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1. Introduction

Theoretical investigations of parametric interaction between the electrodynamics waves and
space-time periodic filling of the waveguide of arbitrary cross section are reviewed. The
cases of dielectric, anisotropic and magnetodielectric periodically modulated filling are
considered. The analytical method of solution of the problems of electrodynamics of space-
time periodic mediums in a waveguide is given. The propagation of transverse-electric (TE)
and transverse-magnetic (TM) waves in the waveguide mentioned above are investigated.
Physical phenomena of electrodynamics of space-time periodic mediums in the region of
“weak” and “strong” interactions between the travelling wave in the waveguide and the
modulation wave are studied.

Propagation of electromagnetic waves in the medium whose permittivity and permeability
are modulated in space and time with help of pump waves of various nature
(electromagnetic wave, ultrasonic wave, etc.) under the harmonic law, represents one of the
basic problem of the electromagnetic theory. In the scientific literature the most part of such
researches concerns to electrodynamics of periodically non-stationary and non-uniform
mediums in the unlimited space [1-15], while the same problems in the limited modulated
mediums, for example, in the waveguides of arbitrary cross section remain still
insufficiently studied and there is no strict analytical theory of the propagation of
electromagnetic waves in similar systems (although in the scientific literature already
appeared the articles on the problems, mentioned above [16-25].

Meanwhile the investigation of the propagation of electromagnetic waves in the waveguides
with space-time periodically modulated filling represents a great interest not only from
point of view of development of theory but also from point of view of possibility of practice
application of similar waveguides in the ultrahigh frequency electronics. For example, the
waveguides with periodically non-stationary and non-uniform filling can be applied for
designing of multifrequency distributing back-coupling lasers (DBS lasers), Bragg reflection
lasers (DBR lasers), mode transformers, parametric amplifiers, multifrequency generators,
transformers of low and higher frequency, Bragg resonators and filters, prismatic polarizer,
diffraction lattices, oscillators, mode converters, wave-channeling devices with a fine
periodic structure, etc [14], [26-30].

www.intechopen.com



268 Wave Propagation

2. Electromagnetic waves in a waveguide with space-time periodic filling

Let us consider the regular ideal waveguide of arbitrary cross section which axis coincides
with the OZ axis of certain Cartesian frame. Let the permittivity and permeability of the
filling of the waveguide with help of pump wave are modulated in space and time under
the periodic law (Fig.1.1) [23, 25]

=gy 1+m,cosky(z—ut)], 1= [1+mﬂ cosko(z—ut)} (1.1)

where m, n m , are the modulation indexes, u is the modulation wave velocity , k, is the
modulation wave number, k,u is the modulation wave frequency, &, m y, are the
permittivity and permeability of the filling in the absence of modulation. The signal wave
with frequency @,

RLALUA

= u“[1+m” cos A(,(z—ut)]

11T \IIIIH

8—80[1+m coskU z—ut

Fig. 1.1. Geometry of cross section of a waveguide with harmonically modulated filling.

i

Y

propagates in a similar waveguide along their axis in the positive direction. Suppose that
the signal wave doesn’t change the quantities of ¢ and x . It is mean that we have the
approximation of small signals. The field in similar waveguide represents the superposition
of transverse-electric (TE) and transverse-magnetic (TM) waves, which in this consideration
are described with help of longitudinal components of magnetic (H,) and electric (E,)
vectors. These components satisfy to partial differential equations with variable coefficients
which are obtained from the Maxwell equations taking into account that the charge density
and the current density are equal to zero. These wave equations have a form [23-25], [31]

TE field

A H, + 2| LOKH:) —lzi GOWH) | o (1.2)
oz\ u 0z c® ot ot
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TM field
0(10(¢E,)) 1 o O(¢E,)
AE +—| -—Z2 |- —| u—22|=0, 1.3
L 82(5 E j 2 at(” ot 13)

where A, =¢? / ox? +0? / dy* is the two-dimensional Laplace operator, ¢ is the velocity of
light in vacuum.

