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1. Introduction

During the past decades, many researchers have investigated stability of switched systems;
due to its potential for real world application such as transportation systems, computer
systems, communication systems, control of mechanical systems, etc. A switched systems
is composed of a family of continuous time (Alan & Lib, 2008; Alan & Lib, 2009, Alan et al.,
2008; Hien et al., 2009; Hien & Phat, 2009; Kim et al., 2006; Li et al., 2009; Niamsup, 2008; Li
et al., 2009; Lien et al., 2009; Lib et al., 2008) or discrete time systems (Wu et al., 2004) and a
switching condition determining at any time instant which subsystem is activated.

In recent years, the stability of systems with time delay has received considerable attention.
Switched system in which all subsystems are stable was studied in (Lien et al., 2009) and
switched system in which subsystems are both stable and unstable was studied in (Alan &
Lib, 2008; Alan & Lib, 2009, Alan et al., 2008). The commonly used approach to stability
analysis of switched systems is Lyapunov theory and some important preliminaries results
have been applied to obtain sufficient conditions for stability of switched systems. A single
Lyapunov function approach is used in (Alan & Lib, 2008) and a multiple Lyapunov functions
approach is used in (Hien et al., 2009; Kim et al., 2006; Li et al., 2009; Lien et al., 2009; Lib
et al., 2008) and the references therein. The asymptotical stability of the linear with time
delay and uncertainties has been considered in (Lien et al., 2009). In (L.V.Hien et al., 2009),
the authors investigated the exponential stability and stabilization of switched linear systems
with time varying delay and uncertainties by using the strictly complete systems of matrices
approach. The strictly complete of the matrices has been also used for the switching condition,
see (Hien et al., 2009; Huang et al., 2005; Niamsup, 2008; Lib et al., 2008; Wu et al., 2004). In
this paper, stability analysis for switched linear and nonlinear systems with uncertainties and
time-varying delay are studied. We obtain the new conditions for exponential stability of
switched system in which subsystems consist of stable and unstable subsystems. The stability
conditions are derived in terms of linear matrix inequality (LMI) by using a new Lyapunov

*Corresponding author (Email:scipnmsp@chiangmai.ac.th

www.intechopen.com



76 Time-Delay Systems

function. The free weighting matrices and Newton-Leibniz formula are applied. As a results,
the obtained stability conditions are less conservative comparing to some previous existing
results in the literatures. In particular, comparing to (Alan & Lib, 2008), our results give a
much less conservative results, namely, for stable subsystems, the condition that state matrices
are Hurwitz stable is not required. Moreover, advantages of the paper are that the delay is
time-varying and switched system may have uncertainties. The paper is organized as follows.
In section 1, problem formulation and introduction is addressed. In section 2, we give some
notations, definitions and the preliminary results that will be used in this paper. Switching
design for the exponential stability of the switched system is presented in Section 3. In section
4, numerical examples are given to illustrate the theoretical results. The paper ends with
conclusions and cited references.

2. Preliminaries

The following notations will be used throughout this paper. R denotes the n-dimensional
Euclidean space. IR"*" denotes the space of all matrices of n x n-dimensions. AT denotes
the transpose of A. I denotes the identity matrix. A(A),Ap(A), Am(A) denote the set of
all eigenvalues of A, the maximum eigenvalue of A, and the minimum eigenvalue of A,
respectively. For all real symmetric matrix X, the notation X > 0(X > 0, X < 0, X < 0) means
that X is positive definite (positive semidefinite, negative definite, negative semidefinite,
respectively.) For a vector x, ||x¢|| = SUPg (1, 0] |x(t + s)|| with ||x|| being the Euclidean
norm of vector x.
The switched system under the consideration is described by

#(t) = [Ag + AAg(D)]x(t) + [Bs + ABo()]x(t — h(t))
+folt,x(t), x(t —h(t))), t >0,
x(t) = ¢(t), t € [~hum, 0], (1)

where x(t) € R" is the state vector. o(-) : R" — S = {1,2,..., N} is the switching function.
Leti € S =5, USssuch that S, = {1,2,..,r} and Ss = {r+ 1,7 +2,..., N} be the set of the
unstable and stable modes, respectively. N denotes the number of subsystems. A;, B; € R"*"
are given constant matrices. AA;(t), AB;(t) are uncertain matrices satisfying the following
conditions:

AA(t) = Ey;F1i(t)Hyi, AB;(t) = EpibFpi(t)Hyj, 2)
where Eji/ H iis j=1,2,1=1,2,.., N are given constant matrices with appropriate dimensions.
Fj;(t) are unknown, real matrices satisfying:

Fi(hEi(t) <1,j=1,2,i=12,.,N,Vt>0, 3)
where [ is the identity matrix of appropriate dimension.

