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Stochastic Optimal Tracking with
Preview for Linear Discrete Time
Markovian Jump Systems

Gou Nakura
56-2-402, Gokasyo-Hirano, Uji, Kyoto, 611-0011,
Japan

1. Introduction

It is well known that, for the design of tracking control systems, preview information of
reference signals is very useful for improving performance of the systems, and recently
much work has been done for preview control systems [Cohen & Shaked (1997); Gershon et
al. (2004a); Gershon et al. (2004b); Nakura (2008a); Nakura (2008b); Nakura (2008c); Nakura
(2008d); Nakura (2008e); Nakura (2009); Nakura (2010); Sawada (2008); Shaked & Souza
(1995); Takaba (2000)]. Especially, in order to design tracking control systems for a class of
systems with rapid or abrupt changes, it is effective in improving the tracking performance
to construct tracking control systems considering future information of reference signals.
Shaked et al. have constructed the Heo tracking control theory with preview for continuous-
and discrete-time linear time-varying systems by a game theoretic approach [Cohen &
Shaked (1997); Shaked & Souza (1995)]. Recently the author has extended their theory to
linear impulsive systems [Nakura (2008b); Nakura (2008c)]. It is also very important to
consider the effects of stochastic noise or uncertainties for tracking control systems. By
Gershon et al., the theory of stochastic Ho tracking with preview has been presented for
linear continuous- and discrete-time systems [Gershon et al. (2004a); Gershon et al. (2004b)].
The Hewo tracking theory by the game theoretic approach can be restricted to the optimal or
stochastic optimal tracking theory and also extended to the stochastic Heo tracking control
theory. While some command generators of reference signals are needed in the papers
[Sawada (2008); Takaba (2000)], a priori knowledge of any dynamic models for reference
signals is not assumed on the game theoretic approach. Also notice that all these works have
been studied for the systems with no mode transitions, i.e., the single mode systems.
Tracking problems with preview for systems with some mode transitions are also very
important issues to research.

Markovian jump systems [Boukas (2006); Costa & Tuesta (2003); Costa et al. (2005); Dragan
& Morozan (2004); Fragoso (1989); Fragoso (1995); Lee & Khargonekar (2008); Mariton
(1990); Souza & Fragoso (1993); Sworder (1969); Sworder (1972)] have abrupt random mode
changes in their dynamics. The mode changes follow Markov processes. Such systems may
be found in the area of mechanical systems, power systems, manufacturing systems,
communications, aerospace systems, financial engineering and so on. Such systems are
classified into continuous-time [Boukas (2006); Dragan & Morozan (2004); Mariton (1990);
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112 Discrete Time Systems

Souza & Fragoso (1993); Sworder (1969); Sworder (1972)] and discrete-time [Costa & Tuesta
(2003); Costa et al. (2005); Lee & Khargonekar (2008); Fragoso (1989); Fragoso et al. (1995)]
systems. The optimal, stochastic optimal and Heo control theory has been presented for each
of these systems respectively [Costa & Tuesta (2003); Fragoso (1989); Fragoso et al. (1995);
Souza & Fragoso (1993); Sworder (1969); Sworder (1972)]. The stochastic LQ and Heo control
theory for Markovian jump systems are of high practice. For example, these theories are
applied to the solar energy system, the underactuated manipulator system and so on [Costa
et al. (2005)]. Although preview compensation for hybrid systems including the Markovian
jump systems is very effective for improving the system performance, the preview tracking
theory for the Markovian jump systems had not been yet constructed. Recently the author
has presented the stochastic LQ and Hoo preview tracking theories by state feedback for
linear continuous-time Markovian jump systems [Nakura (2008d) Nakura (2008e); Nakura
(2009)], which are the first theories of the preview tracking control for the Markovian jump
systems. For the discrete-time Markovian jump systems, he has presented the stochastic LQ
preview tracking theory only by state feedback [Nakura (2010)]. The stochastic LQ preview
tracking problem for them by output feedback has not been yet fully investigated.

In this paper we study the stochastic optimal tracking problems with preview by state
feedback and output feedback for linear discrete-time Markovian jump systems on the finite
time interval and derive the forms of the preview compensator dynamics. In this paper it is
assumed that the modes are fully observable in the whole time interval. We consider three
different tracking problems according to the structures of preview information and give the
control strategies for them respectively. The output feedback dynamic controller is given by
using solutions of two types of coupled Riccati difference equations. Feedback controller
gains are designed by using one type of coupled Riccati difference equations with terminal
conditions, which give the necessary and sufficient conditions for the solvability of the
stochastic optimal tracking problem with preview by state feedback, and filter gains are
designed by using another type of coupled Riccati difference equations with initial
conditions. Correspondingly compensators introducing future information are coupled with
each other. This is our very important point in this paper. Finally we consider numerical
examples and verify the effectiveness of the preview tracking theory presented in this paper.
The organization of this paper is as follows: In section 2 we describe the systems and
problem formulation. In section 3 we present the solution of the stochastic optimal preview
tracking problems over the finite time interval by state feedback. In section 4 we consider
the output feedback problems. In section 5 we consider numerical examples and verify the
effectiveness of the stochastic optimal preview tracking design theory. In the appendices we
present the proof of the proposition, which gives the necessary and sufficient conditions of
the solvability for the stochastic optimal preview tracking problems by state feedback, and
the orthogonal property of the variable of the error system and that of the output feedback
controller, which plays the important role to solve the output feedback problems.

