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Thermodynamics of Thermoelectricity

Christophe Goupil
ENSICAEN, UMS-CNRT, CRISMAT

France

1. Introduction

Discovered at the beginning of the nineteen century, the thermoelectric effects nicely reflect
the richness of the out of equilibrium thermodynamics of coupled phenomena. In 1821
by John Seebeck (Seebeck 1821), (Seebeck 1823), (Seebeck 1826) firstly observed the coupling
of two potentials, the electrochemical potential and the temperature. In 1834 Jean Peltier
(Peltier 1834) demonstrated that heat flux and electrical current could be coupled. Then in
1855, W. Thompson, future LordKelvin, using thermodynamic arguments, discovered that the
Seebeck and Peltier effects were in fact not independent (Thompson 1848), (Thompson 1849),
(Thompson 1852), (Thompson 1854), (Thompson 1856) giving decisive arguments in favor
of a complete and compact description of all these phenomena. Only latter, in 1931, these
coupled thermodynamic forces and fluxes where described in a very general form when
Lars Onsager proposed a theoretical description of linear out of equilibrium thermodynamic
processes. In two major articles the fundamentals of thermodynamics of dissipative transport
were developed in a consistent way (Onsager 1931a), (Onsager 1931b). Next, In 1948, Callen
developed the Onsager theory in the case of thermal and electrical coupled fluxes, leading
to a coherent thermodynamical description of the thermoelectric processes(Callen 1948),
(Domenicali 1954). Then, in the middle of the last century Abraham Ioffe, considering
both thermodynamics and solid state approaches, extended the previous developments to
the microscopic area, opening the door for material engineering and practical applications
(Ioffe 1960). He introduced the so-called ”figure of merit” ZT, which, as a material
parameter, gather the different transport coefficients, leading to an efficient classification
of the various thermoelectric materials. The contains of this chapter is divided in six
sections. In a first section we remind the basic thermodynamics of thermoelectricity from
classical thermodynamic cycle. The second section is devoted to the Onsager description
of out equilibrium thermodynamics of coupled transport processes. In a third section the
consequence of the Onsager theory are derived leading to the expressions of heat and entropy
production. The fourth section is devoted to the presentation of the general conductance
matrix. Using these latter the concept of relative current and thermoelectric potential
are exposed in the fifth section.Then in the final section the traditional expressions of the
efficiencies and Coefficients Of Performance (COP) are revisited using the thermoelectric
potential approach.

2. The thermoelectric engine

In a first approachwe propose here to consider the analogies between a classical steam engine,
and a thermoelectric material (Vinning 1997). The principle analogy is the fact that, in both
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2 Thermodynamics

systems, the entropy is transported by a fluid, which, in the present case, is a gas of electron,
also called ”Fermi gas” since electrons are Fermions. At first this Fermi gas can be considered
to be a perfect gas. Then the equivalent partial pressure of the fluid in the system is the
electrochemical potential µe.

µe = µc + eV

where µc is the chemical potential, e the electron charge, and V the electrical potential.
Then the ”gas” equivalences for the steam and thermoelectric engines are,

Molecular gas P T
Fermi gas µe(T,r) T

Then we can draw a picture of a schematic thermoelectric cell:

Fig. 1. Thermoelectric ”Engine”.

One end of the cell is maintained at the temperature Thand the other at temperature Tcwith
Th > Tc. From basic gas kinetic theory we know that we get large velocities and small gas
density at the hot end and reduced velocities and large gas density at the cold end. It should
be noticed here that, since heat flows from hot to cold end, the system cannot be considered
under equilibrium condition meanwhile the average carrier flux is zero. We see that the
gradient of carrier density is directly driven by the temperature difference. Since the carriers
are charged particles, it produces an electrochemical difference, commonly called voltage
difference, which is induced by the application of a temperature difference. This illustrates
the coupling of the electrochemical potential gradient and the temperature gradient. Next,
since the average carrier flux is zero, meanwhile heat is transported, we get the same values
of local fluxes of carriers from hot to cold and cold to hot. From this observation we can
conclude that heat and carrier fluxes are coupled. While very simple, this description contains
the principal contributions to the thermoelectric processes1 . The thermodynamical cycle is a
Carnot cycle with two ”‘isothermal branches”’ (1 and 3) and to ”‘adiabatic branches”’ (2 and
4). We can then estimate the principle sources of entropy of the working system that are the
non-isothermal heat transfers and the non-adiabatic travel of the carriers from cold to hot
sources and hot to cold. The principle sources of entropy in the adiabatic branches are the
collisions between carriers and the interactions of the carriers with the cristal lattice of the
material. It can be noticed that the entropy is transported by the carriers of the Fermi gas. We

