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1. Introduction 

Gas-sparged vessels agitated by mechanically rotating impellers are apparatuses widely 
used mainly to enhance the gas-liquid mass transfer in industrial chemical process 
productions.  For gas-liquid contacting operations handling liquids of low viscosity, baffled 
vessels with unidirectionally rotating, relatively small sized turbine type impellers are 
generally adopted and the impeller is rotated at higher rates.  In such a conventional 
agitation vessel, there are problems which must be considered (Bruijn et al., 1974; Tanaka 
and Ueda, 1975; Warmoeskerken and Smith, 1985; Nienow, 1990; Takahashi, 1994): 1) 
occurrence of a zone of insufficient mixing behind the baffles and possible adhesion of a 
scale to the baffles and the need to clean them periodically; 2) formation of large gas-filled 
cavities behind the impeller blades, producing a considerable decrease of the impeller 
power consumption closely related to characteristics on gas-liquid contact, i.e., mass 
transfer; 3) restriction in the range of gassing rate in order to avoid phenomena such as 
flooding of the impeller by gas bubbles, etc.  Neglecting these problems may result in a 
reduced performance of conventional agitation vessels.  Review of the literatures for the 
conventional agitation vessel reveals that a considerable amount of work was carried out to 
improve existing type apparatuses.  However, a gas-liquid agitation vessel which is almost 
free of the above-mentioned problems seems not to have hitherto been available.  Therefore, 
there is a need to develop a new type apparatus, namely, an unbaffled vessel which 
provides better gas-liquid contact and which may be used over a wide range of gassing 
rates.   
As mentioned above, in conventional agitation vessels, baffles are generally attached to the 
vessel wall to avoid the formation of a purely rotational liquid flow, resulting in an 
undeveloped vertical liquid flow.  In contrast, if a rotation of an impeller and a flow 
produced by the impeller are allowed to alternate periodically its direction, a sufficient 
mixing of liquid phase would be expected in an unbaffled vessel without having anxiety 
about the problems encountered with conventional agitation vessels.  We developed an 
agitator of a forward-reverse rotating shaft whose unsteady rotation proceeds while 
alternating periodically its direction at a constant angle (Yoshida et al., 1996).  Additionally, 
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we designed an impeller with four blades as are longer and narrower and are of triangular 
sections.  The impellers were attached on the agitator shaft to be multiply arranged in an 
unbaffled vessel with a liquid height-to-diameter ratio of 2:1.  This unbaffled vessel agitated 
by the forward-reverse rotating impellers was applied to an air-water system and then its 
performance as a gas-liquid contactor was experimentally assessed, with resolutions for the 
above-mentioned problems being provided (Yoshida et al., 1996; Yoshida et al., 2002; 
Yoshida et al., 2005).   
Liquid phases treated in most chemical processes are mixtures of various substances.  

Presence of inorganic electrolytes is known to decrease the rate for gas bubbles to coalesce 

because of the electrical effect at the gas-liquid interface (Marrucci and Nicodemo, 1967; 

Zieminski and Whittemore, 1971).  In many cases, the electrical effect creates different gas-

liquid dispersion characteristics, such as decreased size of gas bubbles dispersed in liquid 

phase without practical changes in their density, viscosity and surface tension (Linek et al., 

1970; Robinson and Wilke, 1973; Robinson and Wilke, 1974; Van’t Riet, 1979; Hassan and 

Robinson, 1980; Linek et al., 1987). The present work assesses the mass transfer 

characteristics in aerated electrolyte solutions, following assessment of those in the air-water 

system, for the forward-reverse agitation vessel. In conjunction with the volumetric 

coefficient of mass transfer as viewed from change in power input, which is a typical 

performance characteristic of gas-liquid contactors, the dependences of mass transfer 

parameters such as the mean bubble diameter, gas hold-up and liquid-phase mass transfer 

coefficient were examined.  Such investigations including correlation of the mass transfer 

parameter could quantify enhancement of the gas-liquid mass transfer and predict 

reasonably the values of volumetric coefficient.   

2. Experimental 

2.1 Experimental apparatus 

A schematic diagram of the experimental set-up is shown in Fig. 1.  The vessel was a 

combination of a cylindrical column (0.25 m inner diameter, Dt, 0.60 m height) made of 

transparent acrylic resin and a dish-shaped stainless-steel bottom (0.25 m inner diameter 

and 0.075 m height).  The liquid depth, H, was maintained at 0.50 m, which was twice Dt.  

An impeller is one with four blades whose section is triangular (0.20 m diameter, Di, Fig. 2), 

and was used in a multiple manner where the triangle apex of the blade faces downward.  

