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1. Introduction

This chapter addresses the problems of minimum mean square error (MMSE) estimation in
non-Gaussian linear and nonlinear systems. In many scientific and practical problems (such
as control, astronomy, economic data analysis, communication and radar surveillance),
estimation of time-varying system state using a sequence of noisy measurements is
performed using the dynamic state-space (DSS) modeling approach. In the DSS approach,
the time-varying dynamics of an unobserved state are characterized by the state vector. In
most problems, the Bayesian approach can be efficiently used for system state estimation.
The posterior probability density function (PDF), which contains the complete statistical
information for the system state estimation, can be used for optimal (in any sense) state
estimation [1]. Unfortunately, many practical applications, such as target tracking in radar
systems are nonlinear and non-Gaussian. Thus, in maneuvering target tracking applications,
a heavy-tailed distribution is usually used to model the abrupt changes of the system state
due to target maneuver [2]. In addition, changes in the target aspect toward the radar may
cause irregular electromagnetic wave reections, resulting significant variations of radar
reections [3]. This phenomenon gives rise to outliers in angle tracking, and it is referred to as
target glint [4]. It was found that glint has a long-tailed PDF [3], [5], and its distribution can
be modeled by mixture of a zero-mean, small-variance Gaussian and a heavy-tailed
Laplacian [6]. The Gaussian mixture model (GMM) with two mixture components is widely
used in the literature for abrupt changes of the system state and glint noise modeling [3], [7].
This model consists of one small variance Gaussian with high probability and one large
variance Gaussian with low probability of occurrence. The nonlinearity behavior in target
tracking systems is due to the fact that the target dynamics are usually modeled in Cartesian
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26 Kalman Filter: Recent Advances and Applications

coordinates, while the observation model is in polar coordinates. There is no general
analytic expression for the posterior PDF in nonlinear problems and only suboptimal
estimation algorithms have been studied [1]. The extended Kalman filter (EKF) is the most
popular approach for recursive nonlinear estimation [8], [9]. The main idea of the EKF is
based on a first-order linearization of the model where the posterior PDF and the system
and measurement noises are assumed to be Gaussian. The nonlinearity of the measurement
model leads to non-Gaussian, multi-modal PDF of the system state, even when the system
and the measurement noises are Gaussian. The Gaussian approximation of this multi-modal
distribution leads to poor tracking performance. The unscented Kalman filter (UKF)
approximates the PDF at the output of the nonlinear transformation using deterministic
sampling [10]-[11]. The advantage of the UKF over the EKF stems from the fact that it does
not involve approximation of the nonlinear model per se [12], [13]. The UKF provides an
unbiased estimate, however its convergence is slow [13]. Many researchers addressed the
problem of filtering in non-Gaussian models. One of the effective algorithms in the non-
Gaussian problems is the Masreliez filter [14], [15] that employs a nonlinear “score-
function”, calculated from known a-priori noise statistics. The score-function is customized
for the noise statistics and has to be redesigned for each application. The main disadvantage
of this approach is that it involves a computationally expensive score function calculation
[6]. In [16], the Masreliez filter was used in the target tracking problem with glint noise.
Recently, a few new filtering approaches have been proposed for the problem of target
tracking. One of them is the multiple modeling (MM) approach, in which the time-varying
motion of the maneuvering target is described by multiple models [17]. In this approach, the
non-Gaussian system is represented by a mixture of parallel Gaussian-distributed modes
[8]. Using the Bayesian framework, the posterior PDF of the system state is obtained as a
mixture of conditional estimates with a-priori probabilities of each mode [18]. Various filters
are used for mode-conditioned state estimation. For example, the Gaussian sum filter (GSF),
was implemented in [8], [19] using a bank of KFs. The EKF and Masreliez filters were used
as mode-conditioned filters for the nonlinear problems of target tracking in [6], [16], [20].
The main drawback of the MM approach is the exponential growth of the number of the
modes, and exponentially increasing number of mode-conditioned filters [18], [21].
Therefore, optimal algorithms, such as the GSF, are impractical. The direct approximation
methods for target tracking in the presence of clutter with GMM distribution approximation
were proposed in [22]-[28]. The joint probabilistic data association (JPDA) [18] and global
nearest neighbor (GNN) [25] approximate the entire GMM by a single Gaussian, loosing
important information contained in other mixture components. The multiple hypothesis
tracking (MHT) [26] and mixture reduction (MR) methods [22], employ ad-hoc joining and
clustering preserving mean and covariance of the original distribution. The direct
approximation algorithms are generally computationally efficient, however, they are
suboptimal due to the ad-hoc mixture approximation methods and lead to degraded target
tracking performance. A suboptimal, computationally-efficient interacting MM (IMM)
algorithm was successfully applied to the maneuvering target tracking problem [18], [29],
[30]. In [7], [16], [20] the IMM algorithm with EKFs and Masreliez filters were implemented
for maneuvering target tracking in the presence of glint noise. The IMM algorithm with
greater number of modes was proposed in [31] for non-Gaussian system and measurement
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noise. In the recent decade, a new class of filtering methods has been proposed based on the
sequential Monte Carlo (MC) approach. The sequential importance sampling technique
forms the basis for most MC techniques [32]. In these techniques, the filtering is performed
recursively generating MC samples of the state variables. These methods are often very
exible in non-Gaussian problems due to the nature of the MC simulations [33]. One of the
popular techniques of this approach is the PF, which is a suboptimal estimator that
approximates the posterior distribution by a set of random samples with associated weights.
The PF models the posterior distribution using discrete random samples rather than using
an analytic model [34]. The Gaussian sum particle filter (GSPF) [35] implements the PF
assuming Gaussian mixture distributions for the system and measurement noises. The GSPF
generalizes the GSF introducing a new model order reduction method. Thus, the model
order of the system state PDF remains constant over iterations, discarding mixands with
small weights. The PF has been extensively used for maneuvering target tracking (e.g. [2]).
In [36], the PF was applied to the problem of tracking in glint noise environment. As it was
shown in [37] and [38], the PF outperforms the IMM algorithm when the likelihood function
is multi-modal. Different application-driven PFs are presented in the literature, but there is
no precise rule, which type of PF should be used in each application. This implies that no
rigorous PF exists, which is one of the disadvantages of the PF approach. In this chapter,
two recursive methods, based on the MMSE estimator of the GMM distributed state vector,
are presented. The first is Gaussian mixture Kalman filter (GMKEF), derived in [39], [40], for a
linear model with non-Gaussian system and measurement noise. This algorithm relies on
the fact that any PDF can be closely approximated by a mixture of finite number of
Gaussians [41]. A greedy EM-based model order reduction method for the problem of
exponential model order growth, discussed in [18], [21] and [19], is derived. The greedy
learning algorithm controls the GMM order of the system state PDF, which might vary over
the iterations, but remains finite. The EM-based model order reduction method is optimal
with respect to the Kullback-Leibler divergence (KLD), that is, it minimizes the KLD of the
reduced-order estimated PDF from the “true” PDF of the system state. The GMKF addresses
a general estimation problem with non-Gaussian system and measurement noise, modeled
by the GMM. This problem is of a great practical interest, for example, in maneuvering
target tracking in the presence of glint noise [31]. The second recursive algorithm, named as
nonlinear GMKF (NL-GMKF), extends the GMKF to nonlinear models [44]-[46]. The NL-
GMKEF considers the case of non-Gaussian system and measurement noises as well as non-
Gaussian posterior PDF of the state vector. The expected significance of the NL-GMKF is in
practical applications of low to moderate maneuvering target tracking, when maneuver
detection is difficult. The advantage of the NL-GMKF over other tracking algorithms is
significant especially in the presence of glint measurement noise with small probability of
detection and high significance. The correlation between the statistics of glint noise and
maneuver (that characterizes a maneuvering target consisting of multiple scattering centers)
makes the problem of maneuvering target tracking in the presence of glint noise extremely
challenging, due to the difficulty of maneuver and glint detection and filtering simultaneously.
The NL-GMKF does not require prior knowledge of the target dynamics such as coordinated
turn model, therefore, it might be useful when tracking targets with a complicated
maneuvering profile that cannot be modeled by a finite set of simple dynamic models.
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2. DSS model