The solution of wave equations (1.2) and (1.3) we look for the form of decomposition by
orthonormal eigenfunctions of the second and first boundary-value problems for the cross
section of the waveguide (,(x,y),¥,(x,y)). These functions satisfy to the following
Helmholtz equations with corresponding boundary conditions on the surface of the
waveguide [23], [31]:

second boundary-value problem

AL, (6 )+ 22, (xy)=0, Sl <o, (14)
on |,
first boundary-value problem
AW, (0 y)+ 4, (0y) =0, W, (xy), =0, (1.5)

where 4, and A, are the eigenvalues of the second and first boundary-value problems for
the transverse cross section of the waveguide, X is the contour of the waveguide’s cross
section, 7 is the normal to X. From Maxwell equations the transverse components of
transverse-electric (TE) and transverse-magnetic (TM) fields can be represented in terms of

0 0

H,(x,y,zt)=> H,(z,t)-¥,(x,y), E.(x,y,z,t)= Y E,(z,t)- ¥, (x,y) (1.6)
n=0 n=0
as follows [23]:
TE field
. 1~ 45 a[y(z,t)Hn(z,t)] -
H (x,y,2,t)= VP (x1), 17
r(xyz ) ,U(Z,t)% n aZ ﬂ(x y) ( )
» _ 0 ) H, (2,8 ~
E,(x,y,Z,t)le;ﬁ{Z [ u(z ;t . (2 )][ZOV‘Pn(x,y)]z (1.8)
n=0
TE field

H. (x,y,z,t)=-=> 47 ” [ZOV‘Pn(x,y)], (1.9)
n=0

- © 0 J4)E, (z,t

Ef(x,y,z,t):g(i t)zo/z,f oz 6)2 (z )]V‘Pn(x,y), (1.10)
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270 Wave Propagation

where V = ?(8 / 6x) + ](8 / 6]/) is the two-dimensional nabla operator.

If into the wave equations (1.2) and (1.3) of variables zand t to introduce the new
quantities by the formulas

H,=uH, E,=¢E, (1.11)

and to pass to the new variables & and 7 according to the formulas [22]

¢
—yiut, 2 1 do , 112
‘f Z—U n J u'([l_ﬂzé‘(f)ﬂ(ég) ( )
&0 Ho

where %= uzeo Ho / ¢* and when u —0 then &—>z,7—t, and the solutions of received
partial differential equations to look for the form [22]

I:Iz = Z ew/ﬂgnz (ég) ’ liIn (x'y) ’ Ez = z eWUEnZ (é:) ¥, (x'y) ’ (1~13)
n=0 n=0
taking into account the orthonormalization of the eigenfunctions v, (x,y) and w,(x,y)
then we receive for H,, and E,, the following ordinary differential equations with variable
coefficients:

dH 72 3
p el T T o, (1.14)
dg| p sty ) dg 1- B> EH
o Ho
dE 2 5
gi 1[1_ﬂ2 8#] nz | An E =0, (1.15)
A&l e gty ) dS 1_ﬁ2€7/‘
€0 Ho
where
=2 72 22 2 EH 2 72 2 2 EH
Mo =mzepu=Ay| 1= —— |, yy="zepu—A, | 1-p"——|. (1.16)
c &g Ho c &0 My

In this investigation we are limited of small quantities of modulation indexes of the
waveguide filling. It is explained that in real experiment the modulation indexes are very
small and they can change from 10 to 4-107 (the quantity 4-107 is fixed in the chrome
gelatin). Note that if the velocity of modulation wave satisfies the condition u<0,8-v,,
where v, = c/ & My 1s the phase velocity in the non-disturbance medium, then side by
side of modulation indexes is small the parameter /= (m‘g +m #) p? / b ( b=1- %) too, that
is I<<1.

Then with help of changed of variables
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2 2
§=k°(1_ﬂ )j pdg s:ko(l_ﬂ )f £ds (1.17)
2u  pp_prEl 260 G2 R
€0 Mo €0 Mo

and taking into account that permittivity and permeability of the filling change by the
harmonic law (1.1) the above received differential equations (1.14) and (1.15) on variables &
and 7 are transformed to the differential equations with periodic coefficients of Mathie-Hill
type [32]. In the first approximation on small modulation indexes they have a form [23]

