]+27" A [hx]-27" 24
Aw[h]{ L e 2 b J x<0
X X

which gives tolerance to the rounding error of a coefficient [8]. This is the mapping invariant
condition on word length W of a coefficient under a given word length F of signals. It
represents exact (not approximated) behavior of rounding errors.

Unlike the condition above, a sufficient condition can be derived by substituting the upper
bound of errors and signals;

A [h] <277, [A[hx] <277F, |x <2, (25)
to Eq.(23). It results in the condition described as

W>F+I-1. (26)

This condition is too strict and requires too long word length to guarantee the mapping
invariance. In both cases of Eq.(24) and Eq.(26), the mapping invariant condition determines
the minimum of word length W of a coefficient under a given word length F of signals.

3.2 Lossless condition on a scaling pair

Fig.3 illustrates a pair of two multipliers. In Fig.3(a), an input signal x has F> bit word length.
It is scaled with a coefficient /1, and its output value y is rounded to F; bit. It is re-scaled
with a coefficient h (=1/h1), and its final output value w is rounded to F; bit. This scheme is
embedded in a forward transform and a backward transform of DWT for example. It is
required to regain w exactly the same as x, under a given word length set of F; and F,. Note
that rounding errors due to finite word length expression of coefficients /i and hy can be
ignored as far as the mapping invariant condition is satisfied.
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O-DODO— O O-DO-DO—

1 h,(=1/hy)
X, y, w € real number X, y, w € rational number
F|— oo [bit] F, — min. [bit]

(a) assumption (b) implementation

Fig. 3. Scaling pair has two coefficients h; and hy (=1/h1). (a) Output w is exactly the same as
its original x. (b) This lossless property is guaranteed under a condition on F; and F>.

We apply the formulas and the properties to derive the condition on F; and F>. The lossless
case in Fig.3(b) is described as

E,=0 for E, =Ry, [ 1R, [x]] —x (27)
h1h2 =1
From the basic properties, the lossless condition on a scaling pair is derived as
thpl[hpC] € (_2—1—le 2—1-sz . o5
Proof:
Ry, [hZRFl [hlx]} -X
B RO I:_hZAl:l [hlx]2F2 + h2h1x2F2 :I 27F2 —-X
- RO I:_h2AF1 [h1X]2FZ :I 27h x—x
= IQI:2 |:_th1:1 [hlx]:l
=0
- hZAFl [hx]e [—2*1*1:2 , 2R )
Q.E.D.

This condition determines the word length F; and F; of signals for an input value x. It
represents exact condition such that total accumulated rounding error is nullified by the
rounding just after the final multiplier with h,. As a result, the original value x is recovered
as the final output without any loss.

Unlike the exact condition above, a sufficient condition can be derived by analyzing the
upper bound as follows.

| mAp ] | < | 1y |27 < 2775 (29)
As a results, when the sufficient condition given by

F > F,+log,|h, | (30)
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holds, the scaling pair becomes lossless. However this condition is too strict and requires too
long word length of signals.

4. Application of the formulas to DWT

This chapter introduces the DC lossless DWT [8, 18]. Definition and its usefulness are also
described. The algebraic approach based on the formulas is applied to derive conditions on
word length of signals and coefficients. Derivation process is described in chapter 5.

4.1 DWT and its word length of signals and coefficients

Fig.4 illustrates the irreversible 9-7 DWT of the JPEG 2000 standard [1]. The forward
transform in Fig.4(a) decomposes an input signal x(n), ne N, N={n | 1,2, ---, L} into band
signals y1(m) and y2(m), me M, M={m | 1,2, ---, L/2}. The backward transform in Fig.4(b)
reconstructs the signal w(n) from the band signals. In the figure, z! and |2 indicate the delay
and the down sampler respectively.

x(n)

® 12 SR r—>DE—>
3 @ 3 @ Cs y1(m)
- 2\ — G4\
C1 TN C3 TN
+ ‘t + '1- 05 yz(m)
| 2—> > —DFR)—>

SOE—r— S—>EP{ 12
€ [

=
)

(]

()]

)

1]

