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1. Introduction 

High performance magnetically confined toroidal plasmas, such as those required for the 
operation of a tokamak based fusion power plant, suffer from a troubling type of repetitive 
edge instability known as edge-localized modes (ELMs). Magnetohydrodynamic (MHD), 
peeling-ballooning, theory predicts that these instabilities are driven by a large current 
density and pressure gradient that forms at the plasma edge as a consequence of the 
enhanced confinement levels achieved in high performance H-mode plasmas. Although 
ELMs are a common feature of high confinement tokamak plasmas, there are significant 
gaps in our understanding of how these instabilities scale with the geometry of the plasma 
and operating conditions expected in large tokamaks that are required for the generation of 
fusion power. Thus, there is an urgent need for a model that can be validated with 
experimental data from existing smaller tokamaks.  
Here, we present a conceptual model describing the topological evolution of the magnetic 
separatrix, in a tokamak plasma with a dominate lower hyperbolic point. Subsequently, the 
nonlinear dynamics of the ELM instability, prescribed by the evolving separatrix topology, 
is discussed. The model invokes a feedback amplification mechanism that causes the stable 
and unstable invariant manifolds of the separatrix, comprising a “homoclinic tangle“ 
(Guckenheimer & Holmes, 1983), to grow explosively as the topology of the separatrix 
manifolds unfold. The amplification process is driven by the rapid growth of helical, field-
aligned, thermoelectric currents that flow through relatively short edge plasma flux tubes 
connecting high heat flux wall structures, known as divertor target plates, on both sides of 
the plasma. These thermoelectric currents produce magnetic fields that couple to the 
separatrix and modify its 3D (topological) structure. As the lobes of the separatrix tangle 
grow, their area of intersection with the divertor target plates increases along with the size 
of the flux tubes connecting target plates on both sides of the plasma. This increases the 
thermoelectric current flow and completes the feedback loop. Numerical simulations have 
shown that our model is consistent with measurements of the currents flowing between the 
target plates and with camera images of the heat flux patterns on the divertor target plates 
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(Wingen, et al. 2009a). In addition, this model suggests that nonaxisymmetric external 
magnetic coils can be used to force higher order separatrix bifurcations to prevent ELMs. 
In the following sections, we discuss why ELMs are an important problem in tokamaks, 
review what is known experimentally and theoretically about the characteristics of ELMs, 
present a conceptual framework for the nonlinear evolution of an ELM and discuss results 
from numerical simulations of the proposed model. We show a sequence of topological 
bifurcations that are observed in the numerical simulations and discuss how these result in a 
separatrix topology that produces heat flux patterns which are consistent with those 
measured by infrared cameras in the DIII-D (Luxon, 2002) tokamak. A general description of 
tokamaks and tokamak physics is given by Callen et al., (1992), Evans (2008) and Wesson 
(2004). 

2. Properties of ELMs in high performance tokamak plasmas 

2.1 ELM dynamics 
Type-I ELMs are naturally occurring MHD instabilities that release large bursts of particles 
and energy from the boundary of the plasma (Suttrop 2000). These very fast growing 
instabilities share properties that are somewhat similar to the eruption of prominences and 
flares from the solar photosphere (Evans, et al., 1996). More specifically, expanding hot 
plasma filaments carrying energy, particles and momentum away from the confined plasma 
volume into the surrounding space are associated with these complex dynamical plasma 
events that form on the surface of the sun and at the edge of a tokamak discharge. 
Tokamaks operating in high confinement H-modes, with strong edge transport barriers, rely 
exclusively on the formation of a large pressure gradient near the surface of the plasma to 
obtain sufficiently high central temperatures and densities to carry out fusion energy 
experiments in these devices. These large pressure gradients are believed to drive edge 
MHD instabilities, referred to as peeling-ballooning modes, that are responsible for the 
onset of ELMs (Snyder, et al., 2005). Since ELMs periodically release particles and energy 
from the edge of the plasma, they limit the size of the pressure gradient that can be obtained 
in tokamaks (Fenstermacher, et al. 2003). Scaling studies suggest that this limits the 
maximum temperature of the core plasma and thus the ultimate performance of the 
tokamak (Loarte, et al. 2003).  In addition, the impulsive energy and particle flux released by 
ELMs can cause a significant enhancement in the erosion of solid surfaces that make up the 
internal walls and divertor components of the tokamak. The impulsive loading of these 
structures due to ELMs releases non-hydrogenic impurities as a result of enhanced solid 
surface erosion. These impurities change the properties of the divertor plasma and can be 
transported out of the divertor chamber into the region of the scrape-off layer (SOL) plasma 
located between the separatrix in the main chamber walls of the tokamak. While ELMs tend 
to prevent the eroded divertor impurities from penetrating deeply into the high temperature 
region of the core plasma, located inside the steep pressure gradient region referred to as 
pedestal plasma, these impurities can accumulate in steady-state discharges and affect the 
plasma performance unless the tokamak pumping system is capable of removing this 
additional particle flux. 
ELMs are typically classified by the amount of energy they eject from the pedestal plasma 
and their dynamical properties. The largest of these instabilities, referred to as type-I ELMs, 
are capable of reducing the energy stored in the pedestal plasma by as much as 20-25% in 
tokamaks operating at the highest performance levels (Loarte, et al. 2003). In the largest 
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tokamaks operating at the present time, this amounts to the ejection of up to 1 MJ of energy 

within a period of about 200-300 μs. In the next generation of tokamaks that are under 
construction or being planned, the energy ejected by a single ELM is expected to increase by 
about a factor of 20. These type-I ELMs are also characterized by an increase in frequency 
fELM as the injected power level of the neutral beam heating system PNBI increases and they 
do not tend to have any clearly identifiable coherent magnetic fluctuations prior to their 
onset (i.e., magnetic precursors) although an increase in the level of broadband plasma 
turbulence is sometimes observed prior to their onset. Profiles of the edge electron density 
(ne) and temperature (Te) just before an ELM are shown for a typical DIII-D type-I ELMing 
discharge in Fig. 1(a) while Fig. 1(b) shows how the ne profile changes immediately 
following a type-I ELM. 
 

