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DeLiA: A New Family of  
Redundant Robot Manipulators 

Jaime Gallardo–Alvarado 
Instituto Tecnológico de Celaya,  

México 

1. Introduction 

A fully decoupled parallel manipulator is a mechanism in which one output kinematic joint, 
degree of freedom, is affected by only one active or input kinematic pair, the perfect 
mechanism from a kinematic point of view due to the possibility to generate linear input–
output kinematic constraint equations. Parallel manipulators with fewer than six–degrees–
of–freedom frequently referred as limited–dof or defective parallel manipulators were the 
first class of parallel manipulators to be considered in that trend. Kong & Gosselin (2002a) 
introduced a class of translational fully decoupled parallel manipulators called Tripteron 
family. Carricato & Parenti–Castelli (2004) invented a two–degrees–of–freedom parallel 
wrist in which two interconnected linkages independently actuate one of the two angles 
associated to the orientation of the moving platform. Recently, Briot & Bonev (2009) 
proposed a fully decoupled translational parallel manipulator, called Pantopteron, for 
simple pick–and–place operations. Certainly, there is a significative number of contributions 
dealing with the study of limited–dof fully decoupled parallel manipulators, see for instance 
Carricato & Parenti–Castelli (2002), Kong & Gosselin (2002b, 2002c), Gosselin et al., (2004), 
Gogu (2005), Li et al., (2005), Ruggiu (2009) and so on. On the other hand, a fully decoupled 
six–degrees–of–freedom parallel manipulator is maybe, still in our days, an unrealistic task. 
In fact, the dream that in a Gough–Stewart platform one degree of freedom shall be affected 
by only one active kinematic joint is a far away reality, if sensors are not considered. In 
order to diminish such drawback, the term fully can be removed from the original concept 
meaning that a decoupled parallel manipulator is a mechanism in which the position and 
orientation, pose, of the moving platform with respect to the fixed platform can be 
computed separately. The decoupled motion can be achieved by introducing geometric 
conditions, e.g. Wohlhart (1994) studied a Gough–Stewart platform in which three of the six 
limbs share a common spherical joint over the moving platform, other topologies with 
uncoupled rotations and translations were investigated by Innocenti & Parenti–Castelli 
(1991), Zabalza et al., (2002), Yang et al., (2004), Takeda (2005) and so on. Despite the 
indisputable recent valuable advances in this subject, the development of decoupled parallel 
manipulators with simplified architectures preserving the well–known benefits of parallel 
manipulators such as higher stiffness and payload/capacity is a rather complicated task. At 
this point, and mainly due to the lack of an efficient mathematical resource to approach the 
forward kinematics of a general Gough–Stewart platform capable to determine the actual 
configuration of the manipulator, without using sensors, one can take into account that if 
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there is not essential the fully decoupled motion, then the development of partially 
decoupled parallel manipulators is a viable option to apply the benefits of mechanisms with 
nearly parallel kinematic structures, see for instance Briot et al., (2009), Altuzarra et al., 
(2010). It is interesting to note that mechanisms with mixed motions can be included in the 
class known as partially decoupled parallel manipulators. 
In this chapter a new family of partially decoupled parallel manipulators endowed with an 
extra active kinematic joint is introduced. One member of this new family of robot 
manipulators is selected with the purpose to illustrate the methodology of kinematic 
analysis chosen to characterize the angular and linear kinematic properties, up to the 
acceleration analysis, of it. The forward position analysis of the robot, a challenging task for 
most parallel manipulators, is carried–out in a semi–closed form solution applying 
recursively the Sylvester dialytic elimination method that allows to determine all the 
feasible locations that the output platform can reach with respect to the fixed platform given 
a set of generalized coordinates. On the other hand, the velocity and acceleration analyses of 
the robot are approached by means of the theory of screws. With this mathematical tool, 
simple and compact expressions for computing the velocity and reduced acceleration states 
of the output platform are obtained taking advantage of the properties of reciprocal screws, 
via the Klein form of the Lie algebra e (3). Finally, the robot is simulated as a virtual five–
degrees–of–freedom parallel kinematic machine using special commercially available 
software like ADAMS©. 