A?H (5) & - e
d—i’Z)_(S)-{_ z kal ezlkSHnZ(g)zol (118)
§ k=-1
d’E 1 e
—;Z(S) + 2,6/, (5)=0, (1.19)
§ k=—1
where
NN _ 4 ~n 2 no_ 4 n 2
g =il o
ano_ 2 ]/2 )2 4 ~n\2
1 kg b2 M__(ZO) 6_1(57(%0) mﬂ/ (121)
n 2 72 n\2 4 )2
Oy = kg b2 u__(lo) E‘W(%) mg, (1.22)
—n\? 72 72 n)\2 72 2
(10) R Y (Zo) = gboty A b (1.23)

The solutions of the equations (1.18) and (1.19) we look for the form
. N\ /1~ ) ARRRE ,
H,, (3)=€%° > Cp-e* , E, (s)=e*°> cp-ex* . (1.24)
k=-1 k=-1

Substituting these expressions into Mathie-Hill equations (1.18) and (1.19) for determination
of characteristic indexes z, and u, we receive the following dispersion equations:

N ) (o)

2 _

i =0y + G Ga (1.25)
2

12 =6p + ) + ) (1.26)

www.intechopen.com



272 Wave Propagation

The analysis of these dispersion equations show that under the following conditions [33]

-0

>5, %0, [1-6

>5, ~ ! (1.27)

we become to the region of weak interaction between the signal wave and the modulation
wave where the characteristic indexes g, and g, are real and then the Mathie-Hill
equations have the stable solutions. With help of obtained solutions of dispersion equations

@2 =0, () =64 (1.28)

and the expressions for the coefficients

~n éln i ég n ‘9111 'Cg

no G o HG (1.29)
4(1i 90”) 4(1i ag;)

where Cj and Cj are defined from the conditions of normalizing, we obtained the
analytical expressions for the H, and E, of TE and TM fields in the waveguide in the
region of weak interaction. They have a form [33]

o0 - pn —® — 1 —_ . _
H =30, (x, g B .cp 3 v @it (1.30
Ho n=0 k=—1
1& i(Pz—ont) Lo ikky (z-ut)
E,.=—>¥,(x,y)€ Co Y vi-e , (1.31)
€0 n=0 k=1
where
_ A CP om i A CP om i
Vn: k‘_0+Tk__ﬂ /an: k__0+_k__é' ’ (1'32)
2 Cf 2 2 Cy 2
n ﬁn ) n_ My @
Ay ="m,+——10, Ag="Lm, +—1, 1.33
N\ /2 M kou " " ko u (1.33)
AN 7 2 —~n 2 AZ_ 4 —on 2
eﬂ_m[(%) +ﬂn_€——k§b2(;{0) m,, (1.34)
no_ 2 n 2 2_ 4 n 2
eﬂ_w{(%) +/1n_f——k§b2 (28) m,, (1.35)
2 2
- 2 , ~ " 2 [0)
(PO) =—( Coz) 50ﬂo_ﬁ~ﬁr(po) z%goﬂo_ia (1.37)

As is seen from the expressions (1.30) and (1.31) TE and TM fields in the waveguide with
modulated filling are represented as the set of space-time harmonics with different
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amplitudes. At that time the amplitude of the zero (fundamental) harmonic are independent
of small modulation indexes, while the amplitudes of the plus and minus first harmonics
(side harmonics) are proportional to the small modulation indexes in the first degree.

At the realization the following condition [31], [33]

1-05| <5, (1.38)
where
~2 2 72 2
Gy =t Loy 5o sty MePr (1.39)
4237 ki b, b,

A Sl (a0
(here are shown the results for the TE field when u=1) the strong (resonance) interaction
between the signal wave and the modulation wave takes place, when occurs the
considerable energy exchange between them. The analytical expression for the frequency of
strong interaction is found in the form

—Awy S @y < @y + Ay, ay =u—k0(ﬁn +4.) (1.41)

25,

and is shown that the width of strong interaction is small and proportional to the
modulation index in the first degree [31], [33]

a)O,s

ok (RSB
ENGY ) My “

In the region of strong interaction the dispersion equation (1.25) has complex solutions in
the following form

(1.42)

fyn=lti " 9" =226, (1.43)

(1.43) allow to receive the analytical expressions for the amplitudes of different harmonics in
the form [31], [33]