A. Linear model
Consider a state sequence {s[n], n =0, 1, 2, ...} and observations {x[n], n =0, 1, 2, ...} whose
time evolution and observation equations are described by the following linear non-
Gaussian model

s[n] = Aln]|s[n—1] +uln], 1)

x[n] = Hln]s[n| +win], (2)

where the state transition matrices, A[n], and the observation matrices, H[n], are known. The
initial state s[-1], the zero-mean driving noise u[n], and the zero-mean measurement noise
w(n] are independent with the following distributions

s[—1] ~ GMM(as[-1], pgy[-1],Tul[-1];1=1,...,L), 3)
uln] ~ GMM(aun], pyun], Cuxln;k=1,..., K) (4)
wln] ~ GMM(awm[n], tym(m], Twmnlim=1,..., M), (5)

where GMM(¢;, w, I, j = 1,..., ]) denotes a Jth-order proper complex Gaussian mixture
distribution with weights, {¢j}7_,, mean vectors, {p};_,, and covariance matrices, {I'};_,.
The driving noise u[n] and the measurement noise w[n] are temporally independent, i.e.
u[n] and u[r’], and w[n] and w[n’] are mutually independent for any time instances n =0, 1,
2,.,1n =012 .,;n#n" . The PDF of a GMM-distributed random vector y ~ GMM(ayj, Pyj,

Iy;j=1,..,])is given by

J

fy(¥) =D _ay®(vi6;) ©)

j=1

where ®(y; 0)) is a Gaussian PDF and 0; contains the mean vector, py; and the covariance
matrix, Iy. In the following, we will use the term Gaussian for proper Gaussian
distributions.

B. Non-linear model
The nonlinear and non-Gaussian DSS model is:

sln] = a(s[n—1],uln]), (7)

x[n] = h(s[n],w[n]), &)

where the nonlinear transition function, a(,,-), and the observation function, h(.), are
assumed to be known. The system and measurement noise are non-Gaussian with known
PDFs. The driving noise, u[n], and the measurement noise, w[n], are temporally
independent, i.e. u[n] and u[n’], and w[n] and w[n’] are mutually independent for any time
instances n =0, 1, 2,..;n" =0, 1, 2,... ; n # ’. The initial state, s[-1], the driving noise, u[n], and
the measurement noise, w[n], are independent. The initial state distribution is modeled in (3).
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3. MMSE-based filters

Let §[n | p] denote the MMSE estimator of s[n] from & [p] where X [p]é(xT [0}, x" [1],..., x"
[p])". The notation § [ | n-1] stands for one-step prediction of the state vector s[n] from data
X [n - 1]. The objective of this section is to derive recursive methods for estimation of s[n]
from the observed data X [n] for the linear and nonlinear non-Gaussian models. To this end,
the MMSE criterion resulting in the conditional mean estimator

§[n|n] £ E[s[n)|X[n]] )

is employed.

A. GMKF

For the linear DSS model, stated in Section IIA, the MMSE estimator of the state vector s[n]
from the measurements A[n] can be implemented by the following recursive algorithm,
named as GSF.

GSF Theorem

1. Initialization:

Initialize the GMM parameters of the state vector at time instancen =-1forl=1,..., L.

as[—1| = L[-1]] = ax[-1], (10)
=1 = L[=1]] = pgl-1], (11)
Fs[—ll - ], ?hl—l]] = [‘Sg[—l] P (12)

where 7g[n], I =1,..., L is the random mixture indicator [47]-[48].
Setn =0.

2. Prediction

2a. Predicted state PDF parameters:

O[n|n — 1] = {asnjn — 1, mk[n]], pen|ln — 1,9 [n]], Cs[n|n — 1, fue[n]] }E;:;]j“.”

in which
as[nn = 1,mix[n]] = asln-=1n-1,mn - 1]aun] . (13)
ol - Linkl] = Alluyn— 10— Lol — 1] + puln] (14)
Ls[nln = 1,a[n]] = ARTsn—1n—=1,m[n—=1]]JA" [n] + Tux[n] . (15)

The PDFs of the state and system noise are modeled by GMM of order L and K, respectively,
and therefore in the prediction stage, the number of mixture components grows to LK. The
random indicator for this mixture is denoted as 77 k[n], [=1,..., L; k=1,...,K.

2b. Prediction of the state vector:

L K
§[njn — 1] = Zz as[n|n — 1, e [n]lpgn|n — 1, g [n]] . (16)

=1 k=1
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2c. Prediction of the measurements vector and innovation calculation:
The MMSE prediction of x[n] from X [n - 1] is

%[nln — 1] 2 E(x[n]|X[n — 1)) = An]s[nln — 1] . (17)
Define the innovation process x [n] as

x([n] = x[n| — x[n|n - 1] .
The mixture parameters of the conditional PDF x [n] |x [n-1] are defined as follows: Ojm[1]

= {pzlnln-1, 7 guln]], Talnln -1, 7 wln]]} and

ax[nn — 1 um[n)]] = aslnjn = 1,5 [n]] - dwm[n] . (18)
psnln = 1iiem(n]] = Hln] (pg[nln — 1, ik [n]] — S[nin — 1)) + py,,,[n] | (19)
Ti[nln — 1,iumn)] = HnTs[nln — 1, jw[n)]JH” [0] + Twm[n] | (20)

3. Kalman gain:

Kim[n] = (Fs[T'j.lT[. — 1, e [)JH [0] + (e[ — 1, Gk [0]] — 8[n|n — 1]) poy,,, [n])
. (H[n][‘s[n.|'n. — 1, Ttk [n]]HH [n] + Twm [n.]) B

The measurement noise PDF is modeled by GMM of order M, and therefore at the
estimation stage the number of mixture components grows to LKM. The random indicator
for this mixture is denoted as 77 wwn], 1=1,... L;k=1,.., K;m=1,..., M.