The nonlinear perturbation f;(t,x(t),x(t — h(t))), i = 1,2,..,N satisfies the following
condition:
Il fi(t, x(8), x(¢ = k() [|< i | x(8) || +6i || x( = h(2)) || (4)

for some vy;, 6; > 0. The time-varying delay function k(t) is assumed to satisfy one of the
following conditions:

(i) when AA;(t) = 0and AB;(t) = 0and f;(t,x(t),x(t —h(t))) =0
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Exponential Stability of Uncertain Switched System with Time-Varying Delay 77

0 < hm <h(t) <hm, h(t) <u, t >0,
(ii) when AA;(t) # 0 or AB;(t) # 0or f;(t,x(t),x(t —h(t))) #0

0<hy <h(t) <hp h(t) <u<1,t>0,
where hy,, hps and p are given constants.
Definition 2.1 (Hien et al., 2009) Given B > 0. The system (1) is f—exponentially stable if
there exists a switching function ¢ (-) and positive number -y such that any solution x(¢, ¢) of
the system satisfies

I x(t, @) [I<ve P || ||, Vt € R,
for all the uncertainties.
Lemma 2.1 (Hien et al., 2009) For any x,y € R", matrices W, E, F, H with W > 0, F TF < I, and
scalar ¢ > 0, one has
(1.) EFH+HTFTET < e 'EET +eHTH,
(2.) 2xTy < xTWlx +yTwy.
Lemma 2.2 (Alan & Lib, 2008) Let u : [tp,c0] — R satisfy the following delay differential
inequality:
u(t) <au(t)+ B sup u(0), t>ty.
Oe(t—1,t]
Assume that & + B > 0. Then, there exist positive constant ¢ and k such that
u(t) < keg(t’to), t > to,

where{ =a+pand k= sup u(h).

96[1’07‘[’,1’0]

Lemma 2.3 (Alan & Lib, 2008) Let the following differential inequality:

u< —au(t)+p sup u(f),t>ty,
felt—T,t]

hold. If « > B > 0, then there exist positive k and { such that
u(t) < ke SU=h) >4,
where{ =a —Band k= sup u(h).
96[1’0—1’,1’0]

Lemma 2.4 (Schur Complement Lemma) (Boyd et al., 1985) Given constant symmetric Q, S
and R € R where R > 0,Q = QT and R = RT we have

[SQT _SR} <0< Q+SR1sT <o.

3. Main results

In this section, we establish exponential stability of uncertain switched system with
time-varying delay. For simplicity of later presentation, we use the following notations:

AT = max{¢;, Vi € Sy}, &; denotes the growth rates of the unstable modes.
1

AT =min{{;, Vi € S5}, ; denotes the decay rates of the stable modes.
1
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78 Time-Delay Systems

T (to, t) denotes the total activation times of the unstable modes over [tg, t).

T~ (t, t) denotes the total activation times of the stable modes over [tg, t).

N(t) denotes the number of times the system is switched on [f, t).

1(t) denotes the number of times the unstable subsystems are activated on [, t).

N(t) — I(t) denotes the number of times the stable subsystems are activated on [f, t).

m?X{)\M(Pi)}
m].in{Am(Pj)} '

N = miin{)tm (Pi) }

.e

2
wy = m?X{AM(Pi)} +hum mflx{)\M(Qi)} + héw m?X{AM(Ri)}

S11i S12.
hz A 11,i 12,1}
e ngmaxta( [ 2]}

+ 213, mlaX{AM(AiTTiAz’),/\M(A;-TTiBi) T;A;), Am(B] TiB)},

(s
2
s = max{Aua (P} + Iy max{An(Q)} + "2 max{Ayi(Ri)}

S11,i S12 z]
+ 13 A { )
n Max{ A ST, Sy )}

Dy chZ,z}

o - [P
! *  Dg;

®11; = AP+ PiA; + Qi + hpR; + hyS11, + h AT T;A;,
D15 = BI'P;+ hpiS1p; + hm AT T;B;,
D13, = —(1— p)e 2P™Q; + hpSx i + hB! T;B;.

P2y, Do
O _{ * Doz’

Dy ;= AP+ PiA; + Qi + hyR; + hyS11, + h AT T A + hypXq, + Y + YT,
@y ; = BIP; + hyiS1p; + hm AT TiB; + hyyXqp; — Vi + ZF,
Dp3; = —(1— u)e 2PmQ; + hyiSap i + hyBI T;B; + hyiXon i — Zi — ZF.

1

X11,i X12,i Y
Oz, = | * Xn,i %j
* * oA
= [‘1931,1' ‘1’32,1}
- * Dgzi|”

31, = AT P+ PiA; + Q; + hyR; + hyi S + €, HLHy; + e1,P,EL.E1;P; + e, ,EL.Ex; P,
D3 = Bl P+ Sz,
a3 = —(1— p)e 2PmQ; + hpSpp ; + €5, HY. Ho;.

<D41iq)42i]
@; = | T4 Til
[ Yy

@411 = A P -l-PA +Ql+hMR +hM5111+831 ’)’ZI+€3ZPP +841 H H4l
+€41PE E4ZP +€6ZPE E51Pll
Dy ; = BIP; + hpS1a,
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@43’i = —(1 Pl) 2'BhMQ1 +hM5221 +€31 5 I+€511HTH51

3.1 Exponential stability of linear switched system with time-varying delay

In this section, we deal with the problem for exponential stability of the zero solution
of system (1) without the uncertainties and nonlinear perturbation (AA;(t) = AB;(t) =
0, filt, x(t), x(t — h(t))) = 0).

