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1. Introduction

The systems whose functionalities (i.e. semantics) are defined with respect to time and whose
correctness can only be assessed by taking time into consideration are called time - critical
systems. This class of systems includes embedded real - time systems such as process control
systems, digital signal processing systems, patient monitoring systems, flight control systems
and weapon systems. The definition of time - critical systems covers a broader class then that
of real - time systems. As an example can serve a typical computer system with a mouse input
device where making two clicks on the mouse (the first and the second click at the beginning
and at the end of the time interval duration 2 seconds respectively), has a quite different
meaning than a double clicking within the time interval duration an half of second.
There is much expectation from the application of formal description techniques (FDT) and
verification techniques to that field, since often time - critical systems have severe reliability
and safety requirements. The theory and techniques developed for designing and
understanding sequential and concurrent systems are not immediately suitable for time -
critical systems: new formalisms and new methods are needed to specify their properties
and prove correctness of implementations.
Several extensions to mathematical theories, such as logic, to cope with concurrent and real-
time systems have been already proposed (Olderog, 1991; Ostroff, 1989), or algebra (Baeten
& Bergstra, 1991). Petri Nets (PN) have deserved great attention in the role of FDT for
concurrent, and in the last past as an FDT for time - critical systems. Two kinds of extensions
to PN formalism are relevant with respect to time-critical systems:

e extensions that add time modelling capabilities (Time PNs),

e extensions that add functional modelling capabilities.
Different PN formalisms have been introduced in the literature; for example see (Genrich,
1986; Ghezzi et al., 1991; Jensen & Kristensen, 2009). Stochastic PNs represent important
extension - that serves mainly to deal with performance evaluation and not in specification
and verification of time-critical issues. Function modelling capabilities have been added to
PNs at so-called high-level PNs. Among them we mention Colored Petri Nets (Jensen &
Kristensen, 2009), Predicate Transition Nets (Genrich, 1986; Genrich & Lautenbach, 1981),
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254 Petri Nets: Applications

Numerical Petri Nets (Billington et al., 1988), PROT Nets (Bruno & Marchetto, 1986),
Evaluative Petri Nets (Hudak, 1980) and TER Nets (Ghezzi et al., 1991).

2. Reachability Problem in Petri Nets

Petri Nets are very well known FDT, and many sources in the literature treat the subject in
the depth (Peterson, 1981; Reisig, 1985; Murata, 1989; Hudak, 1999).
We define PN to be a 4-tuple N = (P, T, pre, post) , where:

e Pisa finite set of places

e Tisa finite set of transitions

e pre:PxT —{0,1} - presetfunction, post: PxT — {0,1} - postset function
The functions pre, post define a structure on the set PUT. It is very common to represent the
PN by the bipartite oriented graph (Fig. 1a). The following useful notations can be defined:

*t={p| pre(p,t) # 0} the set of preconditions of ¢ *p={t| post(p,t) # 0}

t* ={p| post(p,t) # 0} the set of postconditions of ¢ p° =1t| pre(p,t) # 0}

By the marking of PN N =(P,T, pre, post) we mean a totally defined function

m: P—N (1)
We use N for the set of natural numbers , i.e, N={0,1,2,...} and m to describe the situation or
configuration in PN N. Namely we say the condition represented by the place p in PN N
holds iff m(p) # 0. Without loss of generality we assume that P and T have k and s elements
respectively,i.e. P={p|,py,...pr}, T =1{t|,t5,....t,} and we fix some ordering of both, places

and transitions from now on. Using the ordering of places we can consider m to be the k-
dimensional nonnegative integer vector, i.e. m € NK. More formally
m = (m(py),m(p3)....m(py))

And m(p;)is the value of m inp;, i = 1,2,..., k, according to (1). In our example (Fig. 1a)
m(p;)=1 iff i = 1, or alternatively m =(1,0,0,0,0). For the simplicity we will use the
denotation m for both interpretations of the marking m. We say t is enabled in m, and denote
it m—— iff for every pet, m(p) > pre(p,t). In Fig. 1a t, is enabled in m =(1,0,0,0,0) because
*ty ={p} and m(p1) =1, and pre(ps, t2) = 1. Once the transition t is enabled it can fire. The

effect of the firing t in m is the creation of a new marking m’ that depends on m and t. We

use a denotation

t
m—>m'

and m’ is defined in the following way:
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Reachability Analysis of Time-Critical Systems 255

m(p) — pre(p,1) if petapet®

m (p) = m(p)+ post(p,t) if pet® Ape’t
m(p) — pre(p,t)+ post(p,t) if pe’tni®
m(p) otherwise

In PN N of Fig. 1a we can write m = (1,0,0,0,0)—2—m'= (0,1,1,0,1) . Notice that transition #; will
be enabled in m’. We say the sequence of transitions ¢ =tit,...t, is admissible firing sequence in

PN N, provided a sequence of markings i, mj,..., m, exists and such that m;,_, L)mi ,i=1,

2,..., r. In that case we write my—7—>m or my——>m , when ¢ is immaterial. The marking m

is to be called the reachable marking in N from my (via o). We fix the marking my to be the
initial marking of PN N =(P,T,pre,post) and we denote it No = (N, mp) or
Ny =(P,T, pre, post,mg) . Given PN N, =(P,T, pre, post,m,) we define the set of reachable
markings

R(Ng) = {m| my—"—m}

Reachability Problem (RP). Given PN N, =(P,T, pre, post,m,) and a k-dimensional non-
negative integer vector g, the problem whether ¢ e R(N() is called (the instance of) the

reachability problem of PN Ny (for the state g).

The reachability problem can be treated in the terms of so called vector addition systems
(VAS).

Definition 1: A (k-dimensional) vector addition system (VAS) Wi is a couple Wi = (qo ,W), where
qoe NK is the initial state of Wi, Wis a finite set of (k- dimensional) integer vectors, i.e

W={w, |Vil<i<s):w, =(a,.l sy seees Oy, ),al-/, eZ forall j=12,... k}

By a reachable state (vector) of Wi we call each ge Nk such that
1. g=qo+wi + ..+ wy for some integer n >0, w;jeW, j=1,..,n and
2. for Vj(1<j<n):qj=qo+wi+ ..+ wj eNk

We call the set of all such vectors the set of reachable state vectors, or simply the reachability set of
VAS Wy, and denote it as R(Wg ). More formally:

— ko _
RW)=1{qlq eN",q=qo+w;, +w, +..+w, ,neN,
Vi(l<j<n): W, €W.q; =qg+w; +w, +..+w, € N¥y
In what follows we use the words: reachable state vector, state vector, or state as synonymes. If it
is clear what dimensionality W, has, we omit the index k, and also we say just a vector

addition system instead a k-dimensional VAS, and the vector w, rather than the k-
dimensional vector w.
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256 Petri Nets: Applications

Definition 2: Given any VAS Wi = (qo,WV), where qoeNk and W 7k for some k > 0, and let
R(Wi) be its reachability set. For any geNk a problem whether q € R(W),) is called the reachability
problem of VAS (with respect to q). We will occasionally use the abbreviation RP(q,W}) ) for it.