4. Estimation

4a. Estimated state mixture parameters:

- Fay )
Blnln] 2 {asnln. ke [n]]. gy [nln, ik []), Talnln, WY EEA0 000 (22)

where

ax[n|n — 1, fiem [n]]®(X[n]; Oricm [n])

as[nln, fum(n]) =

I K M } (23)
5 3 3 axn|n = 1, iy g [n]]®(X[n); Op e [0])
I'=1k'=1m'=1
,u,,i[n-ln._ Mkem [H]] = Ju's[nhf' = L, Tltkem ’H]] + Kikm [Tl] (i[n] - Hx [?’1|?I. = 1, Ntk ['H,]]} 3 (24:)
Lufnln, fkm[n]] = (1= K [n]H[n]) Ds[n|n — 1, i [n]] + Kigm 2] (pg[nln = 1, [n]] = 8[njn = 1]) p,,, (0] . (25)
Wi=1,....Lik=1....Kim=1,....M,

4b. Estimation of the state vector:

L K M
s[n|n] = Z Z Z as[n|n, fGuem [0]] g [0 i [1]] (26)

=1 k=1 m=1
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5.Setn —n +1, go to step 2.

Note that according to this theorem, the model order grows during the prediction (stage 2)
due to the non-Gaussian system noise, and during the estimation (stage 4) due to the non-
Gaussian measurement noise. The GMKEF algorithm consists of the GSF followed by a model
order reduction algorithm implemented after the estimation stage:

8n|n] 2 {as[n|n, m[n]], pen|n, m[n]], Ts[n|n, mn]]} 2,

| - 27)
EMpxn—r ({us [n|n, Tk [1]], pg[n]m, fuem (1)), Ts[n|n, fiem [r]] }f:ff}\."_‘,;;‘;;:]“_, g ,) .

The operator EM;xm—1 means that the parameters of an L-order GMM are estimated via
synthetic data generation according to the GMM PDF with LKM components. Note that in
general, the GMM order of the posterior state PDF can vary from iteration to iteration. The
GMKEF stages that are similar to the KF (see e.g. [49]) are schematically presented in Fig. 1.
Proof: In the following, an algorithm for obtaining § [n | n] is developed from §[n -1 |n - 1].

Let the MMSE prediction of x[n] from X [n - 1] be defined as

x[n|n — 1] = E(x[n||X[n—1]), (28)

and the innovation process be

[>

x[n| = x[n| — x[njn — 1] . (29)

If the transformation X [n]e[AT[n - 1], % '[n]]" is one-to-one, then the conditional
distribution of s[n] | x [n] is identical to the conditional distribution of s[n] | x [n-1], x [n].
The vector X [n|n-1] is calculated using (2) and the statistical independence between
X [n - 1] and the zero-mean measurement noise w[n], as follows:

X[n|n — 1) = E(x[n]|X[n — 1]) = E(H[n|s[n| + w[n]|X[n — 1]) = H[n]8[n|n — 1],

where § [n In - 1] is the prediction of the state vector at time instance n, from data X' [n - 1],
obtained by using (1):

8[njn — 1] = E(s[n]|X[n — 1]) = A[n|s[n — 1|n — 1] , (30)

where §[n -1 In - 1] is the conditional mean estimator of the state vector s[n - 1] from data
X [n - 1]. The innovation process in (29) can be expressed using (1), (2) and (30), as

x[n] = Hin](s[n] — §[n|n — 1]) + w(n]

= Hin](Aln](s[n — 1] — 8[n — 1|ln — 1]) +uln]) + w(n] . S

Using (1), (30) and (31) it can be obtained that

oo sl | Aln] I 0 sl . 1 0
yin] = |: f{[n.]] ] - [ Hn|An] Hn| I ] [ ufn] | Hnlslnln-1] |~ (32)
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Fig. 1. GMKF schematic diagram.
s[n — 1]
The conditional distribution of u(n] given X [n-1] is GMM of order LKM, because
wn)

s[n-1], u[n] and w[n] are independent, s[n - 1] |x [ - 1] is GMM distributed of order L, u[n]
is GMM distributed of order K, and w[n] is GMM distributed of order M. According to (32),
s[n — 1]

y[n] is a linear transformation of [ u(n| ‘ and therefore, using Proposition 2 in the
wn|

appendix, the conditional distribution of y[n] given X' [n - 1] is also GMM of order LKM:

y[n]|X[n— 1] ~GMM (r}-y [nn — 1, fuim [0]], py [n|n — 1, flkem )], Ty [Rln — 1, fikm 0],
l

=1,....Lk=1,.... Kim=1,...,M) ,(33)
where
o1 o | psnin =1, fuem 0]
polein =1l 2| felrn T | 64
- . A Ts[n|n — 1, fjuem[n]]  Tsxnjn — 1, fikm|[n]]
Lylnn =1, femfnl] = l Iis[nln — Lfikm([n]] - Tx[nln — 1 fim[n]] | (39)

www.intechopen.com



MMSE-Based Filtering for Linear and Nonlinear Systems
in the Presence of Non-Gaussian System and Measurement Noise 33

and ps[n In -1, 1 m[n]] is the MMSE estimator of s[n] from X [n - 1] given the Ikmth
mixture indicator 77 ju[n], defined as

psn|ln — 1, fikm[n]] = Els[n]|X [n — 1), fikm[n]] - (36)

As mentioned above, the distribution of s[n] |x [#] is identical to the distribution of
s[n] | x [n - 1], x [n]. Since s[n] and x [n] given X [n - 1] are jointly GMM of order LKM, then
the conditional distribution of s[n] | x [1] is GMM:

s[n]|X[n] ~ GM M (as[n|n, fikm[n]], pe[nn, Giem [7]], M[n|n, fiem[n]],

37
I=1,....Lik=1,.... Kim=1,...,M) , (57)
where the parameters of this conditional distribution are given by
- N v,
O[nln] = {as[nn, Giemn]], psnln, fum[n]], Tsnln, fikm [n.]]}f;j;j_m';’j(_l,1,1;, : (38)

In the following, expressions for the parameters in 8 [n | 1] are derived. Using the Bayesian
rule, the estimated mixture weights are given by

ag[n|n = 1, Gigm 0] | P(X[n]; Orpm(n])
K M

S5 S aslnln — 1 ik [A]S(ER]; 0k [n))

V=1k'=1m'=1

t’ls[?'l-|n'-. ik [“]] =

(39)

The relation between the parameters of the Ikmth mixture component in the conditional
distribution of s[n], x [n] | x [7 - 1] and in the conditional distribution of s[n] | x [n-1], x
[n] is obtained below. For any random mixture indicator 7 uu[n], the vectors s[n] and x [n]
given X [n - 1], are jointly Gaussian. Therefore, the MMSE estimator of s[n] from X [n],

given the [kmth mixture indicator #,[n] is obtained using (36) as:

pn|n, fiem(n]] = E [8[n]|X[n — 1], X[n], fixm[n]] = E[s[n]|X[n — 1], ik [n]]
+ Tax[njn — 1, fikm [ﬂ,]]l";][n|n. — 1, ikm[n]] (X[n] — pgn|n — 1, fikm

) 40

where T'y[n ln -1 17 wxm[n]] and Tsg[n ln -1, 1 wm[n]] are the lkmth covariance and cross-
covariance matrices of the conditional distribution of x [#] | x [n - 1], respectively. The
covariance matrix I's[n | n, 7 xm[n]] can be obtained as

Ls[n|n, fiem([n]] = cov(s[n]|x[n], X[n — 1], fiem[n]) = cov(s[n]|X[n — 1], i [n])

. _ _ 41
_I\;CL ’ﬂ|'ﬂ. — 1, fikem ’nﬂrﬁ : [?ll?l- — 1, ikm [ﬂ”r‘iﬁ [ﬂ.lﬁ. — 1, Tikm [ﬂ” : ( )