Notations: Throughout this paper the superscript ' stands for the matrix transposition, |- |
denotes the Euclidean vector norm and |V|§ also denotes the weighted norm v'Rv. O
denotes the matrix with all zero components.

2. Problem formulation

Let (Q, F, P) be a probability space and, on this space, consider the following linear discrete-
time time-varying system with reference signal and Markovian mode transitions.
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X(k+1) = Ag ma (K)x(K) + Gy mp (k
24 (k) = Cig mq (K)x
)

) ( K) +Diag maq ()1 (k) (1)
¥ (k) = Cog mae (K)x

x(0)=x, m(0) =i,

where x e R'is the state, ®qe RP d is the exogenous random noise, u 4e R is the control
input, zq e Rk is the controlled output, r4(-) € R™ is known or measurable reference signal
and ye R" is the measured output. xo is an unknown initial state and iy is a given initial
mode.

Let M be an integer and {m(k)} is a Markov process taking values on the finite set
¢={1,2, --,M} with the following transition probabilities:

P{m(k+1)=j | m(k)=i}:= pq,(k)
where pq,ij(k)20 is also the transition rate at the jump instant from the mode i to j, i #j, and
2?21 pa(k)=1- Let P4(k) =[ pa,ij(k)] be the transition probability matrix. We assume that all

these matrices are of compatible dimensions. Throughout this paper the dependence of the
matrices on k will be omitted for the sake of notational simplicity.
For this system (1), we assume the following conditions:
AT: Di2g,mq(k) is of full column rank.
A2: D124,m)' (K)Ci1d,m()(k)=0O, D124,m@' (k)D13d,m(x)(k)=O
A3: E{x(0)}=no, E{wa(k)}=0,
E{oa(k)od' (k)L mgo=i }‘Xu

X(O)x'(0) Limo)=ig y }= Q;, (0),
{@a(0)x'(0 )1{m }}=O,
toa(k)x'(k )1{m<1<> 1}}=O

toa(k)ud' (k) Lim=3}=0,
Efoa(k)rd' (k) Lmp=1}=O

where E is the expectation with respect to m(k), and the indicator function 1mg=ij:=1 if
m(k)=i, and 1{m(k)=i}3=0 if m(k)#l

The stochastic optimal tracking problems we address in this section for the system (1) are to
design control laws ug(-) € b[0,N-1] over the finite horizon [0,N], using the information
available on the known part of the reference signal rq(-) and minimizing the sum of the
energy of zq(k), for the given initial mode ip and the given distribution of xo. Considering the
stochastic mode transitions and the average of the performance indices over the statistical
information of the unknown part of r4, we define the following performance index.

E
E
E
E

N
Jan (Xo,ud,l‘d) {Z {1Cha,meo (K)X(K) + Diag ma (k)14 (k) °)

(2)

N-

z (Do >(k)ud<k)|2}}

E— means the expectation over Ri+n, h is the preview length of rq(k), and Ry denotes the
future information on rq at the current time k, i.e.,, Ri :={rq(l); k<I<N}. This introduction of
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114 Discrete Time Systems

Ex- means that the unknown part of the reference signal follows a stochastic process,
Whose distribution is allowed to be unknown.

Now we formulate the following optimal fixed-preview tracking problems for the system (1)
and the performance index (2). In these problems, it is assumed that, at the current time k,
r4(l) is known for 1 < min(N, k+h), where h is the preview length.

The Stochastic Optimal Fixed-Preview Tracking Problem by State Feedback:

Consider the system (1) and the performance index (2), and assume the conditions A1, A2
and A3. Then, find u; minimizing the performance index (2) where the control strategy u,
(k), 0=k £N-1, is based on the information Ri+n:={rq(l); 0 <1< k+h} with 0<h <N and the
state information Xi:={x(l); 0 <1< k}.

The Stochastic Optimal Fixed-Preview Tracking Problem by Output Feedback:

Consider the system (1) and the performance index (2), and assume the conditions A1, A2
and A3. Then, find u; minimizing the performance index (2) where the control strategy u,
(k), 0=k <N-1, is based on the information Ri+n:={rq(l); 0 <1< k+h} with 0<h <N and the
observed information Yi:={y(I); 0 <1< k}.

Notice that, on these problems, at the current time k to decide the control strategies, R+, can
include any noncausal information in the meaning of that it is allowed that the future
information of the reference signals {r4(l); k <1< k+h} is inputted to the feedback controllers.

3. Design of tracking controllers by state feedback

In this section we consider the state feedback problems.
Now we consider the coupled Riccati difference equations [Costa et al. (2005); Fragoso
(1989)]

Xi(k)=Aq, (K)Ei(X(k+1),k)Aq,i(k)+C1q, C1q,i-F2,i T2,iF2i(k), k=0, 1, --- 3)

where E;(X(k+1),k)= Zj\il Pa,ij (k) Xjr(k+1), X(K)=(X1(k), -, Xum (k)),

T,; (k) =D1p4,i ' D1og,i +Bog i 'E; (X(k + 1)'k)B2d,i'
Ry (k) =By By (X(k+1),k)Ay;,
Fyi(k)=-T;Ry, (k)

and the following scalar coupled difference equations.

a; (K)=Ei( & (k+1),K)+r{Ga, XiGa; ‘Ei(X(k+1),K)} @)

where Ei(a (k+1),k)= Zﬁl pai(k), @; (+1) and & ()=(ay (K), ..., @y (K)-

Remark 3.1 Note that these coupled Riccati difference equations (3) are the same as those for
the standard stochastic linear quadratic (LQ) optimization problem of linear discrete-time
Markovian jump systems without considering any exogeneous reference signals nor any
preview information [Costa et al. (2005); Fragoso (1989)]. Also notice that the form of the
equation (4) is different from [Costa et al. (2005); Fragoso (1989)] in the points that the
solution « (-) does not depend on any modes in [Costa et al. (2005)] and the noise matrix Gq
does not depend on any modes in [Fragoso (1989)].
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Stochastic Optimal Tracking with Preview for Linear Discrete Time Markovian Jump Systems 115

We obtain the following necessary and sufficient conditions for the solvability of the
stochastic optimal fixed-preview tracking problem by state feedback and an optimal control
strategy for it.