1In the case of uncharged particles we would also observed a similar process, called ”Soret effect” with
the diffusion of particles but, of course, no electrical drift contribution.
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Thermodynamics of Thermoelectricity 3

will see latter that we can defined an ”entropy per carrier” which is a fundamental parameter
of the thermoelectric process. The principle weakness of this schematic presentation is the
complete absence of a correct out of equilibrium thermodynamic in the description. Then we
now need to define properly the conditions of this working system. This is the subject of the
next section.

3. The Onsager-Callen theory

The thermoelectric processes have been nicely derived by Onsager and Callen, on the
framework of the Thermodynamics of dissipative system by the link between out of
equilibrium coupled processes (Onsager 1931a), (Onsager 1931b) and (Callen 1948). This
description is based on the assumption that the system evolution is driven by a minimal
production of entropy where each fluctuation of any thermodynamical potential undergoes
a restoring force to equilibrium (Rocard 1967). This leads to a stationary picture where all
the thermodynamical potential can be defined, though the system itself produces dissipation.
It should be point out here that this description is also a definition of a quasi-static process
because the different intensive parameters of the system are defined at each time and location.
This implies that the intrinsic local time constants are much shorter than the time evolution of

the macroscopic system itself. As a consequence, the classical quasi-static relation dS =
dQqs

T
between the heat and the entropy variation can be extended in a flux form expression,

−→
J S =

−→
J Q

T
(1)

The quasi-static conditions, previously defined, leads to a continuous thermodynamical
description where the thermodynamical equilibrium, with all average fluxes equal zero, just
becomes one possible thermodynamical state for the system.

3.1 Forces and fluxes

Let us consider the complete energy flux. From first principle of thermodynamics the energy

flux
−→
J E, heat flux

−→
J Q and the particles flux

−→
J N are link through the conservation of the

energy expression,

−→
J E =

−→
J Q + µe

−→
J N (2)

Moreover each of these fluxes is conjugated to its thermodynamics potential gradients, acting
as a generalized force. According to energy and particle conservation, in the case of a Fermion
gas the correct potentials for energy and particles are 1

T and
µe

T .Then the corresponding forces
are:

−→
F N =

−→∇ (−µe

T
) (3)

−→
F E =

−→∇ (
1

T
) (4)

If we now write down the linear coupling of forces and fluxes we get then the transport of
energy and particles is given by a linear set of coupled equation (Pottier 2007),

[ −→
J N−→
J E

]

=

[

LNN LNE

LEN LEE

]

[ −→∇ (− µe

T )−→∇ ( 1T )

]
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4 Thermodynamics

with,
LNE = LEN (5)

This expression of symmetry inside the out of equilibrium process is fundamental in the
Onsager description since it is equivalent to the assumption of a minimal entropy production
of the system under out of equilibrium conditions. It should be noticed that the minimal
entropy production is not a general property of out of equilibrium processes at all and this
imposes a precise delimitation of the validity of the model. The Onsager description gives
very strong arguments in favor of this assumption. First, from the linear response theory it is
known that linear response and fluctuations inside a dissipative system are closely linked. In
the present case this implies that every fluctuating potential undergoes a restoring force from
the other in a symmetric form. From a purely thermodynamic point of view this coincides
with the Lechatelier-Braun principle. Then the LNE = LEN equality traduces the intrinsic
symmetry of the coupled fluctuations process. From a microscopic point of view this equality
also implies the time reversal symmetry of the processes at micro scale, which should be
”micro-reversible”.

3.2 Energy flux, heat flux

For sake of simplicity it is more convenient to use the heat fluw
−→
J Q instead of the energy flux

−→
J E. Then, using [2] we get,

[ −→
J N−→
J Q

]

=

[

L11 L12
L21 L22

]

[

− 1
T

−→∇ (µe)−→∇ ( 1T )

]

L12 = L21 (6)

with the kinetic coefficients equivalence.