2. Description of the DeLiA robot family 

Before the transcendental contributions of Gough (1957), Gough & Whitehall (1962) and 
Stewart (1965), it seems that a five–degrees–of–freedom spray painting machine was the first 
promissory industrial application of a parallel manipulator (Pollard, 1940; Bonev, 2003). 
Furthermore, many practical applications do not require the six degrees of freedom of a 
general Gough–Stewart platform, particularly five–degrees–of–freedom parallel 
manipulators had been proposed, among simple pointing devices, as multi–axis machine 
tools (Bohez, 2002; Zheng et al., 2005; Gao et al., 2005, 2006), bio–mechanical devices (Zhu et 
al., 2008; Gallardo–Alvarado, 2010) or new architectures for medical applications (Vlachos & 
Papadopoulos, 2005; Piccina, 2009). 
With these considerations in mind and with the motivation that not always is essential a 
pure parallel kinematic topology, this work is intended to be a viable option to the 
development of a new class of five–degrees–of–freedom robots with a nearly parallel 
kinematic architecture, preserving the advantages of serial-parallel manipulators but with 
the possibility to mount all the active limbs on the fixed platform. 
The proposed general topology is depicted in Fig. 1, it consists of a fixed platform, a coupler 
platform and an end–effector–platform also called output– platform. Please note that while 
in a general Gough–Stewart platform the generalized coordinates or active joints are 
necessarily coupled, in the proposed topology these motors can be decoupled into two 
different groups which allows to simplify the forward kinematics of the mechanisms at 
hand. Furthermore, the end–effector–platform is connected at the fixed platform by means 
of an active 6–dof three–legged parallel manipulator (XYS–type limb with X=RR,U,C,S; 
Y=P,R,C) whereas the coupler platform is connected at the fixed platform by means of an 
active 3–dof parallel manipulator (XYS–type limb with X=R,P; Y=R,P) and at the end–
effector platform through a passive 3–dof parallel manipulator (XYS–type limb with X=R,P; 
Y=R,P). Interesting benefits can be observed in this topology: 
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Fig. 1. General Gough–Stewart platform and the general proposed topology 

• The motors can be mounted on the fixed platform 
• The forward finite kinematics can be carried–out solving two decoupled systems of 

non–linear kinematic constraint equations 

• The spherical joints attached at the end–effector platform allow to affirm that this 
topology is a non–overconstrained mechanism, e.g. does not require of additional 
tolerances of manufacture that ensure the intersection of screws 

On the other hand, the 3–dof parallel manipulators chosen for this research, belong to the 
class known as zero–torsion parallel manipulators (Bonev, 2002). 
Several combinations can be generated with the considerations above–mentioned and one of 
them, here after called D1 robot, is presented in Fig. 2. 
D1 is a robot formed with an active 3–UPS parallel manipulator and two 3–RPS parallel 
manipulators, one active and the other passive. The nominal coordinates of the universal, 
prismatic, spherical and revolute joints of the chosen architecture are denoted respectively 
by U, P, S and R and are located by vectors U, P, S and R. In the rest of this work, the 
analysis is focused on the D1 robot. 

3. Mobility analysis of the D1 robot 

An exhaustive review of formulae addressing the mobility analysis of closed kinematic 
chains can be found in Gogu (2005) and the following is a variant of the well–known 
Kutzbach–Grübler formula for computing the degrees–of– freedom of spatial parallel 
manipulators 

 
=1

= 6( 1)
j

i
i

F n j f− − + ∑  (1) 
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Fig. 2. D1, a member of the DeLiA robot family and its geometric scheme 
 

where n is the number of links, j is the number of kinematic pairs, and fi is the number of 
freedoms of the i–th kinematic pair. For the robot D1 n = 21, j = 6R+9P+3U+9S = 27, 

=1

j

i∑ fi = 48 and therefore F = 6, which is a wrong result. In fact, Dai et al. (2006) proved that 

in a 3–RPS parallel manipulator a basis representing the motions of the moving platform, 
with respect to the fixed platform, consists of three elements, two non–parallel coplanar 
rotations and one translation along an axis perpendicular to the plane formed by the 
spherical joints. According to this basis, the coupler platform of the robot D1 cannot rotate 
with respect to the fixed platform along an axis perpendicular to the plane formed by the 
spherical joints attached at the coupler platform. It is straightforward to demonstrate that 
such argument is valid too for the end– effector–platform and the coupler platform, in other 
words, the end–effector– platform has a rotation restricted with respect to the coupler 
platform due to the passive 3–RPS parallel manipulator connecting both platforms and the 
coupler platform has a rotation restricted with respect to the fixed platform due to the 3–
RPS active parallel manipulator. With these considerations in mind, although the computed 
degrees of freedom of the robot at hand is six, the end–effector–platform does not accept 
arbitrary orientations with respect to the fixed platform, and therefore D1 is in reality a five–
degrees–of–freedom redundant robot. 