Different experiments employed 2-8 impellers; the number is represented as ni.  The 

impellers were set equidistantly on the shaft in its section between the lower end of the 

column and the liquid surface.  Additionally, the angular difference of position between the 

blades of one impeller and those of upper and lower adjacent impellers was 45 degree.  In 

the mechanism for transmitting motion used here (Yoshida et al., 2001), when the crank is 

rotated one revolution, the shaft on which the impellers were attached first rotates up to 

one-quarter of a revolution in one direction, stops rotating at that position and rotates one-

quarter of a revolution in the reverse direction.  That is, the angular amplitude of forward-

reverse rotation, θo, is π/4.  When such a rotation with sinusoidal angular displacement is 

expressed in the form of a cosine function, the angular velocity of impeller, ωi, is given by 

the sine function as 

 ωi=2πθoNfrsin(2πNfrt) (1) 
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Fig. 1. Schematic flow diagram of experimental apparatus.  Dimensions in mm. 

 

 

Fig. 2.  Structure and dimensions (in mm) of the impeller used. 

where Nfr is the frequency of forward-reverse rotation and was varied from 1.67 to 6.67 Hz 
as an agitation rate.  A ring sparger with 24 holes of 1.2 mm diameter (the circle passing 
through the holes’ centers is 0.16 m diameter) was used for aeration. The gassing rate ranged 
from 0.4×10-2 to 1.7×10-2 m/s in the superficial gas velocity, Vs.  Comparative experiments in 
the unidirectional rotation mode of impeller were undertaken using a conventional impeller, 
a disk turbine impeller with six flat blades (DT, 0.12 m Di).  DTs were set in a dual 
configuration on the shaft and a nozzle sparger with a single hole of 7 mm diameter was 
equipped for the fully baffled vessel. Geometrical conditions such as Dt and H were 
common to the forward-reverse and unidirectional agitation modes. Sodium chloride 
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solutions of different concentrations (up to 2.0 wt%) were used at 298 K as the liquid phase 

containing electrolyte.  Physical properties of these liquids such as density, ρ, viscosity, μ, 
and diffusivity, DL, were approximated by those for water.   

2.2 Measuring system for power consumption of impeller 
A system measuring unsteady torque of the shaft due to unsteady rotation of the impeller 
consisted of the fluid force transducing part, impeller displacement transducing part and 
signal processing part. In the fluid force transducing part, the strain generated during 
operation in a copper alloy coupling having four strain gauges is recorded continuously. In 
the impeller displacement transducing part, a switching circuit composed of a light emitting 
diode and a phototransistor, etc. pulses the rest point in cycles of forward-reverse rotation of 
impeller, thereby adjusting the frequency of forward-reverse rotation and defining the 
trigger point of measurements as the rest point.  In the signal processing part, the analog 
signals of voltage from the fluid force and impeller displacement transducers are input into 
a computer after being digitized to permit calculations of the torque of the forward-reverse 
rotating shaft.  The fluid force transducer detects the strains caused by different forces such 
as fluid forces acting on the impeller and shaft and inertia forces due to the acceleration of 
the motions of the impeller and shaft.  The fluid force acting on the shaft was found to be 
negligibly small in analysis, compared with that acting on the impeller.  Hence, the moment 
of the fluid force acting on the impeller, i.e., the agitation torque, can be obtained by 
subtracting the value measured in air from that in liquid, with the impellers attached.   
The time-course curve of instantaneous power consumption, Pm, was obtained by 
multiplying the instantaneous torque, Tm, measured over one cyclic time of forward-reverse 
rotation of impeller by the angular velocity of impeller at the corresponding time [Eq. (1)].  
The time-averaged power consumption, Pmav, that is based on the total energy transmitted in 
one cycle was graphically determined from the time-course curve of Pm.   

 Pmav=∮Pmdt/(1/Nfr)=ΣPmΔt/(1/Nfr) (2) 

The following equation was used to calculate the power consumption for aeration, Pa:   

 Pa=ρgVsVo (3) 

where g is the acceleration due to gravity and Vo is the liquid volume above the sparger.   

2.3 Measuring system for mass transfer parameters 
For mass transfer experiments, the physical absorption of oxygen in air by water was used.  
The volumetric coefficient of oxygen transfer was determined by the gassing-out method 
with purging nitrogen. The time-dependent dissolved oxygen concentration (DO), CL, after 
starting aeration under a given agitation was measured at the midway point of the liquid 
depth, i.e., the distance 0.25 m above the vessel bottom, using a DO electrode.  When there 
was assumed to be little difference of oxygen concentration between the inlet air and outlet 
gas, the overall volumetric coefficient based on the liquid volume, KLaL, was obtained from 
the following relation:   

 ln[(CL*-CL)/(CL*-CLo)]=-KLaLt (4) 