With a vector addition system W, =(qy,”) we can associate a tree structure, which we call

the vector state tree, and define it as follows:

Definition 3: Let W), =(qo,W) be a vector addition system with qq as its initial state vector, and W
the finite set of k-dimensional integer vectors. Then by the vector state tree of VAS Wi, denoted by
VST, we mean a double labelled oriented tree

VST, =(T,,,lab,lab,y ,q), T,, = (V,E,ry)
is an oriented rooted tree, V - a set of vertices, E CV xV - a set of edges, roeV - the root of T, and
the two labelling mappings

lab, :V —N* lab, :E > W
The VST is defined such that lab (1)) = qo and any vertex v of T,,, with labi(v) = q has a son u €V
with labi(u) = q" and laby(v,u) = a iff " = q + a for some aeW and q,q" € Nk

Let Ny =(P,T, pre, post,my) be a PN with the initial marking 1. Recall m, can be represen-

ted as a k-dimensional nonnegative integer vector, i.e. mp € Nk and mgy = (mo (p1),..., Mo (px))-
The latter assumes an ordering of places in P and transitions in T, i.e. P = { py,..., px} and T = {
t1,..., ts }. From the analytical properties of PNs (Reisig, 1985) we have that

mo—t>m < m=my+(Y()x cHf
and ¥(f) is the Parikh mapping vector of the "string" ¢ over the (ordered) alphabet T. Recall
again that any transition ¢ €T can be represented as a k-dimensional integer vector
= post(r)— pre(r)
and
post(t) = (post(py 1), post(py.1)s.... post(py1)), pre(t) = (pre(py.1), pre(pa, ... pre(py.1)
It can be easily seen that
my ——>m < m=ngy +1
and we can construct for PN N = (P, T, pre, post,m) the vector addition system W =(gqq,W)
and such that go= m,, W =11, |t, € T,i =12,...,s}, and k = card P. The following result holds.

Theorem 1. For any PN N =(P,T, pre, post,my) there is an vector addition system W, =(qy,W)
and such that R(Wy)= R(Ny), and k = card P.

Proof: follows from the above construction.

In what follows we make use of the special symbol - @, which we add to N, creating by that
virtue the new set N,,. The ® element has the following properties: for any ae N: a< » and
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Reachability Analysis of Time-Critical Systems 257

o * a = 0. Having a (k-dimensional) vector ¢ =(q,¢.....q;) and a set A< {1,2,...k} =K we

denote by wag a vector, that we will call o vector and will be defined such that
w ified

w4q =(ay,a,,...,a;) where a; = )
q; otherwise

In (Huddk, 1999) a new RP algorithm was proposed, in which a core structure is a finite
state automaton (fsa) of the type M,. Here we can only in a very short way summarize the
RP algorithm.
RP algorithm: Given: VAS Wi = (g0 ,W), q € Nk - a state to be decided reachable or not;

Step 1 : Create fsa M,=(Q, W, 3, po) ;

Step 2 : Construct MILPy, (A, Xo, B(g), 1);

Step 3 : if MILPy, (A, Xo, B(q), r) = true then go to Step 4 else go to Step 5;

Step 4 : g eR(Wy). Stop.

Step 5 : g & R(W). Stop.
Here, Qc Nkis the set of states, 3: QxW —Q is the next-state function, po = mago, A K is the
initial ® (macro) state. In many cases M,’s state diagram contains strongly connected
components (scc), i.e it has the loop structure (see Fig. 8). MILP,, (A, Xo, B(g), r) stands for the
modified integer linear programming problem (Hudak, 1999), and denotes a predicate that is true
iff Xo is the solution to the problem, A is the matrix of p-simple loops (Huddak, 1999) of fsa M,
(taken as integer vectors), r is the number of strongly connected components of M,'s state
diagram on the path leading from the macrostate wpgo to a macrostate wpg, provided g is the
state whose reachability is solved by the instance of MILP, and B(g) is some linear
expression free of any p-simple loops and depending on the state 4.
The complexity of the RP algorithm was assessed (Huddk, 1999) and the worst-case upper

k42,2
bound of time complexity was settled. It turns out to be O( 2° ), provided k=card P, P to
be the set of places of PN N, =(P,T, pre, post,m;) and b > 0 is some constant. Fortunately, in

some cases the worst-case upper bound time complexity can be lowered (Hudak, 1999).
There the reader can find also the proof of lower bound on the space complexity of RP in
spirit of R.J.Lipton, which had been shown to be O(c¥) for some constant ¢>0.

Fsa M, is a finite state automaton with some interpretation of its states and input alphabet.
That means that fsa can be thought of as M, = (M,I) where M = (K, %, 3, ro) we call the basic
fsa for My, and I = (£, g, ro) - be an interpretation:

f:K —N! -is a state labelling mapping

g:2 — Z* -is an input labelling mapping
Properties of the interpretations were studied, that was inspired by V. N. Redko (Hudéak, 1999).
Problem: Let M = (K.,Z, 6, ro) be a fsa; is there any interpretation I = (f,g,ro) for <M,I> to be the
finite state automaton of the type My, for the PN N = (P,T, pre, post,my) ?
for <M,I> to be the finite state automaton of the type My, for the PN No = (P,T, pre , post,mg)?
Here follow results of the study and solution to the problem settled and also some remarks,
that reflect some interesting issues connected with the problem (Hudak, 1999).

1. Assume we are given a fsa M =(K, Z, §, qo); for any such M and a constant k > 1
there is a tripple of mappings Ix = <f, g, 10>, and such that it is the interpretation for
the fsa M, and <M, ;> is My-type fsa for the VAS Wi = <ry, {g(a) | aeX}>. Iy and VAS
Wi can be effectively constructed on the basis of M and of the constant k.
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258 Petri Nets: Applications

2. Assume we are given a fsa of the type M, - M" =(Q, W, 8w, r9), Q = Nk, W c ZK, ry
eNk; then on the basis of M’ the fsa M = (K, %, §, q9) and the couple of mappings <f,
g> can be constructed effectively; the latter is the isomorphism of fsa’s M and M’,
and <f, g, ro> represents the interpretation for the fsa M.

M, :<p, p, Ps P; P, >

M =JUNC [P.T{(M,,M,)]
<p: P Ps P Ps >

M = JUNC [P.T¢(N,,N,)]

P. = {p.,ps}

T, = {t,t,) )
N;:

N.:
. Ps ps
bt ot
(O)p: () P s
b
g P
b

Fig. 1. De/compositional reachability analysis

2.1 De/compositional reachability analysis of PNs

We have pointed out that the complexity of RP is tremendous and so RP is an intractable
problem. On the other hand there are some (quite practical and vital) problems for to be
dealt with and for that a solving the reachability problem is an inevitable task. An example
of such a problem can serve time analysis of time-critical systems (Ghezzi et al., 1994). An
outcome from that situation, and that seems to be the only way, is to apply the divide and
conquer approach to the RP. In (Huddk, 1994) we have proposed a new de/composition
method of PNs that is suitable for the reachability analysis of Petri Nets in general case. The
method is based on the RP algorithm by the first author (Hudak, 1999).

The de/composition can be accomplished in three ways: T-(P-, PT-) de/compositions, that
we call T-(P-, PT-) JUNCTION respectively (Hudak, 1994).
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Reachability Analysis of Time-Critical Systems 259

Fig. 1 illustrates the method and results achieved. In Fig. 1a) and 1b) there are PN N and the
subnets N; and N, the product of PT decomposition. Fig. 1c) and e) show the fsa of type M,
for the PNs N and Nj, N; respectively. They are fsa’s with o states that says the state space is
infinite. Fig. 1d) shows the result of composition based on M; and M,. Comparison of the
state diagrams in Fig.1c) and d) shows the two automata are isomorphic.