L11 = LNN (7)

L12 = LNE − µeLNN (8)

L22 = LEE − µe(LEN + LNE) + µeLNN (9)

3.3 Basic transport results

From the two expressions of particle and heat flux we can now derive the expressions
of uncoupled and coupled transport processes, depending on the working conditions,
isothermal, adiabatic, open or close systems.

3.3.1 Ohm’s law

If considering charged particles we then get the expression of the current density,

−→
J = −eL11

1

T

−→∇ (µe) (10)

Under isothermal conditions we can directly consider the particle flux in a simplified form,

−→
J = e

−→
J N (11)

Since the electric field derives from the electrochemical potential we obtain,
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Thermodynamics of Thermoelectricity 5

−→
E = −

−→∇ (µe)

e
(12)

which finally gives the expression of the isothermal electrical conductivity,

σT =
e2

T
L11 =

e2

T
LNN (13)

then,

L11 =
T

e2
σT (14)

3.3.2 Fourier law

In order to estimate the thermal conductivity we now consider the heat flux density in the
absence of any particle transport, or under zero electrical current in the case of charged
particles.

−→
JN =

−→
0 = −L11

(

1

T

−→∇ (µe)

)

+ L12
−→∇ (

1

T
)

then,
(

1

T

−→∇ (µe)

)

=
L12
L11

−→∇ (
1

T
) (15)

The heat flux density becomes,

−→
J QJ

=
1

T2

[

L21L12 − L11L22
L11

]−→∇ (T) (16)

and finally the thermal conductivity under zero electrical current is,

κJ =
1

T2

[

L11L22 − L21L12
L11

]

(17)

We can also consider the thermal conductivity under zero electrochemical gradient, κE, and
after calculation we get,

−→
J QE

=
L22
T2

−→∇ (T) = κE
−→∇ (T) (18)

then

κE =
L22
T2

(19)

3.3.3 Seebeck coefficient

We now consider the interaction between thermal and electrochemical processes, in the
absence of particle transport. The basic expression is already known since it is given
by equation [15]. We define the Seebeck coefficient as the ratio between the two forces,
electrochemical gradient and temperature gradient, then the Seebeck coefficient expression
is given by,

α ≡ − 1

e

−→∇ (µe)
−→∇ (T)

(20)

279Thermodynamics of Thermoelectricity

www.intechopen.com



6 Thermodynamics

α =
1

eT

L12
L11

(21)

3.3.4 Peltier coefficient

If we consider an isothermal configuration we can derive the expression of the coupling term
between current density and heat flux, usually called the Peltier coefficient. Since

−→
J = eL11

(

− 1

T

−→∇ (µe)

)

(22)

−→
J Q = L21

(

− 1

T

−→∇ (µe)

)

(23)

then,

−→
J Q =

1

e

L12
L11

−→
J (24)

The Peltier coefficient Π is then given by,

−→
J Q = Π

−→
J (25)

Π =
1

e

L12
L11

(26)

As one can see we have the equality,
Π = Tα (27)

This latter expression reveal the close connexion between Peltier and Seebeck effects. We will
see latter that another effect, called Thomson effect is also strongly linked with theses two
effect. The reason is that all of these effect depends on a quantity called the ”‘entropy per
carrier”’ which is now presented.

3.3.5 Entropy per carrier

If we get back to the first description of a thermoelectric cell as a Carnot like process, it is clear
that the carriers inside the thermodynamic cycle transport a certain amount of entropy. Let us
consider this by writing the entropy flux density,

−→
J S =

−→
JQ
T

=
1

T

[

L21

(

− 1

T

−→∇ (µe)

)

+ L22
−→∇ (

1

T
)

]

(28)

This expression can be simplified considering the Ohm law expression [10]

−→∇ (µe) = −−→
J

T

eL11
(29)

Then,

−→
J S =

L21
TeL11

−→
J +

1

T
L22 ▽ (

1

T
) (30)

As we can observe the entropy flux is driven by two terms coming from thermal and
electrochemical contributions. The latter term shows that a fraction of the entropy is
transported by the flux of carriers. We then get the expression of the ”‘entropy per carrier”’,
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Thermodynamics of Thermoelectricity 7

SJ =
L21
TL11

(31)

As one can see the Seebeck coefficient is directly proportional to SJ since we have,

SJ = eα (32)

The entropy per particle is a fundamental parameter since all the thermoelectric effects derive
from its value, Seebeck effect, or its variations Peltier and Thomson effects.