where CLo is the initial concentration, CL* is the saturated concentration and t is the time.  
The error in the value of volumetric coefficient due to the response lag of the DO electrode 
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was corrected based on the first-order model using the time constant obtained in response 
experiments.  KLaL determined in this way was regarded as the liquid-side volumetric 
coefficient, kLaL, because in this system, the resistance to mass transfer on the gas side was 
negligible compared with that on the liquid side.   
In analyzing the time-course of oxygen concentration, a model was used assuming well-
mixed liquid phase and gas phase without depletion.  Previous researchers including one 
(Calderbank, 1959) referred for comparison have resolved the difficulty to analyze changes 
in gas phase by ignoring the depletion of solute, so that gas bubbles are assumed to have the 
same composition between the inlet and outlet gas streams at all time.  It has been 
demonstrated that the errors inherent in such assumptions are significant and that their 
effect on evaluation of the volumetric coefficient is considerable (Chapman et al., 1982; Linek 
et al., 1987), which may underestimate the values of volumetric coefficient.  Justification for 
the assumptions lies in the fact that agreement between the observed values and calculated 
ones from earlier empirical equations (Van’t Riet, 1979; Nocentini et al., 1993) was 
satisfactory and that the analytical result still preserves the relative order of difference 
between the agitation modes, making them practical comparison.  Therefore, it is to be 
noted that the values of volumetric coefficient evaluated in this work are confined to the 
control for comparison and would be required for the reliability to be improved.   
Photographs of gas bubbles were taken at the midway point of the liquid depth, i.e., the 
distance 0.25 m above the vessel bottom.  A square column was set around the vessel section 
where the photographs were taken.  The space between the square column and vessel was 
also filled with water to reduce optical distortion.  A point immediately inside the vessel 
wall was focused on.  When a lamp light was collimated through slits to illuminate the 
vertical plane including that point, bodies within 25 mm inside the vessel wall could be 
almost in focus.  The average value of readings of a scale placed in that space was employed 
as a measure for comparison.  A spheroid could approximate the bubble shape observed on 
the photographs.  By measuring the major and minor axes for at least 100 bubbles 
photographed, the volume-surface mean diameter, dvs, was calculated.  The overall gas hold-

up, φgD, based on the gassed liquid volume was determined using the manometric technique 
(Robinson and Wilke, 1974).  The manometer reading was corrected for the difference of 
dynamic pressure, namely, that of the reading measured in ungassed liquid.  When the 
dispersion is assumed to comprise spherical gas bubbles of size dvs, the gas-liquid interfacial 
area per unit volume of gassed liquid, aD, is calculated from the following equation:   

 aD=6φgD/dvs (5) 

The liquid-phase mass (oxygen) transfer coefficient, kL, was separated from the volumetric 

coefficient based on the liquid volume, kLaL, using aD and φgD.   

 kL=(kLaD)/aD=(kLaL)(1-φgD)/aD (6) 

3. Power characteristics of forward-reverse agitation vessel 

3.1 Viscous and inertial drag coefficients 

The following expression is assumed for the torque of the forward-reverse rotating shaft on 
which the impellers were attached, i.e., the agitation torque, Tm:   

 Tm=CdρDi5ωi⏐ωi⏐+CmρDi5(dωi/dt) (7) 
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where Di is the diameter of impeller, ωi is the angular velocity of impeller, ρ is the density of 

fluid around impeller and t is the time.  Cd is the viscous drag coefficient relating to the 

moment of viscous drag on impeller and Cm is the inertial drag coefficient relating to the 

moment of inertia force due to the acceleration of fluid motion caused by impeller forward-

reverse rotation.  These coefficients are expressed in a form of average over one cyclic time 

of forward-reverse rotation of impeller as follows, respectively, using the coefficients of the 

fundamental frequency components of sine and cosine obtained by expanding Eq. (7), into 

which the time-dependence of ωi [Eq. (1)] was substituted, in Fourier series:   

 Cd=(3π/8)[(1/π)∮(Tm/ρDi5θo2ωfr2)sin(ωfrt)d(ωfrt)] (8) 

 Cm=θo[(1/π)∮(Tm/ρDi5θo2ωfr2)cos(ωfrt)d(ωfrt)] (9) 

where ωfr is the angular frequency of the sinusoidal time-course of ωi and is equal to 2πNfr.  
Moreover, Eq. (7) for the time-course of Tm is rewritten as follows:   

 Tm=(ρDi5θo2ωfr2)[(8Cd/3π)sin(ωfrt)+(Cm/θo)cos(ωfrt)] (10) 

 

The data of agitation torque, Tm, measured in electrolyte solutions of different 

concentrations when the gassing rate, the agitation rate and the number of impellers were 

varied were analyzed based on Eq. (10).  An example of ungassed and gassed analytical 

results is shown in Fig. 3.  The thin solid line in the figure is for the values calculated from 

Eq. (10) with the viscous and inertial drag coefficients, Cd and Cm, determined 

experimentally using Eqs (8) and (9).  Good agreements were found between the observed 

and calculated values, regardless of the conditions with and without aeration. For the 

difference due to aeration, it was found that the values of gassed Tm were on the whole 

small compared those of ungassed Tm.  Both the resultant Cd and Cm exhibited the low values 

under the gassed condition in comparison with the ungassed one.   

