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1. Introduction      

Signal analysis is a field of study that attempts to extract information features from various 

physical phenomena. Fourier transform (FT), wavelet transform (WT), and Hilbert-Huang 

transformation (HHT) are the 3 major approaches used in signal analysis (Huang et al., 

1998) (Yan & Gao, 2007). FT is a global energy-frequency distribution approach that is 

suitable for analyzing linear, strictly periodic, and stationary signals. In contrast, HHT is a 

good method for analyzing non-linear and non-stationary signals, such as those associated 

with wind, earthquakes, electrocardiographs (ECGs), and electroencephalograms (EEGs). 

This method can also used to describe the local features of dynamic signals, and illustrate 

the energy-frequency-time distribution of these signals. The 2 principal steps employed in 

HHT are empirical mode decomposition (EMD) and Hilbert spectral analysis, EMD is used 

to decompose local signals to finite data sets, which are referred to as intrinsic mode 

functions (IMFs), and Hilbert transforms (HTs) are used in conjunction with the obtained 

IMFs to determine the instantaneous frequencies (IFs), time-frequency-energy distributions 

of the local time signals. A number of studies have been performed to elucidate various 

aspects of signal analysis. Cohen reviewed the fundamental ideas, methods, and 

characteristics of the time-frequency analysis approaches employed until 1989 (Cohen, 

1989).  Blanco et al., used the Gabor transform (GT) time-frequency analysis approach to 

facilitate identification of the source of epileptic seizures (Blanco et al., 1997). The GT 

approach is similar to the fast FT approach, but GT offers the advantage of allowing the 

analysis of the frequencies and their time evolution. Blanco et al., adopted GT to achieve 

maximal concentration of the time and frequency characteristics for epilepsy and obtain 

accurate information on the time evolution of the frequency epileptic activity. Tzallas et al., 

used short-time Fourier transform and 12 different time-frequency distributions for 

studying epilepsy classification problems and discussed the obtained sensitivity, accuracy, 

and selectivity results, and the characteristic data features for the detection of epilepsy 

(Tzallas et al., 2009). However, they did not use the HHT-based time-frequency analysis 

approach to define epileptic sharps. Sharabaty et al., used the HHT signal-analysis approach 

to determine the alpha and theta localizations for estimation of the vigilance level, and 
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proposed an alpha/theta localization algorithm for EEG signal analysis (Sharabaty et al., 

2006). Wang et al., extracted the data features from C3 and C4 EEG signals to design a Brain-

Computer Interface (BCI) (Wang & Xu et al., 2008). They discussed the accuracy of a 

classification system based on imagery-movement tasks and analyzed the average marginal 

spectra at electrode C3 and C4 during each imagery task. Wang et al., also used HHT to 

automatically remove ocular artifacts in contaminated EEGs (Wang & Liu et al., 2008). The 

authors described EEGs contaminated with ocular artifacts, IMFs and the residual artifacts 

from FP2, and also elucidated the differences between the contaminated FP2 EEGs and the 

corrected EEGs. Further, they determined the differences between the power spectra for the 

corrected EEGs and the contaminated FP2 EEGs. In our previous studies, we have discussed 

the design concept for mobile telemedicine and chaos-based encryption mechanisms for 

biomedical signals (Lin & Chang et al., 2006)(Lin & Chang et al., 2007)(Lin & Chang, 

2008)(Lin & Li, 2008)(Lin & Chung et al., 2008)(Lin & Chen et al., 2008)(Lin et al., 2009)(Lin, 

2010)(Lin et al., Online First) (Lin, Online First) (Lin & Wang, Accept). In 3 previous studies, 

we have described the HHT-based time-frequency characteristics of the FP1 EEG signals 

recorded from normal and alcoholic observers watching a single picture and 2 different 

pictures (Lin et al., 2008) (Lin et al., 2010)(Lin et al., Online Book, 2010). In this paper, we 

analyzed the sharp and normal waves with a transmission bit error rate (BER) of 10-7 in the 

EEGs obtained for epilepsy patients. The IMFs, IFs, and the time-frequency-energy 

distributions of these EEG signals are studied. In section II, the concept of HHT is presented, 

and in section III we describe the simulation results and discuss the application of HHT in 

the analysis the sharp waves of EEG signals obtained from patients with epilepsy. In section 

IV and V, we present our discussions and conclusions, respectively. 