3.3.6 Kinetic coefficients and transport parameters

From the previous results we have now the complete expressions of the kinetic coefficients,

L11 =
T
e2

σT

L12 =
T2

e2
σTSJ

L22 =
T3

e2
σTS

2
J + T2κJ

(33)

The thermal conductivities under zero electrochemical gradient or zero particle transport can
then be expressed:

κE = Tα2σT + κJ (34)

We see that κJ is a purely conductive contributionmeanwhile κE contains both conductive and
convective terms.

4. Heat and entropy

4.1 Heat flux

Let us consider again the coupled Onsager expressions:

−→
J = −σT

(−→∇ (µe)

e

)

+
σTSJT

2

e2

(−→∇ (
1

T
)

)

(35)

−→
J Q = −TσTSJ

(−→∇ (µe)

e

)

+

[

T3

e2
σTS

2
J + T2κJ

](−→∇ (
1

T
)

)

(36)

Since the heat flux
−→
J Q contains both conduction and convection contribution to heat flux. We

can rewrite these equations in the form,

−→
J Q = TSJ

−→
J + T2κJ

(−→∇ (
1

T
)

)

where we identify a conductive and a convective contribution,

−→
J Qcond

= T2κJ

(−→∇ (
1

T
)

)

(37)

−→
J Qconv

= TSJ
−→
J (38)

281Thermodynamics of Thermoelectricity
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4.2 Volumic heat production

The volumic heat production can be estimated from the total energy flux,

−→
J E =

−→
J Q + µe

−→
J N (39)

According to energy and particle conservation we have

−→▽ .
−→
J E = 0 (40)

−→▽ .
−→
J N = 0 (41)

Then, −→▽ .
−→
J Q = −−→▽µe.

−→
J N

or in an equivalent form,

−→▽ .
−→
J Q =

−→
E .

−→
J (42)

This summarizes the possible transformation of the energy since it shows that heat can be
produced by the degradation of the electrochemical potential µe, and electrical power can be
extracted from heat.

4.3 Entropy production density

If we consider the entropy flux density we can calculate the entropy production from,

−→▽ .
−→
J S =

◦

S =
−→▽

(−→
J Q

T

)

=
−→▽

(

1

T

)

.
−→
J Q +

1

T

−→▽ .
−→
J Q (43)

then,

◦

S =
−→▽ 1

T
.
−→
J Q −

−→▽ ˜
µe

T
.
−→
J N (44)

A shown above, the entropy production is due to non isothermal heat transfers and electrical
Joule production. This latter corresponds to a non adiabatic transfer of the entropy by the
particles. The previous expression can be rewritten in the form,

◦

S =
−→∇ (

1

T
).
−→
J E +

−→∇ (−µe

T
).
−→
J N (45)

In this form, we get the illustration of one major result of the Onsager description:
The total entropy production is given by the summation of the force-flux products,

−→▽ .
−→
J S =

◦

S = Σ
−−→
f orce.

−−→
f lux (46)

This general result can also be obtained from minimal entropy production assumptions.

282 Thermodynamics
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Thermodynamics of Thermoelectricity 9

5. General conductivity matrix

5.1 Presentation

As we have seen from Ohm law and Fourier law, the kinetic coefficients can be written
in the form of conductances and it is tempting to express the force-flux expressions in the
form of a general conductance matrix. It should be notice that such description has been
derived in very general way by Callen and Greene in 1952 (Callen 1952), (Greene 1952). The
complete derivation is out of the scope of this presentation and we only consider here the
basic derivation of a general conductivity. Starting from equations [6] and [33] we have,

[ −→
J N−→
J Q

]

=

[

T
e2

σT
T2

e2
σTSJ

T2

e2
σTSJ T2κE

][

− 1
T

−→∇ (µe)−→∇ ( 1T )

]

(47)

Using

−→
E = −

−→∇ (µe)

e

and considering that at local state
−→∇ ( 1T ) = − 1

T2

−→∇ (T) then we get ,

[ −→
J−→
J Q

]

=

[

σT ασT
TασT κE

]

[ −→
E

−−→∇ (T)

]

Then the electrical and heat fluxes are totally described through the general conductivity
matrix,

[σ] =

[

σT ασT
TασT κE

]

(48)

One can notice that the Seebeck coefficient appears clearly as the coupling term between the
electrical and thermal processes. In the case where α = 0, the conductivity matrix reduces to

a diagonal form

[

σT 0
0 κE

]

where Ohm law and Fourier law are then totally decoupled. In

other words the Seebeck coefficient, or more precisely the entropy per carrier is the ”tunning
parameter” of the coupling between electrical and thermal fluxes.