 
 

 

Fig. 1. (a) An example of the steep ne and Te profiles, as a function of the normalized 

poloidal magnetic flux Psi (ψN), across the outer region of the plasma inside the separatrix 
and outside the separatrix in a region referred to as the SOL and (b) the ne profile before and 
after an ELM in DIII-D discharge 126006. 

As seen in Fig. 1(b), plasma density from the top of the pedestal region inward to 
approximately 1/2 the radius of the core plasma, at a normalized poloidal magnetic flux Psi 

(ψN) equal 0.5, is ejected into the region outside the separatrix, referred to as the SOL, during 
the explosive growth period of the ELM instability in a typical high performance, low 
collisionality, DIII-D type-I ELMing discharge. Type-I ELMs typically have frequencies fELM 
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= 10-200 Hz and are triggered when the pedestal pressure gradient (αped ∝ ∇pped) 

approaches the critical ideal MHD ballooning limit αped  ∼ 2−3 αcrit_ball (Osborne et al., 2000). 
They are often characterized by an isolated, very rapid, increase in the deuterium recycling 
emissions when the particles ejected from inside the separatrix arrive at the divertor target 
plates or the walls of the tokamak as shown in Fig. 2. 
 

 
Fig. 2. A series of type-I ELM impulses seen in the lower (primary) divertor deuterium (Dα) 

recycling emissions during DIII-D discharge 126006 where fELM = 50→75 Hz is correlated to 
an increase in the stored energy of the plasma. 

A significant fraction of the energy released from the pedestal during type-I ELMs strikes 
the divertor target plates [see Fig. 5(b) for a view of the DIII-D lower divertor and divertor 
target plates] along with the particle flux responsible for the spikes in the recycling 
emissions (Fig. 2). It is this combined, highly impulsive, heat and particle flux that can cause 
enhanced erosion of the divertor targets and walls in large, high performance, tokamaks 
leading to a substantial increase of non-hydrogenic impurities released into the divertor and 
SOL plasmas. 
Also associated with these impulsive heat and particle fluxes are large, rapidly growing, 
electric currents that are an intrinsic part of type-I ELM dynamics. These currents are, in 
fact, a basic element of the nonlinear model described below. In DIII-D Langmuir probes are 
used to measure the parallel ion saturation current flowing through the divertor target 
plates at several radial positions. These measurements show that these currents grow 

explosively to a saturated amplitude exceeding 1 A/mm2 in 50 μs or less during the 
nonlinear growth of a type-I ELM. Measurements of the toroidal distribution and dynamics 
of these currents with a toroidal tile current array in DIII-D has shown that they are strongly 
non-axisymmetric with dominate toroidal mode numbers consisting primarily of n=1 and 2 
components (Evans et al., 1995) while the presence of higher n modes has been observed 
during ELM precursors in some DIII-D discharges (Osborne et al., 2000). As an example of 
the dynamics involved in the evolution of this current, the data shown in Fig. 3 
demonstrates the explosive growth of the instability followed by a slow decay during a 
single ELM. This data is obtained with two lower divertor Langmuir probes located just 
outside the 15 mm SOL flux surface with major radii R = 1.500 m and 1.528 m in a double 
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null (upper and lower hyperbolic point) DIII-D discharge biased upward by 11 mm. The 
radial structure of this current indicates that the ELM produces a strong interaction with the 
top of a pump duct more than 120 mm away from the point of intersection of the separatrix 
with the lower divertor target (Fig. 5 shows a layout of the lower divertor geometry). This 
data also suggests that current flowing in a type-I ELM may be associated with a relatively 
ridged structure that forms during its initial explosive growth phase. Finally, it suggests that 
as the current in this structure decays it appears to rotate past the two Langmuir probes 

with a rather regular period of Δt ~ 480 μs (i.e., a toroidal rotation velocity vELM = 2πR/Δt ~ 
19.6 km/s where R is the radial position of one of the Langmuir probes) as indicated by a 
series of fairly regularly spaced peaks shown in Fig. 3. Signatures such as these have also 
been seen in the DIII-D midplane reciprocating Langmuir probe data where vELM = 
13.5 km/s was observed in plasmas with edge toroidal carbon rotation velocities vcarbon = 
22 km/s (Boedo et al., 2005; Yu et al., 2008). 
 

 

Fig. 3. Time evolution of the plasma current measured by a pair of lower divertor Langmuir 
probes located 28 mm apart in major radius (R) during an ELM DIII-D discharge 138229. 

Type-II ELMs are sometimes observed as the axisymmetric plasma shape becomes more 

triangular and elongated. They often appear as small, irregular, fluctuations in the Dα data 

interspersed between the large type-I ELM Dα spikes. Type-II ELMs do not appear to have a 
distinct PNBI dependence or any signatures associated with coherent MHD precursors and 

do not seem to be associated with a specific αcrit limit (Zohm, 1996). Type-III ELMs are small, 
relatively high fELM, instabilities that tend to have lower frequencies as PNBI increases 
(Osborne et al., 2000). They typically have coherent magnetic precursor modes with 
frequencies in the 50 kHz range and have low to intermediate toroidal mode numbers 

(n=5-10). They are often found in relatively high-density, lower PNBI, plasmas with αped 

ranging from about 30% to 50% of αcrit (Suttrop, 2000). Other types of small ELMs (e.g., type-
V) have been identified in spherical tokamaks where they appear only in lower single null 
plasmas and are often interspersed between large type-I ELMs (Maingi et al., 2005).  
The conceptual model proposed here deals exclusively with the nonlinear dynamics and 
associated topological evolution of the explosive growth seen during the initial growth of 
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type-I ELMs. The dynamics of the different types of ELMs outlined above, as well as those 
observed during intermittent transport bursts in low confinement modes (L-modes) are, at 
the most fundamental level, required to conform to the general framework of this model i.e., 
the fact that a divergence free vector field, such as the equilibrium magnetic field in a 
tokamak or stellarator, must ultimately be consistent with a (conservative) Hamiltonian 
representation such as that prescribed by dynamical systems theory (Guckenheimer & 
Holmes, 1983; Lichtenberg & Lieberman, 1992). 