Theorem 3.1 The zero solution of system (1) with AA;(t) = AB;(t) = 0 and fi(t,x(t),x(t —
h(t))) = 0 is exponentially stable if there exist symmetric positive definite matrices P;, Q;, R;,

S11i S
[ 511 ¢ SZ l] T; and appropriate dimension matrices Y;, Z; such that the following conditions hold:
12,i sl
Al. (i) Fori € Sy,
0Oy; > 0. (5)
(ii) Fori € Ss,
02,1' <0 and Q3,i > 0. (6)

A2. Assume that, for any t the switching law guarantees that

T~ (to,t) _ AT +A*
f > 7
B T 0,8 = A — A7 @)

where A* € (0, A™). Furthermore, there exists 0 < v < A* such that
(i) If the subsystem i € S, is activated in time intervals [t; _q,t; ),k =1,2,.

then
Ingp—v(t, —t; 1) <0, k=1,2,..,1(). (8)
(i1) If the subsystem j € S is activated in time intervals [t _1,t;,),k =1,2,.
then
Inp+Cihp —v(ty, —tj,—1) <0, k=1,2,..,N(t) - 1. 9)

Proof. Consider the following Lyapunov functional:
Vi) = Va,i(x(t)) + Vo,i(xe) + Vai(x) 4+ Vai(xe) + Vs,i(x)

where x; € C([—hpg, 0], R"), x¢(s) = x(t+5s), s € [—hp, 0] and
Va,i(x(t)) = xT (£ Pix(t),

Vasls) = [ AT (5)Qsx(s)ds

Vai(x) / /+S (§)Rix(g)dgds,
x(¢) T[Sn,i 512,1'] [ x(¢) }
vt = [ /+s [ k) Lot o] e ity e
Vs,i(xt) / / &)dEds.
It is easy to Verlfy that
ay || x() [P< Vi(xe) <ao | % |17 £ >0. (10)
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80 Time-Delay Systems

We have

IN

max{An(P;)}

Let lIJ = m ObViOUSly l)b Z 1 and we get

Vi(x) < pVi(x), Vi j € S, (11)

Taking derivative of V; ;(x(t)) along trajectories of any subsystem ith we have

Vii(x(t) = 2T () Px(t) + xT ()P ()
N

= Y M) xT () ATPx(t) + 2T (t — h(t))B] Pix(t)

i=1
+xT ()P Ajx(t) + xT (£)P;Bix(t — h(t))].

Next, by taking derivative of V,;(x¢), V3i(xt), Vai(x¢) and Vs;(x¢), respectively, along the
system trajectories yields

Va,i(xt) = xT()Qix(t) — (1 = h(t))e 2P (£ = h(t)) Qux(t — h(t)) — 2BV5(x1)
< xT()Qix(t) — (1= w)e PHOIRT (£ — k(1)) Qix(t = () —2Vai(x1),

Vi) = [ T (R(0) — PP (14 5)Rix(t +5)]ds — 26V3(x)

t
< haxT () R;x(t) — /t o 28T (5)R;x(s)ds — 2BV3i(x1),
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Vailxe) = /_Oh@[{x(@x—(i)@»] T [giﬁf giﬁﬂ [x@x—(i)(é))]

L A ] 35 L S

_6255[ ( x(t+s) ]T [511,1' Slz,i] [ ( x(t+s) ))]]ds

x(t+s—h(t+s)) Ssz,iSZZ,i x(t+s—h(t+s
—2pVyi(xt)

] i O R | P
S s ] [ ﬁ;; e

e 0] [ 3] e i o

—2BVyi(xt)

< i o] 38524 [ o)
L™ e ] [iiii 2] [ o)
—2BVyi(x1),

Vi) = [ BT = 27 (04 9)Tialr -+ )l

< hyxT () Tix(t) — /tt_h(t) xT(s)T;x(s)ds

— i T (O Tk (E) — ; t() ds——/th

Then, the derivative of V;(x;) along the any trajectory of solution of (1) is estimated by
N T
; t) < [ox()
Vilxr) <) Ai(t) { x( ] 07 ; { ] —2BVi(xt)
! ; N x(t—h(t)) Litx(t—h(t))
t
— / PE=DxT (5)Rix(s)ds — 2BV3,i(x)
t—h(t)
B /t (2B(s—1) [ x(s) }T {SlTl,i 512,1} { x(s) ] s
t—h(t) x(s —h(s)) 512,1' S22,i| |x(s —h(s))
1 ft

—2BVyi(xe) + haa(8) T Ty (1) — 5 i 2T (s)Tix(s)ds
1 t

1 T .
5 t_h(t)x (s)T;x(s)ds, (12)
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82 Time-Delay Systems

where
Or . — AlP; + PiA; + Qi + hmR; + hpS1,i Bl'P; 4 hpS1,i
1i = % —(1—p)e 2PMQ; + hpSp;
Since
/ / E)R;x(£)deds < / / T(&)R;x(8)deds
t+s t I’l
< hy 32/“5 DT (s)Rix(s)ds,
t—h(t)
we have
t
[ AT ()R (s ds<——/ / Rx(&)dzds
t—h(t) t+s
- Ly, (13)
M