Theorem 3.1 Consider the system (1) and the performance index (2). Suppose Al, A2 and
A3. Then the Stochastic Optimal Fixed-Preview Tracking Problem by State Feedback for (1)
and (2) is solvable if and only if there exist matrices Xj(k)=O and scalar functions ¢; (k), i=1,
-,M, satisfying the conditions Xj(N)=Ciq4'(N)C14,i(N) and ¢; (N)=0 such that the coupled
Riccati equations (3) and the coupled scalar equations (4) hold over [0,N]. Moreover an
optimal control strategy for the tracking problem (1) and (2) is given by

1y (K)=Fa,(K)x(K)*+Dyi(K)ra(k)+Dou,i(K)Ei( 6. (k+1),k) for i=1, -, M
where Dy;i(k)=-T;  (K)B2a,‘Ei(X(k+1),k)Bsq; and Deui(k)=-T5} (K)Baai’. 6;(k), i=1, --M,
k € [0,N] satisfies
6:(K) = Aai’(K)E;(0(k +1),k)+ Ba,i (k)ry (k),
6;(N) =Cyq4,; Diag it (N)

where Ei(0 (kD) K)= Y p, (k) 6; (k+1) and 0 (K)=(6, (), -~ 6y (K)),

1pd ij
Adi’'(K)=Ag; ~Dyy Ty iFy (),
Bai(k)=Aq; B (X(k+1),k)Byg; —Fy T, Dy, (k) + Ciq i Disg

and 6, ; (k) is the 'causal' part of 8, () at time k. This 6, ; is the expected value of &, over Rk
and given by

0.;(1)=Agi’()E;(6.(1+1),1)+Ba,i(1)rg (1), k+1<1<k+h,
i(k+h+1)=0ifk+h<N-1 6)
i(k+h+1)=Cy4;'Dyzq,14(N), k+h=N

1 (), G, m (K)).

6.
0.
where Ei( 6, (k+1),k z Pai(k) €, (k1) and 6. (k)=(¢,

Moreover, the optimal value of the performance index is

Jan (X0, 145 1) =tr{Q; X } + & (0)+E{ERT){2‘91'0 Xol}

1/2 = 20 .7 @)
Z E {1T; (k) Qu,m(k)(k)Em(k)(gc (k +1),K) [P +], (rd)

where cm(k) (K)= 6,1 (k) e m(iy (K), ke [O,N],
E(6: (DK=Y gy (k) 6 (k¥1), 67 (R)=(6:1 (9, = 654 (9) and

¢, ¢,

;-\

— N
]d(rd):E{Ea{|D13dlm(N)(N)rd } {H Ex =1 TP gu,mie) () Emqi (0(k +1),K)

-2Em(k)(el(k+1)’k)Dﬂu,m(k)lTZ,m(k)Du,m(k) (k)rd (k)
+ 2Em(k)(91(k+1)lk)B3d,m(k) (k)ry (k) K, m(k) (14 )}} ,
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]d,k,m(k) (rd) =TI /(k)[_Du,m(k)/TZ,m(k)Du,m(k) (k) + B3d,m(k)/Em(k) (X(k + 1)’k)B3d,m(k)
+D13d,m(k) D13d,m(x) :Ird (k).

(Proof) See the appendix 1.

Remark 3.2 Note that each dynamics (6) of 6.;, which composes the compensator
introducing the preview information, is coupled with the others. It corresponds to the
characteristic that the Riccati difference equations (3) are coupled with each other, which
give the necessary and sufficient conditions for the solvability of the stochastic optimal
tracking problem by state feedback.

Next we consider the following two extreme cases according to the information structures
(preview lengths) of rq:

i.  Stochastic Optimal Tracking of Causal {r4(-)}:

In this case, {rq(k)} is measured on-line, i.e., at time k, r4(l) is known only for I<k.

ii. Stochastic Optimal Tracking of Noncausal {rq(-)}:

In this case, the signal {rq(k)} is assumed to be known a priori for the whole time interval
k e [O,N].

Utilizing the optimal control strategy for the stochastic optimal tracking problem in
Theorem 3.1, we present the solutions to these two extreme cases.