C4 Cz
TN C3 C1

+ b
yo(m) ¢ = _ = _
SIE 3 >

(b) Backward transform
Fig. 4. The irreversible 9-7 DWT of the JPEG 2000 standard.
The multiplier coefficients c;, ie I, I={i | 1,2, -+, 6} are designed under the word length long
enough to be treated as real numbers. When the DWT is implemented, coefficient values are
rounded to the length as short as possible to minimize total hardware complexity. Similarly,
signal values are also rounded. In the figure, fraction part of each signal is shortened to Fs,

Fp or Fx [bit] by a rounding operation illustrated as a circle.
Denoting the integer part as Is [bit], total word length Ws [bit] of a signal s is defined as

W, =I,+F,+1 (31)

including 1 [bit] for the sign part. Similarly, total word length Wc [bit] of a coefficient c is
defined as

W.=I.+F-+1. (32)
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In Fig.4, fraction part of the input signal x(n) is given as Fx [bit]. Inside the DWT, fraction
part of the signals are rounded to Fs [bit] just after each of all the multiplications with ¢;, i€ L.
Output signals from the forward and backward transforms are rounded to Fp [bit] and Fx
[bit] respectively. Note that we do not truncate integer part of signals and that of
coefficients. We are determining Fs and F¢ such that the DC lossless property is satisfied.

4.2 Definition of DC lossless property and its necessity
In this article, we define the DC lossless as the conjunction of the following two
propositions:

vneN,VmeM(x(n)=d — y(m)=d A y,(m)=0) (33)

vneN,VmeM(y,(m)=d A y,(m)=0 — w(n)=d) (34)

for a given constant value d with Fx [bit] fraction part. When the proposition in Eq.(33)
holds, the DWT has no DC leakage for the DC input signal with value d. Similarly, when the
proposition in Eq.(34) is true, the reconstructed signal w(n) contains no checker board
artifact for the DC input signal. In the following chapters, we investigate the minimum
fraction part of signals Fs [bit] which guarantees the DC lossless for given Fx and Fp [bit].
We also investigate the minimum fraction part F. [bit] of a coefficient c;, i € I with flexibility
of trading off the signal error and the coefficient error.

Fig.5(a) illustrates an example of a video system. It contains an encoder and a decoder which
are composed of a forward DWT and a backward DWT. In white balancing, a camera and a
display are calibrated with a constant valued input signal (DC signal) [11,19]. Therefore, it is
useful for this calibration if the forward DWT and its backward do not generate any error. In
this case, the camera and the display can be calibrated ignoring existence of the encoder and
the decoder as illustrated in Fig.5(b). Namely, the DC lossless condition provides a low
complexity DWT useful for the white balancing.

input output
\V/ A DC signal DC signal
N4

A
Camera Display _
Car%ra Dls‘sgy

v x(n) N win)

Encoder | Decoder

, N,
adjust adjust

(a) video system (b) calibration

Fig. 5. The DC lossless property is useful for white balancing in a video system.

In addition, the DC lossless condition is a necessary condition for the regularity which
controls smoothness of basis functions and coding performance of a transform. A DWT
under the regularity does not generate the checker board artifact or the DC leakage. Harada
et. al. analyzed a condition for the regularity of a two channel quadrature mirror filter bank
(QMF) [9]. They confirmed that a QMF under the condition has reduced checker board
artifact for an input step signal. It is expanded to a multirate system under short word
length expression [20]. The regularity was structurally guaranteed for a biorthogonal linear
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phase filter bank [21,22] and the DCT [10] respectively. However, since these previous
methods are based on factorization of a transfer function including (1+z1) or (1-z1) in the
lattice structure, these are not directly applicable to the lifting structure of the 9-7 DWT in
Fig.4.

In this article, we derive the DC lossless condition theoretically in chapter 5, and determine
the minimum word length of signals and that of coefficients under the condition in
following chapters.

5. Derivation of condition for the DC lossless DWT

This chapter describes derivation process of the DC lossless condition.