Following the conventions of the KF, the lkmth Kalman gain notation corresponding to the
lkmth mixture component, is defined as

Kium(n] = TEnln =1, G 0T [nln — 1, fikm 0] (42)

Using (42), expressions (40) and (41) can be rewritten as
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34 Kalman Filter: Recent Advances and Applications

g [ne|n, fikm 0] pgnln — 1, ik [n]] + Kiem [n] (X[n] — pgn|n — 1, fiem[n]]) | (43)

Lsn|n,fiem[n]] = Tsnn — 1, 05wn]] = Kikm[0)Tzs[n|n — 1, fiem[n]] - (44)

The first terms in the RHS of (43) and (44) are the statistics of the predicted state vector.
These terms are calculated using Lemma 1.
Lemma 1: The conditional distribution of the state vector s[n] given X [n - 1] is

sn]|X[n — 1] ~ GMM (as[n|n — 1, ik [n]], pg[n|n — 1, qu[n]], Ts[n|n — 1, ik [n]],
l=1,...,L),

where the predicted state mixture weights, mean vector and covariance matrix of the lkth
mixture component are

asnn — Lmi[n]] = asn—1n—1mnn - 1]]awn], (45)
pgnln — Liauwn]] = E(s[n]|X[n —1],fik[n]) = Aln]pgn — 1n — Lmn — 1)) + p,[n] , (46)
Tefnln — 1,7w[n]] = cov(s[n]|X[n — 1],7[n]) = A[n]Tsln — 1n — 1,m[n — 1]]JAY [n] 4+ Dukln] -(47)

Proof: According to (1), s[n] is the sum of two statistically independent GMM-distributed
random variables A[n]s[n - 1] and u[n]. The system noise, u[n] is independent of X [n - 1],
because it is an i.i.d. sequence independent of the state vector at the previous time instance.
Therefore, (45)-(47) can be directly obtained from (1) and Proposition 2 in the appendix. O
Lemma 1 proves the state mixture prediction in (13)-(15). Using Proposition 1 in the
appendix and the parameters of the conditional state distribution of s[n] given X [n - 1]
obtained in Lemma 1, the state prediction is

L K
§[njn — 1] = ZZ&S [n|ln — 1, fue[n]|ps[n|n — 1, qix[n]] ,

=1 k=1
which proves the state vector prediction in (16). In order to calculate the second terms in the
RHS of (43) and (44), the conditional statistics of the innovation process x [1] | X [n - 1] are
required.
Lemma 2: The conditional distribution of the innovation process x [n], defined in (29), given
X [n-1], is GMM of order LKM:

x[n]|X[n — 1] ~ GMM (ax[n|n — 1, fiem [1]], pg[nln — 1, fikm 2], Tx(nn — 1, fiem [7]);

48
£=1,,...L;k:=],...,K;-m,=],..,,ﬂu’j‘( )
where the mixture parameters are
axnn — 1L, Mikm[n]] = asnln—1,0kn]] - awmn] ,
pz[nln = Liem([n]] = Hin| (pylnln = 1,9k [n]] = s[nin — 1)) + py,,. (0]
Tilnjn — 1, Gikm[n]] = HRIMn|n — 1, fi[n]]H” 0] + Twm(n] .

Proof: According to (31), the innovation process is a linear transformation of s[n-1], u[n] and
win]. Using the statistical properties of the system state, and system and measurement
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noises, the conditional distribution of the innovation process x [n] given X' [n-1] is GMM of
order LKM. The mixture weights, mean vectors and covariance matrices of the lkmth
mixture component in the conditional PDF of the innovation process are calculated using
(31) and Proposition 2 in the appendix, as follows:

axnn — L, umn]] = as[njn —1,7un]] - awm(n] . (49)
pinn — Lijum(n]] = EXMn]|X[n = 1], Gimn]) (50)
= Hin] (E[s[n]|X[n — 1], fix[n]] — §[n|n — 1]) + E[w[n]|X[n — 1], fixm[n]]
= Hin|(pg[n|n — 1, [n]] — 8lnln — 1)) + iy 7], (51)
Iz[njn — 1L, fm([n]] = cov(x[n]|X[n — 1], fikm[n))

Hn]cov (s[n]|&[n — 1], fitem [n]) H? [n] + cov (w(n]|X[n — 1], i [n])(52)
= H[n|M|n|n — 1, [n.]]H” [n] + Twmn[n] ,

where as[n|n -1, gun]l, psn ln -1, 7 w[n]] and M[n ln -1, 77 k[n]] are obtained using
Lemma 1. o
In the definition of the Kalman gain in (42), the cross-covariance matrix Ts; [n In -1,
7 wm[n]] is required. According to (32) and Proposition 2 in the appendix, the joint
distribution of s[n] and X [n] given X [n - 1] is GMM of order LKM whose lkmth cross-
covariance matrix [sz[n In-1, 17 m[n]], defined in (35), is

Lez[n|n = 1, Mikm([n]] = cov (s[n], X[n}]|X[n = 1], fiem[n]) - (53)

By substitution of (31) into (53) we obtain

Tex[n|n — 1, figm|[n]] =cov (s[n], (H[n](s[n] — §[n|n — 1]) + w(n]) |X[rn — 1], fikm[n]) 54
=cov (s[n]|X [ — 1], fix[n]) H”[-n.] + F [{S[u] — 8[n|n — ll]w”[n“k’[n — 1], ik [u]]( )

=Ts[n|n — 1, [n]]H” [n] + (p[nln — 1, fux[n]] = 8[nln — 1)) pZ [n] . (55)

where (54) is obtained under the assumption that w[n] is independent of s[n], and since
S[n | n-1] given X [n-1] is deterministic. Using (52) and (55), the Kalman gain defined in

(42), can be rewritten as

Kikm([n] = (PSI'HlTI. — 1, 7 [n.]]HH [n] + (pg[n|n — 1, i [n]] — 8[njn — 1]) pﬁm [n.]) 5

. (H[n]l“s[nh}. — 1,7k [n]]H" [0] 4 Twm [n]) - )

Equation (56) proves the Kalman gain equation in (21). Finally, using (44) and (55), I's[n |n,
17 1m[n]] can be expressed as

Ls[nfn, ikm[n]] = (I = Kikm [n]H[n]) Ts[nfn — 1, 7k [n]] - (57)

Equations (39), (43), and (44) prove the estimated mixture statistics in (23), (24) and (25).
Using the estimated parameters of the distribution in (37), the MMSE state estimation is
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K M

L
S[n|n] = ZZ Z avs [1| 7, Tk | g [0 10, T [0]]

=1 k=1 m=1

which proves the state vector estimate in (26). This result is identical to the GSF presented in
[19]. The GSF derived here suffers from exponential model order growth over the iterations.
The system state PDF order grows twice: during prediction stage, derived in Lemma 1, and
during the innovation process in Lemma 2. Section C.A presents a new model order
reduction algorithm, which is optimal in the KLD sense. O
The proof for this theorem appears also in [42]-[43], for the case of non-stationary Gaussian
noise processes with Markov noise statistics and Gaussian initial conditions. The
assumption of mutually-independent i.i.d. noises enables to provide a simpler closed-form
solution.