Corollary 3.1 Consider the system (1) and the performance index (2). Suppose Al, A2 and
A3. Then each of the stochastic optimal tracking problems for (1) and (2) is solvable by state
feedback if and only if there exist matrices Xj(k) 2O and scalar functions ¢, (k), i=1, -, M,
satisfying the conditions X;j(N)=Cq4,/'(N)C14,i(N) and «; (N)=0 such that the coupled Riccati
difference equations (3) and the coupled scalar equations (4) hold over [0,N]. Moreover, the
following results hold using the three types of gains

Kaxi(k)=F2;i(k), Krq,i(k)=Dy,i(k) and Kq,6,i(k)=Deuy,i(k) for i=1, ---, M.
i.  The control law for the Stochastic Optimal Tracking of Causal {rq(-)} is

Ud,s1(k)=Ka,xi(K)x(k)+Kg,i(k)ra(k) for i=1, ---,M

and the value of the performance index is

Jan(xo, ugs1, ra)=tr{ Q;  X; }+a; (0)+E{ Ex {26, "xo}}
N-1 a

+E{ > Ex- {l TZ%Z(;{) Dou,m@)(K)Emo (€ (k +1),K) [> 1+ ], (ra).
k=0

ii. The control law for the Stochastic Optimal Tracking of Noncausal {r4(-)} is
ug,s2(k) =K x,i(K)x (k) +Keq,i(k)ra(k) +Kae,i(k)Ei( @ (k +1),k) for i=1, --,M
with &, (-) given by (5) and the value of the performance index is
Jan(xo, uas ra)=tr{ Q. X, I+ (00426, "ot ] (xa).

(Proof)
i. In this causal case, the control law is not affected by the effects of any preview
information and so 6, (k)=0 for all k e [0,N] since the each dynamics of 6,; becomes
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autonomous. As a result we obtain 8 (k)=6. (k) for all ke [0,N]. Therefore we obtain
the value of the performance index Jan(xo, Uds1, Td)-

ii. In this noncausal case, h=N-k and (5) and (6) becomes identical. As a result we obtain
0 (k)= 0, (k) for all k € [0,N]. Therefore we obtain 8. (k)=0 for all k € [0,N] and the value
of the performance index Jan(xo, uq,s2, r4). Notice that, in this case, we can obtain the
deterministic value of 6, (0) using the information of {rq(-)} until the final time N and so
the term E{ Ex- {26, “xo}} in the right hand side of (7) reduces to 26, “po. (Q.E.D.)

4. Output feedback case

In this section, we consider the output feedback problems.
We first assume the following conditions:

A4: Gamo(K)Hama' (K)=O, Hama(K)Ha,ma'(k)>O
By the transformation
ta,c (K):=u 4(K)-Dy,i(K)ra(k)-Deu,(K)Ei( 6, (k+1),k)

and the coupled difference equations (3) and (4), we can rewrite the performance index as
follows:

]dN(XO,;d'C'rd) - tr{QioXio b+ %, (0)
+E{Ec- (20, %}

N-1
{};Ek | e (k )= B> i) (K)X(K)-D gy i) (&) By (65 (k +1), )|%z,,,,(k>}}

+]d(rd)

and the dynamics can be written as follows:

X(k+1)=Ad (o ()X (K)+Ga m( () @a(k) +Bad maq (K) tta,c (K)+ 7ac (K)
where
rd,c (K)=Bad m(o{ D m(tg (K)Ta (k) + Do (K) Emgey 6, (k+1),K)}+Baamgg (K)ra(k).

For this plant dynamics, consider the controller

£6(k+1)=Adm(k)(k)5€_(k)+B2dm K (k ) e (k)
+B3dm(k)(k)r e(k)- Mm(k)() y(k)- 2d,m(k)’2e(k)]
% (0) = B{ B {xo}f = o, i (1) = B g (K) 2 (K)

where M) are the controller gains to decide later, using the solutions of another coupled
Riccati equations introduced below.
Define the error variable

e(k):=x(k)- %, (K)
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and the error dynamics is as follows:
e(k+1)=Adma(k)e(k)+Ga,m (k) @d(k)*Mma (&) [y (k)-Caamq £, (k)]
=[Admm)tMm(Cadmp] (K)e(k) HGamet MmgHd,ma] (k) oa(k)
Note that this error dynamics does not depend on the exogenous inputs ug nor rq. Our
objective is to design the controller gain My, which minimizes

Jan(xo, g e+, ra)=tr{ Q; X; }+a; (0)+E{ Ex- {26, "xol}

N-1
+E{ 3 Eg {[Famp(k)e(k)
k=0
Doumg () Emgo( ; (K +D K[ N+ (1)

Notice that e(k) and Eng (8- (k +1),k) are mutually independent.
We decide the gain matrices M;j(k), i=1, --,M by designing the LMMSE filter such that
kN:_Ol E{ ER—k {le(k) I*}} is minimized. Now we consider the following coupled Riccati
difference equations and the initial conditions.
Yi(k+1)= > pri[AaiYi(K)Ag; — AgYi(K)Coay (Hy Hy iy (k)
ieJ(k) (9)
+Cq,Y; () Cag i) Cou, Yi (k) Ag i +11; (k) Gy Gy i '] /

Y; (0) =1 (O)(Qio — Holy”)
where

m(k):=P{m(k)=i Z?ﬁlpd’ij(k) m=m, > m (k) =1, J(K):=fie N; m(k)>0}.