5.2 Heat transformation

In the previous paragraphs we have consider the volumic heat transformation from the

calculation of the divergence of the heat flux
−→▽ .

−→
J Q. We propose now to get more deeply

into this expression by considering its different terms. First, by elimination of the electrical

field
−→
E from the previous set of equations we get,

−→
J Q = αT

−→
J − κJ

−→▽T (49)

Then, calculating the heat flux divergence,

−→▽ .
−→
J Q =

−→▽ .
[

αT
−→
J − κJ

−→▽T
]

=
[

T
−→
J .
−→▽α + α

−→▽T.
−→
J + αT

−→▽ .
−→
J +

−→▽ .
[

κJ

(

−−→▽T
)]]

(50)

we find four terms which can be identified:

– αT
−→▽ .

−→
J : equal zero due to particle conservation.

283Thermodynamics of Thermoelectricity
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10 Thermodynamics

– T
−→
J .
−→▽α : ”Peltier-Thomson” term.

–
−→
J .α

−→▽T : =
−→
J .

[−→
E −

−→
J

σT

]

=
−→
J .
−→
E − J2

σT
: Electrical work production and dissipation.

–
−→▽ .

[

κJ

(

−−→▽T
)]

: heat production from non isothermal transfer.

then,

−→▽ .
−→
J Q = T

−→
J .
−→▽α +

−→
J .
−→
E − J2

σT
−−→▽ .

[

κJ
−→▽T

]

(51)

Most of these terms are common, but less intuitive is the Peltier-Thomson term which is now
considered.

5.3 The Peltier-Thomson term

As we will show, the T
−→
J .
−→▽α term contains both the Thomson contribution (local,

temperature gradient effect), and the Peltier contribution (isothermal, spatial gradient effect).
Using the equivalence Π = αT we have,

T
−→
J .
−→▽α = T

−→
J .
−→▽ Π

T
= T

−→
J .

[

1

T

−→▽Π − 1

T2
Π
−→▽T

]

=
−→
J .

[−→▽Π − α
−→▽T

]

(52)

Then the traditional separation of the Peltier and Thomson contribution is artificial since they
both refer to the same physic of the gradient of the entropy per particle, temperature driven
gradient or spatially driven gradient.The isothermal configuration leads to Peltier expression
meanwhile a spatial gradient gives the Thomson result.

– Pure Peltier (▽T = 0):
−→
J .

[−→▽Π − α
−→▽T

]

=
−→
J .

[−→▽Π
]

– Pure Thomson (α = f (T)) :

=
−→
J .

[−→▽Π − α
−→▽T

]

=
−→
J .

[

dΠ

dT
− α

]−→▽T = τ
−→
J .
−→▽T (53)

with,
−→▽Π =

dΠ

dT

−→▽T (54)

τ =
dΠ

dT
− α (55)

then the heat flux divergence takes the form,

−→▽ .
−→
J Q = τ

−→
J .
−→▽T +

−→
J .
−→
E − J2

σT
−−→▽ .

[

κJ
−→▽T

]

(56)

If we consider a configuration κJ �= f (T) then it reduces to,

−→▽ .
−→
J Q = τ

−→
J .
−→▽T +

−→
J .
−→
E − J2

σT
− κJ ▽2 T (57)
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Thermodynamics of Thermoelectricity 11

5.4 Energy balance

Using the expression [42]
−→▽ .

−→
J Q =

−→
E .

−→
J the local energy balance can be expressed from

expression [57] (Landau 1984):

−→▽ .
−→
J Q −−→

E .
−→
J = κT ▽2 T +

J2

σT
− τ

−→
J .
−→▽T = 0 (58)

It should be notice that this derivation does not need any assumption concerning the behavior
of the particle, in equilibrium or not. In the case of transient configuration the energy balance
equation should be corrected using ρCp where Cp is the heat capacitance and ρ the volumic
mass.