5.1 New model for error analysis

Fig.6(a) illustrates a multiplier in the DWT circuit. An input value s has Fs [bit] fraction part
and multiplied by a coefficient c'. The coefficient is originally designed as a real number c. It
is rounded to a rational number ¢' in implementation. It produces the coefficient error:

Ac=c—c'. (35)

Just after the multiplication, the signal is rounded to s' with Fs [bit] fraction part as
s'=Rg[c's] =c's+e (36)
where ¢' is the signal error. From Eq.(35) and (36), the final output becomes

s'=cs—Acs+e'. (37)

where cs is the ideal output. This conventional model, illustrated in Fig.6(b), describes the
coefficient error Ac as multiplicative to the signal s [13-15], and the signal error ¢' as
additive [7,12]. In addition, these errors are treated independently as mutually uncorrelated
noises.

Unlike these existing approaches, as illustrated in Fig.6(c), we describe the coefficient error
e'" as

s'=Ry [es]+e",
R (38)
e"=Ry. [AFS [es]-Ag [c]s} .
From Eq.(15), we utilize the fact that e" is observed as a 'particle’;
e" 25 =p (39)

where p is an integer. Given the tolerable maximum to an integer p, word length of the
coefficient ¢ can be controlled independently of other coefficients in other sections inside the
DWT. Furthermore, denoting the signal error as e' similarly to Eq.(36), the output value is
described as

s'=cs+e
{ | " (40)
e=e'te
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where

{e' =—A; [cs] i

e"=R; [AFS [es]- A [c]s ]

as illustrated in Fig.6(d). In this new model, both of the coefficient error e" and the signal
error ¢' are unified to the error e. Utilizing Eqgs.(13) and (15), its absolute value is limited
to

lel<(p+27)27% . (42)

Note that the parameter p to control word length of a coefficient ¢ is included in this
equation. It is equivalent to

2—FC+FS+IS—1 < p (43)

where its proof is given in appendix.
Benefitting from this inequality, it becomes possible to consider mutual effect of the
coefficient error and the signal error.

! 4 4
C S
S @ S l\C \L S
c'=c—Ac -/Ac |e'| < I-F
(a) multiplier (b) conventional model
r
e e
3S [C: ; s’ 3S [C J s'
e'=p2 Fs |e|£(p+2 H2 Fs

(c) new model I (d) new model I

Fig. 6. A multiplier in the DWT and its models for error analysis.

Inside the forward DWT, the error e is propagated and added up with other errors from
other multipliers. When its maximum absolute value is less than 27", the total error is
nullified by the rounding at the final output of the forward DWT. In this article, we utilize
this nullification of errors at output of the DWT to derive a condition on word length such
that the DC lossless defined by Eq.(33) and (34) is satisfied.

www.intechopen.com



Condition on Word Length of Signals and Coefficients for DC Lossless Property of DWT 243

5.2 DC equivalent circuit
When the input signal is restricted to a DC signal, x(n) can be described as a scalar x

independent of n. The delay z! can be treated as 1 and (1+z1) can be replaced by 2.
Therefore, instead of the circuits in Fig.4, we can use their equivalent circuits for a DC input
signal in Fig.7 to derive the condition.

In Fig.7(a), a scalar x with Fx [bit] fraction part is multiplied by the rational numbers c;, i €I
and rounded to Fs [bit]. Finally, the signals are rounded to Fp [bit] at its output to produce
two scalars [y1 y2]. The unified errors inside the circuit are described as

e.=e'+e" i€l (44)

where

e'= _AFS [cs;]

e"= R, I:AFS [eis:]- A [c; ]si]

S, S Ss 2x 2(x+s'y) s,
S, S, S a 2(x+s") 2(s,+s'3) s;+s,
s'i=cs t+e = RFS [csi] )

Similarly, for the backward transform in Fig.7(b), errors are described as

fi=f+f",iel (45)

where

fi'= —Ay, [e:t;]
fU=R. [ Ay lct]- A o]t ]

|:t1 t3 t5}:{2(t3_t'2) 2(t'5_t‘4) y1:|
t, t, f 2(t, —t') 2t Y

ty=ct +f=Rg[ct] .

Similarly to Eq.(42), these errors are described with the parameters p; and g; to control word
length of coefficients as

le | < (p+27)27% ,iel (46)

| ﬁ| < (g, +2M)2F Jiel 47)

for a given word length F; [bit] of signals.

www.intechopen.com



244 Discrete Wavelet Transforms: Algorithms and Applications

x(n)

(b) Backward transform

Fig. 7. Equivalent circuits of the DWT for a DC input signal.