These equations are also called the filtering coupled Riccati difference equations [Costa &
Tuesta (2003)].
Now since

E{ Ex- {e(0)}=E{ Ex- {xo}-E{ Ex- {xo}}}=E{ Ex- xo}}-110=0

0 0

and 74, (0) is deterministic if rq(l) is known at all 1 € [0,k+h],

E( Ex. (e(0) rae (O)Limo-}}=m(O)E Eg. {e(0)}} rac (0)=O
and so we obtain, for each k € [0,N],

E{ Ex- {e(k) ra.c (&) Limgo=a}=mm(k) Ef Eg- {e(1}} ra.c '(k)=O.
Namely there exist no couplings between e(-) and Tdc (-). The development of e(-) on time k
is independent of the development of r4.(-) on time k. Then we can show the following
orthogonal property as [Theorem 5.3 in (Costa et al. (2005)) or Theorem 2 in (Costa & Tuesta
(2003))] by induction on k (See the appendix 2).
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Ex; {e(®) ,'(K) Tima=}}=O. (10)

Moreover define

Y; (K):=E{ Ex e(k)e'(k) Timp=i}}

and then we can show

Yi(k)=Y; (K).

From all these results (orthogonal properties), as the case of rq(-)=0, using the solutions of
the coupled difference Riccati equations, it can be shown that the gains Mk minimizing Jan
are decided as follows (cf. [Costa & Tuesta (2003); Costa et al. (2005)]):

~A g, (K)Cogi” (Hg iHai 15 (k) + Cog 1Y; (k) Cog i”) forie J(K)
M; (k)= (11)
0 forieJ(k)

Finally the following theorem, which gives the solution of the output feedback problem,
holds.

Theorem 4.1 Consider the system (1) and the performance index (2). Suppose A1, A2, A3
and A4. Then an optimal control strategy which, gives the solution of the Stochastic Optimal
Fixed-Preview Tracking Problem by Output Feedback for (1) and (2) is given by the
dynamic controller (8) with the gains (11) using the solutions of the two types of the coupled
Riccati difference equations (3) with Xi(N)=Ciq,'(N)Ciai(N) and (9) with Yi(0)= m(0)(Q; -

HoHo').-
Remark 4.1 Notice that

E{Eg {| za(®)[* })= Z?fltf {Cra,Crai” B{ B {x(K)X'(K)1imao-i}}}
+E{ ERT { | D]Qd,m(k)(k)u d(k) |2 +2X'(k)Cld,i'Dlgdlird(k)}}.

Then, with regard to the performance index, the following result holds.

E{ Eg {| za(k)[* }}=Ef ER7 {1 2, QP I+ 2t { ClaYi()Caal)

Zl Bz, {2¢'(K)Caa Disa,ita(k) L ma=il}

where

Z, (K)=Cid,m( &, (K)+D12d,mgo (k) a(k)+D13d,me (K)ra(k)

and we have used the property

Bz (x()x' () Limao=i}}=E{ Ex- {e(K)e' (k) Limy=ih+E{ Ex- { %, (K) %, '(K)Lim@g-=ip}}
=Yi(k)+ B{ Eg- { %, (k) %, '(K)1, m<k>=i}}

by the orthogonal property (10).
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Note that the second and third terms in the right hand side do not depend on the input ugq.
Then we obtain

N
]dN(XO,ud,rd) = E{Z[Efk{ | 2, Z {Cm Y (k) Cyq,i }
k=0
+ Zfl Ez, {2€'(k)Cyq i Dyaq ita (k) 1o M (12)

+] Cld,m(N)X(N) +Di3g,mnTd (N) I’}

N

Therefore minimizing (12) is equivalent to minimizing E{ z ER—k {| 2, (k) |*} subject to the
k=0

dynamics

%, (k*+1)=Admag(K) %, (&) +Badm(o (k) td.ex (K)+ rd.c () Mumgo(R)V(K), £, (0= Eg- {xo}=po

where
v(k)=y(k)-Caama %, (k)

and ug,c* (k) is  the state =~ feedback  controller = with  the  form
Kaxi(k) X, (k)+Krai(k)ra(k)+Kq,0i(k)Ei( € (k +1),k) for some gains Kgyi K and Kgei Note
that the term M) (k)v(k) plays the same role as the "noise" term Gg,m)(k)wa(k) of the plant
dynamics in the state feedback case.

Remark 4.2 As the case of rq(-)=0, the separation principle holds in the case of rq(-)*0.
Namely we can design the state feedback gains F2 (k) and the filter gains M) separately.
Utilizing the optimal control strategy for the stochastic optimal tracking problem in
Theorem 4.1, we present the solutions to the two extreme cases.

Corollary 4.1 Consider the system (1) and the performance index (2). Suppose Al, A2, A3
and A4. Then optimal control strategies by output feedback for the two extreme cases are as
follows using the solutions of the two types of the coupled Riccati difference equations (3)
with Xi(N)=C1d,i'(N)C1d,i(N) and (9) with Yi(0)= Hi(O)( Qio —}10}10'):

i.  The control law by output feedback for the Stochastic Optimal Tracking of Causal {rq(-)} is

2, (k+1)=Admpy(K) X, (K)+Baamg(K) a1+ (K)+ 7,1 (k) -Mumgo(k)v(k)
%, (0)=po

a1 (K):=u 4(k)-Dyi(K)ra(k)

g1+ (K)=Famu(K) %, (K)

74,1 (K)=Bad m(9Dume (K)ra(K)+Bsa ma (K)ra(k)

and the value of the performance index is
Jan(Xo, tg 1+, Ta)=tr{ Q;, Xj, 1t o (0)+E{ Ex {26, “xol}
N-1
E(CY Ex {l Fampo(®e(k)
k=0