~ (ﬁl’l +ﬂ€)(ﬁn +3ﬂ8)£ . (1.44)

‘711
&,1 16ﬂ52 &

940
vE|=1,

The analysis of these expressions shows that in the case of forward modulation, when the
directions of propagation of the signal wave and the modulation wave coincide, the
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274 Wave Propagation

amplitude of minus first harmonic doesn’t depend from the modulation index, while the
amplitude of the plus first harmonic is proportional to the modulation index in the first
degree. In other words in the region of strong interaction besides the fundamental harmonic
the substantial role plays the minus first harmonic reflected from the periodic structure of
the filling on the frequency

o ku _
p 2, (7, =8:), . > B (1.45)

In the backward modulation case, when the directions of propagation of the signal wave
and the modulation wave don’t coincide, the minus first and plus first harmonics change
their roles.

The results received above admit the visual physical explanation of the effect of strong
interaction between the signal wave and the modulation wave. Below the physical
explanation we show by example of TE field in the case of forward modulation. The zero
harmonic in the modulated filling of the waveguide is incident on the density maxima of the

015 =0

filling at the angle ¢, and is reflected from them at the angle ¢, ; (Fig.2). These angles are

defined from the following correlations [33]

2 —_
¢ |op, (1+,B€)COS(0§0 -2,
a)o\/g 20 1+ﬂf—2ﬂgcos@20 '
At that time the incident and reflection angles are different because of the moving of the

modulation wave of the filling and the frequencies of incident and reflected waves satisfy to
the following correlation [33]

~A7, cosgl = (1.46)

cosg, =

. Hn _ . Hn
@ -sing; =a,-sing, . (1.47)

Fig. 2. The physical explanation of the effect of strong interaction.
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If now we apply the first-order Wolf-Bragg condition, when the waves reflected from high-
density points of the interference pattern are amplified, we obtain the following equation

2,y - wy|cosg) —

\/g a)o( w&,o ﬂg):l. (1.48)
koe(1-57)

It is not difficult to note, taking into account (1.46), that the solution of the equation (1.48)

precisely coincides with the expression of the frequency of strong interaction (see (1.41)),
received above.

3. Propagation of electromagnetic waves in a waveguide with a periodically
modulated anisotropic insert

Consider a waveguide of arbitrary cross section with an anisotropic nonmagnetic
(¢ =1)modulated insert (modulated uniaxial crystal) the permittivity tensor of which has
the form

&1(z,t) 0 0
e=| 0 &1(z,t) 0o | (2.1)
0 0 & (z,t)

where components ¢,(z,t) and &,(z,t) are modulated by the pumping wave in space and
time according to the harmonic law

£1(z,8) = &) [1+my cosky(z—ut)], &,(z,t)=I[1+m,cosky(z—ut)]. (2.2)

Here, &, and &,” are the permittivities in the absence of a modulating wave; m, and m; are
the modulation indices; and ko and n are, respectively, the wavenumber and velocity of the
modulating wave.

Consider the propagation of a signal electromagnetic wave at frequency o, in this
waveguide under the assumption that the modulation indices are small
(my <<1,m, <<1,m; =m,). Note that, when the condition S, <0.8 is satisfied, where

b= u\/gla / ¢, not only the modulation indices, but also parameter [, =m; 5, / (1 “ /5’12) are

small (I; <<1).

As in my earlier works (see, e.g., [23], [31], [34-37]), transverse electric (TE) and transverse
magnetic (TM) waves in the waveguide will be described through the longitudinal
components of the magnetic (H,) and electric (E,) field. Then, bearing in mind that
D, =g (z,t)Ex,Dy =g (z,t)Ey,DZ =&,(z,t)E, and B = H and using the Maxwell equations,
we obtain equations for H,(x, y, z, f) and E,(x, y, z, 0; namely,

for the TE wave

2
AH LOH, 1 a[gl aHZ}O, (2.3)

T R
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276 Wave Propagation

for the TM wave

) )
. 6(1815 J—E—ZaEzzo, 24)

AE, +é& 2 o

0z\ & 0z

where A, is the two-dimensional Laplacian and E, = &,E, .