4. Finite kinematics 

In this section the position analysis of the proposed robot is presented. 
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4.1 Forward position analysis 

The forward position analysis (FPA) consists of finding the pose of the end– effector–
platform with respect to the fixed platform given a set of six generalized coordinates  
qi(i = 1, 2, . . . , 6). Due to the decoupled architecture, the pose of the coupler platform, body 
B, with respect to the fixed platform, body A, is controled by means of the internal 
generalized coordinates qi(i = 1, 2, 3). Furthermore, the pose of the coupler platform is easily 
determined through the computation of the coordinates of the centers of the spherical joints 
attached at the coupler platform, points Si(i = 1, 2, 3). 
Let XY Z and xyz be two reference frames attached, respectively, at the fixed platform and at 
the end–effector–platform. With reference to Fig. 2, since the revolute joints attached at the 
fixed platform have a tangential arrangement, then it is possible to write three kinematic 
constraint equations as 

 
1 1 2 3

2 2 3 1

3 3 2 1

( ) ( ) = 0

( ) ( ) = 0

( ) ( ) = 0

− • − ⎫
⎪− • − ⎬
⎪− • − ⎭

S R R R

S R R R

S R R R

 (2) 

where the dot (�) denotes the usual inner product of the three–dimensional vectorial 
algebra. Furthermore, three closure equations can be written as 

 2( ) ( ) = = 1,2, 3i i i i iq i− • −S R S R   (3) 

Finally, according to the triangle ΔS1S2S3 three compatibility equations are given by 

 
2

( ) ( ) = , = 1,2, 3 mod(3)i j i j i jS S i j− • −S S S S  (4) 

Expressions (2), (3) and (4) are solved by applying the Sylvester dialytic elimination method 
(Tsai, 1999; Gallardo et al., 2007). Once the coordinates of the points Si(i = 1, 2, 3) are 
calculated, the center of the triangle ΔS1S2S3, vector AρB, results in 

 1 2 3= ( ) / 3A B + +S S Sρ  (5) 

Finally, the pose of the coupler platform with respect to the fixed platform is summarized in 
the 4 × 4 homogeneous transformation matrix ATB: 

 
1 3

=
1

A B A B
A B

×

⎡ ⎤
⎢ ⎥
⎣ ⎦

R
T

O

ρ
  (6) 

where ARB is the rotation matrix which is computed by means of the coordinates of the points 
Si(i = 1, 2, 3), for details see Gallardo–Alvarado et al. (2008). Following a similar procedure, the 
homogeneous transformation matrix of the end–effector–platform with respect to the fixed 
platform, ATC, is computed. To this end, consider the following closure equations 

 

4 4 5 6

5 5 6 4

6 6 5 4

2
3 3 3

2

( ) ( ) = 0

( ) ( ) = 0

( ) ( ) = 0

( ) ( ) = = 1,2,3

( ) ( ) = , = 4,5,6 mod(3)

i i i i i

i j i j i j

q i

S S i j

+ + +

− • − ⎫
⎪− • − ⎪
⎪− • − ⎬
⎪− • −
⎪
⎪− • − ⎭

S R R R

S R R R

S R R R

S U S U

S S S S

  (7) 
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where the vectors Ri(i = 4, 5, 6) are computed by using the matrix ATB. Furthermore, the 
homogeneous transformation matrix between the end–effector– platform and the fixed 

platforms, BTC, can be calculated from 

 =A C A B B CT T T   (8) 

4.2 Inverse position analysis 

The inverse position analysis consists of finding the active limb lengths qi(i = 1, 2, . . . , 6) of 
the robot given the pose of the end–effector–platform with respect to the fixed platform, 

matrix ATC. To this end, it is necessary to compute, as an intermediate step, the vectors  

S
i(i = 1, 2, . . . , 6). 