For all systems when the agitation conditions such as the agitation rate, Nfr, and the number 

of impellers, ni, were varied in electrolyte solutions of different concentrations, Ce, the drag 

coefficients decreased with increase of the superficial gas velocity, Vs. The dependences of 

the ratios of gassed coefficients to ungassed ones, Cdg/Cdo and Cmg/Cmo, characterizing the 

decrease of the resistance of fluid for the impeller rotation due to aeration, on the agitation 

conditions were examined.  Cdg/Cdo and Cmg/Cmo decreased with increase of Nfr, whereas the 

coefficient ratios were almost independent of ni and Ce.  The drag coefficients with variation 

of the aeration and agitation condition in the electrolyte solutions were correlated in the 

following form:   

 Cd=(0.0024ni0.89)exp[-(2.3×0.52)Vs0.69Nfr0.69] (11) 

 Cm=(0.00032Nfr-0.06ni1.00)exp[-(2.3×0.31)Vs1.07Nfr1.07] (12) 

The correlation results are shown in Figs 4 and 5 as the relation between Cdg/Cdo and 

0.52Vs0.69Nfr0.69 and that between Cmg/Cmo and 0.31Vs1.07Nfr1.07, respectively. As can be seen 

from the figures, the observed values of respective drag coefficients were satisfactorily 

reproduced by Eqs (11) and (12).   
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Fig. 3. Time-course of agitation torque, Tm. 

 

 

Fig. 4. Relationship between drag coefficient Cdg/Cdo and operating conditions. 

 
 

 

Fig. 5. Relationship between drag coefficient Cmg/Cmo and operating conditions. 
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3.2 Power consumption of impeller 

The instantaneous power consumption, i.e., the agitation power, Pm, in the cycle of forward-
reverse rotation of impeller could be expressed by the following equation as the product of 

the agitation torque, Tm, [Eq.(10)] and the angular velocity of impeller, ωi, [Eq.(1)]:   

 Pm=(ρDi5θo3ωfr3)sin(ωfrt)[(8Cd/3π)sin(ωfrt)+(Cm/θo)cos(ωfrt)] (13) 

Using Eq. (13), the time-averaged power consumption, Pmav, that is based on the total energy 
transmitted in one cycle of forward-reverse rotation of impeller is related to the viscous drag 
coefficient, Cd, as follows:   

 Pmav=∮Pmdt/(2π/ωfr)=(4/3π)(ρDi5θo3ωfr3)Cd (14) 

Figure 6 shows an example of the changes in Pm with time. The thin solid line in the figure is 
for the values calculated from Eq. (13) with the drag coefficients, Cd and Cm, determined 
experimentally.  Agreements between the observed and calculated values were found to be 
good.  According to Eq. (2), the value of Pmav was determined by integrating graphically Pm 
with the time.  On the other hand, combined use of Eq. (14) with Eq. (11) enables to calculate 
Pmav as a function of the aeration and agitation conditions such as Vs, Nfr and ni.  Figure 7  
 

 

Fig. 6. Time-course of agitation power, Pm. 

 

Fig. 7. Comparison of average agitation power, Pmav, values observed with those calculated. 
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compares the Pmav values determined experimentally with those calculated from Eq. (14) 
used with Eq. (11). These equations reproduced the experimental Pmav values with an 

accuracy of ±20 % and was demonstrated to be useful for prediction of the values of the 
power consumption of the forward-reverse rotating impeller.   
Equations (11) and (12) indicate that the power consumption of the forward-reverse rotating 

impeller in liquid phase where gas bubbles are dispersed is independent of the electrolyte 

concentration. That is, the power characteristics are perceived to be independent of the 

dispersing gas bubble size which changes depending on the electrolyte concentration in 

liquid phase. This result, which is observed also for unidirectionally rotating impellers 

(Bruijn et al., 1974), would be caused by difficulty for the cavities formed behind the blades 

of impeller to be affected by small sized gas bubbles dispersed in liquid phase.   

4. Mass transfer characteristics of forward-reverse agitation vessel 

The differences of the volumetric coefficient of mass transfer when the aeration and 

agitation conditions were varied were investigated in terms of the power input. A total 

power input was employed as the sum of the aeration and agitation power inputs. The 

aeration power input defined as the power of isothermal expansion of gas bubbles to their 

surrounding liquid was calculated from Eq. (3).  For the agitation power input, the average 

power consumption of impeller calculated from Eqs (14) and (11) was used.  Figure 8 shows 

a typical result of the volumetric coefficient, kLaL, plotted against the total power input per 

unit mass of liquid, Ptw, with the electrolyte concentration, Ce, and the superficial gas 

velocity, Vs, as parameters.  For any system, kLaL tended to increase almost linearly with Ptw.  

The rate of increase in kLaL with Ptw was practically independent of Vs but differed 

depending on the conditions with and without electrolyte in liquid phase.   