Similarly, we have

/[ 2B(s—t) [ x(s) ]T {511,1‘ 512,1'] [ x(s) ] 1
/t—h(f) ‘ x(s — h(s)) SlT2,i Syl |x(s—h(s)) ds < hum Vailx), (14
and

1 t )
5 t_h(t)x(S)Tz‘x( s)ds < _WVS,i(xt)- (15)

From (12), (13), (14) and (15), we obtain

N X T x
W) £ 1) [y | 00y 20721000

i=1
—(2p+ ,;)(vg,xxt) Vi) — 22Mv5,i<xf>

1 rt
N ¢ (s)T;x . 16
2 |y FOTEE ) (16)

Fori € S, we have

- > ) 1 x(t)
W < ) |Gy | [ S |
By (5), (16) and Lemma 2.2, there exists ¢; > 0 such that

Vi(x;) < ZA ) || Vi) || €5E0), ¢ > . (17)

www.intechopen.com



Exponential Stability of Uncertain Switched System with Time-Varying Delay 83

2max{Apn (1)}

o i
where G = — (P}
1

Fori € S;, we have that when X; = [ }kl/l X12,z
22,i

g L(ti(th)(t))rxi {x(tx_(;)(t))}

T
_/tih(t) 2B(s—1) [x<tx_(2(t))] X, [x(tx_(th)(t))} ds > 0. (18)

Using the Newton-Leibniz formula, (Wu et al., 2004), we can write

} > 0, the following holds:

x(E—h(b)) = x(t) — /Lhm #(s)ds.

Then, for any appropriate dimension matrices Y; and Z;, we have

20xT (1) Y; 4+ xT(t — h(t))Z)[x(t) — /tth(t) 2(s)ds — x(t — h(t))] = 0.

It follows that
t

2xT (1) Yix () — 2xT(1)Y; /t—h(t) x(s)ds — 2xT (1) Yix (t — h(t)) + 2xT (t — h(t))Z;x(t)

23Tt — h(1)Z; /t #(s)ds — 2xT (£ — h(£))Zex(t — h(E)) = 0. (19)

t—h(t)

From (16) with (18) and (19), we have

N NS b)
< LAl [x(fi h(t»] R [x(tx—(w))} ~2pVai(x)

1 1
—(2B+ @)(V&i(xt) + Vi,i(xt)) — mVai(xt)
f () 17 x(t)
—/ x(t—h(t)| Qs [x(t—n(t))| ds. (20)
0 [ (s ()
By (6), (20) and Lemma 2.3, there exist {; > 0 such that
N
< LA Il Vil e “Glt=h) > g, (21)

min{An(-02)}

where ; = min{— max{)\M( 53 ,2B, th}.

Let N(t) denotes the number of times the system is switched on [t(, t) such that thT N(t) =
— 400

+o00. Suppose that o (tg) = ip,0(t1) = i1,...and o(t) = i.
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84 Time-Delay Systems

Let I(t) denotes the number of times the unstable subsystems are activated on [t(,t) and
N(t) — I(t) denotes the number of times the stable subsystems are activated on [ty, ). Suppose

thattyp <t] <tp) < ..and lim t,; = 4oo.
n—+00

From (11), (17) and (21), suppose that the j th subsystem of unstable mode is activated on the
interval [t, 1),
- if the i th subsystem of unstable mode is activated on the interval [t;_1, f;), then

Vilxt) S @ Il Vixry) | 8 ioeS U0,k € 1, 8q).

- if the i th subsystem of stable mode is activated on the interval [t;_1,¢;), then
Vi(xt) S ¢ || Vilxr,,) | e Gmtonef 0, ke 1y, t44).

Suppose that the j th subsystem of stable mode is activated on the interval [t;, 1),

- if the i th subsystem of unstable mode is activated on the interval [t;_1, {;), then
Vi(xt) < 9 |l Vilay ) || 8l GU00 € 1y, 1),

- if the i th subsystem of stable mode is activated on the interval [t;_1,1;), then

Vi(x) S 9 || Vi) || e Gl tie 8=t e (1, 4.4).

In general, we get

Z

1(t) -1

Vitxe) < T pefn ot T pefintite=Enltobet) e |V (ay) | 60000

m=1 I(t)+1

. ()1 B -

< [Tyt Ot T gpefilve (rto)o | v ) | e (0o,
m=1 n=I(t)+1

n

~

—
~~

~—

t > to. Using (7), we have

I(t) N()-1 )
Vi) < Ty x el || Vi (x,) | e MU0, 1>

m=1 n=I(t)+1

By (8) and (9), we get
Vi(xe) < Vi (xy) || e A 7000, ¢ > 1,

Thus, by (10), we have

| x(8) 1S /22 Iy || €72V 702000, 42 g,

1

which concludes the proof of the Theorem 3.1. O

3.2 Robust exponential stability of linear switched system with time-varying delay

In this section, we give conditions for robust exponential stability of the zero solution of

system (1) without nonlinear perturbation, namely f;(t,x(t), x(t — h(t))) = 0. The following

is the main result.