2.2 ELM topology 
Before elaborating the details of the nonlinear type-I ELM model below, it is instructive to 
briefly describe the global topology of these instabilities. Fortunately, spherical tokamaks 
such as MAST (Kirk et al., 2004; Kirk et al., 2007) and NSTX (Maingi et al., 2005) are 
equipped with visible light fast framing cameras that can capture images of type-I ELMs. 
Figure 4 provides a full view of the plasmas captured during a type-I ELM in MAST. 
 

 

Fig. 4. A wide-angle view of the MAST plasma at one instant in time during the evolution of 
a type-I ELM (Courtesy of A. Kirk, Culham Laboratory, UK). 

Here, the bright emission bands, referred to as ELM filaments, wrap around the outer 
surface of the plasma in helical patterns that connect the upper and lower divertors. The 
pitch of these filaments is aligned with the local magnetic field, which typically has a rather 
steep angle with respect to the equatorial plane of the plasma due to the relative strength of 
the poloidal field compared to that of the toroidal field in spherical tokamaks such as MAST. 
Note that the intensity of the emission in these filaments is not uniform along their helical 
axis and that these structures are seen to protrude from the surface as they approach the 
upper hyperbolic point where they become much more toroidally aligned. These 
protrusions are consistent with the type of structure predicted by the topology of homoclinic 
and heteroclinic tangles invoked in the ELM model presented below. Here, the protrusions 
correspond to the lobes of the tangle, which become narrower in the poloidal direction and 
more extended in the radial direction as they approach a hyperbolic point (Fig. 5 shows the 
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lobes calculated when an n=1 homoclinic tangle is found in the DIII-D tokamak). This 
poloidal compression, accompanied by a radial expansion, is a consequence of the 
preservation of a constant value of the magnetic flux contained inside each lobe of the 
structure as prescribed by the Hamiltonian nature of the tangle in the model as it 
approaches a region of weak poloidal magnetic field near the hyperbolic points. These 
protruding lobes form a spiraling magnetic footprint that converges to the unperturbed 
intersection of the separatrix with the divertor target plate similar to the one shown in Fig. 4 
of Roeder et al., (2003) for an n=1 homoclinic tangle in DIII-D. These magnetic footprints are 
essential elements of the nonlinear ELM model presented below. 

2.3 ELM theories 
Linear ELM theories tend to fall into three general categories. The first and most well 

developed of these includes ideal and resistive ballooning MHD models. These involve 

pressure driven modes that couple to external kink modes (sometimes referred to as peeling 

modes). The second involves dynamics described by a bifurcation of the confinement from 

an H-mode to an L-mode forming a dynamical state described by a restricted type of limit 

cycle. The third combines elements taken from the MHD and limit cycle models to construct 

an appropriate set of dynamics. Each of these models is reviewed in a paper by Conner 

(1998). Nonlinear ELM models are relatively sparse due to the complex nature of the 

dynamics and topology involved in this phase of the instability. One example invokes the 

explosive growth of a narrow finger of hot plasma that pushes its way through other field 

lines (nonlinear ballooning) from a small region in the plasma interior and spreads across a 

large section of the surface of the plasma (Cowley et al., 2003). These models are difficult to 

validate in any practical way with tokamak data due to a lack of specific predictions on how 

they relate to the various types of ELMs and operating regimes found in high performance 

tokamak discharges. Clearly, a more quantitative model is needed. Thus, there is strong 

motivation to develop a model that can be more easily tested with experimental data. The 

model presented below provides a step in this direction since it can be used to numerically 

calculate the global topology of ELMs including the distribution and size of magnetic 

footprints that can be directly compared to divertor diagnostic data (Wingen et al., 2009a). 