5.3 Nullification of accumulated errors

In Fig.7(a), the unified errors in Eq.(46) are propagated and accumulated inside the circuit.
When the accumulated errors are nullified by the rounding at output of the forward
transform, Eq.(33) is satisfied. In the figure, Y12=[y1 y2]T is described as

Y, =R, { Le, + e +K( Tye, +H,( e,

(48)
+H,( Lye, +H, (Ie, + H I, x)) )) }
where
I,=[1 0", I, =[0 17", IL,=I,+1,
1 0 1 2 cc O
Hia = 2¢. 1/ Hjelz"” N 0 11/ K+ 0 ¢
It is described with the unified error matrices E; and E; as
le = RFB [(HelEl + HezEz) + KH4321x] (49)

where

Hel = [IU KIU KH431U]
HeZ = [IL KHAIL KH4321L] 4
H, =HH; -
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and
{El =[e, e, e ]T
E,=[e; e; ¢ I

Similarly, output values Wix=[w; w»] from the backward transform in Fig.7(b) are

W, =R, [ (H.E, +H,E,)+(KH,)"Y,, | (50)
where
H,=-[H'T, Hpyl, Hpyl,]
H,=-[I, HI, HLI]
H, =H'H, -
and

E, Z[f1 f3 fs]T-

When the DWT is DC lossless, output values of the transforms are

{le }:{ KH4321XA }:{IU }x
le (KH4321 )71 Xlz IUL .
Using this equation, the accumulated errors are defined as
|:Ey12j|:|:Y12 j|_|:le }
E.n Wi, Wu .
Substituting Eqgs.(49), (50), (51) and using the property in Eq.(6), we have

£ B =
E RFX [(HLSE?, + HL4E4)] .

{Es =If, fi £I

—~

51)

—~

52)

wl2

Applying Eq.(12), it becomes clear that when the conditions;

{ |H,E, +H,,E,|<I, 27" -

|H,,E, +H,E,|<I, 27"

are satisfied, the accumulated errors are nullified by the rounding operations at the final
output of each of the forward transform and the backward transform.

6. Derived conditions on word length for the DC lossless DWT

This chapter summarizes the new condition derived from the basic properties in chapter 2,
and other related condition derived from a conventional approach.
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6.1 Critical condition on word length
Finally, we derive the condition on word length of coefficients and signals such that Eq.(54)

is satisfied. Since the unified errors in Ei;, E>, E3 and E4 have the maximum in Eqgs.(46) and
(47) described with the parameters p; and g;, the DC lossless condition is also described with
the parameters by substituting

E,=(lp, po p] +1,-27)2°"
E=(lps ps pl +1-2")2" 55
E,=([4, g0 gs]'+1,-27)2°"
E,=([g g5 g +L-27)2"
for
IL=[1 1 1]

into Eq.(54). This is the condition we derived based on the new model described in section
5.1. We investigate the fraction part F¢; [bit] of a coefficient c;, i€ I as the minimum word
length under the condition for a DC value x at the word length F; [bit] of signals.

6.2 Sufficient condition on word length
As an example, in case of all the parameter in Eq.(55) are given as p; = g; = p and Fc; = F¢ for

Vi€ ], the condition in Eq.(54) becomes

I

where ”H”L' denotes a column vector whose component is a sum of absolute value of all
components in each row. Substituting coefficients of the 9-7 DWT [1] into Eq.(56), we
have

2|Ip ) _Fs(p+2 ) UinliFB

-Fs = ~1-Fy (56)
allp )'2 (p+27) < L2

< 2—1+Fs -Gg _ 2—1
; . 7)
Gp =2.66 [bit]
for Fx= Fg= 0. As a result, the DC lossless condition on the word length is given as
~log, (27" +274%) > G, (58)

where
[AWC AWS]:[FC_IS Fs]

and Gg is the lower bound. This means a sufficient condition for the DC lossless. Since it is
too strict, the word length under this condition is redundant. Unlike this sufficient
condition, our critical condition given as Eq.(54) under Eq.(55) determines the word length
minimum and necessary for the DC lossless.

www.intechopen.com



Condition on Word Length of Signals and Coefficients for DC Lossless Property of DWT 247

7. Simulation results

This chapter verifies theoretically derived conditions, and clarifies the minimum word
length of the DC lossless DWT.