It is easy to check in this case that the transverse components of the TE and TM fields can be
expressed in terms of (1.6) as:

for TE wave

2oy (x,y), 25)

2,1

3 z—zaH”—(Z’t)[zown(x,y)], (2.6)

L1
Er:_Zn

(ol ot

for TM wave

> d| & E z,t
A =25 L o, ) @7
* ol &
= 2,1 -2 [2 ] VY, (x,y). (2.8)
1 n=0
Let us introduce the new variables
z 1% dé
S=z-ut, n=—-— (2.9)
u uyl-pie($)/ &
into equations (2.3) and (2.4) and seek for solutions to the above equations in the form
H = Z ei(ﬁalu—a)o)'lHnZ (g)‘ifﬂ (x,y) ¢ (2.10)
n=0
-3 ei(a;'u-wo)ﬂEnz(g)wn (x,y). (2.11)

n=0

Taking into account that functions y, (x,y) and v, (x,y) satisfy the Helmholtz equations
(1.4) and (1.5), we get ordinary second-order differential equations in variable ¢ to find

H,, (&) and E, (&),
2
i(l‘ fg—%JdH"z +—4—H, =0, (2.12)
as g ) A& 1_ﬂzﬁ
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I 2
5L l[1— f‘g—ngEnz +—&n F -0, (2.13)
aé| & & ) dé ﬂ

&
X
31
Here,

~n 2 n 2
2 (”PO“"O) ( ﬂzﬁj =M51"13(1 ﬂzglj, (2.14)

&1 ¢ 51

0

—~n 2 a)Z " n 2 &y — & 6() go
(Po) =C—383—/13,(Po) =—0 1ﬂ1 2 O ﬂzblrbl—l ﬁ1/ﬂ2— \/cj (2.15)

0,2 2 ¢
Er=&1 P

In terms of the new variables

s g
kObl J. dg S = kObl €1d§ (216)
0

Equations (2.12) and (2.13) take the form of the Mathieu-Hill equations

2
dzi+ﬁ[—] =0 dZEnz 4}(’%(8(1)) T

» n: =0, wz =0 2.17
ds?  k3b? s> kibiee, @17)
Note that the frequency domain described by the conditions
<0 o;
1-6|>>6,=2=, 1-6)|>> 5, =", 2.18
‘ 0 2./2 0 2\/5 ( )
where
4 o B? ? 4 o B? ?
6 = pp——2LL |, 6 = §-—2L 2.19
0 kgblz [Po ” ] 0 kgblz (Po » ] ( )
. 2 (uﬁS — @y )2 kgb1 2607 o
o' =6" = o |0y, 6} =0" = ——my, 2.20
1 1 K202 2 g 0|t K22 275 M (2.20)

is the domain of weak interaction between the signal wave and the wave that modulates the
insert. Solving (2.17) by the method developed in [23], [31], [34-37] and discarding the terms
proportional to the modulation indices in the first power, we obtain the following expressions
for the TE and TM field in the frequency domain defined by formulas (2.18): [38]
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for the TE wave

HZ _ Z\i]n (x POZ Q)Ot Z n Zkko z— ut (2'21)
n=0
where
~ , Cr & o'clt
144 :[k 0y + kJ , Ch =1—0A' (2.22)
2uk, co 4(1i 90")
for the TM wave
EZ _ ZLPH (x,y)ei(PonZ wpt z n lkkU z— ut (223)
n=0
where
, a1 K och
V=l k——ty+2——(my+m,) |,y =—L10=. (2.24)
2uky ch 2 4(1i eg)

Note that quantities ¢) and ¢; in (2.21) and (2.23) are found from the normalization
condition. As follows from (2.21) and (2.23), when an electromagnetic wave propagates in a
waveguide with an insert harmonically modulated in space and time, the TE and TM fields
represent a superposition of space-time harmonics of different amplitudes. In the domain of
weak interaction between the signal and modulation waves, the amplitudes of harmonics +1
and -1 prove to be small (they are linearly related to the modulation indices) compared with
the amplitude of the fundamental harmonic (which is independent of modulation indices).

It is known [21] that, when 670" and ; tend to unity, i.e., when the conditions

1-65| <5

-6

<5, (2.25)

are satisfied, the signal wave and the wave that modulates the insert strongly interact (the
first-order Bragg condition for waves reflected from a high-density area is met) and
vigorously exchange energy.