3. Time-Critical Systems

A large class of systems can be represented and understood by abstracting away from the
time aspect. That is the case of sequential systems, ie. systems whose provided
functionalities - their semantics - do not depend on the speed of execution. It is also the case
of properly designed concurrent systems, such as time - sharing operating systems, whose
overall correctness does not depend on the speed of execution of the component processes.
In these two classes of systems time affects performance, not functional correctness.

In other cases, however, time issue becomes essential. In real - time systems, correctness
depends not only on the results produced by computations, but also on the time at which
such results are produced. The systems may enter incorrect state if the right result is
produced too early or too late with respect to certain time bounds (Ghezzi et al., 1991). For
example, an aircraft should not only modify its course once a mountain appears to be on the
route, but it should also do it before crashing, i.e. within a given time.

The systems whose functionalities (i.e. semantics) are defined with respect to time and
whose correctness can only be assessed by taking time into consideration are called time -
critical systems. This class of systems includes embedded real - time systems such as process
control systems, digital signal processing systems, patient monitoring systems, flight control
systems and weapon systems. The definition of time - critical systems covers a broader class
then that of real - time systems. As an example can serve a typical computer system with a
mouse input device where making two clicks on the mouse (the first and the second click at
the beginning and at the end of the time interval duration 2 seconds respectively), has a
quite different meaning than a double clicking within the time interval duration an half of
second.

3.1 Environment Relationship Nets
Environment-Relationship Nets (ER nets) (Ghezzi et al.,, 1991) represent a very strong
extension to ordinary Petri Nets, that provides means to incorporate the notion of the time
into the concept. We start with some notions. ER net is a net which can be characterized as
follows:

1. tokens are environments on ID (the set of identifiers) and V (the set of all values

identifiers can take upon). The universal set of environments ENV = VID,
2. each transition is associated with an action. An action is a relationship

a(t)yc ENVFO x ENV' | and k(1) ="t|, h(t)=| 1" |

By n(t) we denote the projection of o (t) on ENV® only, and call it the predicate of t.
a marking is an assignment of multisets of environments (envs) to places.

transition ¢ is enabled in a marking m iff Vp;e®r there is at least one token env; and

such that the tuple <envy ,..., enviy> € n(t). The tuple <envy ,..., enviw> is called the
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260 Petri Nets: Applications

enabling tuple for t. Notice there can be more than one enabling tuple for t in the
marking m. The same token can belong to several enabling tuples.

5. A firing (of t in m) is a triple x =<enab,t, prod > such that < enab, prod >€ r(t) .

6.  The occurrence of a firing x =<enab,t, prod >in a marking m causes a producing a
new marking m’ for the net, obtained from the marking m by removing the
enabling tuple enab from the preset places of t.

7. in a natural way we define a firing sequence and the sequence of admissible markings.

We may use the notation m——>m' provided that x=<enab,t,prod > is a firing

that produces m’" from m. We may also define the set of reachable markings,
boundedness, liveness and other notions that can be defined for ordinary Petri
Nets.

@ tok, = {<a,0>,<b,1>}
P P,

tok, = {<a,0>,<b,2>}

tok, = {<a,0>,<b,1>}

aCt = {<<pl’p2>’p3>| pl‘a = pZ’a, pl‘b < pZ'b’
P;-a = Pp,.a,
p;:b € {x| p,.b< x < p..b+ p,.b}}

Fig. 2. ER Net

3.2 Time ER Nets

When we assume that each environment contains a special variable called chronos, whose
values are of numerical type representing the timestamp of the environment (token), by that
the time can be incorporated into the net and we obtain Time ER net. All notions introduced
for ER nets remain valid, for TER net, except the firing rule; the latter has to be modified.
The timestamp of the token expresses the time of the environment’s creation. We denote by
envj.chronos the value of the chronos of the token env;,. We assume the firing x to be used in
what follows. The firing x has the structure: x =<enab,t, prod >, enab =< NV, eNnvy ..., eV (1) >

prod =<env';,env'y ,....env'y >, k(t) ="t |,h(t) =|¢" | . The following are the axioms that have

to be satisfied by any action (Ghezzi et al., 1991).

Axiom 1: (Local monotonicity) For any firing x env’j.chronos > envi.chronos, for all j,i, 1 < j <h(t),
1 <i <k(t).

Axiom 2: (Constraint on timestamps) For any firing x there is the value denoted time(x) and such
that env’j.chronos = time(x), for all 1<j <h(t). The value time(x) is called the time of the firing.
Axiom 3: (Firing sequence monotonicity) For any firing sequence s = X1 X2... X|s|, time(x;) < time(x;),
ifi<j 1<ij<]|s]|.

For an ER net satisfying Axiom 2 we will write prod.chronos to denote the value time(x) the
all chronos have in prod. An ER net where all environments contain chronos and that
satisfies Axioms 1 and 2 is called Time ER (TER) net. Given ER net that satisfies Axiom 2, we
will call the firing sequence s = x1 x2... x5, to be the time ordered firing sequence iff for each i,j,
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Reachability Analysis of Time-Critical Systems 261

i <j, time(x;) < time(xj). We will call two firing sequences s, s’ to be equivalent iff s is a
permutation of s’. The following result can be proven (Ghezzi et al., 1991)

Theorem 2. Let E be an ER net satisfying Axioms 1 and 2; for each firing sequence s with the initial
marking my there exists a firing sequence s” equivalent to s that is time ordered.

Given a transition t and the enabling tuple enab of the TER net, we can define the set of
possible firing times, denoted f-time:
f —time(enab) = {t |< enab, prod > a(t),t = prod.chronos}

Let s =xx,..x , be a firing sequence of a TER net with the initial marking 1, and

X1 Xn .o X; d . . . o N R
m, —* smand my——=~—m; ; the firing sequence s is strong iff it is time ordered, and

for each r'e T and for each m;, (1<i<|s|-1) there exists no tuple enab, for ' in m; and such

that time(x;,,) > sup(f —time(enab;)) . Another axiom can be stated to hold in TER nets.

Axiom 3": All firing sequences are strong.
TER net that satisfies Axioms 1,2 and 3 is called the strong TER net (STER net).
Finally, when we assume that the only type of tokens is chronos then we obtain Time Basic
(TB) nets. In the class of TB nets we can distinguish two significant classes:

1.  weak-time semantics WTS TB nets are those TB nets that satisfy Axiom 1,2, and 3,

2. strong-time semantics STS TB nets are those TB nets that satisfy Axiom 1,2 and 3".
Fig. 3 shows an example of a TB net and a TER net. Another example of a TB net can be
found in Fig. 7, where the net specifies a time-critical system, called "the voice station’,
whose operation is governed by a simple protocol. The latter is formally described
altogether by the tf; predicates and by the structure of the TB net itself.
The modelling power of TER nets is such that it covers all known extensions of Petri Nets
including those which incorporate the concept of the time (e.g. MF nets)(Ghezzi et al., 1991).
The tradeoff between modelling power and the tractability of problems that of our concern
should be taken into account. The greater is the modelling power, less is a chance to solve
interesting problems: reachability, liveness, boundedness and others.