The results for the baffled vessel agitated by the unidirectionally rotating multiple DT 

impellers examined as a control and those reported by Van’t Riet (1979) and Nocentini et al. 

(1993) are also shown in Fig. 8.  Although the tendency that the dependence of kLaL on Ptw 

becomes larger in existence of electrolyte in liquid phase was common to the forward-

reverse and unidirectional agitation modes, the dependence for the former mode was larger 

than that for the latter one.  As a result, favorably comparable kLaL values were obtained in 

the unbaffled vessel agitated by the forward-reverse rotating impellers.   

Presence of electrolytes in liquid phase is known to decrease the rate for gas bubbles to 

coalesce (Marrucci and Nicodemo, 1967; Zieminski and Whittemore, 1971) and to decrease 

the size of gas bubbles dispersed in liquid phase (Linek et al., 1970; Robinson and Wilke, 

1973; Robinson and Wilke, 1974; Van’t Riet, 1979; Hassan and Robinson, 1980; Linek et al., 

1987).  Decreased size of gas bubbles in liquid phase containing electrolyte causes increase of 

the gas-liquid interfacial area, aL, which is further enhanced by the tendency for the gas 

hold-up to increase with decrease of the bubble size.  On the other hand, decrease of the 

bubble size causes decrease of the liquid-phase mass transfer coefficient, kL, and then kL is 

often considered to be a function of the bubble size (Robinson and Wilke, 1974; Hassan and 

Robinson, 1980).  That is, the volumetric coefficient that is the product of aL and kL suffers 

the two counter influences.  In the following sections, the mass transfer parameters such as 

aL and kL are addressed for enhancement of the gas-liquid mass transfer in the forward-

reverse agitation vessel to be assessed.   
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Fig. 8. Comparison of volumetric coefficient, kLaL, as viewed from change in specific total 
power input, Ptw. 

5. Hydrodynamics of forward-reverse agitation vessel 

5.1 Mean bubble diameter 

The dependence of the size of gas bubbles on aeration and agitation conditions was 

investigated in terms of the power input.  Figure 9 shows a typical relationship between the 

mean bubble diameter, dvs, and the total power input per unit mass of liquid, Ptw, with the 

electrolyte concentration, Ce, and the superficial gas velocity, Vs, as parameters.  For any 

system, dvs tended to decrease with Ptw. The values of dvs at the same level of Ptw were almost 

independent of Vs but differed depending on Ce.   

The mean bubble diameter, dvs, was then analyzed with the aeration and agitation 

conditions.  Based on the results shown in Fig. 9, the following functional form was 

assumed for the empirical equation of dvs with the specific total power input, Ptw.   

 dvs=APtwa (15) 

The exponent, a, of Ptw was obtained from the slope of the straight lines as drawn in Fig. 9.  

Its value was independent of the electrolyte concentration, Ce. The coefficient, A, changed 

depending on Ce and its dependence was expressed for the experimental material of this 

work as follows: 

 A=-1.49Ce0.096+2.95 (16) 
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Fig. 9. Relationship between mean bubble diameter, dvs, and specific total power input, Ptw. 

As a result, the empirical equation of dvs is  

 dvs=(-1.49Ce0.096+2.95)Ptw-0.12 (17) 

Figure 10 presents a comparison between dvs values observed and those calculated from Eq. 
(17).  As shown in the figure, dvs could be correlated within approximately 20 %.   
 

 
Fig. 10. Comparison of dvs values observed with those calculated. 

5.2 Gas hold-up 

The dependence of gas hold-up was investigated in relation to the total power input, similarly 

to that of bubble size.  Figure 11 shows a typical relationship between the gas hold-up, φgD, and 

the total power input per unit mass of liquid, Ptw.  Although φgD increased with Ptw, its values 
differed depending on the electrolyte concentration, Ce, and the superficial gas velocity, Vs.   
The gas hold-up, φgD, was then analyzed with the aeration and agitation conditions.  Based 
on the results shown in Fig. 11, the following functional form was inferred for the empirical 
equation of φgD.   
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 φgD=BPtwb1Vsb2 (18) 

The exponent, b1, of the specific total power input, Ptw, was obtained from the slope of the 
straight lines as drawn in Fig. 11.  The exponent, b2, of the superficial gas velocity, Vs, was 
determined from the slope of the cross plots.  The coefficient, B, was expressed as a function 
of the electrolyte concentration, Ce, as follows: 

 B=0.629Ce0.27+1.32 (19) 

 

 

Fig. 11. Relationship between gas hold-up, φgD, and specific total power input, Ptw. 

Figure 12 shows that φgD could be correlated by the following equation within 
approximately 30 %.   