Condition (2.25) can be recast (for the TM field) as

@y s —Awy <oy <y +Awg, (2.26)
where @, , given by
_ uky 427 ~ 8? 2
@ = (BL+iT )70, A2 (2.27)
24 bkg """

is the frequency near which the strong interaction takes place, and
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= Kot (Lt i) g (2.28)
8\/§ﬂ177n
is the width of the domain of strong interaction. Calculations show that
VA~ 1, V|~ mymy (2.29)

in frequency domain (2.26). From relationships (2.29), it follows that the amplitude of
reflected harmonic -1 is independent of modulation indices in the domain where the signal
wave and the wave that modulates the anisotropic insert strongly interact. In other words,
not only the zeroth harmonic of the signal, but also reflected harmonic -1 of frequency

uky — _
a)—l,s = (77 n_ﬁl)/(nn > ﬂl) (230)
2/,
plays a significant role in this domain.
Note in conclusion that the results obtained here turn into those reported in [37] in the limit
my; — 0; in the limit u — 0, one arrives at results for a waveguide with an inhomogeneous

but stationary anisotropic insert.

4. Interaction of electromagnetic waves with space-time periodic anisotropic
magneto-dielectric filling of a waveguide

Let the axis of a regular waveguide of an arbitrary cross section coincides with the OZ axis
of a Certain Cartesian coordinate frame. Assume that the waveguide is filled with a
periodically modulated anisotropic magneto- dielectric filling whose tensor permittivity
and permeability are specified by the formulas

& 0 0 4 0 0
=10 & 0 | a=|0 &4 0 | (3.1)
0 0 &(zt) 0 0 w(zt)

In (3.1) & =const, iy =const and the &, (z,t) and u,(z,t) components are harmonic
functions in space and time:

gz(z,t):5§[1+mg cos(koz—kout):l, (3.2)

yz(z,t)=y§[1+m#cos(koz—k0ut)}, (3.3)

where m, <<1 and m, <<1 are small modulation indexes, gy =const and 3 = const
are, respectively, the permittivity and permeability of the filling in the absence of a
modulation wave.

Let a signal wave unit amplitude with frequency @, propagates in such a waveguide in a
positive Direction of an axis OZ. After some algebra, the wave equations for the longitudinal
components H,(x,y,z,t) and E,(x,y,z,t) of TE and TM fields can be obtained from Maxwell
equations
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curlH = @ , curlE = —@, divD=0, divB=0, (3.4)
ot ot
D=e6E, B=pu, &, =(1/47z-9-109)F/m, o =47-107H /m (3.5)
with allowance for the equalities
D, =&E,, D, = 6p&iE,, D, = £y, (2,t)E,, (3.6)
Bx = :uO/'lle ’ By = :uO/ulHy ’ Bz = Hoth (Z/t)Hz : (37)
We arrive at the following equations:
for TE waves
- m(zt)d’H *H
A H,+ —== =g lpE z,t)—== (3.8)
L T okoE1t (2) o2
for the TM waves
= &(zt)0’E o’E
AVE + —Z =g & (z,1)—=%, 3.9
15z £ 022 oHoth 2( ) o 3.9
where
H,=u(z,t)H,, E, =&, (z,)E,. (3.10)

With the use of Maxwell equations (3.4) and (3.5), the transverse components of TE and TM

fields can be represented in terms of

0 0

H, =3 H,(zt)¥(x,y), E.= > E,(2t)¥(x,y)

n=0 n=0
as follows:

for TE waves

H_Tziiif é[yz(z,t)Hn(z,t)J _
M1 u=0 0z

- © _ 0 z,t)H,(z,t) |- _~
E zﬂoz/ﬁtn_z I::UZ( a)t ( )]
n=0

for TM waves

© 1 6[82(z,t)En (z,t)}

Hr = _8020 n or I:EOV\Pn (xly):| ’
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L1 728[52(z,t)En(z,t)]