Immediately emerges that the coordinates of the points Si(i = 4, 5, 6), expressed in the fixed 
reference frame XY Z, attached at the end–effector–platform can be obtained from 

 =
1 1

i iA C
S s⎡ ⎤ ⎡ ⎤

⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

T   (9) 

where si(i = 4, 5, 6) is the i–th point but expressed according to the moving reference frame 
xyz. Furthermore, the unknown vectors Ri(i = 4, 5, 6) and Si(i = 1, 2, 3) can be computed 
according to the following closure equations 

 

6 6 5 4

5 5 6 4

4 4 6 5

1 1 2 3

2 2 3 1

3 3 2 1

1 2 3 4 5 6

2

2

3

( ) ( ) = 0

( ) ( ) = 0

( ) ( ) = 0

( ) ( ) = 0

( ) ( ) = 0

( ) ( ) = 0

=

( ) ( ) = , = 1,2,3 mod(3)

( ) ( ) = , = 4,5,6 mod(3)

( )

i j i j i j

i j i j i j

i i

S S i j

R R i j

+

− • −
− • −
− • −
− • −
− • −
− • −

+ + + +

− • −

− • −

−

S R R R

S R R R

S R R R

S R R R

S R R R

S R R R

S S S R R R

S S S S

R R R R

S R
2

3 3( ) = = 1,2,3i i i iS R i+ +

⎫
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎬
⎪
⎪
⎪
⎪
⎪
⎪
⎪• − ⎭S R

  (10) 

Finally, the limb lengths qi(i = 1, 2, . . . , 6) result in 

 
2

2
3 3 3

= ( ) ( )

= ( ) ( ) = 1,2,3
i i i i i

i i i i i

q

q i+ + +

⎫− • − ⎪
⎬

− • − ⎪⎭

S R S R

S U S U
  (11) 

5. Infinitesimal kinematics 

In this section the velocity and acceleration analyses of the proposed robot are approached 

by means of the theory of screws. For detailed information of the kinematic analysis of 

closed chains and parallel manipulators, using such mathematical resource, the reader is 

referred to (Rico & Duffy, 2000; Gallardo et al., 2003). In particular screw theory is an 
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efficient mathematical resource to analyze five–degrees–of–freedom parallel manipulators 

(Li & Huang, 2002; Zhu et al., 2008; Gallardo–Alvarado et al., 2009). Furthermore, as a 

consideration for readers unfamiliar with the theory of screws an explanation of basic 

concepts dealing with it is also included in this section. 

5.1 Preliminary concepts. Basic concepts of the screw theory 

A screw $ = ( ŝ , sO) is a six-dimensional vector composed of a vector ŝ , namely the primal 

part, denoting the direction of the screw axis and a vector sO, namely the dual part, which is 

the moment produced by ŝ  about a point O fixed to the reference frame. The moment sO is 

calculated as follows 

 /
ˆ ˆ=O O Ph + ×s s s r  (12) 

where h is the pitch of the screw and rO/P is a vector directed from a point P, fixed to the 

screw axis, to point O. Note that if the pitch of the screw goes to infinity, then the screw 

represents a prismatic joint and it is represented by $ = (0, ŝ ). Any lower kinematic pair can 

be represented either by a screw or a group of screws. A cylindrical joint can be simulated 

by the combination of one revolute joint and one prismatic joint, whereas a spherical joint 

results of the action of three revolute joints whose axes, usually mutually orthogonal, 

intersect a common point. 

Screw theory, which is isomorphic to the Lie algebra e(3) also referred as motor algebra, is 

the set of elements of the form $ = ( ŝ , sO) with the following operations. 

Let $1 = ( ŝ 1, sO1), $2 = ( ŝ 2, sO2), and $3 = ( ŝ 3, sO3) be elements of the Lie algebra e(3) with λ1, 

λ2, λ3 ∈ ℜ. Then 

1. Addition, $1 + $2 = ( ŝ 1 + ŝ 2, sO1 + sO2) 

2. Multiplication by a scalar, λ$1 = (λ ŝ 1, λsO1) 

3. Lie product or dual motor product, [$1 $2] = ( ŝ 1× ŝ 2, ŝ 1×sO2− ŝ 2×sO1). 

The Lie product exhibits interesting properties like 
a. Nilpotent, [$1 $1] = (0, 0) 
b. Non–commutative, [$1 $2] = −[$2 $1] 
c. Distributive 