-Deu,mx)(K)Em( € (k +1),k) |%2,m(k) BT, ().
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ii. The control law by output feedback for the Stochastic Optimal Tracking of Noncausal
{ra()} is
%, (kH1)=Adm(K) £, ()+Bagmg(k) a2+ (K)+ 74,2 ()-Mmg (k) v (k)
x, (0)=po
14,2 (K):= u g(K)-Dui(K)ra(k)-Dou,i(K)Ei( 6 (k+1),k)
a2+ ()= Famp (k) 2, (K)
74,2 (K)=Bad (g {Du g (€)1 () Doy mtg () Emtg (€ (k1) K)}+Bst mpig () a(K)

and the value of the performance index is

— N- —
Jan(Xo, ua,ox, ra)=tr{ Q; X }+ e (0)+ 26, “po+E{ Z_: Eg {1 Famao(e®) Iz, . M ]y (1a):

(Proof) As the state feedback cases, 6. (k)=0, i.e., 8 (k)=6. (k) for all ke [0,N] in the case i),

and @ (k)=46. (k), i.e., 8. (k)=0 for all k € [0,N] in the case ii).

5. Numerical examples

In this section, we study numerical examples to demonstrate the effectiveness of the
presented stochastic LQ preview tracking design theory.

We consider the following two mode systems and assume that the system parameters are as
follows. (cf. [Cohen & Shaked (1997); Shaked & Souza (1995)].):

K+1)= Ay ma (k) x(k) + G (k) g (k) +Bag (k) ug (k) +Bag maq (k)1 (k)
0)=xo m(0)=iym(k)=1,2

(k)= Cid,m(x) (k)x(k)+ D124, m(k) (k)ug(k)+ D134, mk) (k)ry (k)

y(k)= Cad,mk) (k)x(k)+ Hy o (K)@g (k)

(13)

=[03 07
0.6 0.4

be a stationary transition matrix of {m(k)}. We set xo=col(0,0) and io=1.
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Then we introduce the following objective function.

N
Jan(x 0, ug, rq): Z | {1 C1a,m@9(K)X(K)+D13d mao (K)ra(k) [* 1}
k=0
N-
+0.01E{ Z —{Jua® 1}

By the term Bag i(k)ra(k), i=1,2, the tracking performance can be expected to be improved as
[Cohen & Shaked (1997); Shaked & Souza (1995)] and so on. The paths of m(k) are generated
randomly, and the performances are compared under the same condition, that is, the same
set of the paths so that the performances can be easily compared.

We consider the whole system (13) with mode transition rate Py over the time interval
k € [0,100]. For this system (13) with the rate matrix Py , we apply the results of the optimal
tracking design theory by output feedback for rq(k)=0.5sin(rtk /20) and r4(k)=0.5sin(rk/100)
with various step lengths of preview, and show the simulation results for sample paths.

1 /\
I ‘\ “‘ \ A

/\x-\ w A e AN . ‘
10 20 30 40 50 60 70 80 0\ 100

Timel[s] hi4
Fig. 1(a). ra(k)=0.5sin(rk / 20)

-
[ n
T 1

error
-5 %

Tracking

o o o
-lh(D

hed
v\:

o
O

-

Tracking error

0.5

Fig. 1(b). ra(k)=0.5sin(mk /100)

Fig. 1. The whole system consisting of mode 1 and mode 2: The errors of tracking for various
preview lengths
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It is shown in Fig. 1(a) for rq(k)= 0.5sin(rtk/20) and Fig. 1(b) rq(k)=0.5sin(rtk/100) that
increasing the preview steps from h=0 to h=1,2,3,4 improves the tracking performance. In
fact, the square values |Ciqi(k)x(k) + Disa(K)ra(k)|* of the tracking errors are shown in
Fig. 1(a) and (b) and it is clear the tracking error decreases as increasing the preview steps
by these figures.

6. Conclusion

In this paper we have studied the stochastic linear quadratic (LQ) optimal tracking control
theory considering the preview information by state feedback and output feedback for the
linear discrete-time Markovian jump systems affected by the white noises, which are a class
of stochastic switching systems, and verified the effectiveness of the design theory by
numerical examples. In order to solve the output feedback problems, we have introduced
the LMMSE filters adapted to the effects of preview feedforward compensation. In order to
design the output feedback controllers, we need the solutions of two types of coupled
Riccati difference equations, i.e., the ones to decide the state feedback gains and the ones to
decide the filter gains. These solutions of two types of coupled Riccati difference equations
can be obtained independently i.e., the separation principle holds. Correspondingly the
compensators introducing the preview information of the reference signal are coupled with
each other. This is the very important research result in this paper.

We have considered both of the cases of full and partial observation. However, in these
cases, we have considered the situations that the switching modes are observable over
whole time interval. The construction of the design theory for the case that the switching
modes are unknown is a very important further research issue.

Appendix 1. Proof of Proposition 3.1

(Proof of Proposition 3.1)

Sufficiency:

Let Xi(k)>O and ¢;,i=1,...,M, be solutions to (3) and (4) over [O,N] such that
Xi(N)=C1d,i'(N)C1d,i (N) and a; (N)=0

Define

em(e) = By (EX (D Xmpern) (RFDx(RF1)+ & mgerny (k1) [ x(k), m() 1}
- B (1) Ximgg X(K)+ o mag (k)

We first consider the case of rq(-)=0. Then the following equalities hold by the assumptions
A3.