7.1 Word length under the sufficient condition
Utilizing the sufficient condition in section 6.2, we calculated the optimized word length
under the cost function defined as J=2-1(Fc +Fs). The cost | is minimized for three examples.
Ex.1 trades the word length between Fc and Fs, namely Fc + Fs = constant. Ex.2 and Ex.3 are
Fc = Fs and Wc = W5 respectively. Results are summarized in table 1. Table 2 summarizes
word length of signals and coefficients for an 8 bit system with W,=8 (I,=7 and F,=0). Ex.1
requires (Fs, Fc)=(4, 12) [bit] for signals and coefficients respectively. Ex.2 and Ex.3 require
Fs =Fc =11 [bit] and Ws =W¢ =14 [bit] respectively. The condition in Eq.(58) is plotted as a
solid line in Fig.8. According to the sufficient condition, it is impossible to be DC lossless for
{FC < G+ 59)
F, < G

and it is also confirmed by the figure. It guarantees the DC lossless, however the condition is
too strict. Therefore the word length is redundant and there is room for further reduction.

Ex.1 Ex.2 Ex.3
Fc+FS=C0nSt. FC=FS WCZ WS
Feo |Gptl+lg Gt Getl -1
Fg |Ggt+l E'S Ggtl”
We |Get2+lg+H - |Gt +1+1, R
W | Grt2 bl Gt 41+ Gptl " +Ig+1
J |Ggt1+Iy2 Gyt Gptl"+(Ig-10) 12

Is'=logy(25 +1), Ic'=log,(2'€ +1)

Table 1. Theoretically derived word length under the sufficient condition for DC lossless. Fs
and Fc denote fraction part of signals and coefficients. Is and Ic denote integer part of signals
and coefficients. Ws=Is+Fs+1, Wc=Ic+Fc+1, [ is a cost function.

Ex.1 Ex.2 Ex.3
Fc+FS:C0nSt. FC:FS WC: WS
Fe 11.66 11.25
Fy 3.66 10.67 425
W, 13.66 12.67
Wy 12.66 19.67 13.25
J 7.66 10.67 7.75

Table 2. Word length calculated with equations in table 1 for IV,=8 [bit].
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7.2 Word length under the critical condition

In Fig.8, a cross "x" indicates a pair (Fs, Fc) which satisfies the critical condition in section
6.1 for any 8 bit integer x with Wx=Ix=8 and Fx=0. Here in after, we denote an input DC
value to a video system as

x,, =x—2""1 (60)

where x is an input value to the DC equivalent circuit in Fig.7. The minimum of Fc¢ for each
Fs is indicated as a broken line. It is clear that the word length derived by the critical
condition is shorter than that determined by the sufficient condition. For example in
Fig.8(a), the fraction part Fs (= Fc) is reduced from 11 [bit] to 9 [bit] for Ex.2. The word
length is not shortened for Ex.1 and Ex.3. In case of Fig.8(b), Fs (= Fc¢) is reduced from 13 [bit]
to 12 [bit] for Ex.2. (Fs, Fc) is reduced from (14, 4) to (13, 3) or (12, 4) for Ex.1. Ws (= W) is
reduced from 16 [bit] to 15 [bit] for Ex.3. It is confirmed that the word length is shortened
due to the analysis in this article.

20 -‘ XQXXXXQXXXX;ZXXX
- HKAHXAXXXXAXX XX XX XXX
‘ HKAHXAXX XXX X XXX X XXX
- HKAHXAXX XXX X XXX X XXX
15’ HKAHXAKXX XX XX XXX X XXX 3
HKAHXAXX XXX X XXX X XXX
— K g
35 o EXEXp < oSufficient
o 10+ 7] "éxxxxxxxxxxxx>
L Ex.1 e e B e B e e Y
) Minimum
Ex.3
5t i
vxE[-27,27)
0 5 10 15
Fs [bit]
8 .
(@) vx,, €[0,2°), W, =8][bit]
20 —= % % N2
‘>< HXAXAXAKXAXXX XX XX XXX
LID¢ HXAXXXAKXXXX XX XX XXX
\>< HXAXAXAKXAXXX XX XX XXX
‘iz HXAXAXAKXAXXX XX XX XXX
15 HXAXAXX XX XX XY VY NN
L i-& XXXXXXXX)SufﬁCient
g o6 e e e e e
o 10 Minimum |
L
5 9 n9) |
VxE[-29,29)
0 5 10 15
Fs [bit]