[$1 λ2$2 + λ3$3] = λ2 [$1 $2] + λ3 [$1 $3] 

[λ$1 + λ2$2 $3] = λ1 [$1 $3] + λ2 [$2 $3] 

 

4. Jacobi identity, [$1 [$2 $3]] + [$3 [$1 $2]] + [$2 [$3 $1]] = (0, 0) 
Furthermore, the Lie algebra e(3) is endowed with two symmetric bilinear forms 
1. The Killing form, ($1; $2) = ŝ 1 � ŝ 2 

2. The Klein form, {$1; $2} = ŝ 1 � sO2 + ŝ 2 � sO1 

It is said that the screws $1 and $2 are reciprocal if {$1; $2} = 0, an interesting property that 

allows to simplify the forward infinitesimal kinematics of parallel manipulators. 

Screw theory is a powerful mathematical tool modeling the kinematics of rigid bodies. 

The velocity state n m
OV  of a rigid body m as it is observed from another body n or reference 

frame is a twist about screw (Ball, 1900), indeed n m
OV  = ωn$m, given by 
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 =
n m

n m
O n m

O

⎡ ⎤
⎢ ⎥
⎣ ⎦

V
v

ω
 (13) 

where nωm and n m
OV  are, respectively, the angular and linear velocities of the body under 

study and O is a point of the body m that is instantaneously coincident with the origin of the 
reference frame n, point O is also known as the reference pole. Furthermore, in an open 
kinematic chain, e.g. a serial manipulator, the velocity state of the end–effector, labeled body 
m, with respect to the base link, labeled body n, can be written as a linear combination of the 
involved infinitesimal screws associated to the kinematic pairs as follows 

 1 1 2 1
1 1 2 1$ $ $ =n n n n m m n m

n n n n m m Oω ω ω+ + + −
+ + + −+ + +… V   (14) 

On the other hand, the reduced acceleration state n m
OA  of body m with respect to body n, 

also known as accelerator, is a six-dimensional vector given by 

 = $ =
n m

n m n m
O n m n m n m n m

O O

ω
⎡ ⎤
⎢ ⎥− ×⎣ ⎦

$
$A

a v

ω
ω

 (15) 

where ω$  and n m
Oa  are the angular and linear accelerations of body m with respect to body n 

taking O as the reference pole. Furthermore, in a serial manipulator the reduced acceleration 

state of the end-effector with respect to the base link is given by 

 1 1 2 1
1 1 2 1$ $ $ =n n n n m m n m n m

n n n n m m Oω ω ω+ + + −
+ + + −+ + + +$ $ $… AL   (16) 

where 

1 1 2 1
1 1 2 1= [ $ $ $ ]n m n n n n m m

n n n n m mω ω ω+ + + −
+ + + −+ +…L  

  1 2 2 3 1
1 2 2 3 1[ $ $ $ ]n n n n m m

n n n n m mω ω ω+ + + + −
+ + + + −+ + + +…  

                            2 1 1
2 1 1[ $ $ ]m m m m

m m m mω ω− − −
− − −+ +…   (17) 

is the Lie screw or complementary six-dimensional vector of the reduced acceleration state. 
It is worth mentioning that eventhough its compactness, Eq. (16) contains all the terms 
involved in the acceleration analysis of a rigid body. In fact, e.g. Eq. (16) contains the terms 
of the acceleration of Coriolis and one not need to make a distinction of it. Furthermore, Eq. 
(16) can be easily translated into computer codes approaching the kinematic analysis of 
robot manipulators. This expression was introduced by the first time by Rico–Martínez & 
Duffy (1996) and its correctness was validated by the author of this work with the 
publication of several papers in well known journals. Before the pioneering contribution of 
Rico–Martínez & Duffy (1996) the screw theory was confined to the so–called first order 
analysis (velocity analysis). Its introduction almost fifteen years ago open the possibility to 
extend the screw theory to the so–called higher order kinematic analyses. 