2. Method 

In the HHT temporal frequency-energy-time signal analysis technique, EMD is used to 
perform IMFs decomposition, and HT is used to obtain the IFs, and time-frequency-energy 
distributions of these EEG signals.  
The following procedure is employed for analyzing the IMF using EMD:  

Step 1. initially assume ( )or x t=  and i=1; 

Step 2. analyze the ith IMF; 

a. initially assume ( 1)i k ih r− = , k=1; 

b. analyze the local maximum and minimum for ( 1)i kh − ; 

c. construct the upper-limit and lower-limit envelope for ( 1)i kh −  by performing 

additional sampling; 

d. calculate the-mean ( 1)i km −  of the upper-limit and lower-limit envelope for 

( 1)i kh − ; 

e. ( 1) ( 1)ik i k i kh h m− −= − ; 

f. if ikh  is the IMF, then i ikIMF h= ; alternatively, refer to step (b) and consider k 

= k+1; 

Step 3. define 1i i ir r IMF+ = − ; 

Step 4. if 1ir +  has at least 2 extreme values, 

refer to step 2 or consider that the analysis procedure is complete and that 1ir +  is 

the residual signal; 
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In such cases, IMF is defined by 2 conditions: 
Condition 1: The difference between the crossing with zero and the local extreme value of 

the entire data shall be equal or the difference with 1. 
Condition 2: The mean of any point is the average of the local maximum and minimum 

envelope. 
In addition, the HHT-based time-frequency analysis scheme is performed on the basis of 4 
assumptions: 
Assumption 1: At least 2 extreme value for the signals, i.e. maximum and minimum values, 

are present. 
Assumption 2: The scale size of the characteristic time is selected according to the extreme 

values and the temporal interval. 
Assumption 3: If that the data to be analyzed have no extreme values but contain identifiable 

points that can be expressed as extreme points of single or multiple analyses, 
and accompany with an increase in the number of analyses, the 
maximum/minimum points gain significance. 

Assumption 4: The final result should be the sum of the above stated composition. Thus, the 
single channel EEG wave can be defined as function x(t), and  function x(t) can 
be expressed as the following empirical mode function to analyzes the IMF. 

 
1

( ) ( ) ( )
n

i
i

x t IMF t r t
=

= +∑  (1) 

                           where, ( ) :iIMF t  the ith IMF 

                           r(t): attribution function(residual) 
                           Then 

( )( ) ( ) ( ) ( ) { ( )} ( ) j tz t x t jy t x t jHT x t a t e θ= + = + =  

                           HT{}:Hilbert Transformation 

2 2( ) ( ) ( )a t x t y t= +  

 
( )

( ) arctan( )
( )

y t
t

x t
θ =   (2) 

Thus, the IF of a single channel EEG signal can be analyzed using the following equation: 

 
1 ( )

( )
2

d t
f t

dt

θ
=

π
 (3) 

Using the HHT-based time-frequency analysis technique, the time-frequency characteristic 
vector of the EEG signal for epilepsy can be acquired, and the frequency characteristics, 
amplitude characteristics, time-dependent temporal-spatial frequency correlation, and 
correlation of the EEG signal to the clinical characteristics can be analyzed. Furthermore, this 
approach can allow determination of statistically common and abnormal points, 
generalization of a standard by comparison with a normal sample, augmentation the 
efficiency of observation, and analysis of the HHT time-frequency-energy characteristics 
corresponding to sharp wave. 
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3. Simulation results 

We have used an HHT-based time-frequency analysis to analyze the sharp waves in the 

EEG obtained for epilepsy. A sharp EEG signal was obtained from the T3 channel from a 

clinical patient presenting with epilepsy; the transmission BER of the EEG was 10-7. Figure 1 

and Figure 2 show the sharp and normal waves, respectively. Two hundred and fifty 

samples per second were used to generate the sharp and normal waves. The sharp wave 

was generated in the interval of 0.324 and 0.444 s, its length was 120 ms, and its amplitude 

was 73.63 mV. Tables 1, and 2 show the statistical characteristics of the IMFs of the sharp 

and normal waves, respectively; we assume that the received EEG signals had a 

transmission BER of 10-7. The maximum amplitude of the sharp wave (76.64 uV) was larger 

than that of the normal wave (20.7 uV). We analyzed the IMFs, IFs, and time-frequency-

energy distributions for the sharp and normal waves.  Figure 3 and Figure 4 show the IMFs 

and residual function for the sharp and normal waves, respectively; these IMFs were 

obtained using EMD. In these examples, 4 IMFs and a residual function were decomposed 