κJ ▽2 T +
J2

σT
− τ

−→
J .
−→▽T = ρCp

∂T

∂t
(59)

5.5 Entropy flux, volumic entropy production

Using the expression [49] for the heat flux
−→
J Q = αT

−→
J − κJ

−→▽T we can derive the expression
of the entropy flux,

−→
J S =

−→
J Q

T
= α

−→
J − κJ

T

−→▽T (60)

The calculation of the volumic entropy production is then straightforward,

−→▽ .
−→
J S =

−→▽
(

1

T

)

.
−→
J Q +

1

T

−→▽ . (61)

−→
J Q =

−→▽
(

1

T

)

.
[

αT
−→
J − κJ

−→▽T
]

+
1

T

−→
E .

−→
J (62)

but since
−→
E =

−→
J

σT
+ α

−→▽T then,

−→▽−→
J S = −κJ

−→▽ (T) .
−→▽

(

1

T

)

+
1

T

J2

σT
(63)

And we verify that
−→▽ .

−→
J S is in agreement with the force-flux description since,

−→▽ .
−→
J S = −κJ

−→▽ (T) .
−→▽

(

1

T

)

+
1

T

J2

σT
(64)

=
[

−κJ
−→▽ (T) + α

−→
J T

]

.
−→▽

(

1

T

)

+
−→
J .

(−→
E

T

)

(65)

=
−→
J Q.

−→▽
(

1

T

)

−−→
J .

−→▽ ˜
µe

eT
= ∑ f lux. f orce (66)

5.6 Basic thermogenerator

Let us consider a bar of thermoelectric material inserted between a hot and a cold sources
respectively at temperatures Th and Tc, giving a very schematic picture of thermogenerator.
As we know, electrical power can be extracted from the heat going through the bar. In such a
device only a fraction of of the heat going trough is converted into electricital energy, and the
maximum fraction is given by the Carnot efficiency

285Thermodynamics of Thermoelectricity
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12 Thermodynamics

Fig. 2. Basic Thermogenerator.

ηC =
Th − Tc

Th
(67)

Since the ”thermoelectric engine” is not endoreversible the final fraction will be less than
ηC. From the electrical point of view the system is equivalent to a voltage generator of open

voltage V0, internal resistance Rin and short-circuit current Icc =
V0
Rin

. The maximal electrical
output power is obtained for Rload = Rin giving

Fig. 3. IV Characteristic.

Pmax =
V2
0

4Rin
=

Rin I
2
cc

4
(68)

5.7 Figure of merit

As we have seen, if we force a heat flux to go through the thermoelectric material then an
electrical current will flow. The efficiency of this process depends on two contributions:

– The material properties.

– The working conditions.

We will first consider the material properties, working conditions will be consider in a latter
section.
The thermoelectric properties of a material are summarized in the so called ”figure of merit”
of a thermoelectric material, usually written ”ZT”. This scalar gives a direct measurement of
the quality of the material, for practical applications. The ZT expression can be derived from
technical arguments or from thermodynamical arguments. We propose here to derive the ZT
expression from the thermal conductivity expressions. The illustration will be given on the
basis of a thermogenerator description, but same conclusions could be drawn considering a
Peltier heat pump configuration.
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Let us consider the schematic thermoelectric engine described in the introduction. From the
electrical point of view we can consider to extreme cases, open circuit and short-circuit.

Fig. 4. Open circuit configuration.

These two configurations have strong consequences in term of thermal conductivity since it
exists both an open circuit thermal conductivity κJ and a short-circuit thermal conductivity

κE. These two are not independent since from [47] we have, κE = Tα2σT + κJ

Again we see that the coupling parameter between electrical and thermal processes is α.

Fig. 5. Short circuit configuration.