3. Description of the proposed nonlinear ELM model 

3.1 Hamiltonian description of the separatrix topology in poloidally diverted tokamaks 
Poloidally diverted tokamaks are formed by a set of external axisymmetric coils that result 
in poloidal magnetic field nulls when superimposed on the magnetic field due to a toroidal 
plasma current flow in the discharge. These poloidal field nulls, in combination with 
magnetic fields from other shaping coils in the tokamak, form hyperbolic points (Zaslavsky, 
2005) of the system along with their associated separatrices that divide field line trajectories 
into trapped (inside the separatrix) versus passing (outside the separatrix) regions of space 
(Evans, 2008). In an ideal axisymmetric poloidally diverted tokamak the trapped and 
passing field line regions are referred to as “closed” and “open“ field line regions 
respectively. This is because field lines outside the separatrix intersect the walls of the 
tokamak and thus are “open“ with respect to the loss of heat and particles that flow parallel 
to the field lines. Alternatively, field lines inside the ideal axisymmetric separatrix do not 
intersect the walls of the tokamak and thus are considered “closed“ in terms of heat and 
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particle transport parallel to these field lines. As discussed below this terminology is no 
longer applicable when small non-axsymmetric magnetic pertrubations are present in the 
system. 
A fundamental element of the ELM model discussed here is the nonlinear evolution of the 
separatrix topology in a poloidally diverted tokamak. Here, the growth of a small 
topological defect known as a homoclinic tangle (Guckenheimer & Holmes, 1983), formed 
by the separatrix due to intersections of stable and unstable invariant manifolds associated 
with a hyperbolic point of the system, is the basic dynamical process invoked by the model. 
In a poloidally diverted tokamak, following along the spatial trajectory of a stable invariant 
manifold in the forward direction results in a series of converging steps that approaches the 
hyperbolic point associated with the manifold. Similarly, following the unstable invariant 
manifold in the opposite (backward) direction produces a series of converging steps toward 
the hyperbolic point from the opposite side. Thus, the splitting of trajectories into stable and 
unstable manifolds due to non-axisymmetric perturbations introduces a directional 
dependence into the spatial trajectories of the field lines implying that following field lines 
in opposite directions leads to very different spatial locations in the plasma (with the 
exception of homoclinic points where the stable and unstable invariant manifolds intersect). 
In general, a homoclinic (self-intersecting) tangle results in a 3D separatrix topology that is a 
generic property of perturbed hyperbolic conservative systems which are composed of 
divergence-free vector fields. The dynamics of such a system is described by integrating 
Hamilton’s equations of motion. Theoretically, it is well known that when sufficiently small 
perturbations are introduced into such a system it remains Hamiltonian in nature and 
preserves its well-behaved (deterministic) dynamics (Dankowicz, 1997; Lichtenberg & 
Lieberman, 1992). Such systems are commonly referred to as “near integrable” and 
generically have non-degenerate, transversely self-intersecting, separatrix manifold 
topologies that form the lobes of the homoclinic tangle. Separatrix structures such as these 
have been studied extensively in physics, mathematics, astrophysics, engineering and 
neuroscience (Dankowicz, 1997; Guckenheimer & Holmes, 1983; Simiu, 2002). Additionally, 
it is well known from conservative dynamical systems theory that the topology of a 
homoclinic tangle is the fundamental element that dictates the behavior of the trajectories 
which form the solutions to the differential equations describing the dynamics of the system 
(Guckenheimer & Holmes, 1983). In toroidal plasma confinement devices such as 
stellarators and tokamaks, the 3D topology of the field lines at any instant in time is found 
by integrating a set of magnetic differential equations that are formulated in terms of the 

toroidal (χ) and poloidal (ψ) magnetic flux coordinates (D’haeseler et al., 1991). Here, ψ is 

associated with the Hamiltonian H while χ serves as the canonical momentum of the system 
and the equations describing the 3D spatial trajectories of the field lines are given in 
Hamilton–Jacobi form as: 

 
d dH

d d

θ
φ χ

=   (1)  

 
d dH

d d

χ
φ θ

= −   (2)  

where θ and φ are the poloidal and toroidal angles respectively (Evans, 2008). The usual 
Hamiltonian is recognized in terms of the familiar canonical coordinates p,q by substituting 
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χ → p and θ → q and associating φ with time (t). In a tokamak 2πχ is the toroidal magnetic 

flux enclosed by a surface of constant χ and 2πψ = 2πH is the poloidal magnetic flux inside a 
surface of constant H.  
Equations (1) and (2) are generally integrable given an axisymmetric plasma equilibrium but 
the addition of small non-axisymmetric magnetic fields transforms the Hamiltonian into an 
arbitrary function of the toroidal and poloidal angles. In this system a symmetry breaking, 
non-axisymmetric, magnetic perturbation can be expressed in terms of a perturbed 

Hamiltonian εH1(χ,φ,θ) where ε is a small dimensionless perturbation parameter. Then, the 
total Hamiltonian H is given as: 

 H = H0(χ) + εH1(χ,φ,θ)  (3)  

or the sum of the axisymmetric part H0 and the non-axisymmetric perturbed part H1. The 
perturbed part of the Hamiltonian can be expressed in terms of a Fourier series as: 

 ( ) ( ) ( )1 , ,
,

, , cosm n m n
m n

H H m nχ φ θ χ θ φ χ= − +∑   (4)  

where m and n are the poloidal and toroidal mode numbers respectively (Abdullaev, 2006). 
In realistic tokamaks, the nominally degenerate invariant manifolds that form an ideally 
axisymmetric separatrix are transformed into an infinite set of homoclinic intersections by 
small field-errors associated with non-axisymmetric toroidal and poloidal magnetic field 
coil positions and other random magnetic pertrubations that are an intrinsic part of the 
tokamak environment (Evans et al., 2005). In addition, externally applied low toroidal mode 
number (n=1) non-axisymmetric magnetic fields are commonly used to “correct“ ambient 
field-errors that amplify MHD modes in the core plasma. 
Figure 5 shows a poloidal projection of the 3D separatrix structure at one toroidal angle in 
the DIII-D tokamak during the application of an n=1 field-error correction perturbation. As 
seen in the lower part of Fig. 5(a) just above the divertor region the lobes of the homoclinic 
tangle intersect the high-field side (HFS) wall (R = 1.02 m, Z = -1.17 m) while on the low-
field side (LFS) the lobes intersect the horizontal divertor target plate (R = 1.35 m, Z = -
1.36 m). Here, R,Z are cylindrical coordinates representing the distance from the toroidal 
axis of the tokamak and the displacement from equatorial plane respectively. A magnified 
view of the lower divertor region is shown in Fig. 5(b) with a 45º divertor tile (dashed line) 
connecting the HFS wall (R = 1.02 m) to the horizontal target plate tile (Z = -1.37 m). The 
entrance to the pump duct is shown on the right-hand side of Fig. 5(b) (R ≥ 1.36 m) with the 
top of the pump duct located at Z = -1.25 m. The connection length Lc of magnetic flux tubes 
between the LFS divertor target plate and the HFS wall is shown by the color bars in each 
part of the figure. 
This discharge is an example of a double null plasma equilibrium with the balance between 
the upper and lower hyperbolic points displaced slightly downward. Here, the upper 
hyperbolic point is located at R = 1.27 m, Z = 1.11 m while the lower hyperbolic point is 
located at R = 1.28 m, Z = -1.13 m. The topology of the hetroclinic tangles formed in double 
null equilibria has been shown to be a sensitive function of the relative positions of the 
upper (secondary) and lower (primary) hyperbolic points (Evans et al., 2004). For a 
downward biased equilibrium such as that shown in Fig. 5, the homoclinic tangle associated 
with the lower hyperbolic point dominates the 3D topology of the separatrix and creates a 
dramatic change in the magnetic topology inside the separatrix. Here, one of the lobes of the 
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tangle intersects the horizontal divertor target plate at R = 1.36 m, Z = -1.36 m while another 
lobe intersects the vertical wall located at R = 1.02 m. The intersection of these homoclinic 
lobes with the divertor target plate and wall ”opens” some of the field lines that were 
previously in the ”closed” region inside the separatrix prior to the application of the n=1 
magnetic perturbation field from the field-error correction coil (although some field lines are 
always open due to intrinsic non-axisymmetric field errors without the correction coils). 
This topological change creates a set of highly complex field line trajectories that traverse the 
plasma volume inside the separatrix and connect the vertical high-field side (HFS) wall to 
the low-field side (LFS) horizontal divertor target plate. This topology is similar to that of 
“line-tying” found in the solar photosphere (Gibons & Spicer, 1981). Additionally, the field 
line topology formed by this “line-tying” type of bifurcation is composed of a mixture of 
stochastic fields, with a wide range of connection lengths (Lc) that form fractal distributions 
(Abdullaev, 2006), embedded inside a set of coherent flux tubes with short connection 
lengths (Wingen et al., 2009b; Wingen et al., 2009c). It is the short Lc flux tubes that play a 
fundamental role in the nonlinear ELM model discussed below. 
 