4. Time Reachability Analysis of TB Nets

There was pointed out that time-critical systems represent an important class of discrete
systems for which the reachability analysis with respect to time is an inevitable task to be
done during design and analysis of such the systems. We call the problem in that case time
reachability problem or time reachability analysis (TRA) problem. In practice (Ghezzi et al., 1994),
to cope with the problem mostly simulation techniques are used.
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262 Petri Nets: Applications

ft,O={x[x>0} t tok,={<chronos.0>}

tok,={<chronos.0>}

P tok,={<chronos.0>}

ft,(p,.py)= (xx<p+d} 4 D

P,

fto(p,)={xlp;td <x< p,+d,} &,

Legend:
act={<p,,p;>|p,.chronos+10 < p,.chronos < p,.chronos+16}

act,={<p,,p:>|p,.chronos+3 < p,.chronos < p,.chronos+6}

act,={<<p,,p,>,ps>>|z+1 < p,.chronos < z+3,
z= max {p,.chronos, p,.chronos} }.

a) TB net b) TER net
Fig. 3. TER Nets

We have started the development of a new methodology of the reachability analysis, based
on the new algorithm to solve the reachability problem by the first author (Hudék, 1981;
Hudak, 1999), and the de/compositional approach to the problem (Hudak, 1994). Because of
the specification of time critical systems by TB nets and that the task of TRA is inevitable in
the design of such the systems, the new methodology presupposes an extension of the
original results on de/compositional reachability analysis to TB nets.

The new methodology of the time reachability analysis consists of following steps.

1. developing a new semantics of TB nets based on time intervals (TI) rather than on
time points (Ghezzi et al., 1994; Hudék, 1996),

2.  extending new RP algorithm to TB (TER) nets in a way to be able to use the
properties of fsa’s of the type M,

3. exploring properties of Time Interval Profiles (TIP) as a suitable generalization of
enabling tuples in TI semantics,

4. creating a new methodology for TRA of time-critical systems specified by TB nets
that would have to be based on "the loop-spectral analysis" of TB nets (Hudak &
Teliopoulos, 1998b).

4.1 Time Interval Semantics of TB Nets

In this section we deal with the time interval semantics of TB nets. We want to extend the
solution of the reachability problem (RP) (for Petri Nets) to Time Environment Relationships
Nets (TER), particularly to TB nets. Basic property of TB nets is that their tokens
(timestamps) have the individuality (Ghezzi et al., 1991).

For the purpose to deal with the Time Reachability Problem (TRP) we will make use of
several interpretations of tokens (Fig. 4)
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Reachability Analysis of Time-Critical Systems 263

e the case a) is the usual interpretation of the token as being the chronos (Ghezzi et
al., 1991),

e the cases b) and c) will be used when we deal with the reachability issue itself,
especially in a constructing of the finite state automaton (fsa) of type M, (Hudak,
1996) for TRP, which we will denote as M .

RP interpretation ‘®

TRP
interpretation

a/ Te R’

b/ 1e R
) 4 R

@ o 1€

Fig. 4. Token Interpretation

In (Huddk, 1996) we deal with TB’s semantics based on TIs. Any token (chronos) t in TI
semantics is considered to be a TI © = [z, m] cR*. Besides the set operations N, U, ()¢ a new
operations "+" and " "' have been defined (Hudak, 1996). Given 7z =[z,7a]c R" we define the
operations:

1. 0+7=7+0=7 where 0 stands for empty TL

2. c+r=[d+cm+c], c-t=[d-c,m-c] for any suitable constant ce R
3. =71 Sy r={0¢€ RT|0=0+0",0cr,0"ct"}
-+

following are true statements: '+t =1t"+ 1" ,(0+ 1)+ 1T =0+ (1 + 1)

In TI semantics we introduce the concept of TI relations that can hold between TIs (Fig. 5).
Given any transition 7 €T of a TB net with the enabling predicate tf; (Ghezzi et al., 1994), in
TI semantics we replace any enabling tuple en = (m(p,),m(p,),....m(p,.,)) with a correspon-

ding collection of TIs that is called Time Interval Profile (TIP). In (Hudak, 1996) properties of
TI operations were studied. For a reason that will be clear soon, a crucial issue to be dealt
with was the property of TI expression

(71 + A) N (73 + B) (2)
The study yielded several important results. Given enleP(rl,rz,...,rl. t‘)and tf-enabling

predicate, we were able to prove the canonical representation exists for any en and tf; (en).

Theorem 3. (canonical representation of tf,) Given TB net Ny =(P,T,0, pre, post,tf ,q,) and let tf;

(en) be in the form (71 + A) N (2 + B), then tf; (en) has for given en the unique representation
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tfien) = ren + t£,(0)
where ten is a TI that depends on en , and tf(0) is a TI that depends only on the structure of TB net
and does not depend on en.
To put it in another way, any t-generated TI 1 can be represented as a sum of two TIs: ten-
the determinate TI that depends on TIP en in question and on ¢ (or tf;) and a constant TI
tfi(0), which depends only on the structure of the TB net in question.
The “anatomy’ of ten was studied in (Hudak & Teliopoulos, 1998b). There was discovered
that any ten can be classified as belonging exclusively to one of the two possible classes:
mono-generated tens (i.e. ten = [td, 1a] and 1 € en) and non mono-generated tens (i.e.
ten=[z,i,7,a] andz, .7, €en).

Rel, representation o
. Formal characterization
! Graphical Symbolic
1 { [ ol T <, T (1i < 1) A(Ti<1ta<ta)
2 ' [ ]} TET (ti<1") A (ta=1'a)
3 {0 1} T ET (ti<T') A (t'a<1a)
4 [{ ! ] T ot (ti=1') A (1a < T'a)
5 F{ ] ! TGt (ti=1'1) A (t'a<rta)
6 [ ¢ bl Tt (t'i < 1i) A (ta < T'a)
7 [ { ; TET (i <ti) A (ta=T1'a)
8 [ { ]} T <, T (ti <1i) A (t'a < 12)
Ol ¢y [ ] T <7 (ta < 1)
{ } t={ri, ta} interval [ ] '={'i,t'a} interval

Fig. 5. Relations defined on TI variables

Given TB net Wy =(P,T,0, pre, post,tf,q,) we call Petri net Ny = (P, T, pre, post, my) basic PN
for TB net =V . In extending the RP algorithm to TB nets we have chosen an approach to

create the fsa M, (in the case of TB nets we denote it M), in such a way that M, will be
isomorphic with the corresponding fsa M, for the basic PN in question. As we already
mentioned, fsa’s M, and M, will contain scc’s. That implies that TIP’s properties on p-loops
are of very importance. The properties were studied in (Hudék & Teliopoulos, 1998b) and
can be characterized as follows.

There are few assumptions taken for loops:
(a1) the initial marking xg = (py,7,, ) to be such that py(p) <1,

(a2) post(p,t)<1 for any p, t of 7N, i.e. upon t-firing exactly one TB token can be generated,

(@s) po is a live marking,
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(a4) the existence of en,(O) - t's enabling tuple upon its first firing, as the first transition of o, ,

(as) in the loop o, the only generators of TI tokens in any pe’s;, where ¢; is from o, (i.e.

t; €T(0o;) ), are again the transitions of o.