Theorem 3.2 The zero solution of system (1) with f;(t, x(t), x(t —h(t))) = 0is robustly exponentially
. " » - . S11i S12

stable if there exist positive real numbers e1;, €5;, positive definite matrices P;, Q;, R; and [ SlTl’Z 512’1}

12,i ©22,i
such that the following conditions hold:

Al. (i) Fori € Sy,

[1]

;> 0. (22)
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(ii) Fori € Ss,
g < 0.
A2. Assume that, for any t the switching law guarantees that

T~ (to,t) _ AT+ A*
>
N ) S A A

where A* € (0, A™). Furthermore, there exists 0 < v < A* such that

(i) If the subsystem i € S, is activated in time intervals [t; _q,t; ),k =1,2,.

then
lnl/)— (ik_tik 1)<O k:12 l()

(i1) If the subsystem j € Ss is activated in time intervals [t; _1,t; ),k =1,2,.

then

Iny+ihm —v(t, —t;,—1) <0, k=1,2,..,N(t) - 1.

Proof. Consider the following Lyapunov functional:

Vilxt) = Vyi(x(t)) + Vai(xe) + Vai(xe) + Vai(xt)
where x; € C([—hpy, 0], ]R”) t(s) = x(t+s),s € [—hp, 0], and V7 ;(x(t))

t
Vaita) = [ 0T (5) Quxls)ds
V3,i(xt) / /+s (§)R ix(C)deSz
x(€) S11,i S12,i x(¢)
Vailxt) / /+s { (¢ — h(f))] [5{2,1- 522,1'] {x(@—h(é))
It is easy to Verlfy that
ay || x(t) |P< Vi(xr) < az || x| £>0.

Similar to (11), we have
Vilxt) < 9Vj(xe), Vi, j € S.

} dcds.

Taking derivative of V; ;(x(t)) along trajectories of any subsystem ith, we have

Vi(x(t)) = 'T( B)Pix(t) +x" ()P (t)

_ ZA (OATPx(t) + xT () AAT (1) Pix(t) + 2T (¢

— h(t))B] Pix(t)

+xT(t — h())ABT (1) Pix(t) + xT (H) P Ax () + xT () BAA; (£)x ()

+xT()P;Bix(t — h(t)) + xT () P;AB; (£)x(t — h(t))].

Applying Lemma 2.1 and from (2) and (3), we get

2xT(H)AAT (D) Px(t) < e xT () H Hyx(t) + eqpx” (#) PELE;Pix(t),
(£)PiE;EgiPix(t).

2xT(t — h(t))ABT (1) Px(t) < ey xT (t — h(t)) HE; Hoix(t — h(t)) + egix”

www.intechopen.com
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Next, by taking derivative of V,;(x;), V3;(x;) and Vj;(x;), respectively, along the system
trajectories yields

Va,ilxe) < xT(H)Qix(t) — (1 — pw)e P OxT (¢ — (1)) Qix(t — h(t)) — 2BVai(xe),

. t
Vsi(xr) < hpgxT () Rx(t) — /t_h(t) 2Py (s)Rix(s)ds — 2BV3 i(xt),

Vailxe) < [x<t"_(’2<t)] e L)
B [x(sx—(?(s»} < giﬂ s o)
—2BVyi(xt).

Therefore, the estimation of derivative of V;(x;) along any trajectory of solution of (1) is given
by

: N 1 15 (t)
W0 < L0 [y | 2 [ ) 26000
- /tth(t) e2P6=txT (s)Rx(s)ds — 2BV3 i(x¢)
; cn [ x(s) T [SwiSua] [ x(s)
S el P B i | A
—2BVyi(xt). (29)

Fori € S, we have
N T
” , x(t) = | x()
w0 < |Gy |2 [ e |
Similar to Theorem 3.1, from (22) and (29), we get
Vi(xe) < ZA ) || Vi) || 100, ¢ > 1, (30)

2max{ A (21)}
ml.in{/\m(Pi)} .

where §; =

Fori € Sg, from (13), (14) and (29), we have
, o ) 1Tz [ * 1
Vz(xt> < i:Z:l/\z(t) {x(t . h(t))} =i L(t . h(t))} 2,5V2,z(xt)

2B+ (Vi) + Vi) G1)
M

www.intechopen.com



Exponential Stability of Uncertain Switched System with Time-Varying Delay 87

Similar to Theorem 3.1, from (23) and (31), we get

Z

2 £ || Vilay,) || e~ % E10) ¢ > ¢ (32)

min{/\m(—Ei)}
@y 2P

In general, from (28) (30) and (32), with the same argument as in the proof of Theorem 3.1, we
get

where ; = min{— max T

I(#) N(#)—-1
Vi(xt) < H l/)e/\+(tm_tmfl) % H lpe@inhMe—A*(tn—tnq)x | Vi, (x1) |l e—/\*(t—tN(t),l)’
m=1 n=I(t)+1

t > to. Using (24), we have
(1) N(t)—1 )
Vite) < TTwx TT webn™ax || Vi (x,) || e ¥ 0, 1>
m=1 n=I(t)+1

By (25) and (26), we get

Vixt) <I| Vi () [| e X000 > g,

3 _ 1y _
| x(t) |< ,/a—l | xg, || e 2TV g >,

which concludes the proof of the Theorem 3.2. O]

Thus, by (27), we have

3.3 Robust exponential stability of switched system with time-varying delay and nonlinear
perturbation

In this section, we deal with the problem for robust exponential stability of the zero solution

of system (1).