E=—-)21 V¥ (x,v). 3.15
e ra i () 315)
With the new variables
z 1 z-ut
=z—ut, ="-_ 3.16
4 N= = 7 (3.16)

where % = u’gy 16,4, , wave equations (3.8) and (3.9) can be modified to obtain

27 2H
RV AT R
m o0& 1-p on
.
AE + & (z t) (1 5 ) 50/10/“1‘922(2'’f)a Ezz 0. (3.18)
& f 1-5 on

Let us seek solutions of equations (3.17) and (3.18) in the form (1.13). Then, taking into
account (1.4) and (1.5), we obtain for H, (&) and E, (&) the following second-order

ordinary differential equations with the periodic Mathieu-Hill coefficients:

danz(é:) :ul |:80/1081,L12(Z,t) 2 7 2j| ]
-As" |H =0, 3.19
dijz +y2(z,t)(1—ﬂ2) 1_ﬁ2 4 nz(é) ( )
d’E,, (&) & {30/”0/1152 (zt) » 2}
—An" |E =0. 3.20
d§2 + 82(Z,t)(1_ﬁ2) 1_’32 4 nz(é:) ( )

With the new variable { =k,& /2 equations (3.19) and (3.20) can be modified into the form

d2H 1
Z i exp(2ik¢)H,,,(£)=0, (3.21)
.
dE”—Zz(g)+ le 6; exp(2ik{)E,, () =0, (3.22)
ag k=1

where quantities §'and 6] are the coefficients of the Fourier decompositions of the
expressions that appear before functions H,,(¢) and E,,(¢) entering equations (3.19) and
(3.20). In the first approximation for small parameters m, and m, these coefficients are
expressed according to the formulas

O 4/11 0 n 2/”1}“2
05 =5 trgotoEry” — Ab), O = AL (3.23)
b2u§k§( )-8 buyks "
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" 4¢ n - 2
O = (e2eomommy® = A7b) O ===, b=1-5". (3.24)
b eykg

We seek solutions to equations (3.21) and (3.22) in the form

1 1
H,,(¢)=e" > Cpe*™ , E,,({)=e"* Y. Cre*™. (3.25)
k=-1 k=-1

It is known [33] that, under the conditions (1.27), which provide for weak interaction
between the signal wave and the wave of the waveguide-filling modulation, quantities
i, 1,,Ct and CP, have the form (1.28) and (1.29) (accurate to within small parameters
m, and m, inclusively). Taking into account (3.25), (1.28), (1.29) and changing to variables z
and t, we obtain from (3.10) analytic expressions for H, and E, of TE and TM waves. These
expressions correspond to the first approximation for m, and m,, , are valid in the region of
weak interaction between the signal wave and the wave of the waveguide-filling
modulation, and have the form [39]

H, :ioi Poz apt Co z s zkko z-ut) (3.25)
H2 n=0
) o
€2 n=0 k=-1

where

_ K K 2
e T L e T L O A
Vk = =-—— , V'N=| —<-—%£ , 90 :ﬂ —2 0 /1 —_—

cr 2 cr 2 KRE\ a2 0 0 u

. (3.27)

2 2
P = f"_zwg L Sy P = /ﬂ_zwg \ 2 (3.28)
u Hy u &

Note, that for the frequency and frequency width of the strong interaction region (see [31],
[33]) the following expressions can easily be obtained from (2.25):

for TE waves

kou Z\ = 12 kou(1+ Bn,) -
e =g B+ i, = 1+ 4@‘213 , Ay, z%@“ (3.29)
Ha UKo My

for TM waves

2
Ko 1), = e d0n, aay, KoL Pm)

0)0, = y = ’ 0, = .
©ap T SO0k T apy,

(3.30)
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For the quantities V,; and V,; in this case we obtain

72 Ay 072

=1, vp| 2 fate 200K, (3.31)
4buy kg
2 5072

Vil =1, [vr ;%m (3.32)
4besk

According to (3.31) and (3.32), in the strong- interaction region a substantial role is played
not only by the fundamental harmonic but also by the reflected minus-first harmonic that
exists at the frequency:

for TE waves

k = =
. = 2%’,‘(77” ~B), > B, (333)
for TM waves
0= ’g’—;(ﬁn B), > (3.34)

Note that, in limiting case u — 0the above obtained relationships yield results for the
stationary inhomogeneous anisotropic magneto-dielectric filling of a waveguide.
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