Theorem 4. (characterization of tfy(en))

Let ot=t1 ~**t, bea p - simple loop satisfying the assumptions aq-ag For any i X0, Vz eT(o,)
tf,(en™) =1f (en) +1£,(0)
#,(0) =, (0) +...+1/, (0)

provided T(o,)={t; |o,(t;) 21} and o,(t;) is the number of occurrences of t;in o, .

A

TIP = {11,T29T39‘C49T5}

TS | time

T= dti(t,,1,,1,,7,,T)= [ei, eq]
ei= T, ea= 1,a
T =1, 1,a]

Fig. 6. TIP and determinate time interval

Corollary 1. Foranyn>0,t € oy=tt; = t,
if,(en"™) = tf,(en'™) + n-1f,(0) ,
tf,(en') = en” + n-1f,(0) and
1f,(en') = 7en'” + - 1f,(0)

Lemma 1. Let p1,ps,...,pn be a sequence of places of TB net tN =(P,T,0, pre, post,my,tf) , ti,ts,....tn1
be a sequence of transitions from T and such that p,€’t;, p;., €t o, q, q"- be a firing sequence and
two markings respectively and such that o =x,x,..x,, g—21—>q', x; =<en,t,, prod; >, i=12,...,n.
Let further t; be a chronos with the time interval (TI) interpretation (we propose to call it TI token,
TI chronos, or simply TI) in p; in the state q and such that t, =en(p;) (7; is dwelling in p; in the
state q) and 7, be a t; - generated TI upon t; firing, i=1,...,n-1 and en;(p.g)= T j=1,...n-1.

Then it is true thatt, <z, , T R
Provided that

q;,=[q0;], 0, =xx,..x;, and lgo;1=q+t(x)+..+t(x))t(x;)=t; <> x; =<en,t;, prod >

i=12,.,n—-1< e {<,.<}  and 7, €7, (p;.)
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() (@)

Corollary 2. Under conditions of Lemma 1 the following holds: for all i>0: T, " <7T, .
Lemma 2. Given a p, -loop in M, for the TB net tNy = (Ny,tf,0), oi=t; = t, tiel, i=1,...,r, and

4

two TI tokens 71,7'2 belonging to en,(O) =TIP(z,,7,,..7,), and 7; is t j generated, TI chronos, i.e.
7= 5 t,€T(0,),j=12,...r.

(i+1)

Suppose now that 7, <7, then r < z't(,”]) foranyi>0and <e{<,,2}.
1 2

5q°
What the results in the above assertions say is that:
e given the loop structure of particular scc in M, we are able to compute and thus
predict the TIs which will be created upon passing the (stabile and selffeeded)
loops (Theorem 4 and Corollary 1).

e relation < €{<y, <} between TIs will be preserved on the (stabile and selffeeded)
loops of any scc of the fsa M, (Lemma 1, Lemma 2, and Corollary 2).

4.2 On the Way to Loop-Spectral Time Reachability Analysis

In the state diagram of fsa M, p - simple loops play profound role in the reachability
analysis of the ordinary PN as the results of this work demonstrate. The role of p - simple
loops grows even more in the issue of TRA of TB nets.

We distinguish two subclasses of loops in M, selffeeded and stabile loops. The loop is
selffeeded one if in a t - firing (f belongs to the loop) t "consumes" only tokens that was
created solely by firings of loop’s transitions. A loop can be called stabile if at any t-firing (t
belongs to the loop) all tokens at precondition places are uniformly generated, i.e. at any ¢-
firing at each repetition f consumes tokens from the same generators, i.e. transitions that
generated tokens consumed by t. There is a strong relation between the two types of loops
(Hudak & Teliopoulos, 1998b). Each loop becomes stabile after some initialization, after that
some TIP (we call it initial) is reached which starts stable part of computation.

After defining initial TIP for any loop on a path we can define the TIs of any chronos
(tokens) in which it can exist in the future. The structure of those TIs reminds very much
spectral image of time sequences (Hudédk & Teliopoulos, 1998b). Results achieved, however
show that once M, has been constructed we can predict precisely future of any token and
discover perhaps a moment when it disappears because of the emptiness or dummy feature
of its TI. For any TI 7 (¢ - generated TI) we can construct a formula for the TI to be
calculated. The RP algorithm works almost in the same way in the case of TB nets as it does
in the case of ordinary Petri Nets.

5. TRA by example

We are now going to demonstrate TRA based on our approach. As an example we have
chosen the TB net for the voice station (Ghezzi et al., 1994) which is depicted in Fig. 7. An
interested reader can find a full description of the voice station in (Ghezzi et al., 1994).
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5.1 The voice station

The voice station consists of three parts: coder, decoder and medium to transmit voice
signals formatted into packets. Here we abstract from the structure of the packets, the nature
of the medium, and the decoder. We only concentrate on the signal transmission, i.e. the
voice coder and the part of the interface that transmits the packets.

The voice coder produces packets of constant length at a constant rate -one packet each 10
milliseconds. Once a new packet is produced and the station interface is ready to accept a
new packet, the packet becomes ready to be transmitted. The reaction time of the interface,
which takes ready packet and puts it in the transmission buffer, waiting to be transmitted on
the medium, is assumed to be 0.2 milliseconds. The station interface waits for a transmission
token (i.e. the interface is based on a token transmission protocol, e.g. a token ring) which is
available for transmitting the packet already prepared in the buffer, 0.1 milliseconds after its
arrival in the interface.

A packet is transmitted if it is in the buffer and the transmission token is available.
Otherwise, after waiting for ready packet for 0.15 milliseconds, the transmission token goes
to the next station of the ring. If a packet is not transmitted by the time a new packet is
produced 10 milliseconds after the not transmitted packet was produced, the latter is
discarded and the new packet is considered for transmission.

5.2 TB net of the voice station

In Fig. 7 the voice station is modelled by TB net and in that strong time semantics is
assumed. The voice coder is modelled by transition t; and places p1, p2 and p3. The token
(chronos) in p1 records the time at which the last packet has been created by the coder. A
token in p3 represents the packet produced by the coder. A token in place p, records the
packet creation time. Its timestamp is used by transition t; to determine whether the packet
can still be processed or must be discarded. Transition t; fires 10 milliseconds after the
production of a token in place py, i.e. 10 milliseconds after the production of the last packet.
The station interface is modelled by transitions t», t3 and t4 and places ps, ps and ps. A token
in place ps represents the interface ready to accept a new packet from the voice coder; a
token in place ps represents the interface ready to transmit a packet on the transmission
medium. The firing of transition t3 represents the station interface accepting (place ps) a new
packet produced by the coder (place ps3) and putting the newly produced packet in the
transmission buffer (place ps), ready to be transmitted. Transition t; can fire 0.2 milliseconds
after both the packet has been produced and the interface is ready to accept a new packet.
This can occur only within 10 milliseconds after the packet has been produced (10
milliseconds after place the packet has been produced); otherwise the packet is no longer
considered for transmission and is discarded (transition t;). The tokens stored in place ps
represent all the messages that could not be transmitted. Transition t, represents the station
interface becoming ready to accept a new packet from the coder if the current packet to be
transmitted cannot be transmitted because its validity time elapsed. The transition token
flowing through the station is modelled by transitions ts and ts and places py and ps. A token
in py represents the availability of a transmission token at the station interface. If a packet is
ready for transmission (ps is marked) 0.1 millisecond after the arrival of the transmission
token in the interface, ts fires, i.e. the packet is transmitted and the interface becomes ready
for accepting a new packet. If no packet is ready for transmission, transmission token exits
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the interface 0.15 milliseconds after its arrival, which is represented by ts and its tfi function.
Transition t; models the return of the transmission token from the ring.