5.2 Velocity analysis 

The modeling of the screws of three representative limbs of the robot is depicted in Fig. 3. It 
must be noted that due to existence of compound joints in the output platform, e.g. 
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Spherical + Spherical, these spherical joints require each one more of the usual three 
infinitesimal screws indicating concurrent revolute joints. Furthermore, before do any 
further, in order to solve the inverse velocity and acceleration analyses, it is necessary the 
introduction of auxiliary screws with the purpose to satisfy an algebraic requirement, with 
this consideration in mind the revolute joints are modeled as cylindrical joints, in  
which the corresponding translational velocities are equal to zero. In other words, 

1 70 6= = 0( = 1,2,3)
i i

iω ω . 
 

 

Fig. 3. Infinitesimal screws of three representative limbs of the robot D1 

Let AωC and A C
Ov

 be, respectively, the angular and linear velocities of a point O attached at 

the end–effector–platform. The velocity state, or twist about a screw, of the end–effector–

platform with respect to the fixed platform, six– dimensional vector A C
OV

 = [AωC, A C
Ov ]T , can 

be obtained trough the coupler and fixed platforms as 

 =A C A B B C
O O O+V V V   (18) 

where A B
OV  is the velocity state of the coupler platform with respect to the fixed platform, 

and B C
OV  is the velocity state of the end–effector–platform with respect to the coupler 

platform. Furthermore, these kinematic states can be written in screw form as 

 = , { , , } = 1,2,3A B B C A C
i i O O O i∈V V V V VJ Ω   (19) 
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where the Jacobians { , , }A B B C A C
i i i i∈J J J J  are given by 

 

13 1512 13 14 14 15 16 16 17 17 18

7 96 7 8 8 9 10 10 11 11 12

1 30 1 2 2 3 4 4 5 5 6

= [ $ , $ , $ , $ , $ , $ ]

= [ $ , $ , $ , $ , $ , $ ]

= [ $ , $ , $ , $ , $ , $ ]

A C
ii i i i ii

B C
ii i i i ii

A B
ii i i i ii

⎫
⎪
⎪
⎬
⎪
⎪⎭

J

J

J

  (20) 

whereas { , , }A B B C A C
i i i i∈Ω Ω Ω Ω  are matrices containing the joint rate velocities. In fact: 

 

1312 13 14 14 15 16 16 17 17 1815

76 7 8 8 9 10 10 11 11 129

10 1 2 2 3 4 4 5 5 63

= [ ]

= [ ]

= [ ]

i iA C i i i i T
i

i iB C i i i i T
i

i iA B i i i i T
i

ω ω ω ω ω ω

ω ω ω ω ω ω

ω ω ω ω ω ω

⎫
⎪
⎪
⎬
⎪
⎪⎭

Ω 

Ω 

Ω 

  (21) 

The inverse velocity analysis consists of finding the joint rate velocities of the robot given a 

prescribed velocity state of the end–effector–platform with respect to the fixed platform, 
A C

OV . This analysis is solved directly by means of expressions (18) and (19), however the 

loss freedom of the end–effector–platform must be taken into proper account in order to 

obtain the desired velocity state. Furthermore, it is important to emphasize that the 

Jacobians A B
iJ , B C

iJ  and A C
iJ  must be invertible, otherwise the robot is at singular 

configuration. 

On the other hand, the forward velocity analysis consists of finding the velocity state A C
OV , 

given the active joint rate velocities of the robot. It is interesting to note that due to the 

decoupled architecture, the velocity state A B
OV  depends only of the three active joints 

2 3 ( = 1,2,3)
i

iω . Furthermore, since 3 4$ i  and 4 5$ i  are reciprocal to the remaining screws 

representing the revolute joints in the same limbs, the application of the Klein form, {∗; ∗}, 

between the velocity state A B
OV  and these reciprocal screws, the reduction of terms leads to 

 
1 2 3

2 2 23 3 31
= [0 0 0 ]

T A B T
O ω ω ωΔJ V   (22) 

where 

 3 4 4 5 3 4 4 5 3 4 4 5
1 1 2 2 3 31

= [ $ , $ , $ , $ , $ , $ ]J   (23) 

is the active Jacobian matrix between the middle and fixed platforms and 

 =
⎡ ⎤

Δ ⎢ ⎥
⎣ ⎦

O I

I O
  (24) 

is an operator of polarity defined by the 3 × 3 identity matrix I and the 3 × 3 zero matrix O. 

Hence, the velocity state A B
OV is obtained directly from the input/output velocity equation (22). 