(b) Vx, €[0,2), W, =10[bit]

Fig. 8. Word length under the two conditions. " x " indicates (Fs, Fc) such that the DWT
becomes DC lossless.
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7.3 Word length for a specific value

Fig.9(a) and Fig.9(b) illustrate the word length under the conditions for the black value "16"
and the white value "235" respectively. These specific values are utilized in white balancing
of an 8-bit video system [19]. For example, (Fs, Fc) is reduced from (4, 12) in Fig.8(a) to (2, 9)
in Fig.9(a) for Ex.1. Table 3 summarizes the minimum word length for these specific input
DC values [23]. It is observed that the word length can be reduced by limiting input DC
signals to a specific value. Fig.10 indicates the minimum word length Fc of coefficients for
an input value x at a given word length Fs of signals. This is an example at (Fs, Wx)=(3, 8).
The sufficient condition gives the same word length for any of input values. Unlike this
conventional statistical analysis, our analysis gives the minimum word length shorter than
that determined by the sufficient condition for each of input DC values.

20 N N K
DX X X XX X X XXX X XXX XXX
P X XK X XX X X XXX XXX X X X X
X XK XXX XX XXX XX XX XXX
X XK XXX X XXX X X XX X X X
15X XK X X XX XX XX XXXX XXX 3
KXEKXXXXXXXXXXXXXXX
) 3R XX X X X X X X X X NN NN
5 kxx X X X x X x x x xSufficient
o 10 \xxxxxxxxxxxxxxxxx>
L o i e i e B e S e 3 e
I\ Minimum
S (Fo.Fo=(2,9) for x,=16 |
S:mo/=\4, or X~
0 5 10 15
Fs [bit]
(a) black value
20 —= x X X
EXHK X XX X X XXX XX XX XXX
XX XXX XX XX X XXX XXX
XK XX XX X XXX X XXX XXX
OO X X X X X X X X X X X X X X
15+ WK X X X X XX X X X XXX XXX}
i XX XX XXXXXXXX XXX
= XXXy o o0l
S A X X x x x xx x>Sufficient
= X
o 10+ ‘;I‘Xxxxxxxxxxxxxx>
L N S B D€ S ) e ) (-
l\ Minimum
5| (Fg,F9=(3,9) for x,=235
s Fo/—=\9, or X~
0 5 10 15
Fs [bit]

(b) white value

Fig. 9. Word length under the two conditions for a specific value used in white balancing.
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20 ‘
F.=3
= 15 Sufficient |
=2
e Lty 4 50
Lo10 L imime—a—. Ab_n il
= #---" Minimum
5*. -
' x€[1,128]
20 40 60 80 100 120

input x

Fig. 10. The minimum word length of coefficients for each of input DC values at (Fs, Wx)=(3,
8). According to the sufficient condition, the word length is too long.

forward transform and backward transform
signals coefficients
input DC values integer | fraction | integer | fraction
Ig[bit] | Fg[bit] | I-[bit] | Fc[bit]
sufficient 4 12
B | anyx, €[0,28 2 12
= y ) . )
g x;,= 16 (black) 2 9
X;,=235 (white) 3 9
sufficient 4 14
8 10
any x;,<[0,2 2 13
S y Xin €[ ) 10 5
é x;,= 64 (black) 0 8
x;,=940 (white) 0 12

Table 3. The minimum word length for a specific value for white balancing of a video
system.