Time-Functions:
tf,(p,) = (t =p,+10)
tft2(p23p6) = (T =p,t10 and T > ps)
tf(ps,p,) = (T = max(p,,p,)+0.2 and 1<p,+10)

tf,(p,,p;) = (t = p;+10 and p,=p,)

tfs(p.,pe-p;) = (1 =p;+0.1 and T 2 p, and T 2 p,)
tfe(p;) = (t =p;+0.15)

tf.(py) = (Ps < T < pytd)

Initial marking:

my(p,) = {18} my(p,) = {10}
m,(p,) = {18} my(p,) = {10}
m,(p;) = {18}

Fig. 7. TB net of the voice station

The fsa of the type My, for the basic PN of the TB net of the voice station is depicted in Fig. 8.
In (Hudédk & Teliopoulos, 1997) it was demonstrated how dti ten can be created and that it
can be either mono-, or non mono-generated TI.

In the rest of this section we will use the notation x for an interval from 0 to x , T(o) for a set

of transitions of a sequence ¢ and P(c) for a set of places connected with o . More precisely
To)={t|teT no=tty....; ATt;(t; =t ni€l...|O])},
P(o)={p|pePAIteT(c)Ape’tut’)}.

Let us consider now the situation in the voice station and look at how tens are generated. In

the Fig. 8 we can see selffeeded loops o there, e.g. o, = t7tit3t5t71)15t5.... Several remarks are in

the order now as far as p- simple loops are concerned:
1. o is selffeeded loop; that simply means that for any p € P(o,) and such that p e t;
there exists a transition 7 €7(o,) and pe’t;, and also it holds that for any
p € P(o,) and such that pe®;, there exists a transition ¢ j€T(o,)suchthat p e t; .
2. let ent(o) =TIP(...,1q,...,T,...) denotes that 7,,7,belong to ent(o) and for any

r eTIP(...,7,...) itis true that 7 is #'- generated for some '€ T(o;);

3. wesay o, =tt..t, forms a chain, if there exists a sequence of places py,py,...,p, such
that p, ,€’t; N¢%i1; in that case
" = 7en® + i, (0)  and

5, (0) =#,(0) + 1, (0) + ...+ 1f, (0)
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Fig. 8. FSA of the type M, for the voice station

We assume first, that o, is not a chain. However, according to the remark 1, we can create a

chain ¢ =¢'1ry..1,; to be a part of o, . Let further 7,7, be #, - and 1 -generated dtis

respectively. Then two different properties the dtis may have:
i i eTeD)or
ii. 4,4 belong to different chains.

In the i. case if # precedes # then rl(l) < rél) and also rl(i) < réi) for any i > 1. The latter

follows from Lemma 1, and Lemma 2 guarantees that TIP’s relations are preserved on loops.
So in any chain containing t';

= Tenz(,n_l) +tft(,0)

In Fig. 9 we demonstrate how the limits of dti zen can be created. Any 7 generated in a

chain preserves the relation <e {<, ,<} between 7 and the TIs generated in the chain in the

sq°
previous times. We can see that TI limits’ generation schema can be quite complicated (see
Fig. 9). As we go through the chain, the situation may get even more complicated (Fig. 10).
In spite of some irregularity of the situation from the start, the process of calculation of TIs

in the TB net of voice station, as Fig. 10 shows, zen changes after t;_, firing and what will

determine the 7, TI to be generated upon next t; firing. It seems reasonably to count

separately the changes of zeni and rena. We have to realize that the case d) in Fig. 9 shows

the typical situation in evaluating zn"™ for the n-th firing.
The same phenomenon can be discovered in ii) case either; for any TIP on the loop o,

(selffeedable) every TI 7 "arriving" at p will preserve <e {<, ,<} with its predecessor. So

sq°

2

. o
75-’)<r§-’+) j=12
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| T, | - T, +10

e N
e | [Cw o ]

10 [T, T, +10]
| 000

t, (0) il O

Fig. 9. TIP based calculation of dti zen for t

Now what we have to cope with is the problem what kind of relations we can expect
between 7{” and z{” . We have to explore the following:

1. that chain approach to estimate interval limits is well founded, and
2. that selffeedable loop o, guaranties the stabile regime i.e. if o, =#.., is selffeedable

loop, and
T,(”) =[ren,i+n- Teni(tfal (0)),zen a+n- rena(tfal (0)]
where zeni(tf,;, (0)) - expresses the contribution to the left limit of zen, by o, -loop, and the

same meaning wrt the right limit of zen, is attached to the tena(if 5 (0)) (see below ) .

Let us compute TI 7, that can be #,-or t5 -generated (Fig.7). We choose first for z, to be

ts-generated. According to Theorem 3 (Hudak, 1996), and Fig.7 we may write

7, =1en(7y,7,77) + 1f; (0)
SO
ten(z,,7,,7;) = [z, r,al, - 1f, (0)=0.1
TI zen will be determined (in the case of 7, as being f5-generated) by . and 7,a as far as

the lower and upper bound of zen is concerned respectively. We are able to create a chain of
transitions leading to creation of 7, (and thus 74 ). Then chain will be {f,#;} . To generate

(and thus 7;a ) ¢, has to be fired so the chain for 7, is {#;} .

To make creation of 7, and 7, repeatedly the loop o, =1,t,¢,¢5 has to be executed repeatedly
in the stable regime. From o, only the part #,#;¢; "works" to create the lower bound of zen of,
and on the other hand the part ;75 is the only chain of transitions participating to create the

upper bound of zen of ts. We prefer to denote the parts of the loop 6. We denote by iL(ts) =
titsts the part which determines the tensi and by aL(ts) = t;ts the part which determines the tensa
. Let teny; be the initial value of the determinate TI of the transition ¢ prior to its first firing as
the member of the stable loop o, i.e.
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1) = teny + tfii(0)
We denote be 7;1) t; - generated TI after j-th firing of ¢ in the stable loop ¢ and
750) = teny (-1) + tﬁz(O)

According to Lemma 1, Lemma 2, i.e. due to properties of TB nets and the stabile selffeded
loops we have that

i) < 7,0+
and also

ten; ) < ten; (*) < ef<y, <)

Assume ten; =[tvi, vwa]. To calculate tendi*!) in the case of the stabile loop, we have to
consider the contribution of ¢ to the lower and upper bound of ten. The contribution is
denoted by

tfiw and tarw

to be the contribution to the lower and upper bound respectively. In our example for ts-
generated 1, we get

(n+l) _ _(n+l) __ (n+1)
r, =1 =ten, thft5 (0)

(n+1) _ o (n)
ren,"" =[r"i,7;" a]

To compute 1,7 and t;(Ma we first compute 141, 1,(). Notice

Te is 13 - generated i.e. 1= 113
17 is t7- generated i.e. 1;= 1y

We compute 7D for all teT(c); in this particular case. We start with the calculation of initial
values for ¢’= ucoc ... provided o = t7t1t3t5 and u = t3tst2tst7te:

=7, =1f;(0) + ren; =0.2 + dti,(10,18) = 0.2 + 18 =18.2
r =1f,(0) + zen, =8 +10 =[10,18]
= 1f,(0) + zen, = 0.5+17, =0.15+[10,18] =[10.15,18.15]
- =1f,(0)+ ren, =8 +7, =8+[10.15,18.15] =[10.15,26.15]
=1f(0) + ren, = 0.5 +[max(z,i,7,i,7,i + 0.1),7.,a]
= 0.1+ [max(18.2,18,10.25),26.15] =[18.2,26.25]
We are going now to construct i- and a- determinate loops for the TB net of the voice station
(Fig. 7). We are choosing first ¢ = t;t;t3ts. For the loop chosen we have T(o) = {,,t,,%,t,} and

P(0) =1APy> Py P3s Pas Pos P1 Ps -
We can see (Fig. 7) that in P(c) there will be both:
e mono-generated TIs (1), 12, T3, by t;, while t; by ¢7) and also
e non mono-generated Tls (t4 either by t5 or t,, while g either by t5 or f5)
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In the following calculations based on the loop ¢ we choose for 1, and 15 to be ts-generated.
In the table below you can see the values of tf;(0) for i = 1,2,3,5,6,7.

i a
ifu(O) =10 10 10
iftz(O) =10 10 10
tfis(0) = 0.2 0 0.2
ift5(0) =01 0 0.1
tﬂ6(0) =0.15 0.15 0.15
tfi7(0) = 8 0 8

Table 1. Values of tf;(0)

Now we can calculate

tfiL(t5)(O) = (tfz] (0)); + (tf;3 (0)); + (l‘f,5 (0)); =10+0+0=10
Warr;)(0) = (1, (0),, + (#/,.(0)), =8+ 0.1 =8.1

Now we write the formula to calculate the value of 1,4

7, =[182+n-1f,,,(0),26.25+ n-1f,,,, ,(0)]
7, =18+4[02+n-10,  825+n-8.1]

The expression for 14 has a peculiar feature. Notice that after each iteration of o = t;t3t/t5 the
lower bound of TI t, will be increased by 10, while the upper bound by 8.1. So after some
number of iteration 14 become a dummy interval with lower bound greater then the upper
bound!!!

Fig. 10 illustrates the method used to predict TIs of TB net for the voice station. Notice the
tendency of TIs in places p4, p; and ps. They tend to become shorter, when we go through the
loop chosen.
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Fig. 10. Calculation of TIs
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6. mFDT Environment

6.1 Motivation and formal methods involved

One of the assertions widely accepted in formal methods community states, that no single
notation will ever address all aspects of a complex system (Bowen & Hinchey, 2006). This is
also the case of Petri nets, which provides means to express non-determinism and
concurrency, an easy-to-understand graphical notation and valuable analytical properties,
but lacks other features, such as a verified development process and a formally sound and
effective de/composition techniques. To cope with such an “incompleteness” of formal
methods there have been many attempts to their integration. One of them was a proposal
(Hudak & Grofcik, 2001) to develop a toolset called multi Formal Description Technique
Environment (nFDT Environment, mFDTE), which will integrate Petri nets (PN) with two
methods with complementary features - the B-Method and process algebras ACP and APC.
The B-Method (Abrial, 1996), with its B-Abstract Machine Notation (B-AMN) specification
language, is a state-based model-oriented formal method. It offers a well-defined develop-
ment process, which allows to specify a software system as a collection of so-called B-machi-
nes and to refine such an abstract specification to a concrete one. A consistency of the
abstract specification and correctness of refinement are verified by means of proof obliga-
tions (PObs). There is an industrial tool, called Atelier B (Atelier B, 2009), which supports the
whole development process and includes prover for PObs. The B-Method can be used for an
additional analysis and implementation of PN models. On the other hand, we can confront
invariants, listed in B-AMN specification, with invariants derived from corresponding PN.
Process algebras view systems as processes, described in an algebraic way. In Process
algebras we can deal with de/composition of systems very elegantly, because they support
compositionality by definition. We picked out the Algebra of Communicating Processes (ACP)
(Baeten & Weijland, 1990) and developed a new Algebra of Processes Components (APC)
(éimoﬁék, 2003; Simonak et al., 2008). APC is a modification of ACP, which allows a
comfortable description of PN processes. Analytical apparatus of PN can be used for
verification of process algebraic specification of a system and process algebras can be used
for a de/composition of PN.

6.2 mFTDE structure and tools

The mFDTE will consist of tools for integrated formal methods and interfaces between
languages of these methods (Fig. 11). Tools will allow designer to gain from advantages of
individual methods and interfaces will provide correct and formally proved translation
from a specification in one method to the equivalent specification in another one.

The tools are in an implementation and testing phase now and can be obtained by request
from the authors. Current versions of the tools are described below and translation
processes of existing interfaces in the following subsections.
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| Btool interface < PAtool I

Fig. 11. mFDTE structure

The PNtool (Fig.12) is, quite naturally, a hearth of mFDTE and provides the richest
functionality. The tool supports Generalized PN (GPN, also known as Place/Transition
nets), TB nets, Evaluative PN (EvPN) and a limited subset of Coloured PN. EvPN (Hudak,
1980) is a Turing-powerful extension of GPN, which allows negative markings (m(p)<0) and
place capacities defined with respect to individual arcs. In EvPN it is also possible that a
change of a net marking, caused by a firing of some transition t, depends also on the
marking of places, which are not adjacent to f.

PNtool provides a graphical editor and simulator for all supported PN types. The Petri Net
Markup Language (PNML), an XML-based interchange file format for Petri-nets, is used to
store GPN models. This allows using GPN created in another software tools for Petri nets,
such as Petri Net Kernel, Renew, PEP and TINA. An extended version of PNML is used
also for EvPN and we plan another extension for TB nets.

Computation of S- and T-invariants and the reachability analysis is supported for GPN. The
current version of PNtool implements the first step of RP algorithm - creation of fsa M. For
educational purposes the tool includes a step-by-step visualization of M, creation. The
automaton created can be saved in the form of Petri net, using another modification of
PNML. PNtool also contains a part of PN - B-AMN interface, allowing a translation of GPN
and EvPN to computationally equivalent B-machine.
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The Btool focuses on a translation from B-AMN to JAVA. The translation process is inspired
by that of jBTools (Voisinet, ].C. et al., 2002), but differs in various aspects, such as machines
import mechanism and handling of output parameters.
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Finally, the PAtool includes an editor for ACP and APC specifications and the PN - PA
interface to translate the specifications from and to PN. To store the specifications a newly
developed XML -based Process Algebra Markup Language is used.

6.3. Petri nets — B-AMN Interface

A theory of translations between B-AMN and PN, introduced in (Korec¢ko, 2006), makes it
possible to transform any GPN or EvPN into the computationally equivalent B-machine and
almost any B-machine into the equivalent Coloured PN.

The B-machine is an abstract specification component of B-Method In general, a B-machine
consists of a set of state variables (clause VARIABLES), an invariant to restrict the variables
(clause INVARIANT), an initial operation to establish an initial state (INITIALISATION) and a set
of operations to modify the variables (OPERATIONS). There are also other clauses intended for
additional assertions and data components (parameters, sets and constants).