Theorem 3.3 The zero solution of system (1) is robust exponentially stable if there exist positive

S11,i S12,i

real numbers €3;, £4;, €54, positive definite matrices P;, Q;, R; and { oI g
12,i 022,

} such that the following

conditions hold:

Al. (i) Fori € Sy,
Q; > 0. (33)

(ii) Fori € Ss,
Q; <0. (34)

A2. Assume that, for any t the switching law gquarantees that

_ + k
LT (t ) AT 4A

T (t0,0) © A= — A (39
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where A* € (0,A7). Furthermore, there exists 0 < v < A* such that
(i) If the subsystem i € Sy, is activated in time intervals [t; _1,t; ),k =1,2,..., then

Inp—v(ty —t;, 1) <0, k=1,2,...,1(t). (36)
(ii) If the subsystem j € Ss is activated in time intervals [tjk,l, tjk),k =1,2,..., then
Iy + G — v(t;, —t;, 1) <0, k=1,2,..,N(t) — 1. (37)
Proof. Consider the following Lyapunov functional:

Vi(xe) = Vii(x(t)) + Voi(xe) + Vai(xr) + Vi i(xe)

where x; € C([—hp, 0], R"), x4(s) = x(t+s),s € [—hp, 0] and
V1,i(x(t) = 2T (t)Pix(t),

Voi(x) = /t PPEDxT (5)Qix(s)ds
Vsi(xs) / /+s R;x(&)déds,

T a. .
V4ﬂ'<xt>=/_h<t> [ [X(C—(i)(ﬁ))] B 5] e Sy e

It is easy to verify that
ap || x(t) [P< Vi(xe) <zl 2 |7 £ > 0. (38)

Similar to (11), we have
Vi(xe) < ¢Vj(xt), Vi,j € S. (39)
Taking derivative of V; ;(x(t)) along trajectories of any subsystem ith we have

Vai(x(t) = 2T () Px(t) + xT ()P (1)

= i (AT Px(t) + xT () AAT (£)Pix(t) + xT (t — h(t))B] Px(t)
_I_
_|_
+

xT(t = () AB] (£) Py (t) + £ (8, x(8), x(t = h(£)))Pix(t) + xT (£) P Apx(t)
H)P;Bix(t — h(t)) + xT (£)P;AB;(t)x(t — h(t))

xT(OPAA;(H)x(t) + xT
f—h(t)]

(
xT (8P fi(t, x(t), x(t — h

From lemma 2.1, we have

2ff (£, x(8), x(t = h(E))Pix(t) < £ (tx(8), x(t = h(£))) W, fi(t, x(8), x(t = h(t)))
+XT(t>Pl'WiPix(t).

By choosing W; = €3;1; and from (4), we have
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Applying Lemma 2.1 and from (2) and (3), we get

2T (1) AAT ()Pix(t) < e xT () HijHyix(t) + egix” (£) BESE4iPix(t),
22T (t — h(t))AB] (H)Pix(t) < eg'xT (t — h(t))HE; Hsix(t — h(t)) + esix” () PLESEs;Pix(t).

Next, by taking derivative of V,;(x¢), V3 ;(x¢) and Vj;(x;), respectively, along the system
trajectories yields

Vai(xi) < 2T ()Qux(t) = (1= w)e MOl (k= h(#)Qux(t = (1)) — 2BV, (xi),
Vi) < hagx (ORx(t) = [ 2T (5)Rx(s)ds = 28Vay ),

Vailxn) < g [x(tx—(thM sre oo
0 e ) K H Sl
—2BVyi(xt).

Then, the derivative of V;(x;) along any trajectory of solution of (1) is estimated by
- 3 n 1'e, [ x®)
Vilxr) < ) Ai(t) { x } O; [ } —2BVyi(xt)
LG L= niey)] O e = niry)
t
— / PE=DxT (5)Rix(s)ds — 2BV3,i(x)
t—h(t)
_/t 2B(s—1) { x(s) ]T [SlTl,i 512,1'] [ x(s) } s
E—h(t) X(s —h(s))] [Sip; S22 [x(s —h(s))
—2pV4,i(x1). (40)

Fori € S,, it follows from (40) that

. N () 1" x(t)
Vi) < LA L(t 8 h(t))] o [x<t F h(,f))} . (a1)
Similar to Theorem 3.1, from (33) and (41), we get
N
2 B) || V(o) || €810, 1 > ¢, (42)
2max{Ap(©;)}
where ¢; = min{ A (P}
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Fori € S, from (13), (14) and (40), we have

. N x(t T x(t
Vi(xt) < ;Aia) {x(t—(h)(t))} O; [x(t—(h)(t))} _25V2,i(xt)
—@+ ) (Vaian) + Vai(xi)) 3)