 φgD=(0.629Ce0.27+1.32)Ptw0.46Vs0.70 (20) 

 

 

Fig. 12. Comparison of φgD values observed with those calculated. 
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5.3 Gas-liquid interfacial area 

For electrolyte solutions aerated at the velocities ranged in this work, no significant 
difference in the mean bubble diameter and the gas hold-up determining the magnitude of 
gas-liquid interfacial area was observed between forward-reverse and conventional 
agitation vessel.  From this, somewhat larger values of volumetric coefficient as illustrated 
in Fig. 8 in the former vessel may be a reflection of the contribution of forward-reverse 
rotation of the impeller to increase of the liquid-phase mass transfer coefficient with 
occurrence of an intensified liquid turbulence in the vicinity of the gas-liquid interface.   

6. Mass transfer consideration 

6.1 Analysis of mass transfer coefficient 

Calderbank and Moo-Young (1961) first examined the liquid-phase mass transfer coefficient, 
kL, as a function of the size of particles dispersed in a conventional baffled vessel agitated by 
a unidirectionally rotating impeller.  Subsequently, they elucidated the mechanism of mass 
transfer by comparing the results with two typical theoretical predictions for single particle.  
They recommended applications of Froessling’s laminar boundary layer theory (Froessling, 
1938) and Higbie’s penetration theory (Higbie, 1935) to elucidate the respective mechanisms 
of gas-liquid mass transfer for small (diameter, db<0.5 mm) and large (db>2.5 mm) gas 
bubbles.  These two theories express the mass transfer characteristics in relation to the rising 
velocity of gas bubble, Vb, as follows.   
Froessling equation: 

 kL=(2DL/db)+0.55ρ1/6μ-1/6Vb1/2db-1/2DL2/3 (21) 

Higbie equation: 

 kL=(2/π1/2)[DL/(db/Vb)]1/2 (22) 

In these equations, ρ is the liquid density, μ is the liquid viscosity, and DL is the liquid-phase 
diffusivity.   
The relationship between the liquid-phase mass transfer coefficient, kL, and the gas bubble 
size was investigated for the unbaffled vessel agitated by the forward-reverse rotating 
impellers.  Figure 13 shows the plot of kL against the volume-surface mean bubble diameter, 
dvs, which is a parameter that characterizes the size of a swarm of gas bubbles.  The kL values 
for the baffled vessel agitated by the unidirectionally rotating multiple DT impellers 
(conventional agitation vessel) examined as a control and those reported by Calderbank and 
Moo-Young (1961) are also shown. The dotted lines for comparison indicate the two 
theoretical predictions for single bubble with the diameter db.  Here, the values of Vb that are 
necessary for calculations from Eqs (21) and (22) were estimated using the equation 
presented by Tadaki and Maeda (1961).  The values of dvs observed in the forward-reverse 
agitation vessel ranged from 1 to 4 mm.  Regarding the difference of kL caused by the bubble 
size, the two regions with the boundary of 2.5 mm diameter was common to the forward-
reverse and conventional agitation vessel. As can be seen from the figure, kL values for 
forward-reverse agitation vessel were noticeably different from those for conventional one.  
That is, kL came to exhibit higher values than those by Calderbank and Moo-Young, with the 
maximum difference being about three times, when the agitation rate, Nfr, was increased.  
For such a peculiar difference of kL with Nfr for bubbles of similar sizes, consideration is 
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necessary in terms of hydrodynamic parameters, taking into account not only the mean 
bubble diameter but also other important variables such as the rising velocity of a swarm of 
gas bubbles that changes depending on the gas hold-up. Specifically, examination is 
required of the mass transfer characteristics as viewed from change in the Reynolds number, 
which is a parameter characterizing the liquid flow around gas bubble.   
 

 

Fig. 13. Relationship between mass transfer coefficient, kL, and gas bubble size. 

 

 

Fig. 14. Relationship between Sh and Re. 
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6.2 Correlation of Sherwood number 

Mass transfer characteristics from bodies in a steadily flowing fluid or from bodies moving 
steadily in a fluid at rest are expressible using dimensionless terms that characterize 
transport phenomena involving the size and velocity of the body and the physical 
properties of the fluid.  This has led many researchers to determine the functional form in 
the following correlation form with dimensionless terms and to evaluate the mass transfer 
characteristics, i.e., the mechanism of mass transfer, of the intended gas-liquid contactors by 
comparing results obtained experimentally with the theoretical predictions.   

 Sh=func. (Re, Sc) (23) 

where Sh is the Sherwood number, Re is the Reynolds number and Sc is the Schmidt 
number.  These dimensionless terms can be given in the following forms, respectively, when 
the overall mass transfer coefficient for the single bubble with diameter, db, and rising 
velocity, Vb, is approximated by the liquid-phase mass transfer coefficient, kL.   