 

Fig. 5. (a) Full poloidal cross sectional view of a separatrix homoclinic tangle formed by an 
applied external n=1 magnetic perturbation due to the DIII-D field-error correction coil with 
a current of 8 kAt in discharge 133908 at t = 2000 ms. (b) An expanded cross sectional view 
of the primary divertor. Lc is the field line connection length between the horizontal target 
plate (Z = -1.36 m) and the vertical wall (R = 1.02 m). 

The intersection of the homoclinic and heteroclinic lobes with divertor targets and walls 

forms objects referred to as magnetic footprints on the R,φ and Z,φ planes of the divertor 
targets and walls respectively as shown in Fig. 6(a) for the HFS wall and Fig. 6(b) for the LFS 
divertor target plate for the same conditions as in Fig. 5. Measurements of the heat (Evans 
et al., 2005, Evans et al., 2007) and particle (Schmitz et al., 2008) flux distributions on the 
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DIII-D divertors have been shown to be qualitatively consistent with numerical calculations 
of magnetic footprints produced by homoclinic lobes during experiments with applied non-
axisymmetric magnetic fields from field-error correction and edge MHD (ELM) suppression 
coils (Evans et al., 2006). Similar heat flux patterns have been observed in the ASDEX-U 
tokamak (Eich et al., 2005) during ELMs. Quantitative comparisons of heat flux measure-
ments inside these footprints with numerical simulations indicate that the separation 
between adjacent lobe intersections with the divertor targets can be a factor of 2-3 times 
larger than that predicted suggesting that there is a significant amplification of the homo-
clinic tangle structure from the applied n=1 field due to the response of the plasma (Evans 
et al., 2007). There are also indications that the topology of the lobes is affected by magnetic 
perturbations from MHD modes deep in the core plasma (Evans et al., 2005). 
 

 

Fig. 6. Lower divertor (a) magnetic footprint formed on HFS vertical wall by an externally 
applied n=1 perturbation (no plasma response) from the DIII-D field-error correction coil 
with a current of 8 kAt in discharge 133908 at t = 2000 ms and (b) the LFS magnetic footprint 
formed on the horizontal divertor target plate. These footprints define the open field line hit 
points due to the intersection of the lobes of the homoclinic tangle shown in Fig. 5 with the 
target plate and wall. As in Fig. 5, Lc is the field line connection length between the 
horizontal target plate (Z = -1.36 m) and the vertical wall (R = 1.02 m). 

3.2 Description of the temporal evolution prescribed by the model 
A conceptual model describing the dynamics of the edge plasma and the evolution of the 
pedestal magnetic topology following the linear growth phase of a type-I ELM is presented. 
Understanding the physics, topology and dynamics of ELMs during their post-linear 
growth phase is essential for predicting the characteristics of these instabilities as a funtion 
of the pedestal plasma conditions. In particular, a model is needed that can be used to 
predict the temporal evolution of the plasma heat and particle distributions on the vessel 
wall and divertor components. 
As discussed above, small quasi-static homoclinic and heteroclinic tangles result naturally 
from a variety of non-axisymmetric magnetic field perturbations commonly found in high 
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performance poloidally diverted tokamaks. Examples of these non-axisymmetric field 
perturbations include toroidal field ripple, field-errors, core and edge MHD modes, 3D 
electromagnetic field control (trim) coils and small, spatially random, 3D field components 
due to magnetic materials and tolerence build-ups in the electromagnetic coils used to 
confine and shape the plasma (Evans et al., 2005; Evans et al., 2007). Thus, it is not 
unreasonable to expect the formation of separatrix homoclinic and heteroclinic tangles to be 
the norm rather than the exception, whether in a low confinement L-mode or in high 
confinement H-mode plasma as well as between and during ELMs. It is the existence of the 
separatrix topology associated with these tangles between ELMs that forms the basis of the 
model (Evans et al., 2009) described here. 
Given the basic topology shown in Fig. 5, the model assumes that small fluctuations in the 
pedestal plasma pressure initiate a linearly growing MHD instability as the equilibrium 
conditions in a narrow region just inside the separatrix approach a marginal stability point.  
An example of this process is described by ideal MHD peeling-ballooning theory (Snyder 
et al., 2005; Wilson et al., 2006) which presumes that linearly growing intermediate n modes 
lead to the onset of the nonlinear growth phase. Peeling-ballooning theory predicts that the 
onset of this edge MHD mode significantly increases the radial heat and particle transport. 
Our model assumes that the energy associated with the linearly growing MHD mode flows 
into the coherent, short connection length, homoclinic flux tubes connecting the HFS wall 
and the LFS divertor target. At this point, fast parallel transport along these homoclinic flux 
tubes causes a rapid increase in the electron temperature (Te) inside the magnetic footprints 
near the wall and divertor surfaces. Experimental measurements taken during the early 
growth of an ELM demonstrate that there is a rapid release of thermal energy from the area 
located near the steep gradient region leading up to the top of the pedestal just inside the 
separatrix (Kirk et al., 2007, Neuhauser et al., 2008). These observations are consistent with 
our requirement of a rapid increase in the radial energy transport during this time. These 
rapid bursts of energy flowing from the pedestal into the divertor appear to be correlated 