Similar to Theorem 3.1, from (34) and (43), we get

Z

Z £) || Vi) || e G000, £ > ¢ (44)

min{)\m(—@i)}
oy P

In general, from (39) (42) and (44), with the same argument as in the proof of Theorem 3.1, we
get

where {; = min{— max T

I(t) N(t)—1
H tm E— 1) X H lpegznhMe (tnftn—l)x || ‘/io (xi'0> || e_/\i(t_tN(t)fl),
=1 1(H)+1

t > to. Using (35), we have
1(t) N(t)—1
Vixe) < TT o H el || Vi (xry) [ e A1), 1 > g,
m=1 =I(t)+1

By (36) and (37), we get

Vi(xe) <|| Vi (xg) || e= A =00=0) > g,

Thus, by (38), we have
x(t) [|< a3 Xt e—%()\*—V)(t—fo)’ t> 1,
I x(6) 1< /2 :
1
which concludes the proof of the Theorem 3.3. O

4. Numerical examples

Example 4.1 Consider linear switched system (1) with time-varying delay but without matrix
uncertainties and without nonlinear perturbations. Let N = 2, S, = {1},Ss = {2}. Let
the delay function be h(t) = 0.51sin’t. We have hy; = 051, u = 1.02,A(A; + By) =
0.0046, —0.0399, A(A,) = —0.2156,0.0007. Let B = 0.5.

Since one of the eigenvalues of A + B; is negative and one of eigenvalues of A, is positive,
we can’t use results in (Alan & Lib, 2008) to consider stability of switched system (1). By using
the LMI toolbox in Matlab, we have matrix solutions of (5) for unstable subsystems and (6) for
stable subsystems as the following;:

For unstable subsystems, we get
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P 41.6819 0.0001 0 = 24.7813 —0.0002 R — 33.1027 —0.0001

171 0.0001 41.5691|”=' "~ |—0.0002 24.7848 | "1 — | —0.0001 33.1044 |’
S _ 33.1027 —0.0001 S _ —0.0372 —0.0023 S _ 50.0412 0.0001

L= 1_0.0001 33.1044 | * 721~ | —0.0023 0.7075 |’ 7?21~ | 0.0001 50.0115| "
[41.7637 —0.0001

—0.0001 41.7920} '
For stable subsystems, we get
P — (71.8776 2.3932 0, = 7.2590 —0.3265 Ry — 10.4001 —0.4667

2 | 2.3932 110.8889 |’ 2 —0.3265 0.8745 |’ 2 —0.4667 1.2806 |’
S A 12.7990 —0.4854 S AN —3.1787 0.0240 S L 4.6346 —0.0289

1,271 _0.4854 3.5031 |’7122 0.0240 —2.8307|’7%%2 ~ |—0.0289 4.0835 |’
[16.9964 0.0394 oo — 17.2639 —0.1536 oo — —9.6485 —0.1466
10.0394 17.7152| 112 ™ | —0.1536 14.2310 | 122~ | —0.1466 —12.5573] "
oo — 16.9716 —0.1635 Y, — —3.4666 —0.1525 7 6.8776 —0.0574

2227 1-0.1635 13.8095 | © 2~ |—0.1525 —6.3485| "% ~ | —0.0574 5.7924 |-
By straight forward calculation, the growth rate is AT = ¢ = 2.8291, the decay rate is A~ =
¢ =0.0063, A(Q7 1) = 25.8187,25.8188, 58.7463, 58.8011, A(Qp ) = —10.1108, —3.7678,
— 2.0403, —0.7032 and A(Qg,/z) = 1.4217,4.2448, 5.4006, 9.1514, 29.3526, 30.0607. Thus, we may
take A* = 0.0001 and v = 0.00001. Thus, from inequality (7), we have T~ > 456.3226 T". By
choosing Tt =0.1, we get T~ > 45.63226. We choose the following switching rules:
(i) for t € [0,0.1) U [50,50.1) U [100,100.1) U [150,150.1) U ..., subsystem i = 1 is activated.
(ii) for t € [0.1,50) U [50.1,100) U [100.1,150) U [150.1,200) U ..., subsystem i = 2 is activated.
Then, by Theorem 3.1, the switching system (1) is exponentially stable. Moreover, the solution
x(t) of the system satisfies

T =

T, =

| x(t) ||< 11.8915¢~0-000045 4 < [0, 00).

The trajectories of solution of switched system switching between the subsystems i = 1 and
i = 2 are shown in Figure 1, Figure 2 and Figure 3, respectively.

1.4

1.2F X2

x1,x2

100 150 200

Fig. 1. The trajectories of solution of linear switched system.
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012} .

x1,x2

0.08

0.06

0.04

0.02

0.1

20 30
time

Fig. 2. The trajectories of solution of subsystem i = 1.

0.2

40 50

0.15

0.1H

x1,x2

0.05f

-0.05
0

50

100 150
time

Fig. 3. The trajectories of solution of subsystem i = 2.