In order to compute the velocity state A C
OV  please note that the screws 16 17$ ( = 1,2,3)i i  are 

reciprocal to the remaining screws, in the same limb, representing the revolute joints of the 

UPS–type limbs. Thus, after applying the Klein form between these screws and the velocity 

state A C
OV , the reduction of terms yields 
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 16 17
14 15{ $ ; } = = 1,2,3

iA C
i O iωV   (25) 

Similarly, the application of the Klein form of the screws 9 10$ ( = 1,2,3)i i  to both sides of Eq. 

(18) allows to write 

 9 10 9 10{ $ ; } = { $ ; } = 1,2,3A C A B
i O i O iV V   (26) 

Finally, casting in a matrix–vector form Eqs. (25) and (26) one obtains 
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where 

 16 17 16 17 16 17 9 10 9 10 9 10
1 2 3 1 2 32

= [ $ , $ , $ , $ , $ , $ ]J   (28) 

is the active Jacobian matrix between the output and fixed platforms. 

Therefore the velocity state A C
OV  can be computed directly from the input/ output velocity 

equation (27). Please note that the forward velocity analysis requires that the active Jacobian 

matrices 
1

J  and 
2

J  must be invertible, otherwise the manipulator is at a singular 

configuration. 

5.3 Redundancy analysis of the robot D1 

In what follows the redundancy of the robot under study is briefly explained. Firstly, 
consider that according to section 3 AωB � Aτ B = BωC � Bτ C = 0 where Aτ B and Bτ C are, 
respectively, normal vectors to the planes S1S2S3 and S4S5S6. Furthermore, taking into 
account that AωC = AωB + BωC, then the loss rotation of the robot leads to 

 ( ) = 0A C A B B C A B B C B C A B• + − • − •ω τ τ ω τ ω τ   (29) 

Equation (29) is called a zero–torsion condition and indicates that one element of the angular 
velocity AωC can be written as a linear combination of its remaining components. With this 
consideration in mind the velocity state A C

OV  can be considered, by using a proper reference 
frame, as a five–dimensional vector which implies that it is possible to write, according to 
Eqs. (22) and (27), A C

OV  in terms of first order coefficients (Gallardo–Alvarado & Rico–
Martínez, 2001) as 

 *=A C
O +GQ QV   (30) 

where Q is a 5 × 1 matrix containing five of the six generalized or active joint rate velocities 

which is affected by the 5 × 5 matrix G whose elements are the corresponding first order 

coefficients of the chosen active joints while Q∗ is a 5×1 matrix formed with the remaining 

active joint multiplied by its corresponding first order coefficients. Given a prescribed 
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velocity state A C
OV , expression (30) indicates that the user can select five of the six active 

joints and the remaining one can be used in order to avoid/escape from possible 

singularities, if any. Furthermore, the extra active joint can be used with the purpose to 

optimize trajectories. This feature is one of the main benefits of the robot D1. 

5.4 Acceleration analysis 

Let A C$ω  and A C
Oa  be, respectively, the angular and linear accelerations of a point O of the 

end–effector–platform. The reduced acceleration state, or accelerator, of the end–effector–

platform with respect to the fixed platform, = [ , ]A C A C A C A C A C T
O O O− ×$A a vω ω , can be obtained 

trough the coupler and fixed platforms as 

 = [ ]A C A B B C A B B C
O O O O O+ +A A A V V   (31) 

where B C
OA  is the accelerator of the coupler platform with respect to the fixed platform, B C

OA  
is the accelerator of the end–effector–platform with respect to the coupler platform. 
Furthermore, these accelerators can be written in screw form as follows 

 = { , , }  = 1,2,3A B B C A C
i i i O O O i+ ∈J $A A A A AL Ω  (32) 

where { , , }A B B C A C
i ii ii ii∈$ $ $ $    Ω Ω Ω Ω  are matrices containing the joint rate accelerations of the 

corresponding limbs, whereas { , , }A B B C A C
i i i i∈    L L L L  are composed Lie products given by 
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The inverse acceleration analysis consists of finding the joint rate accelerations of the robot 
given a prescribed accelerator A C

OA . This analysis is carried–out by means of expressions 
(31) and (32). 
On the other hand the forward acceleration analysis consists of finding the accelerator of the 
end–effector–platform with respect to the fixed platform, A C

OA , given the active joint rate 
accelerations of the robot. This analysis is very close to the presented to solve the forward 
velocity analysis, therefore only the obtained expressions are included here. 
The accelerator A B

OA  can be computed upon the input/output acceleration expression 
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whereas the reduced acceleration state A C
OA  can be obtained from the input/ output 

acceleration relationship 
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 (35) 

Finally, please note that the computation of the accelerators A B
OA  and A C

OA , by means 

respectively of expression (34) and (35), does not require the values of the passive joint rate 

accelerations of the robot. Furthermore, once these reduced acceleration states are 

calculated, the accelerator B C
OA  is obtained using expression (31). 