From [33] we know that in order to get an efficient thermogenerator the open voltage should
be as large as possible. As a consequence κJ should be minimal.
From the IV curve we can notice that, for a given open voltage, the larger is the short-circuit
current, the larger will be the output current. In other word the ratio of the two thermal
conductivities κE

κJ
should be as large as possible. Then we can write,

κE
κJ

=

[

α2σT
κJ

T + 1

]

(69)

With

ZT =
α2σT

κJ
T (70)
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The maximal efficiency, and output electrical power, can be obtained if ZT is large enough.
Since only material parameters enter into ZT expression, the figure of merit is clearly the
central term for material engineering research. In addition it should be noticed that the
present description do not consider at all the anions of the cristal lattice of the thermoelectric
material but only the electronic gas2. This is due to the Onsager description which follows
the so called linear response theory where the lattice contribution is not included. So the
present description reduces to the electronic gas with no contribution of the vibrations of the
cristal lattice (phonons) of the thermoelectric material. Such a lattice contribution may be
added to the L22 term as a lattice thermal conductivity κLat. This latter can be added to the

general conductance matrix by considering a parallel path for the heat flux,

[

0 0
0 κLat

]

. The

complete matrix then takes the form,

[

σT ασT
TασT κE + κLat

]

.

5.8 Isothermal and adiabatic electrical conductivity

As we have seen the electrical current density expression is given by,

−→
J = e

−→
J N = σT

(−→
E − α

−→▽T
)

(71)

with the electrical field3 −→
E = −

−→▽µe

e . Let us now consider an adiabatic process instead of a
isothermal one then the conductance matrix gives us the adiabatic electrical conductivity in
the form −→

J −→
J Q=

−→
0
=

σT
1+ ZT

−→
E = σQ

−→
E (72)

Again we see that the figure of merit ZT appears to be a fundamental thermodynamical
parameter in the core of the description of the thermoelectric process leading to,

σT
σQ

= 1+ ZT

6. The thermoelectric potential

Until now we have not really take into account the working conditions point of view. As any
working engine a thermoelectric device should be correctly driven in order to provide power
in the best conditions. Then a precise control of the applied thermodynamic potentials is
needed in order to get a correct use of the potentialities of the thermoelectric materials. Since
the thermoelectric process implies the coupling of the heat and electrical fluxes, these two
fluxes should both be driven optimally. This question has been addressed by Jeffrey Snyder
in 2003, using the so called relative current (Snyder 2003).

6.1 Relative current and thermoelectric potential

The relative current density defined by the ratio of the electrical flux and the purely conductive
fraction of the heat flux.

u = − J

κJ ▽ T
(73)

2This would be the same as considering a steam engine without any boiling walls!

3−→E =
−→
J

σT
+ α

−→▽T so open voltage gives,
−→
E J=0 = α

−→▽T.
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From [49] the heat flow becomes,

−→
J Q = Tα

−→
J +

−→
J

u
= Φ

−→
J (74)

Φ =

[

Tα +
1

u

]

(75)

where Φ is called the ”Thermoelectric Potential”.
The heat and carrier fluxes are now directly connected by the thermoelectric potential
. This expression is fundamental since it allows to deriving the principle results of
the Thermodynamics of thermoelectricity directly from this. According to the previous
definitions the volumic heat production becomes,

−→∇ .
−→
J Q =

−→
J .
−→∇

[

Tα +
1

u

]

=
−→
J .
−→∇Φ (76)

Since the heat production
−→
J .
−→∇ 1

u directly reduces the efficiency, it becomes now evident that

the maximum efficiency coincides with the minimization of
−→∇ 1

u . This is currently obtained
for a specific value u = s , where s is called ”compatibility” (Snyder 2003).

Considering the entropy flux we get,
−→
J S = 1

T

[

α + 1
u

]−→
J = Φ

T

−→
J . The expression of the

volumic entropy production becomes

−→∇ .
−→
J S =

−→
J .
−→∇

(

Φ

T

)

(77)

We get the correct Onsager formulation of the entropy production as the summation of
the Flux-Force products which here reduces to a single product. For a given material the
thermoelectric potential give a direct measurement of the total volumic heat and entropy
production by the respective degradation of Φ and Φ

T . In other words, Φ can be considered to
be the free energy of the electronic gas in the out of equilibrium process.

6.2 The irreversible factor

Due to the finite value of the ZT figure of merit, the maximal efficiency of a thermogenerator
is only a fraction of the Carnot efficiency. In other word the thermoelectric engine is not
endoreversible because ZT is not infinite. As we previously said the irreversiblities are partly
due to finite value of ZT, but they are also due to the thermodynamic working conditions that
can degrade strongly the overall efficiency. This is the subject of the present paragraph.