 Sh=kLdb/DL (24) 

 Re=ρVbdb/μ (25) 

 Sc=μ/ρDL (26) 

The Froessling and Higbie equations mentioned above are expressed in the forms of Eq. 
(23), respectively, as  
Froessling equation: 

 Sh=2+0.55Re1/2Sc1/3 (27) 

Higbie equation: 

 Sh=(2/π1/2)Re1/2Sc1/2 (28) 

To examine the relationship between the non-dimensionalized kL, Sh, and Re for the 
unbaffled vessel agitated by the forward-reverse rotating impellers, db in the dimensionless 
terms was replaced by the mean diameter of a swarm of gas bubbles, dvs, and dvs was 
regarded as a characteristic length.  The mean rising velocity of a swarm of gas bubbles, Vbs, 
as calculated from the following equation when the distribution of gas hold-up was 
assumed to be uniform on any horizontal section within the vessel, was used for Vb 
necessary to calculate Re: 

 Vbs=Vs/φgD (29) 

where Vs is the superficial gas velocity.  φgD is the gas hold-up and the values determined as 
the average within the vessel were used for calculation from Eq. (29).   
Figure 14 shows the relationship between Sh and Re for the forward-reverse agitation vessel.  
The Sh values for the conventional agitation vessel as a control and those by Calderbank and 
Moo-Young (1961) are also shown in comparison with the theoretical predictions for single 
bubble. For the mean bubble diameter, dvs, larger than 2.5 mm, the Sh values for the 
conventional agitation vessel more closely resembled the values calculated from the Higbie 
equation than those calculated from the Froessling equation.  For dvs smaller than 2.5 mm, 
decrease of Sh with decrease of Re was remarkable, with Sh exhibiting the values that are 
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intermediary between those from the Higbie and Froessling equations.  This fact suggests 
that the contribution of liquid flow to the mass transfer is reduced considerably if the 
internal circulation within gas bubble is prevented from becoming fully developed through 
decreased rising velocity of gas bubble that is attributable to its decreased size, namely, 
smaller inertial force of rising motion of gas bubble (Tadaki and Maeda, 1963; Sideman et al., 
1966).  The relationship between Sh and Re for the forward-reverse agitation vessel under 
the condition of lower agitation rates exhibited the same tendency as that for the 
conventional agitation vessel, as shown in the figure. That is, Sh under such conditions 
increased approximately in proportion to Re0.5, according to the Higbie equation, for dvs 
larger than 2.5 mm, and in proportion to Re for dvs smaller than 2.5 mm.  When the agitation 
rate, Nfr, is increased, an increased gas hold-up and a decreased mean bubble diameter cause 
Re, as defined by Eq. (25), to have lower values.  Under the conditions as Re decreased or Nfr 
increased, Sh for the forward-reverse agitation vessel tended to exhibit higher values than 
those for the conventional agitation vessel.  For the forward-reverse agitation vessel, i.e., 
unsteady bulk flow type contactor, the dependence of Sh on Re, characteristically different 
from that for the conventional agitation vessel, i.e., steady bulk flow type contactor, suggests 
an effect of unsteady oscillating flow produced by forward-reverse rotation of the impeller 
on enhancement of the mass transfer.  For quantifying Sh in this gas-liquid agitation system, 
further consideration is necessary taking into account a parameter characterizing the 
unsteady oscillating flow, in addition to Re as a measure of the liquid flow around gas 
bubble.   
Many theoretical and experimental studies on the mass transfer between gas bubble and its 

surrounding liquid in a steady state have given the relation in the form of Eq. (23) as an 

equation that expresses gas-liquid mass transfer characteristics.  The dimensionless terms in 

Eq. (23) are obtained by non-dimensionalizing the equation of motion determining the 

liquid flow around gas bubble, the diffusion equation determining the mass transfer 

between gas bubble and its surrounding liquid and the mass balance equation, respectively, 

under a condition of steady liquid flow.  On the other hand, the time-dependent term in the 

equation of motion should be considered for analysis of the liquid flow around gas bubble 

when gas bubble rises in liquid with unsteady oscillating flow produced by forward-reverse 

rotation of the impeller.  The dimensionless terms, the Sherwood number (Sh), the Reynolds 

number (Re), the Strouhal number (St), and the Schmidt number (Sc), which are necessary to 

express the unsteady mass transfer phenomena, are all derived based on the equation of 

motion that is non-dimensionalized under a condition of unsteady liquid flow, the 

dimensionless diffusion equation and the dimensionless mass balance equation.  Therefore, 

Sh in this gas-liquid agitation system is given as a function of Re, St and Sc.   

 Sh=func. (Re, St, Sc) (30) 

Definitions of Sh, Re and Sc are mentioned above; St is defined for single gas bubble as  

 St=fdb/Vb (31) 

The diameter, db, and the velocity, Vb, for St were identical to those for Re.  The frequency of 
forward-reverse rotation of impeller, Nfr, was taken as a characteristic frequency, f.   
The experimental results shown in Fig. 14 suggest that the two coexisting liquid flows affect 
Sh in a form of their superposition.  Then, the degree of effect would be determined by the 
relative magnitude of Re characterizing the steady slip flow of surrounding liquid with the 
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rising motion of gas bubble and St characterizing the unsteadily oscillating flow of liquid 
around gas bubble by forward-reverse rotation of the impeller.  Furthermore, a value of 1/2, 
which many researchers (Calderbank, 1959; Yagi and Yoshida, 1975; Nishikawa et al., 1981; 
Panja and Phaneswara Rao, 1993; Zeybek et al., 1995; Linek et al., 2005) have used for a 
swarm of gas bubbles in a relatively large size range, is assumed to be adoptable as an 
exponent indexing the dependence of Sh on Sc.  Consequently, Eq. (30) can be concretized in 
the following functional form: 