for the sharp and normal waves. In these IMFs, the amplitudes of the sharp signals were 

higher than those of the normal waves. The analysis results show that the ratios of the 

energy of a sharp wave to its total energy for IMF3 and IMF4 were 34.55%, and 33.73%, 

respectively. Further, the ratios of a normal wave to its total energy for IMF4, and the 

residual function were 43.25%, and 37.63%, respectively. The ratio of the energy of a sharp 

wave to its IMF4 energy for δ (0.5 Hz-4 Hz) band was 98.4%, the similar ratio of a normal 

wave was 82.2%. Figure 5 and Figure 6 show the IFs corresponding to the sharp and normal 

waves, respectively. Tables 3 and 4 show the statistical characteristics of the IFs of the sharp 

and normal waves, respectively. The mean frequencies of the IFs of the normal waves were 

larger than those of the IFs of the sharp waves. The frequency-energy distributions 

corresponding to the sharp and normal waves in the IMF3, IMF4, and the residual function 

are shown in Tables 5, 6, and 7, respectively. From Table 5, the maximum energy of the 

sharp and normal waves in IMF3 appeared in the θ and ├ bands, and they are 25374.79 2uV  

and 1336.66 2uV , respectively. From Table 6, the maximum energies of the sharp and 

normal waves are 40853 2uV  and 7696 2uV , respectively, and they appeared in IMF4 in the 

├ bands. From Table 7, the maximum energies of the sharp and normal waves in the 

residual function are 14421.09 2uV , and 7714.66 2uV , respectively, in the ├ bands. The time-

frequency-energy distributions of sharp waves in IMF3, and IMF4 are listed in Table 8 and 9, 

respectively, while those of normal waves in IMF4, and the residual function are listed in 

Table 10 and 11, respectively. This is because the maximum energy distributions of sharp 

and normal waves are in IMF3, and IMF4, and IMF4, and the residual function, respectively. 

For IMF3, the energies of the sharp wave in the δ  band and the interval of 0.3-0.5 s, and the 

θ  band in the interval of 0.4-0.7 s, are 15247.30 2uV , and 22203.43 2uV , respectively, as 

shown in Table 8. The energies of IMF4 of the sharp wave in the δ  band in the intervals of 

0.1-0.2 s, 0.3-0.4 s, and 0.7-0.9 s are 6789.34 2uV , 6003.27 2uV , and 11534.98 2uV , 

respectively, as shown in Table 9. In contrast, the energies of IMF4 of the normal wave in the 

δ  band in the interval of 0-0.1 s, 0.1-0.3 s, 0.8-0.9 s, and 0.9-1 s are 1940.13 2uV , 2554.11 
2uV ,  1056.87 2uV  and 2614.52 2uV , respectively, as shown in Table 10. The energies of 

the residual function of the normal wave in the δ  band in the intervals of 0.1-.0.2 s, 0.3-0.4 s, 

0.5-0.6 s, and 0.7-0.9 s are 1348.84 2uV , 1045.06 2uV , 1229.81 2uV , and 2307.81 2uV , 

respectively, as shown in Table 11. These results indicate the distinct differences between 
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the time-frequency-energy distributions of sharp and normal waves with a transmission 

BER of 710−  in the EEG for epilepsy. 

 

 

Fig. 1. Sharp wave with a transmission BER of 710− . 

 

Fig. 2. Normal wave with a transmission BER of 710− . 
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Fig. 3. IMFs and the residual function of the sharp wave with a transmission BER of 710− . 
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Fig. 4. IMFs and the residual function of the normal wave with a transmission BER of 710− . 
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Fig. 5. IFs of the sharp wave with a transmission BER of 710− . 
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Fig. 6. IFs of the normal wave with a transmission BER of 710− . 
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Mean
( uv ) 

Std 
( uv ) 

Max 
( uv ) 

Min 
( uv ) 

Eng 

( 2uv )

Eng 
(%) 

sharp 
wave 

1.95 22.72 76.64 -46.22
12334

0 
100 

IMF1 0.02 2.2 8.35 -11.07 1208.3 0.98 

IMF2 -0.71 9.06 31.84 -27.68 20604 16.7 

IMF3 0.79 13.08 29.55 -32.98 42764 34.67 

IMF4 0.95 12.87 18.05 -19 41510 33.75 
residual 
function 0.89 8.27 10.47 -15.57 17256 13.99 

 

Table 1. Statistical characteristics of the sharp wave IMFs with a transmission BER of 710− . 