6. Computer aided kinematic simulations 

With the purpose to exemplify the performance of the D1 robot, in this section the kinematic 
behavior of a virtual prototype, left image provided in Fig. 2, is simulated by means of the 
commercially available software ADAMS©.  
The parameters of the robot, using hereafter SI units, are given by 
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whereas in the home position the coordinates of the spherical joints Si(i = 1, 2, . . . , 6) and of 
the tool tip T are given by 
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The inverse kinematics of the robot is proved simulating the D1 robot as a parallel kinematic 
machine tool. To this end, two tasks are assigned to the tool tip: 
• The robot will drill three holes 
• The robot will mill a hexagon 
In order to achieve these tasks, only five of the six available generalized coordinates are 
required, therefore one of them, e.g. q3, should be locked. After, the required instantaneous 
variations of the generalized coordinates satisfying such operations are provided in Fig. 4. 
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Fig. 4. The D1 robot working as a non–redundant five–degrees–of–freedom parallel 
kinematic machine 

On the other hand, the forward kinematics of the robot is simulated by using the six 
generalized coordinates. In other words, the robot D1 is used as a redundant manipulator 
with six active joints to realize five degrees of freedom in the output platform. To this end, 
upon the home position of the robot D1, the active limbs are conditioned to the following 
periodical variations 
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With these data the most representative results of the simulation are provided in Fig. 5. 
 

7.06.05.04.03.02.01.00.0

0.0

0.15

0.1

0.05

0.0

-0.05

-0.1

Time (sec)

Le
ng

th
 (m

et
er

)

7.06.05.04.03.02.01.00.0

-0.9

-0.95

-1.0

-1.05

-1.1

Time (sec)

Le
ng

th
 (m

et
er

)

7.06.05.04.03.02.01.00.0

0.0

0.05

0.0

-0.05

-0.1

-0.15

-0.2

Time (sec)

Le
ng

th
 (m

et
er

)

7.06.05.04.03.02.01.00.0

0.0

1.0

0.5

0.0

-0.5

-1.0

Time (sec)
7.06.05.04.03.02.01.00.0

0.0

0.15

0.1

0.05

0.0

-0.05

-0.1

-0.15

-0.2

Time (sec)

7.06.05.04.03.02.01.00.0

0.0

1.0

0.0

-1.0

-2.0

-3.0

Time (sec)
7.06.05.04.03.02.01.00.0

0.0

0.35

0.25

0.15

0.05

-0.05

-0.15

-0.25

-0.35

-0.45

Time (sec)  

Fig. 5. Forward kinematics, six active joints to realize five degrees of freedom 
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Finally, of course a virtual prototype is not the final word about the correctness performance 
of a proposed manipulator, but it is an advisable option before the construction of a real 
prototype. 

7. Conclusions 

In this work a new class of redundant robot manipulators called DeLiA is introduced. The 
main features of the proposed robots are: 
• Symmetry 
• Decoupled architecture. Only three of the six active limbs connect the end–effector–

platform to the fixed platform 
• The forward position analysis, a challenging task of most parallel manipulators, is 

carried–out by solving two sets of non–linear equations 
• The proposed robot does not require of special conditions of mechanical assembly like 

intersection of screws or similar 
• The six active limbs are mounted on the fixed platform, simplifying the kinematics and 

control of the robot 
• Redundancy, the robot is endowed with an extra degree of freedom which can be used 

with the purpose to avoid/escape from singular configurations, as well to optimize 
trajectories. Any of the six active joints can play this role 

Finally, D1, a member of the DeLiA robot family, is simulated as a five-degrees- of-freedom 
parallel kinematic machine tool with the aid of commercially available software like 
ADAMS©. 
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