A basic idea of the translations is to link together similar behavioural concepts of both
methods. Therefore places of PN are transformed to state variables of B-machine, initial
marking to initialisation operation, transitions and adjacent arcs to operations and vice
versa.

By translation of some GPN or EvVPN N we get a computationally equivalent B-machine
7(N) (r is a mapping from PN to B-AMN). The two specifications, N and 7(N), are in fact
bisimilar.

MACHINE mchPiN
VARIABLES sv_1,sv_2,sv_3,sv_4,sv_5
INVARIANT sv_1eN Asv_2eN Asv_3eN Asv_4eN A sv_5eN
INITIALISATION sv_1:=1 || sv_2:=0 | | sv_5:=0 | | sv_3:=0 | | sv_4:=0
OPERATIONS
op_t1=SELECT sv_4>=1THEN sv_5:=sv_5+1 || sv_3:=sv_3+1 | | sv_4:=sv_4 -1 END;
Oop_t2=SELECT sv_1>=1 THEN sv_2:=sv_2+1 || sv_l:=sv_1-1 || sv_5:=sv_5+1 || sv_3:=sv_3 +
1 END;
Op_t3=SELECT sv_3>=1 THEN sv_5:=sv_5+1 | | sv_3:=sv_3-1 | | sv_4:=sv_4 + 1 END;
op_t4=SELECT sv_2>=1 THENsv_2:=sv_2-1 || sv_li=sv_1+1 || sv_5:=sv_. 5+ 1 || sv_4di=sv_4+1
END
END

Fig. 13. B-machine obtained from the Petri net N from Fig.1

A B-machine mchPiN, obtained from the net N from Fig.1, can be seen in Fig.13. Values of
machine variables are naturals (IN) and correspond to markings of N (sv_i to m(p;)). Similar-
ly, operations correspond to transitions of N. The operations consists of a guarded command
“SELECT P THEN S END”, which means “do S, if P holds”. If P doesn’t hold, then the command
is not feasible. Operator “| |” stands for parallel composition, so “S;| | S;” means “do S; and
S» simultaneously”. As it was said, a B-machine obtained by the translation can be used for
an additional analysis of PN specification. For example, to check a deadlock freedom of N,
we add a predicate saying “there must be at least one feasible operation in each state of
7(N)” and prove PObs of (N). The extended invariant for mchPiN has the form (3).

sv_1eN A ... A sv_5eN A (sv_4>=1 v sv_1>=1 v sv_3>=1 v sv_2>=1) ©))
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To allow a refinement of B-machine obtained, we have to use a slightly modified always
feasible form of operations with “1F P THEN S ELSE skiP END” instead of “SELECT P THEN S END”.
A theory of PN to B-AMN translation, including an example of EvPN translation can be
found in (Korec¢ko, 2006; Korecko, 2009). The translation can be further extended to high-
level Petri nets, e.g. by adapting an approach used in (Kalinichenko et al., 2005).

In an opposite direction a translation is more complicated. For example, we can get more
that one PN transition for one operation because of a non-deterministic nature of B-machine
operations. Here we use Coloured PN, that match the modelling power of B-AMN while
retaining valuable analytical properties. A step-by-step demonstration of the translation
from B-AMN to Coloured PN can be found in (Korecko et al., 2008), where it is also shown
how a structural analysis of the Petri net obtained can be used to reveal some additional
invariant properties, not specified in the original B-machine.

6.4. Petri nets — Process Algebra Interface

Transformations of PN-PA interface, introduced in (éimoflék, 2003), consist of two parts,
namely: linguistic semantics preserving transformation of process algebra ACP specification
into the corresponding Petri net and the operational semantics preserving transformation of
(Ordinary) Petri net into the process algebra APC.

The first of two transformations mentioned, is based on construction of elementary nets,
corresponding to atomic actions of the ACP specification, including the empty process ()
and the deadlock (8). Additionally, net operations are introduced, corresponding to operators
of the ACP (alternative composition, sequential composition, parallel composition and
encapsulation), allowing composition of Petri nets in order to obtain the resulting net,
corresponding to the original specification. A description of the transformation, including
an example can be found in (Simoiidk, 2006).

The aim of the second transformation is to construct the APC specification from the source
Petri net. The approach is based on creating special variables (named E-variables) for every
place of given Petri net, expressing processes initiated in those places. Algebraic semantics is
given as a parallel composition of all such variables, whose corresponding places hold
token(s) within the initial marking. A description and a short example of the transformation
can be found in (Simonak et al., 2008).

7. Conclusion

In this work some results concerned the reachability analysis of time critical systems based
on Petri Nets have been presented. The issue is very important, as the nowadays experience
with computer based systems shows. The importance of the issue is not only from the
practical point of view, but also from the theoretical one. As we know, and also it was
demonstrated, the reachability analysis in the case the state space is large, or even infinite, is
an intractable problem. Things get even worse, when the time issue comes under
consideration. The results presented lay a foundation for coping with the problem. They are
based on the original RP algorithm, and the de/compositional method of reachability
analysis developed by the first author. The corner stone here are the properties of the finite

state automaton of the type My, that was revealed by a convex analysis approach to the fsa
(Hudak, 1999).
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In the state diagram of fsa M, p-simple loops play profound role in the reachability analysis
of the ordinary PN as the results of this work demonstrate and it has been gathered enough
arguments (Hudak & Teliopoulos, 1998b) that the role of p-simple loops remains in the
issue of TRA of TB nets.

We distinguish two subclasses of loops in My selffeeded and stabile loops. The loop is
selffeeded one if in a t - firing (f belongs to the loop) t "consumes" only tokens that was
created solely by firings of loop’s transitions. A loop can be called stabile if at any ¢-firing (¢
belongs to the loop) all tokens at precondition places are uniformly generated, i.e. at any t-
firing at each repetition f consumes tokens from the same generators, i.e. transitions that
generated tokens consumed by t (Hudak & Teliopoulos, 1998b) . There is a strong relation
between the two types of loops (Hudak & Teliopoulos, 1998b). Each loop becomes stabile
after some initialization, after that some TIP (we call it initial) is reached which starts stable
part of computation.

The proposed algorithm for reachability problem has been partially implemented in the
mFDT Enviroment and, thanks to the mFDTE interfaces, can be used also for specifications
written in other formal specification languages.

After defining initial TIP for any loop on a path we can define the TIs of any chronos
(tokens) in which it can exist in the future. The structure of those TIs reminds very much
spectral image of time sequences (Hudak & Teliopoulos, 1998b). Great deal of work has
been done already on the study of properties of different kinds of loops from the point of
view of feeding transitions on the loop (Huddk & Teliopoulos, 1998a). There are some
problems left, specifically from the point of view of different semantics (MWTS,
STS) (Ghezzi et al., 1994).

Results of the theory presented show that once M, has been constructed we can predict
precisely future of any token and discover perhaps a moment when it disappears because of
the emptiness or dummy feature of its TI. For any TI t; (t - generated TI with the name t) we
can construct a formula for the TI to be calculated. There are still some problems to be
resolved, and we hope to deal with them in the future.

The RP algorithm works almost in the same way in the case of TB nets as it does in the case
of ordinary Petri Nets. We hope that the questions raised above will be tackled upon as the
subject of further research, and the results achieved will be published elsewhere.
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