with an increase in broadband magnetic fluctuations in the pedestal starting about 10 μs 
before the onset of the nonlinear growth phase (Neuhauser et al., 2008) suggesting that 
currents in this region may play a key role in the onset of the nonlinear growth phase.  
In our model, it is these inital heat pulses associated with the linearly growing MHD 
instability that provide the mechanism needed to form a feedback amplification loop. It is 
this feedback loop that causes the stable and unstable invariant manifolds of the initial 
homoclinic tangle to grow explosively. Here, it is presumed that the amplification process is 
triggered by the formation of field-aligned thermoelectric currents that flow through the 
short, pedestal plasma, homoclinic flux tubes connecting the inner wall and outer divertor 
target plate. These thermoelectric currents form when Te at one end of a flux tube increases 
relative to Te at the other end (Staebler & Hinton, 1989). Since part of the heat pulse enters 
the short flux tube near the equatorial plane on the LFS of the discharge it is expected to 
arrive at the LFS target well before arriving at the HFS wall. Numerical simulations of these 
two-poloidal-turn helical flux tubes (Wingen, et al. 2009a) show that the distance from the 
LFS equatorial plane to the LFS target plate is ~25 m while the distance to the HFS wall is 
~75 m. In DIII-D H-mode plasmas, Te just inside the separatrix, where these flux tubes 
reside, is ~400-500 eV. Thus, given an electron thermal velocity vTe = (kTe/me)1/2 = 

8.4×106 m/s where k is Boltzmann’s constant and me is the mass of an electron, these heat 

pulses arrive at the LFS target plate approximately 6 μs before reaching the HFS wall. This 

www.intechopen.com



A Conceptual Model for the Nonlinear Dynamics of Edge-localized Modes in Tokamak Plasmas  

 

71 

causes Te near the LFS target plate to increase relative to that near the HFS wall and initiates 
the flow of a thermoelectric current from the LFS target to the HFS wall with a return 
current connecting through the lower divertor vessel structure. 
Thus, the model assumes that following the release of the initial heat pulse from the linearly 

growing MHD mode a small field-aligned thermoelectric current begins to flow in a helical 

flux tube formed by a small preexisting homoclinic tangle. Although the time evolution of 

the current growth is not specifically predicted by the model, it is assumed that as the 

current grows its magnetic field perturbs the upper and lower hyperbolic points causing the 

lobes of the homoclinic tangle and their associated magnetic footprints to increase in size. 

Simulations have been carried out assuming the current density in the flux tube is limited to 

approximately 1/2 the initial ion saturation current density (~70-80 mA/mm2) during the 

nonlinear phase of the instability (Wingen, et al., 2009a). These simulations have shown that 

the magnetic footprint, associated with a single n=1 flux tube connecting the primary 

(lower) LFS divertor target with the HFS wall, grows from an area of 1760 mm2, with a 

current of 135.5 A, to an area of  3564 mm2 with a current of 274.4 A. During this process, a 

topological bifurcation takes place that creates a new set of n=2 flux tubes connecting the 

primary divertor LFS target to the HFS wall (Wingen, et al., 2009a). It is then assumed, that 

as the thermoelectric current grows with increasing footprint area there is a commensurately 

increasing flow of energy from the pedestal into the flux tube that maintains the constant 

current density. Here, the working hypothesis is that the growing helical thermoelectric 

current filaments associated with the short connection length flux tubes also produce 

resonant magnetic field components that open magnetic islands (i.e., Poincaré islands) on 

rational surfaces across the pedestal region in addtion to perturbing the nominally 

axisymmetric hyperbolic points. As these islands grow and overlap they produce an 

increase in the local magnetic field line stochasticity which enhances the effective radial heat 

tranport into the homoclinic flux tube containing the thermoelectric current. This completes 

the feedback amplification loop and results in the initial explosive growth phase of the 

topological instability.  

During the next step in the process, the initial helical current filament grows explosively and 
acts to amplify the lobes of the homoclinic tangle while inducing a growing level of pedestal 
stochasticity that penetrates deeper into the core plasma as it grows. This process results in a 
self-amplification of the lobes due to a positive feedback loop between the size of the tangle 
lobes, an increasing stochastic layer width and an increase in the heat flux to the target 
plates that drives an increasing flow of current. This process takes on the appearance of 
growing helical filaments that protrude beyond the edge of the plasma and seem to 
propagate radially outward as they grow. A key feature of the processes involved up to this 
point is that there is no need to invoke field line tearing and reconnection during the 
evolution of an ELM. The entire process can be described using ideal MHD theory without 
requiring resistive or dissipative effects that would cause the filaments to tear and separate 
from the edge of the plasma. Such a process would rapidly shut down the thermal transport 
responsible for the growth of the instability. This is seen by comparing the 1-2 ms decay 

time following the current peak in Fig. 3 to a tearing mode growth time γ-1 ~ τr3/5τA2/5 s 

where γ is the growth rate of the tearing mode, τr is the resistive time and τA is the Alfvén 