 Sh=[func. (Re)+CStc]Sc1/2 (32) 

Therein, func. (Re) is based on the relation by Calderbank and Moo-Young (1961), which 
differs depending on the range of mean bubble diameter, as illustrated in Fig. 14, and is 
given by the following equations.   
dvs<2.5 mm: 

 func. (Re)=0.0544Re0.90 (33) 

dvs>2.5 mm: 

 func. (Re)=(2/π1/2)Re1/2 (34) 

The term in the bracket on the right side of Eq. (32) is expected to express the combined 
effect of the two liquid flows, namely, the relative influence of the steady slip flow and the 
unsteady oscillating flow, on the gas-liquid mass transfer.   
On the basis of Eq. (32), the relationship between Sh/Sc1/2-func. (Re) and St was examined.  
From the slope of the line and the intercept on the axis in the logarithmic plot, the empirical 
constants, c and C, were determined for the respective ranges with dvs=2.5 mm as a 
boundary, and then the following correlation equations were obtained.   
dvs<2.5 mm: 

 Sh=[0.0544Re0.90+10.0St0.10]Sc1/2 (35) 

dvs>2.5 mm: 

 Sh=[(2/π1/2)Re1/2+180St0.79]Sc1/2 (36) 

The result of correlation of Sh is shown in Fig. 15. As shown in the figure, Sh was correlated 
with Re and St with an accuracy of ±40 %.  A positive dependence of Sh on St is considered 
to indicate that the time-dependence in the flow of liquid around gas bubble, namely, the 
inertial force caused by the local acceleration produced by forward-reverse rotation of the 
impeller, contributes to enhancement of the gas-liquid mass transfer. This contribution 
could be significant when the velocity gradients in the flow of the surrounding liquid, 
namely, the inertial force caused by the convective acceleration produced by the rising 
motion of gas bubble, is smaller.  Equations (35) and (36) are applicable when Re is 100-2300, 
that is, the flow of liquid around gas bubble is practically turbulent, for St of up to 0.20.  

6.3 Correlation of volumetric coefficient 

Correlation of the volumetric coefficient of gas-liquid mass transfer was then made based on 
the experimental results mentioned above. The volumetric coefficient, kLaD, based on the 
gassed liquid volume was intended for correlation.  kLaD is the product of the liquid-phase 
mass transfer coefficient, kL, and the gas-liquid interfacial area, aD. 
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Fig. 15. Comparison of Sh values observed with those calculated. 

 kLaD=(kL)(aD) (37) 

It is noteworthy that aD depends on the volume-surface mean bubble diameter, dvs, and the 
gas hold-up, φgD, according to Eq. (5).  Substituting Eq. (5) into Eq. (37) yields the following 
equation, which gives the relation between kLaD and the mass transfer parameters.   

 kLaD=6φgDkL/dvs (38) 

The empirical equations for dvs and φgD are given respectively as Eqs (17) and (20).  In 
addition, the values of kL are predicted by combined use of Eq. (35) or (36) and Eqs (17) and 
(20). Figure 16 shows the observed kLaD values along with those obtained by substituting the 
calculated values of the mass transfer parameters into Eq. (38). As shown in the figure, kLaD 
could be correlated with an accuracy of ±35 %. Moreover, Eqs (17) and (20) are relations in 
terms of the specific power input and Eqs (35) and (36) are a dimensionless relation. As 
demonstrated by some researchers (Van’t Riet, 1979), the relations based on such correlation 
forms are expected to be useful for operational design, i.e., scale-up, of the apparatus.   
 

 
Fig. 16. Comparison of kLaD values observed with those calculated. 
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7. Conclusion 

For a gas-sparged, unbaffled vessel agitated by the forward-reverse rotating multiple 
impellers, the volumetric coefficient of oxygen transfer in air-electrolyte solution systems 
was correlated in relation to mass transfer parameters such as the mean bubble diameter, 
gas hold-up and liquid-phase mass transfer coefficient.  The effects of gassing rate, agitation 
rate and the number of impellers on the bubble diameter and hold-up were examined.  The 
empirical equations were obtained to predict their values as a function of the specific total 
power input, superficial gas velocity and electrolyte concentration in liquid phase.  The 
difference of liquid-phase mass transfer coefficient, non-dimensionalized in a form of the 
Sherwood number, was related to changes of the Reynolds number and Strouhal number 
characterizing the mass transfer between gas bubble and its surrounding liquid in the 
unsteadily oscillating flow.   
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