E{X'(k+1)Xm(k+1) (k+1)X(k+1)+ o m(k+1)(k+1) | x(k),m(k)}

= E{ (Adm@o(k) x(K)+*Gd,m)(K)@a(k)+Bad,ma (k)ua(k))’
X Xm(k+1) (K+1) (Admao (k) X(K)+Gdm(k) (K)@a(K)+Bag,me (K)ua(k))
+ & m+1)(k+1) | x(k),m(k)}
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=(Adm()(K)x(K)+B2dmao(k)ua(k))’
X Em(ig(X(k+1),k) (Admao(k) x(k)+Bagmaq(k)ua(k))

+ 3 {Gai (9 X, (0Gai (EX(HIHE( @ miey (6+1) [ x(K),m(K)}

It can be shown that the following equality holds, using the system (1) and the coupled
Riccati equations (3) and the coupled scalar equations (4). ([Costa et al. (2005); Fragoso
(1989)))

Bemity = Eg; 12400 +] Tyt (0[ua(k)-Famgo(k) xR )

Moreover, in the genaral case that r4(-) is arbitrary, we have the following equality.

P mir) = Ex {-12a(k) P +] Ty () [ua(k)-Fa,mgo(K)x(K)]-Damgo(K)ra(k) [
+ 2x'(K) B (k) (K)Ta(k)+Hakompo(ta)}

Notice that, in the right hand side of this equality, Jqxmx) (t¢), which means the tracking
error without considering the effect of the preview information, is added.

Now introducing the vector 6,,,,, which can include some preview information of the
tracking signals,

Ex—{E{ Opyisn)” (k+D)x(k+1) | x(k) m(K)}}- Eg- { 6,1 "(K)x(K)}
= Ex- {Bmg(€ ' (k+1),K) (Admao (k)X (k) +Ga,mp (K)oa(k)
+Bad (i (K)ua(k)+Badmo(K)ra(k)}- Eg—{ 6,1 " (K)x(K)}

Then we obtain
B mry T2 Eg— {ELOpki)” (KF)x(k+1) | x(k),m(k)}}- Ex Oy (R)x(K)}}
= Eg {-| za(k) P +] Ty (9 [Ua(k)-Famao ()X (K)-Dumao (K)ra(k)] [

+ 2x'(K) Ba,m(k) (K)Ta(K)+Ja kom(o) (ra)}
+2 B~ {{ Emgo (0 '(k+1),K) (Ad ma (K)X(K) G i (K) 0t (k) (14)
(

*+Bad m(9 (K)ua(k)+Baa mag (K)rak))}- Ex—{ Gx) " (K)x(K)}}
= Eg (-1 za(Q) F* + | Ty (9)[ua(K)-F2mo (k)X (K)-Dumg (K)ra(k)
Do K)o & (FD KT + Ty ()

where

6, (K)= A, " (K)Ei( 0 (k+1),K)+ Ba,i (K)ra(k)
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to get rid of the mixed terms of rq and x, or 6, and x. ] 4,k,m(k) (td) means the tracking error
including the preview information vector & and can be expressed by

7d,k,m(k) (ra)=-| T21,{112(k) Déu,m(9(K)Emg( € (k+1), k)“
-Em@o( 0 '(k+1),K)Dou,m@) ” T2,mDuma(K)ra(k)
+2 Em( € '(k+1),K)Bsd,m@gra(k)+Ja kme) (ta)

Taking the sum of the quantities (14) from k=0 to k=N-1 and adding E{| Ciqmm(IN)x(N)+
Disa,men(N)ra(N) |* } and taking the expectation E{ },

S E(Eg {] 2400 P J+E(] CampmMNIX(N)* Drsamen(N)ra(N) )
k=0
£ Bl *20 B (E( iy (R Dx(cHD) | x(0,m(0})
k=0

- Eg- { Oy (x| x(k),m(k)}
= E{Ex- {1 74 (K)- Doumo (k) Empg(6 (k+1),k) |%2,,,,(k)(k) }

+E{| C1d,me(N)X(N)+Dizameo(N)ra(N) |* }
* I\il E{ ERT( {fd,k,m(k) (ra)}}
k=0

where

g (k)= ua(k)-F2,ma(k) x(k)-Dumgq(k)ra(k).

Since the left hand side reduces to

E{ EE{ { | Zd(k) |2 }}+E{ | Cld,m(N)(N)X(N)+D13d,m(N)(N)rd(N) |2 }

MT

T E{26,n)" (N)XDN) X (N)Ximes) (N)X(N)+ a1,y (N))
+E{ Eg- {-20, " (0)x(0)-X' (0) X;, (0)x(0)- &, (O)}}

noticing that the equality
g, X (N)Xmeo(N)X(N)+ a0y (N)H2 0,0 (N)X(N) [ (1), m(D)}}

Ry
- B, X () Xmox(W)+ ) ()+2 6,y "x(D)

N-1

B{ B (E(X (k1) Xangeon (RHX(RHL)F 14,7, (k1)

Rk+l {

20,041y (K D)x(k+1) [ x(K),m(k)})

k=I
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- B (X' (K)Xangox(K)+ @1y ()42 1) "(K)x(K)} [ x(1), m(D)}

N-1
E{ ¢ i)
P

+2{ Ex— (E{ 0,001y (+D)x(ke+1) | x(K),m(K)})
{Ex Ouy” (Ox(R)}) x(),m(D)

holds for 1, 0< 1< N-1, we obtain

]dN(XO, uy, rd) tl‘{ Q X (O)+E Hio ’(O)Xo}}

N-

—_

Eg; {1 #tg (9)-Doum@ () Empg (6 (FDKF, o WHEL 4 (1))
k=0

where we have used the terminal conditions Xi(N)=Ci4,i'(N)Ci4i(N), 6; (N)=Cid,i'Disa,ira(N)
and ¢; (N)=0. Note that ], (rq) is independent of us and xo. Since the average of &, ,, (k)
over Ry is zero, including the 'causal' part 6, ) (k) of 6 (-) at time k, we adopt