6.3 Thermoelectric potential and efficiency

Let us calculate the relative efficiency of a Thermoelectric Generator (TEG)(Goupil 2009). This
latter is defined as the ratio between the electrical energy production and the entering heat

flux. Using [42] and [1] we get
−→
E .

−→
J =

−→▽ .
−→
J Q = T

−→▽ .
−→
J S +

−→
J S.

−→▽T. Then we obtain the
expression of the relative efficiency,

ηr =
E.J

JS ▽ T
=

E.J

E.J + T▽ JS
(78)

In the ideal case of a reversible process the entropy production is zero then the power

production reduces to
−→
E .

−→
J =

−→
J S.

−→▽T then the relative efficiency is ηr = 1 which means that
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the Carnot efficiency is reached. In an irreversible configuration the T
−→▽ .

−→
J S term contributes

to reduce the efficiency then,

ηr =
Eout.J

JS .▽ T
=

Eout.J

Eout.J + T▽ JS
(79)

where Eout.J is the output electrical power. Let us now consider the introduction of the
thermoelectric potential Φ into the calculation of the relative efficiency.

ηr =

−→
E .

−→
J

−→
J S.

−→▽T
=

−→▽ .
−→
J Q

−→
J Q

T .
−→▽T

=
▽Φ

▽T

T

Φ
(80)

we see that ηr corresponds to the relative variation of the thermodynamical potential ▽Φ
Φ when

changing the other potential ▽T
T . This is coherent with a general definition of the efficiency

of an out of equilibrium thermodynamical process as a coupled fluctuating system 4. Using
the expression of the thermoelectric potential Φ we can now rewrite the relative current in the
form,

u = − J

κJ ▽ T
= − Z

α2
▽Φ

▽T
+

Z

α
(81)

Introducing the expression of the relative efficiency we get,

u =
Z

α

[

−
(

1+
1

αTu

)

ηr + 1

]

(82)

The relative efficiency of the section of TEG becomes (Snyder 2003),

ηr =
uα
Z

(

1− uα
Z

)

(

uα
Z + 1

ZT

) =
1− α

Z(Φ−Tα)

1+ Z(Φ−Tα)
ZTα

(83)

This classical expression of the reduce efficiency presents a maximum for the compatibility

value uopt = s=
√
1+ZT−1

αT . In that case the reduce efficiency becomes,

ηr =

√
1+ ZT − 1√
1+ ZT + 1

=
1

2
Φopt

αT − 1
(84)

where the equivalent optimal potential is,

Φopt =

[

Tα +
1

s

]

= Tα

[ √
1+ ZT√

1+ ZT− 1

]

(85)

We can now plot the expression ηr = f (Φ
T ) for various ZT values. One can notice that this

Φ dependence is sharper as ZT values increase. This is in agreement with the assumption
that the proximity to reversibility implies a drastic control of the working contributions.
This is obtained by a direct control of Φ = Φopt. As a consequence it becomes possible to
control the maximum relative efficiency by keeping Φ to its optimal value Φ = Φopt. This
approach extends the compatibility approach by adding a thermodynamical feedback by a

direct measurement of the local entropy production
−→∇ .

−→
J S. The expression of the irreversible

4We recover here another illustration of the equality Lij = Łji
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Fig. 6. Reduce Efficiency.

factor gives an insight of the sensibility of the thermoelectric system to varying working
conditions. It shows that for large ZT this sensibility becomes very high and strong reduction
of the efficiency can rapidly occur. For an optimal efficiency, obtained for u = s it shows that
Φ precises the intrinsic irreversibilities contribution for a given material.

7. Conclusion

The thermoelectric process has been described using a classical fluid approach. The ”Fermi
gas”’ of electrons takes place of the traditional ”steam” in the thermodynamical cycle, giving
strong similarities in the description of the underlying mechanismes, which are based on
the linear Onsager theory of ”‘out of equilibrium thermodynamics”. It is shown that the so
called ”‘figure of merit ZT”’ of the thermoelectric material can be directly derived from this
approach. Finally, the importance of the working conditions is demonstrated, leading to the
concept of thermoelectric potential Φ which is an extension of the concept of free energy for
the gas, under out of equilibrium conditions.
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