200

Example 4.2 Consider uncertain switched system (1) with time-varying delay and nonlinear
perturbation. Let N = 2, S, = {1},Ss = {2} where

A, — [0.1130 0.00013
1= 10.00015 —0.0033

A, — 55200 1.0002
271 1.0003 —6.5500

£ _ . [0:2000 0.0000
1i = £2i = 10 0000 0.2000

sint 0
hi=hi= [ 0 sint

www.intechopen.com
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} , Hyi

:| /i - 1/2/

0.0002 0.0012
0.0014 —0.5002 |’

0.0245 0.0001
0.0001 0.0237 |’

0.1000 0.0000}

Hai = {o.oooo 0.1000

/i = 1/2/
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A0, 5= )) = [ PG ]
Folt,x(t), x(t = h(b))) = {0 5x02?f1_( )(S?)I( <(t )( ))}

From
I fr(t,x(8), x(t = k(1)) || = [0.1xq (#) sin(x1 (£))]? + [0.1xa (¢ — h(t)) cos(xa(£))]?
< 0.01x%(t) 4+ 0.01x5 (t — h(t))
< 0.01 || x(¢) ||2 +0.01 || x(t — h(t)) ||2
< 001 x(t) || + [ x(t = () [I1%,
we obtain

I fu(tx(8), x(t = h(£))) [[< 01 | x(8) | +0.1 [ x(t = h(E)) || -
The delay function is chosen as h(t) = 0.25sin? t. From

| fa(t,x(8), x(t = h(£))) || = [0.5x1 () sin(x1 ())]? + [0.5x2(t — h(t)) cos(xa(1))]?
< 0.25x%(t) 4 0.25x5 (t — h(t))

< 0.25 || x(t) || 40.25 || x(t — h(t)) ||?
< 0.25[|| x() || + | x(t =1 (8) (117,

we obtain
| fat, x (), x(t = h(t))) |05 || x(t) || +0.5 || x(t —h(t)) ||

We may take hj; = 0.25, and from (4), we take y; = 0.1,6; = 0.1,y = 0.5, 5, = 0.5. Note that
A(A7) = 0.11300016, —0.00330016. Let B = 0.5, 1 = 0.5. Since one of the eigenvalues of A is
negative, we can’t use results in (Alan & Lib, 2008) to consider stability of switched system
(1). From Lemma 2.4 , we have the matrix solutions of (33) for unstable subsystems and of
(34) for stable subsystems by using the LMI toolbox in Matlab as the following:
For unstable subsystems, we get
e31 = 0.8901, g41 = 0.8901, €51 = 0.8901,
P — 0.2745 —0.0000 0 = 0.4818 —0.0000 = 0.8649 —0.0000

1™ 1-0.0000 0.2818 |”~1~ |-0.0000 0.5097 |’ [~0.0000 0.8729
- 0.8649 —0.0000 St — 104 x —0.1291 —0.8517

1= 1-0.0000 0.8729 |’ 7121 —0.8517 0.1326
S 1.0877 —0.0000

2217 1-0.0000 1.0902
For stable subsystems, we get
€3 = 2.0180, €40 = 2.0180, €50 = 2.0180,
P — 0.2741 0.0407 0, = 1.3330 —0.0069 R, — 1.0210 —0.0002

27100407 0.2323] 7 =2~ | —0.0069 1.3330 |’ 2~ |—0.0002 1.0210
- 1.0210 —0.0002 T —0.0016 —0.0002

127100002 1.0210 |’ 122~ | -0.0002 —0.0016 |’
Spy — { 0.8236 —0.0006}

’ —0.0006 0.8236

By straight forward calculation, the growth rate is AT = ¢ = 8.5413, the decay
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rate is A~ = { = 01967, A(@;) = 0.1976,0.2079,1.1443,1.1723 and A(©®,) =
—0.7682, —0.6494, —0.0646, —0.0588. Thus, we may take A* = 0.0001 and v = 0.00001.

Thus, from inequality (35), we have T~ > 43.4456 T*. By choosing T™ = 0.1, we get
T~ > 4.34456. We choose the following switching rules:

(i) fort € [0,0.1) U [5.0,5.1) U [10.0,10.1) U [15.0,15.1) U ..., system i = 1 is activated.

(ii) for t € [0.1,5.0) U [5.1,10.0) U [10.1,15.0) U [15.1,20.0) U ..., system i = 2 is activated.
Then, by theorem 3.3.1, the switched system (1) is exponentially stable. Moreovert, the solution
x(t) of the system satisfies

| x(t) || < 1.8770e 0000045 " < [0, c0).

The trajectories of solution of switched system switching between the subsystems i = 1 and
i = 2 are shown in Figure 4, Figure 5 and Figure 6, respectively.

1.4

1.2

x1,x2

time

Fig. 4. The trajectories of solution of switched system with nonlinear perturbations

5. Conclusion

In this paper, we have studied the exponential stability of uncertain switched system with
time varying delay and nonlinear perturbations. We allow switched system to contain stable
and unstable subsystems. By using a new Lyapunov functional, we obtain the conditions for
robust exponential stability for switched system in terms of linear matrix inequalities (LMIs)
which may be solved by various algorithms. Numerical examples are given to illustrate the
effectiveness of our theoretical results.
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x1,x2

Fig. 5. The trajectories of solution of system i = 1

x1,x2

1.5 2 2.5 3
time

Fig. 6. The trajectories of solution of system i = 2
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