 
 
 

 
Mean
( uv ) 

Std 
( uv ) 

Max 
( uv ) 

Min 
( uv ) 

Eng 

( 2uv )

Eng 
(%) 

normal
wave 

-0.48 8.53 20.70 -10.60 20499 100 

IMF1 0.02 1.08 2.67 -2.75 293.8 1.43 

IMF2 0.14 2.32 7.65 -8.49 1349.2 6.57 

IMF3 -0.36 2.98 7.07 -8.13 2253.3 10.99 

IMF4 -0.62 5.93 11.65 -9.16 8877.8 43.31 
residual 
function -0.02 5.57 8.02 -7.90 7726.9 37.69 

 

Table 2. Statistical characteristics of the normal wave IMFs with a transmission BER of 710− . 

 
 
 

 
Mean
(Hz) 

Std 
(Hz) 

Max 
(Hz) 

Min 
(Hz) 

IF1 42.04 34.37 116.40 -121.49 

IF2 16.25 12.55 106.70 -41.33 

IF3 4.89 7.52 42.84 -43.76 

IF4 1.94 0.73 3.75 0.23 

residual 
function 

0.91 0.67 8.6 -0.16 

 
 

Table 3. Statistical characteristics of the sharp wave IFs with a transmission BER of 710− . 
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Mean
(Hz) 

Std 
(Hz) 

Max 
(Hz) 

Min 
(Hz) 

IF1 49.04 28.28 124.40 -112.08 

IF2 21.96 11.57 63.22 -75.62 

IF3 10.10 4.83 22.04 -26.8 

IF4 3.93 1.90 7.48 0.52 

residual 
function 

2.04 0.55 5.53 0.05 

Table 4. Statistical characteristics of the normal wave IFs with a transmission BER of 710− . 

 
 

IMF3 <0.5Hz ├ θ ┙ ┚ ┛ 

sharp 0.31 16497.95 25374.79 381.41 509.35 0.17 

Normal 773.28 1336.66 117.95 25.45 0.00 0.00 

sharp (%) 0.00 38.58 59.34 0.89 1.19 0.00 

normal (%) 34.32 59.32 5.23 1.13 0.00 0.00 
 

Table 5. Frequency-energy distributions of IMF3 of the sharp and normal waves with a 

transmission BER of 10-7. 

 
 

IMF4 <0.5Hz ├ θ 

sharp 663.00 40853.00 0.00 

normal 0.00 7696.00 1580.89

sharp(%) 1.60 98.40 0.00 

normal(%) 0.00 82.20 17.80 
 

Table 6. Frequency-energy distributions of IMF4 of the sharp and normal waves with a 

transmission BER of 710− . 

 
 

residual function <0.5Hz ├ θ 

sharp 2356.10 14421.09 236.54 

normal 3.73 7714.66 8.52 

sharp(%) 13.65 83.57 1.37 

normal(%) 0.05 99.84 0.11 
 

Table 7. Frequency-energy distributions of the residual function of the sharp and normal 

waves with a transmission BER of 710− . 
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sharp IMF3 
(sec) 

<0.5
Hz 

├ θ ┙ ┚ ┛ 

0-0.1 0.31 5.63 4.51 21.60 0.23 0 

0.1-0.2 0 0.20 0 76.66 25.07 0.06 
0.2-0.3 0 0 2217.07 41.63 0 0 

0.3-0.4 0 11983.3 96.602 0 0 0 

0.4-0.5 0 3264.05 8076.35 0 0 0 
0.5-0.6 0 0 11104.50 0 0 0 

0.6-0.7 0 427.44 3022.18 0 0 0 
0.7-0.8 0 166.66 741.86 0 0 0 

0.8-0.9 0 3.88 22.00 9.85 1.99 0.11 

0.9-1.0 0 646.75 89.73 231.66 482.06 0 

Table 8. Time-frequency-energy distributions of IMF3 of the sharp waves with a 

transmission BER of 710− . 

 

sharp IMF4 
(sec) 

<0.5Hz ├ 

0-0.1 0 4429.30
0.1-0.2 0 6789.34

0.2-0.3 0 1288.18

0.3-0.4 0 6003.27
0.4-0.5 0 1870.42

0.5-0.6 0 5935 
0.6-0.7 0 1232.43

0.7-0.8 0 6105.55
0.8-0.9 0 5429.43

0.9-1.0 662.79 1764.27

Table 9. Time-frequency-energy distributions of IMF4 of the sharp waves with a 

transmission BER of 710− . 