17 ()= Doumqq (K) Emo( 6. (k+1),K)

as the minimizing control strategy.
Then finally we obtain

Jan(xo,ua ra)=tr{ Q;, X;, 1+t (O)+E{ Eg; (26, " (0)xo})
N-1 B
+E{ l;) Ex- {1 ita (K)-Dou,mi () Emo (6 (k+1),k) |§2rm(k)(k) W+E( ], (ra))

2tr{ Q; X 1+ o (O)+E{ Ex- {26, "(0)xol}

N

»-k

Ez- {1 Doum@(®)Emao( & (k+1), k)lT }}+E{ 4 (ta)}
k=0

= Jan(Xo, ﬁ; Td)

which concludes the proof of sufficiency.

Necessity:

Because of arbitrariness of the reference signal r4(-), by considering the case of rq(-)= 0, one
can easily deduce the necessity for the solvability of the stochastic LQ optimal tracking
problem [Costa et al. (2005); Fragoso (1989)]. Also notice that, in the proof of sufficiency, on
the process of the evaluation of the performance index, by getting rid of the mixed terms of
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rq and x, or 6, and x, we necessarily obtain the form of the preview compensator
dynamics. (Q.E.D.)

Appendix 2. Proof of Orthogonal Property (10)

In this appendix we give the proof of the orthogonal property (10).
We prove it by induction on k.
For k=0, since X, (0) is deterministic,

E{ Ex- {e(0) %, '(0)1im@=}}= 7;(0) B{ Ex- {e(O)}} £, '(0)=0.
We have already shown that, for each k e [0,N],

B{ Ex, {e(K) 7. (K)Lima-i}}=O

in section 4. Suppose
E{ Ex- {e(k) X, '(K)1{m-i}}=O.

Then, since wg4(k) is zero mean, not correlated with x, (k) and Tdc (k) and independent of
m(k), we have

E{E—{e(k+1)ffe’(1<+1) 1{m(k+1)zi}}}

Rk+1

= Z(;{)Pd,ij |:|:Ad,i +M1Ci](k)E{ER7{e(k)ﬁe |(k)1{m(k)=i}}}|:Ad,i +M1C2d,i]'(k)
ie]

[+ MH ;) (k) B B (K) & (k)1 gy [ A + MiCaa, T (K)
+[Ag; + MiCZd,i](k)E{EE{e(k)ﬁd,c* '(k)1{m(k)=i}}}32d,i'(k)

+[Gg;+ Min,iJ(k)E{EE{wd (), '(k)1{m(k):i}}}32d,;(k)

+[Ag i+ M;Cag; J(k)E{Eg-te(K)rae ()1 iy} Baa (k)

[+ MH  J(K)B{Eg {3 (K) e ()i} Baa, ()

[Ag, +MiCZd,i](k)E{ER—k{e(k)y'(k)l{m(k)zi}}}Mi’(k)

~[Gas+ MHa, J(<)B{ B {0 (K)y (K)o} M ()

_ ]Z(k P [—[Ad,i Mo J(K)E{ B e (K) (k) ey My (K)

_[Gd,i + Min,i}(k)E{ERj{a’d (k)y'(k)l{m(k)ﬂ} }}Mi,(k)]
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where 14,0+ (k)=Fa,(K) %, (k) , i=1, - M. Notice that
Y(K)= Cad,mp(K)x(k)+Ha,m (K)0d (k)= Codmu (k) (e(k)+ x, (k))+Hd,mg(k)oa(k).

Then, by induction on k, we obtain

E{ Ex {e(®)y’ (K)Limpo=i}}= E{ Ex {e(k)e'(K)Lim@=is}} Caai' () +E{ Ex— {e(k) X, '(k)1imo=i}}Caa,i' (k)
+ E{ ERT {e(k)O)d'(k)l{m(k)=i}}}Hd,i'(k)
=Yi(k) Czd,i' (k)

We also obtain

E{ Ex. {@a(K)y" (k) Limgg=ip}}
= E{ B {@a(K)e' ()L im@o=n}} Caa' (K)+B{ Ex~ {@a(K) X, '(K) Lmo=ir}} Caa,i'(K)
+ E{ Ex {0d(k)od' (K)Limag=itHa,i' (k)
= E{oq(K)od (K)P{m(K)=i}Ha' (k)= m(K)Hq, (k).

Then considering the assumption A4 Gg,i(k)Hg,'(k) = O, i=1, -, M, and

Mi(k)(Ha,iHa,i mi(k)+ Cag,1Yi(k)Cog,i')= - Adg,iYi(k)Cog,i’
by (11), we finally obtain
E{ Em {e(k+1) x, '(k+1) Lima+)=ij}}
= Pa,i [-[AditMiCaq,i] (K) Yi(k)Caai' (K)-[Ga,itMiHa,i] (k) mi(k) Ha,i' (k) JMY (k)
i€ (k)
= > Paij [FA4Yi(K)Coai'(K)-Mi(K) (Ha iHa i m(K)+ Cag,iYi(K)Caa ') MY (K)
i€ (k)
= 2 Pai [FAGY()Cai (k) AdiYi(k)Caai IMY (K)
i€]k)
=0

which concludes the proof. (Q.E.D.)
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