Model order reduction

In [19] it was shown that the use of GMM distributions for the system state, measurement
and system noises results in exponential growth of the number of the mixture components
over iterations, and therefore, the GSF is impractical [18],[21]. Several suboptimal techniques
for model order reduction have been presented in [21]. In this section, an optimal model
order reduction algorithm based on the minimization of the KLD is proposed. The model
order reduction stage is implemented once at the end of each iteration. The main idea of the
proposed model order reduction scheme is to approximate the posterior LKM order system

state distribution f sju)| x[)() by a reduced order GMM fipy| vpn(-). Estimation of the reduced

order distribution involves minimization of the distance between the estimated and the
“true” PDFs. The KLD is widely used to measure the distance between distributions:

_Ir:sin| .l'i”|{£. g['ﬂ|ﬂ]}d
fsin) 2 (€, On|n])

KLD (fs:““,‘-:,i]{_s[n]. Q[n|u]}||j'5:”]|r1-:“]{s[u]. Bjn|n])) = [fﬁ_n“,\-_n](f. él”,”i] log
€

This induces that our main goal is to obtain:
f[n|n] = arg n:jn KLD (ﬂ[,,“,r[,,] (s[n], 0)|| fsin) 1) (S[1], ﬁ'[-n.|-u.]}) . (58)

In [50], [51], it is shown that this minimization problem can equivalently be solved using
Monte-Carlo realizations by the maximization of the likelihood function:

J
8[n|n] = arg max lim H fsin)ixn) (85, 0) (59)

ji=1

where s;, j = 1,.., ] are artificial samples generated from the distribution f syu|xpm (8[1],
0 [n | n]). Note that the size of the artificial data is theoretically unlimited and it is practically
set according to the processor computational resources. There is no closed form solution for
this maximization problem and the maximization can be carried out by the EM algorithm
[50], using the following iterative expressions for mixture parameters estimation:

asn —1|ln — 1, mn — 1]

P{”SJ} @(5;.6:}

M=1,...,L,5=1,...,. 7

as[njn,mn]] = l}z P(lls;) .

J=1
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J
> Plls;)s;

J=1

polnln,mln]]l = =
3 P(lls;)
i=1

o
S P(lls;)(s; — palnln. milnl)(s; — pa[nln, min]])”

‘j:l

Ls[n|n,mn]] = :

> P(ls;)

j=1
where 0; = {us[n|n, nn]], Ts[nln, nn]]} and ®(s; 0;) was defined in (6). One of the
computationally efficient variations of the EM algorithm is the greedy EM algorithm, which
iteratively minimizes the KLD of the estimated from the “true” distributions. The resulting
reduced order mixture estimated using the greedy EM algorithm [51] is:

s[n]|X[n] ~ GMM (as[n|n, mi[n]], p[n|n, pn]], Tsn|n,mn]] s I=1,...,L) .

Note that in general, the number of the mixture components may vary with n. Thus, the
GMM order might be obtained using model order selection algorithms, such as the
minimum description length (MDL) [52]. Alternatively, L can be set as an upper bound on

the number of mixture components in the conditional PDF of s[n] | x [1]. Note that the EM

role in the proposed order reduction scheme differs from the off-line EM algorithm
presented in [21]. The proposed KLD-based model order reduction stage can be
summarized as follows:

1. Generate | samples {s;}7_, from the distribution of s[n] | x [1n], obtained by the GSF at the
end of the estimated stage:

s[n]| X [n] ~ GMM (as[n|n, Mikm 1)), g0, Giem (1)), Ts[n2|n, Giem 0]
I=1,....;k=1,.... Kim=1,..., M)

2. Estimate a reduced order GMM with L mixture components using the greedy EM
algorithm as follows [50], [51]:

a. Initialization: calculate the ML estimation of the first Gaussian parameters, 8
using the training data set, {s;}7_; in order to obtain f!*=%(s). Set K =1.
b. Generate a new mixture by

F(s) = (1= a0 15D (s) + 6l (s, 0) (60)

where 6 ;. and 44" are numerically obtained by:

J ) .
{67,6} = arg max Z!ug [(1 —a)fi" Y (s;) 4+ aP(s;,0)| . (61)
i=1

See [51] for further details.

c. Apply the EM algorithm on the mixture fsﬂh(s), initialized by the mixture
parameters, obtained in the previous step.
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d. If the log-likelihood function in (60) does not significantly increase, set fe[u)| xpn(- | x

[n]) = ,;[R)(-); otherwise, set K = K +1 and return to step (b).
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Fig. 2. The model order reduction procedure over 4 time instances.

The KLD-based model order reduction stage is illustrated via a two-dimensional example in
Fig. 2. The figure shows the mixture order evaluation over iterations. The measurement
noise was assumed to be zero-mean Gaussian. Fig. 2 shows a sequence of four time
instances from n = 0 to n = 3. The corresponding two-dimensional data is represented by
dots. The distribution of the system noise u[n] with two mixture components is shown in the
first row of Fig. 2. The estimated distribution of the system state s[n - 1] | x [n - 1] at the
previous time instance is shown in the second row. The distribution of the estimated system
state with increased model order s[n] |x [7] is shown in the third row. The mixture

components of this distribution are obtained from the convolution of the mixture
components in the first two rows. The figure shows that the mixture order grows at this
convolution stage. The data are generated from the distributions of the system state
prediction on the third row, and new distributions with reduced order are estimated from
the generated data. The reduced-order conditional distributions of the system state given

the data at time instance n, s[n] | x [n], are shown in the last row. The figure shows that no
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significant information was lost during the model order reduction process, and the reduced
order distribution adequately represents the data distribution. Next, the KLD was used to
evaluate the distortion caused by the mixture order reduction procedure. A Gaussian
measurement noise was assumed also in this example, i.e. M = 1. The system noise was
modeled as GMM of order two. The proposed KLD-based model order reduction method
was compared to the MR clustering method proposed in [22]. The first row in Fig. 3 shows
the PDF of the system state in sequential steps. The uncertainty ellipses represent Gaussians
with means marked by ‘x” and their widths correspond to 2c (2 standard deviations).
Ellipses with solid, and dashed-dot lines correspond to mixture component weights
satisfying: as[n |, m[n]] > 0.01, and as[n |1, m[n]] £ 0.01, respectively. Thus, the system state
order grows from 4 to 32 over four iterations. The second line in Fig. 3 shows the reduced
order GMM at the output of the KLD based model order reduction stage. The third line on
Fig. 3 shows the reduced order GMM at the output of the MR algorithm. The figure shows
significant difference between the mixtures obtained by the two methods. The KLD of the
reduced-order GMM from the exponentially growing order GMM was calculated according
to the following procedure:

an ]l
5 -
“ /
e
o
P
-5 L |
-5 1 .3
. GMKF

{r
Bt = [
=5 @ ]
0 & w— GMKF || 4 p——
o | —a—Nn % | —o
5 — | g | '
= T | ;:J \‘\:]ﬁfa-
- . — g
s | e | ™ ...:"_‘""'--‘-:n.—- it . %EI i
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Fig. 3. KLD between system state distributions, obtained with and without model order
reduction stage over 4 time instances.

www.intechopen.com



40 Kalman Filter: Recent Advances and Applications

e  Sample artificial data vectors s;, Vj =1,..., | from the increased order GMM, representing
the posterior state PDF.
e Evaluate the KLD using Monte-Carlo simulations:

= - fsln X[ EL (5 )
K LD[fa[n]lr’c’{rﬂ |fs[nj!,¥[n ), Z l H | "

Jr-s[rrll 'tIn] SJ)

In this example, the artificial data size was Chosen to be | = 5000. The KLD between these
distributions is shown at the last row as a function of the mixture order of fy[u)| x[n) for the
two tested model order reduction methods. It is shown that for the proposed model order
reduction method (a) the KLD decreases when the mixture order grows, (b) the proposed
model order reduction method outperforms the ad-hoc MR method in the KLD sense. Fig. 3
shows that the distribution obtained by the proposed model order reduction method,
represents the data fairly good.