7.4 Optimum word length assignment
Since we described tolerance for the unified errors as parameters p; and g; in Eq.(46) and (47),

it becomes possible to simultaneously control both of word length of signals and that of
coefficients. Table 4 summarizes these parameters for an input value 16 and the word length
of signals at Fs=2 [bit] as an example. It indicates that [p1 p2 --- ps] in Eq.(46) are [0 0000 1]
for the word length of coefficients at Fc=9 [bit]. In this case, all the coefficients c; in the
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forward transform have the same length. It is worth paying attention to the fact that the
parameter p; is the same for Fc=9, 8 and 7 [bit] for example. It means that word length of the
coefficient ¢; can be reduced from 9 to 7 [bit] without any influence to the errors. Therefore,
word length [Fc; Fcz --- Fce] of coefficients [c1 ¢z --. ¢s] can be reduced from [999999] to [7 9
7 4 6 4] according to the table.

Table 5 summarizes results of this optimum word length assignment for the forward
transform. Comparing to table 3, it is observed that word length of coefficients is reduced
from 9.00 [bit] to 6.17 [bit] on average for an input value x;,=16. Table 6 summarizes results
for the backward transform. In this case, the word length is furthermore shortened. It is
observed that cs and c4 can be omitted since 1, is equal to zero under the DC lossless. Fig.11
illustrates image signals reconstructed by the DWT which does not satisfy the DC lossless
condition. It demonstrates the checker board artifact for reference. It is confirmed that total
word length is furthermore shortened utilizing the tolerance parameters p; and g; introduced
in this article.

Fc| pr | P2 | P3| Pa|Ps| Po | 17X | W
9 0 0o [ofo|o] 1 0 0
8| 0 3lofofo]l o 1 1
71 0 3lofofo]l o 1 1
6| 7 | 12]8[0]o0o] 2 6 6
51 7 18100 1] 0 7 | -5
gl 21189 o211 -10]-12
313 [107] 7 [25]9] 28] 63 | 70

Table 4. Tolerance parameters in Eq.(46) and (47) for x;,=16 and Fs=2 as an example.

forward transform
input signals coefficients
values
Fs Fei | Fea | Fes | Fea | Fos | Foe | ave.

o | x=16(B) 2 7197 4|6]| 4617
>
2| x,=235(W) 3 9|1 719914650
S | = 4 (B) 0 719|711 4 |4a83
| x,=940 (W) 0 71111 1|1] 4|38

Table 5. The minimum word length of coefficients in the forward transform for a specific
values x;, for a given word length of signals Fs.
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backward transform

. signals coefficients

input

vaes Fs | Fei|Foa | Fes | Fea | Fos | Foe | ave.
| x=16(B) 2 olo|7]|0]| 8| o0]550
’
| x;,=235 (W) 3 9197|080 |550
o| x=64(B) 0 71970 8| o0]517
I
= x,=940 (W) 0 711218080583

Table 6. The minimum word length of coefficients in the backward transform for a specific

values x;, for a given word length of signals Fs.

a)l stale b) 2 stages

(d) 4 stages
Fig. 11. Example of reconstructed images for 1282 pixel DC input image with x=10. Intensity

is multiplied by 16.

8. Conclusions

Introducing a new model which unifies the coefficient error and the signal error, and
utilizing the nullification of the accumulated errors, this article theoretically derived a
condition on word length of signals and coefficients such that the 9-7 DWT of JPEG 2000
becomes lossless for a DC input signal. It was confirmed that the minimum word length
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derived by the newly introduced 'critical' condition was shorter than that determined by a
conventionally well known 'sufficient' condition. It was also confirmed that the DWT under
the condition does not have the checker board for a DC signal. Analysis in this article
contributes to build a low complexity DC lossless DWT.

9. Appendix
Proof of Eq.(43)
Eq.(39) with Eq.(41) means
A [es]— A [cls| < (p+27)2°" (A1)
according to Egs.(13) and (15). Applying the triangle inequality to the left hand side, we have
A [es]— Ay [els] <|Ay [es] +[Ag, [c]]ls] (A.2)

According to Eq.(13), each terms in the right hand side are described as

‘AFS [cs]‘ <27k
‘AFC [c]‘ || <27t et

Therefore (A.2) and (A.3) under (A.1) means

2716 427l < (p 27275
and finally we have Eq.(43) as
2—FC+F5+15 -1 < p .

Q.E.D.
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