 

Normal IMF4 
(sec) 

├ θ 

0-0.1 1940.13 0 

0.1-0.2 1125.07 0 

0.2-0.3 1429.04 17.67 
0.3-0.4 0 409.96 

0.4-0.5 0 201.27 
0.5-0.6 0 239.73 

0.6-0.7 0 401.12 
0.7-0.8 188.11 158.76 

0.8-0.9 1056.87 0 

0.9-1.0 1557.65 152.39 

Table 10. Time-frequency-energy distributions of IMF4 of the normal waves with a 

transmission BER of 710− . 
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normal residual 
function 

(sec) 
<0.5Hz ├ 

0-0.1 3.73 523.16 

0.1-0.2 0 1348.84

0.2-0.3 0 358.32 

0.3-0.4 0 1045.06

0.4-0.5 0 439.20 

0.5-0.6 0 1229.81

0.6-0.7 0 329.76 

0.7-0.8 0 1138.58

0.8-0.9 0 1169.23

0.9-1.0 0 132.69 

 

Table 11. Time-frequency-energy distributions of the residual function of the normal waves 

with a transmission BER of 710− . 

4. Discussion 

Hilbert-Huang transformation (HHT) is one of the major time-frequency analysis methods 

and is suitable for the analysis of local time signals. In this article, we use HHT-based 

method to analysis the signal deemed of the sharp wave. In addition, we describe the 

features of a sharp wave recorded and a normal wave recorded with a transmission bit error 

rate (BER) of 710−  for patients with epilepsy by using HHT analysis method. Simulation 

results shows that the performance of the sharp wave based HHT time-frequency 

characteristics is not affected under the transmission BER of 710−  assumptions. We present 

the intrinsic mode functions (IMF), instantaneous frequencies (IF), time-frequency-energy 

distributions for the sharp and normal waves. Clear energy-frequency-time variations of the 

sharp waves and normal waves with a transmission BER of 710−  are shown. There are 4 

IMFs and a residual function of the sharp and normal waves by using the HHT analysis. 

Analysis results show that the ratio of the energy of a sharp wave with the IMF3 and the 

total energy of a sharp wave, the ratio of the energy of a sharp wave with the IMF4 and the 

total energy of a sharp wave, the ratio of the energy of a normal wave with the IMF4 and the 

total energy of a normal wave, the ratio of the energy of a normal wave with the residual 

function and the total energy of a normal wave are 34.55%, 33.73%, 43.25%, and 37.63%, 

respectively. The ratio of the energy of the IMF4 of a sharp wave with δ (0.5Hz-4Hz) band 

and the total energy of the IMF4 of a sharp is 98.4%. The ratio of the energy of the IMF4 of a 

normal wave with δ (0.5Hz-4Hz) band and the total energy of IMF4 of a sharp is 82.2%. The 

mean IF of the IMF4 of a sharp wave is smaller than the mean IF of the IMF4 of a normal 

wave. From these analysis results, we observe that the HHT-based time-frequency 

characteristics of the sharp waves with a transmission BER of 710− . 
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5. Conclusion 

The HHT-based time-frequency analysis approaches are suitable for studying the local and 

non-stationary normal waves and sharp waves in EEGs for epilepsy. We obtained the IMFs, 

and IFs to analyze the energy-frequency-time distributions of normal waves and sharp 

waves with a transmission BER of 710−  in the EEG.  The mean IF of IMF4 of a sharp wave is 

smaller than the mean IF of IMF4 of a normal wave. In addition, the substantial energies of 

IMF3 of the sharp wave are the δ  band in the interval of 0.3-0.5 s, and the θ  band in the 

interval of 0.4-0.7 s. The substantial energies of IMF4 of the sharp wave are the δ  band in 

the intervals of 0.1-0.2 s, 0.3-0.4 s, and 0.7-0.9 s. In contrast, the substantial energies of IMF4 

of the normal wave are the δ  band in the intervals of 0-0.1 s, 0.1-0.3 s, and 0.8-1 s. The 

substantial energies of the residual function of the normal wave are the δ  band in the 

intervals of 0.1-.0.2 s, 0.3-0.4 s, 0.5-0.6 s, and 0.7-0.9s. These observations show that the sharp 

signal characteristics and the IMFs, IFs, time-frequency-energy distributions of sharp-related 

and normal signals can be distinguished from each other, thereby ensuring more accurate 

diagnosis of patients with an epilepsy-related sharp.  
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