B. NL-GMKF

In this section, the recursive NL-GMKEF for the nonlinear and non-Gaussian model described
in Section IIB, is derived based on the MMSE criterion.

Summary

The following summarizes the NL-GMKEF for recursive estimation of s[n] from X [n].

1. Initialization:

Initialize the L-order GMM parameters of the state vector at time instance n = -1.

as[—1] — Lna[-1]] = aul-1],
.{Ls[_l|_]"f?5i[_]]] = lusi[_]]'-
Ls[-1| — 1,ns[-1])] = Ta[-1].

Setn =0.
2. Mixture parameters of the state and measurement prediction:

s[n — 1]
e  Generate an artificial data set D from the conditional distribution of [ u(n] ]given
w(n)

& [n - 1], according to the PDF of s[n - 1] | x [n - 1] from the previous step and PDFs of
u[n] and win].

a(-,-

e Apply the nonlinear function G(:) = l h(a(- i )

} on D and obtain a new artificial

data set D'.

e Model the conditional distribution of y[n] given X [n - 1] using the new artificial data
D’ by GMM of order L to obtain the parameters of )y[n |n-1]:

P [nn — 1] = {a-y n|n — 1,m(n]], py [n|n — 1, m[n]], Ty[nln — 1, [n]]}:':l : (62)
where

pglnln — 1, mn]|

tylnln — 1,mln]] =
Hy (12T N o nln — 1, m(n])

(63)
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and

Islnjn — 1,mn]] Tsx[n|n —1,mnl

Ly[nn —1,m(n]]= Tnln —1,m[n]] Txnln —1,m(n]] : (64)
3. Innovation:
Calculate the innovation vector:
x[n] = x[n| — x[n|n — 1] , (65)
where
L
Xnn—1] = Zuy[n]n = 1,mn]|pn|n = 1,mn]] . (66)
=1
4. PDF parameters of the state prediction and the innovation:
Obtain the parameters
L
Py[nn —1] = {a-g, [nln — 1,m[n]], pg[n|n — 1, m[n]], Tg[nln — 1, ['n.]]}i=1 , (67)
where
1 [n|n- -1 ,“[”]] — [ ['?I-l'-’l - 1,m [ﬂ-]] —, ['H-IH 1.y [_n_]] _ 0 (68)
y o1 i [nn = 1,mn]] Hy T = 2500 X[njn—-1] |’
e B Ls[njn — 1,m[n]] Tsxnjn—1,mn]] | o :
Lynjn —1,m[n]] = [ T {nln — 1,mln]]  Talnln —1,ml] | = Ly[nln —1,m(n]] . (69)

aglnln —1Lmn]] = aynln—1,mn]], (70)

5. Kalman gains:
Calculate the Kalman gains

K;[n] 2 T [nln — 1, m[n]|T% [nln — 1,m(n]] . (71)

6. Estimation
6a. Estimated state mixture parameters:
Obtain the estimated state mixture parameters:

P [n|n) = {as[nln, m[n]], me[nln, mn]], Tslnn, mnl]} -, . (72)

where
penln,mn]] = ponln = 1,mn]] + Kiln] (X[n] = pg[njn = 1,mn]]) , (73)
Ls[nfn,m[n]] = Tsnln = 1,mn]] = Ki[n]Tss[njn = 1,mn]] (74)
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agnln — 1, mn]|@(x[n]; Oz n|n — 1])
S ' ’ (75)
>~ ay[nln — 1,qv [n]]@(X[n]; O [n|n — 1])

=1

as[n|n,mn]] =

Data < ‘ YV
generation v,
Ysn=1in-1] o}
Delay G()
- = f_Dr &
EM
|
Measurement
vlnln—1
Wylr| ] > prediction
State prediction and innovation | X[n|n-1]
mixture parameters 1l
lp‘i,[n |n—1] il Innovation — X[ 1]
calculation
State mixture estimation X[n]
Ysln | n) ]
State »S[1 | n]
estimation
Fig. 4. NL-GMKF schematic diagram.
6b. Estimation of the state vector:
Obtain the system state estimation:
L
§[n|n] =Z as(n|n, mn]|pg(n|n, mn]) . (76)
1=1

7.Setn — n+1, go to step 2.
The NL-GMKEF algorithm is schematically presented in Fig. 4.
Derivation

Let % [n|n - 1] denote the MMSE estimator of x[n] from X [n - 1] using (8), X [n |n-1]is
given by

x[nln — 1] = E(x([n]|X[n — 1]) = E(h(s[n], wn])|X[n - 1]) , (77)
and the innovation process defined as x [r], is given by

x[n] = x[n] — x[n|n — 1] = h(s[n], w[n]) — x[njn — 1] . (78)
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If the transformation X [n] < [AT [n - 1], X [n]]" is one-to-one, then the conditional
distribution of s[n] | x [n] is identical to the conditional distribution of s[n] | X [n -1], x[n].
Since s[n] and X [n] given X [n - 1] are assumed to be jointly GMM of order L, the
conditional distribution of s[n] | [n], X [n-1] given the random mixture indicator r[n] [47],
is Gaussian. Therefore, the conditional distribution of s[n] |x [n] is GMM of order L:

s[n]|X[n] ~ GMM (as[n|n, m[n]], pgn|n, mn]], Csnn,pn]l;l=1,...,L) . (79)
In the following, the parameters of this conditional distribution, s[n | n], where

2

ulnlnl 2 {aulnlnminll. g nln. ). Tl )} (80

are derived. Since the conditional distribution of (s[n], X [n]) given the random mixture
indicator #[n], is jointly Gaussian, then the mean vector ps[n |, 1;[n]] and covariance matrix
Is[n |1, m[n]] can be obtained as

Els[n]|x[n], Xrn — 1], m[n]]

gt [n|m, me[n]) 81
Els{n]|X[n — 1], mn]) + Taxfnln — 1, m{nl}T5" ol — 1, ] (Rln] ~ paglnln — 1)) . &1

Tsln|n, mn]] cov(s[n]|X[n], X[n — 1], m[n])

cov(s[n]|X[n — 1], q[n]) = Tsz[n|n — 1,m[n]]T; [nln — 1,5 [-n]]I‘ii—c[n[n. — 1,mi[n]] (82)

where
pshbn— Ll =  ERnll%fn — 1, m{a]
Ii[njn — 1,mn]] = cov(x[n]|X[n — 1], m[n]) (83)
Lsx[nln — 1,m[n]] = cov(s[n],x[n]|X[n —1],m[n]) .