time in the pedestal. We find that γ-1 ≤ 0.1 ms where τr = 1.2x10-4 s and τA = 5.8x10-5 s or 
approximately an order of magnitude shorter than the current decay time. Therefore, the 
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growth of a tearing mode following the peak in the current would cause a separation of the 
filament from the pedestal and a rapid, sub-millisecond, termination of the of the current. 
Instead, we see that the ELM is a radially extended structure, as indicated by the relatively 
constant ratio of the signals from two adjacent Langmuir probes in Fig. 3, which is 
reminiscent of the lobes of a homoclinic tangle and that this radial structure persists as the 
current slowly decays. This relatively slow decay of the current is more consistent with a 
slow shutdown of the heat flux from the pedestal as the energy reservoir in this region is 
slowly depleted and Te in the short flux tubes drops. This reduction in Te causes an increase 
in resistivity in the short flux tubes which, when coupled with a cooling of the plasma in 
front of the divertor target plate due to an increase in particle recycling, as shown in Fig. 2, 
slowly reduces the thermoelectric current flowing between the target plate and the wall. 
Numerical simulations of the growth experienced by a pre-existing, field-error related, 

homoclinic tangle have been carried out using current filaments that are proportional to the 

area of the magnetic footprint on the divertor target plate. Results from these simulations 

demonstrate that the calculated nonlinear dynamics of the tangle’s topology are consistent 

with the heat flux patterns measured in the DIII-D divertor during a type-I ELM (Wingen 

et al., 2009a). A key question studied during these simulations addresses how the 

topological evolution prescribed by the model conforms to experimental measurements of 

type-I ELM dynamics. In particular, data such as that shown in Fig. 4 suggest that the peak 

in the toroidal mode spectrum of an ELM increases in mode number during the nonlinear 

growth phase. As discussed below, a bifurcation in the separatrix topology has been 

identified during the early growth phase of the instability. This bifurcation involves the 

appearance of heteroclinic invariant manifolds associated with the upper (secondary) 

hyberbolic point. 

3.3 Dynamics of an ELM-induced homoclinic-to-heteroclinic separatrix bifurcation  
Here, we describe the appearance of a homoclinic-to-heteroclinic bifurcation as the total 

current flowing in a short flux tube, connecting the LFS divertor target plate to the HFS wall, 

increases from 100 to 300 A. The simulation starts with an axisymmetric plasma equilibrium. 

We then superimpose a spectrum of nonaxisymmetric magnetic perturbations due to field-

errors that have been systematically measured in the DIII-D tokamak (Luxon et al., 2003) 

along with a 3D magnetic perturbation field produced by a field-error correction coil (refer-

red to as the I-coil) in DIII-D discharge 133908 at t = 2000 ms (Wingen et al., 2009a). Note 

that this is the same plasma equilibrium shown in Fig. 5 but there an artificial n=1 nonaxi-

symmetric magnetic field is applied by a coil referred to as the C-coil with a relatively large 

current in order to highlight the properties of the homoclinic tangle. In the simulation 

discussed here, we use the actual coil currents that were employed during the experiment in 

discharge 133908. 

As a starting point for this simulation, the shortest flux tube produced by the field-errors 

and an n=1 correction coil is selected. Initially, there is only one relatively small flux tube 

connecting the LFS side lower (primary) divertor target plate with the HFS wall. We refer to 

this as flux tube number 1. This flux tube makes two poloidal revolutions along its path 

through the pedestal plasma just inside the separatrix and has a total length from the target 

plate to the wall of ~100 m. The current flowing in a large divertor tile sensor is used to 

establish a current density calibration for the simulation. This is done by calculating the area 
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of overlap between the tile sensor and the magnetic footprint at the toroidal and radial 

position of the tile when the maximum current during an ELM is reached. Using the calcu-

lated area of intersection with the tile sensor and an assumed current density of 

77 mA/mm2 we get 200 A which agrees with the measured current in this tile sensor at the 

peak amplitude of the ELM. The assumed current density (about 1/2 the pre-ELM ion satu-

ration current) is held fixed throughout the remainder of simulation while the topology of 

the separatrix unfolds. We start with a relatively small current in flux tube number 1 and 

increase the current in steps. With each iteration of the code, the area of the magnetic 

footprints increases as the size of the lobes produced by the homoclinic tangle associated 

with the primary divertor hyperbolic point increases. The current is increased until the total 

area of all the magnetic footprints overlapping the tile sensor equals ~3000 mm2. At this 

point, the area of the three footprints associated with flux tubes 1, 2 and 3 is calculated and 

using the assumed current density of 77 mA/mm2 a total current of ~4.9 kA is obtained 

(Wingen et al., 2009a). 

During the sequence of iterations in the current flowing in flux tube number 1, a new pair of 

flux tubes is formed followed by the formation of a fourth flux tube at a higher current. The 

first pair of flux tubes, referred to as flux tube number 2 and 3, connect the primary LFS 

divertor target plate to the HFS wall after one poloidal turn and have a length of ~50 m. Flux 

tubes 2 and 3 are formed during a bifurcation of the separatrix topology that involves a 

splitting of the invariant manifolds, caused by the presence of the secondary (upper) hyper-

bolic point, into a higher order set of stable and unstable branches of the original manifold 

topology. We refer to this as a homoclinic-to-heteroclinic bifurcation although here we focus 

only on the increased complexity of the homoclinic tangle associated with the primary 

(lower) hyperbolic point. 

Figure 7(b) shows the structure of the manifolds produced by the primary (lower divertor) 

hyperbolic point in the secondary divertor region near the upper hyperbolic point with a 

current of 100 A flowing in flux tube number 1. Flux tube number 1 is not large enough to 

be clearly identified at this level of current. With this current, the initial formation of flux 

tubes 2 and 3 has begun. Here, flux tubes are formed in the area between intersecting stable 

and unstable manifolds. As seen in Fig. 8(a) flux tube number 3 is completed at 130 A when 

the stable and unstable manifolds intersect while flux tube number 2 is not yet fully formed 

at 150 A in Fig. 8(b). 