Following the conventions of the KF, the /th Kalman gain corresponding to the /th mixture
component, is defined as

ponln,mn]] = pinln —1,mn]] + Kiln] (x[n] — pg[nln — 1, mn]]) , (84)

Using (84), Egs. (81) and (82) can be rewritten as
ponn,mn]]l = pgnln — 1, mn]] + Ki[n] (X[n] — pgrln — 1, mn]]) , (85)
Cinln,mn)]] = Tsnn—1mn]] - Ki[n|Cxs(nfn — 1, mn]] . (86)

In the following, the parameters required in (85) and (86), are obtained. Let
yln] = [ [n] } and ¥[n] = [ s(n] 1,Then, by using (7), (8) and (78) one obtains

s
x[n] X[n]
| sln — 1]
L a(s[n - 1]._ u[n” =
ﬂﬂ—{hmﬁm_umMHWMD]_G( i ]>' v

and
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s[n — 1]
yln| = y[n]- [ :fc[n|3— 1] } = G( u[’n]] ]) — |: )"c[n.|3— 1] ] : (88)

Since y [n], is a linear transformation of y[#n], then the vectors s[n] and X [n] given X [n - 1]
are jointly GMM of order L, that is, the conditional distribution of y [n] given X [n - 1] can
be modeled by an L-order GMM with parameters:

Pynln —1] = {r,rg,[n|-n. = Lim[n]], pgnln = 1, mn]], Ty[nln = 1, [n.]]}f:l : (89)
where
gl =Laf) 2|t =il | ©0

) . & F,S, [nn — 1,m[n]] Tex[nln —1,m(n]]
Lylnin = 1,mln]] = { Tlinln—1,mn]] Txnln—1,mMR] |~ (1)

Using the properties of the jointly GMM-distributed random processes, s[n] | x [7n - 1] and
x [n] | x [n - 1], the mixture weights can be obtained as:

agy[nln — 1, m[n]]®(x[n]; Oz (njn — 1))

as[njn,mn]] =

Z aslnln — 1, mu [a|S(X[n); O [nln — 1)) 2)
where
Oxi[njn — 1] = {pgnln — L,n]], Txlnln — 1,mn]]} . (93)

Therefore, one can calculate the PDF parameters of s[n] | X [], given in (85), (86) and (92),
using the parameters of the distribution y [n] | x [n - 1] obtained in the following. The
conditional PDF of y[n] |x [n - 1] is modeled by GMM of order L with parameters:

Py [nln —1] = {a-y [n|n — 1,m(n]], py[n|n = 1,mn]], Ty[n|ln — 1, [n]]} :;l , (94)
where
=) 2 [ el ] o9

and

LCs[nln — 1,mn]] Tsx[n|n —1,m(n]] ] i

Ly[nln = 1,m(n]]= l I‘g([n{n. = 1,mn]] Txnn-—1,mn| (96)

Eqgs. (94), (95), and (96) provides (62), (63), and (64). Since x [n ln - 1] depends on X [n - 1]
only, then from (88) we conclude that the conditional PDF of y [n] | x [n - 1] is shifted by

l 0 :| compared to the conditional PDF of y[#n] | x [n-1]:

x[nln —1]

www.intechopen.com



MMSE-Based Filtering for Linear and Nonlinear Systems

in the Presence of Non-Gaussian System and Measurement Noise 45
. 0
pglnln —1,mn]] = pylnjn—1,mn]] - { %[nln — 1] ] , (97)
Lynjn—1,m[n]] = Tynn-1,mn]], (98)
agnln — L,mn]] = aynln—1,mn])], (99)
and
psnln —1,mn]] = p[nn — 1,qn]] — xnjn —1] . (100)

Hence the mixture weights and covariance matrices in y[n In - 1] and ¥ y[n In - 1] are
identical except the means as described in (100). Since the function G(:) is nonlinear, the
parameters of the conditional distribution of y [n] | x [n - 1] cannot be obtained analytically.
Alternatively, the MC approach can be implemented. Thus, an artificial data set D is

s[n — 1]
obtained from the conditional distribution of ! ufn] ], given X' [n - 1]. Next, the

W[H]
nonlinear function G(:) is applied on the data set D to obtain a new artificial data set 7,
which is used to obtain the PDF parameters of y [n] | x [n - 1], ie. ?,f)s,[n|n - 1]. The

statistical parameters required for calculation of (84), (85) and (86) can be obtained from the
parameters of ¥ y[n | - 1] in (89). The measurement prediction is calculated as a conditional

mean estimator of x[n] given X' [n - 1], using parameters obtained in (95) and (96) as follows

X[nln — 1] = Z ay [n|n — Lo n]lp[njn — 1,m(n]] . (101)

The MMSE estimator in (9) is obtained using (85) and (92) as follows:

L
é['n,|n.]:z as [njn, mn]|penln, mn]] . (102)

This completes the derivation of the NL-GMKF. Note that the GMM order of the conditional
distribution y[n] | x [n - 1] might be obtained using model order selection algorithms, such
as the minimum description length (MDL) [52]. Alternatively, L can be set as an upper
bound on the number of mixture components in the conditional PDF. In this work, the
vector parameter ¥y[n In - 1] is obtained from the data D'using the greedy EM algorithm
[50]. The greedy learning algorithm controls the GMM order of the estimated PDF, which
varies over the iterations. In [51] it was shown that the greedy EM algorithm is insensitive to
the initialization. The PDF estimation using the greedy EM algorithm appears in [51], [50]
and is summarized in the appendix.

4. Simulation results

A. GMKF
In the following scenarios, the estimation performance of the GMKF is evaluated for
different linear DSS models, and compared to the IMM, PF and GSPF in terms of root-mean-
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square error (RMSE) of the estimate of the first element in the state vector. Additionally, the
performance of the GMKF is compared to the GSF with clustering MR algorithm [22]. In
these scenarios, the standard sampling importance resampling (SIR) PF was used [1] with
10000 particles. In the scenarios with real-valued Gaussian measurement noise, a common
IMM algorithm was used [18]. The number of models corresponds to the number of mixture
components in the PDF of the system noise. The GMKF performance is evaluated for
various system noise PDFs and it is tested for N = 100 time instances. For estimation
performance evaluation, each test was performed over 100 trials. In the first three scenarios,
a practical application of maneuvering radar target tracking is addressed. In these scenarios,
the state vector is composed of the target range and radial velocity, where the target range is
observed by the radar. The DSS and measurement models are given by:

rln 1 T rln—1
[ T‘H 1 l 0 1 ] ' [ ?:L,_ _ 1} ] + un]
e] = [1 0] l ;m ] +wln]

where T = 0.1 sec is the sampling interval. Thus, the state transition matrix and the

[]] Uil ] and H[n] = [ 1 0 ], respectively. The

conditional distribution of s[n] | x [n] was assumed to be real-valued GMM of order L = 16.
The GMKEF is initialized at time instance n = -1 with as[-1 | -1, ml-111 = +, ps[-1 | -1, m[-1]]
=0, [§[-1 | -1, m[-1]] = pI for [ = 1,..., L, where p is a large number. For the GSPF, the
conditional distribution of the state vector s[n], given & [n] was assumed to be GMM of

(103)

measurement matrix are given by A[n] = [

order L = 16, and the number of particles for each Gaussian in the mixture was chosen to be
2000. For the GSF with MR algorithm, the number of mixture components at the output of
the MR was selected to be the same as in the GMKEF.