As the current in flux tube number 1 is increased from 150 A to 200 A, flux tube number 2 is 
completed and a new partially formed flux tube appears, flux tube number 4 as shown in 
Fig. 9(a), on each side of flux tube number 2. Between 200 A and 300 A flux tube number 4 is 
completed and manifold connections are made between the secondary (upper) divertor LFS 
target plate and the primary (lower) HFS wall as well as between the primary LFS target 
plate and the secondary HFS wall as shown in Fig. 9(b).  
From this point on in the simulation a current proportional to the area of intersection of flux 
tubes 2 and 3 with the primary LFS divertor target, having a current density of 77 mA/mm2, 
is included at each subsequent step until the current limit discussed above is reached. As the 
simulation proceeds flux tubes 2 and 3, which form a pair of single poloidal turn helical 
structures that are displaced from each other toroidally by 180º, produce an n=2 
perturbation that dominates the growth of the lobes and the primary divertor LFS target 
plate magnetic footprints. 
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Fig. 7. Poincaré plots of (a) the calculated structure of the stable and unstable invariant 
manifolds in the primary divertor with a current of 100 A in flux tube number 1 (not clearly 
visible) and (b) the corresponding structure of the manifolds in the secondary divertor. The 
numbers 2 and 3 indicate regions where flux tube number 2 and 3 will form as the current in 
flux tube number 1 is increased in the simulation once the stable and unstable manifolds 
intersect. 

 

Fig. 8. Poincaré plots of (a) the formation of flux tube number 3 in the secondary divertor as 
the current in flux tube 1 is increased to 130 A, (b) flux tube number 2 is not completely 
formed at 150 A.  

4. Discussion and conclusion 

A conceptual model describing the nonlinear gowth of type-I ELMs in high performance 
tokamak plasmas has been presented along with a numerical simulation of the separatrix 
evolution, described by the model, during an ELM in a typical DIII-D H-mode plasma. The  
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Fig. 9. Poincaré plots of (a) the formation of flux tube number 2 in the secondary divertor at 
200 A in flux tube number 1 and the appearance of a new partially formed flux tube 
(number 4) while (b) at 300 A in flux tube number 1 all of the new flux tubes (numbers 2, 3 
and 4) are fully formed.  

temporal evolution of the separatrix is driven by a plasma instability resulting from a 
rapidly growing current that flows through the pedestal region of the plasma and changes 
the global topology of the manifolds that make up the separatrix. This topological change 
involves a homoclinic-to-heteroclinic bifurcation of the secondary (upper) hyperbolic point 
in the equilibrium magnetic field. The bifurcation creates an n=2 helical structure, consisting 
of two independent flux tubes separated by 180º toroidally, early in nonlinear growth phase 
when a small, 150-200 A, field-aligned current flows in the original n=1 flux tube created by 
field-errors and a field-error correction coil. Although reversing the direction of the current 
in the n=1 flux tube does not have a significant effect on the structure of the invariant 
manifolds associated with the tangle structures, distributing the current into multiple 
filaments rather than allowing it in the single filament, as in the simulation shown in 
Sec. 3.3, results in a much more complex topology that has significantly more lobes 
intersecting the primary LFS divertor target plate. Thus, the model predicts the formation of 
a new set of invariant manifolds associated with the secondary hyperbolic point. These new 
invariant manifolds intersect the upper (secondary) divertor target plate and the HFS wall in 
DIII-D during the nonlinear growth phase of an ELM. This has significant implications for 
fusion reactor designs since it implies that complex heat and particle flux striations, 
associated with the magnetic footprints and flux tubes due to these new separatrix 
manifolds, should cause large impulsive energy bursts on secondary plasma facing surfaces 
that are not typically designed to handle such interactions with high energy density 
plasmas. Therfore, it is important that these predictions be tested using high time resolution 
measurements of the transient heat and particle flux interactions with plasma facing 
components near the secondary hyperbolic point during ELMs. 
Another important question to ask of the model is whether it can be used to shed light on the 
physics of ELM suppression when small (~50 G), stationary, n=3 magnetic pertrubations are 
applied to ELMing H-modes in the DIII-D tokamak (Evans et al, 2006). Here, an interesting 
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hypothessis that can be tested is that the n=3 field interacts with the lobes of the n=1 field-error 
tangle causing them to break up into relatively small scale structures that are more effective for 
dissapating the steady-state heat and particle flux over a much larger area of the divertor. This 
is expected to provide additional control over the pedestal transport that could be used to keep 
the pressure gradient below the threshold required for the onset of the linearly growing MHD 
installability. Constructive and destructive interference between nonaxisymmetric magnetic 
pertrubations from various coils in DIII-D has been studied previously. This work 
demonstrated that such interactions lead to much more complex lobe structures (Wingen et al., 
2009b) that tends to spread the footprints and open more flux tubes (Evans et al, 2007) which 
can be used to fine tune the pedestal transport. Extending this hypothesis to higher n 
homoclinic structures, such as n=4 up to n=6 or 7 or combinations of structures with toroidal 
mode numbers ranging from 1 thorugh 7, suggests that the effect may provide much better 
control over the height and width of the pedestal region thus allowing the possibility of fine 
tuning of the pressure gradient profile. With advanced realtime pedestal profile diagnostics, it 
should be possible to combine this multimode perturbation field approach with an edge 
pressure and current gradient tracking algorithm to obtain a desired set of pedestal properties, 
particularly if an edge-localized heating and current drive system such as electron cyclotron 
system, were to be included as part of the feedback loop. 
In general, the model presented here qualitatively fits some of the observed experimental 
attributes of large type-I ELMs such as a slow decay rate of the current in the flux tube as 
seen in Fig. 3. The model also has elements that may explain the variability seen in ELM 
signatures such as the divertor recycling emissions when effects such as type-II ELMs 
between the type-I ELMs are included. Other effects, such as an increase in the frequency of 
the ELMs with increasing heating power and the apprent rotation of the ELM structure 
during the nonlinear growth phase, have not yet been addressed by the model. These will be 
the focus of future work along with more detailed experimental comparisons. 
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