A.1 Maneuvering target tracking

The measurement noise, w[n], was assumed to be zero-mean Gaussian 0, = {yv = 0, o2 =
0.1}. The target maneuvers (timevarying acceleration) are simulated by white-noise
acceleration [61]. This model is commonly used for small, random maneuvers which are
usually modeled by zero-mean Gaussian system noise with time-varying variance: u[n] ~ N

0, p[n]I) , Vn =0, 1, 2,..., where p[n] controls the target maneuvering. In the first part of the
simulation (n = 0,..., 21) this parameter was p[n] = 0.01 to represent approximately constant-
acceleration. In the second part of the simulation n = 22,..., 82, the target's time-varying
acceleration was simulated by a random vector with “wider” Gaussian, defined by p[n] = 1.
For the GMKEF, the GSPF and the GSF with MR, the system noise was modeled by GMM
with two mixture components:

fu(u) = (1 — au)®(u,0u1) + au®(u,8y2), Yn=20,1,2 ...

where o, = 0.2. For the PF, the system noise is modeled by a single Gaussian with the

following first and second order statistics:
gy, = (1 —oau)py +eouptys,

, 104
PU = (l - rl’u}rlﬂ + '}uI‘UE + {1 - (Iu)”lll.’*“?:l + (‘ru;"‘u'ﬁ”gﬁ - ﬁuﬂ;‘? . ( )
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The IMM consisted of two KFs, which correspond to the two modes characterized by the
following system and measurement noise parameters:

e Mode 1: non-maneuvering - 81, 8, = {0, 0.1},

e  Mode 2: maneuvering - 8y, 0, = {0, 0.1}.

The transition probability matrix between the two models was selected to match the
transition probabilities to the mean sojourn time in each mode [18]:

095 0.05
™= [ 0.02 0.98 } ’ (105)

which corresponds to 20 samples in first and 60 in a second mode. Note that the estimation
performances of the IMM were weakly sensitive to small changes of the transition
probabilities. The range and velocity estimate RMSE of GMKF, IMM, PF, GSPF, and MR are
presented in Fig. 5. This figure shows that in the first part of the simulation (non-
maneuvering target), the estimation RMSEs of all the tested methods are close. However,
beyond the switching point (maneuvering target), the GMKF outperforms the other tested
algorithms.
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Fig. 5. GMKF vs. IMM, PF, GSPF, and MR for maneuvering target tracking.
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A.2 Comparison with the GSF

The estimation performance of the GMKEF is compared to the GSF (GMKF without the order
reduction stage), which is optimal (but computationally impractical) in the MMSE sense.
The measurement noise, w[n], was assumed to be real-valued zero-mean Gaussian with
variance o2 = 0.1. The target maneuvers are modeled by GMM with two mixture
components:
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fu(u) = (1 = au)®(u, Bu1) + au®(u,By2), Yn=0,1,2,...

where

0w = {p,; =0, Ty =diag ([0 0.01])} , Ouz = {p,s = 0,Tyw2 = diag ([0 1])} .

and oy, = 0.2. As it was shown in Section III-A, the GSF is optimal with respect to the MMSE,
but it is impractical due to the model order growth. Therefore, the estimation RMSE of the
GSF can be interpreted as a lower bound for the RMSE of GMKEF. The range estimation
performance of the GMKF and the GSF are shown in Fig. 6 for maneuvering target tracking.
The GMKF performance is evaluated for N = 13 only, because longer runs are
computationally impractical due to exponential model order growth. This figure shows that
the GMKF performance is close to the lower bound provided by the GSF which is the exact
MMSE.

Maneuvering target tracking
4..5 T T T

—+— GMKF

w
(8]
T

RMSE
n
o

o
(8}
T
|

0 1 1 [ 1 [l 1
0 2 4 6 8 10 12

Time samples

Fig. 6. GMKEF vs. GSF for maneuvering target tracking.

A.3 Non-Gaussian glint measurement noise

The Middleton class-A model is widely used for glint measurement noise [3], [62]. This
model consists of one Gaussian with high probability of occurrence and small variance and
another with small probability of occurrence and very high variance:

Juwm) (W) = aw®(w, 0y, ) + (1 — aw)P(w,0y,) , n=0,...,.N -1,

where o = 0.9, 01 = {pu1 = 0, o1 = 0.01}, Ouw= {pwr = 0, o2 = 1}. For the PF, the
measurement noise is modeled by a single Gaussian with the following first and second
order statistics:
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w = (1 = aw)pur + cwflwz ,
2 2 2 T T T (106)
T = (1 - O'w}o'wl + Ty + {:1 - ﬂfm)ﬂu!i M1 T+ Qap w2 s — flawflyy o

The IMM [20] with 2 modes was used in this scenario. These modes are characterized by the
following measurement and system noises parameters:

e Mode 1: no glint: 6, = {0, diag ([1 1))} ,6w, = {pw1 = 0,05, =0.01} ,
e Mode2:glint: 8, = {0,diag ([1 1))},0uw, = {pwz = 0,00, = 1}.

In this scenario, it was assumed that the glint is time-independent. Therefore, the transition
probability matrix between the two models is [20]:

(1-aw) au ] _ (107)

T2 = [ (1 —w) aw

The estimation performances of GMKF, IMM, PF, GSPF, and MR are presented in Fig. 7.
This figure shows that the GMKF outperforms the other tested algorithms.

Non-Gaussian glint measurement noise
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Fig. 7. GMKF vs. IMM, PF, GSPF, and MR for non-Gaussian glint measurement noise.

A.4 GMKF sensitivity

The main motivation of this test is to show that the estimation performance of the GMKEF is
weakly sensitive to the assumed GMM order of the posterior distribution. In addition, the
sensitivity of the GMKF performance to the size of the artificial data used in the model order
reduction algorithm, is tested. The DSS model, used in the previous scenario was adopted
here. It was assumed that the elements of the system noise u[n] = [ui[n] uz[n]]T are
independent where wui[n] and uz[n] are Laplacian-distributed with marginal PDFs
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Suiin(u) = ﬁe“é’* “"n=0,..,N-11=1, 2, where b; = 0.3 and b, = 0.4. The measurement
noise, w[n], was assumed to be zero-mean Gaussian with variance o, = 0.1. The Laplacian
PDF of the system noise vector is approximated by a GMM of order K = 16. Fig. 8 shows that
for any number of Gaussians in the mixture, the GMKF estimation performance improves as
the size of the artificial data in the EM stage increases. It can be observed that the estimation
performance improves to a turning point, from which the estimation performance degrades.
The reason for the estimation performance degradation is the overfitting problem [63]. The
threshold for the number of the components in the mixture increases with the size of the
artificial data used in the EM stage. This figure shows that only a minor improvement in the
estimation performance is achieved with increase of the GMM order.

B. NL-GMKF

In this section, the NL-GMKEF performance is evaluated using the following nonlinear DSS
model with non-Gaussian driving and measurement noise distributions.

Maneuvering target tracking model

Maneuvering target tracking involves modeling of a maneuver control signal, which is
unknown to the tracker. Typically, the control signal is modeled as a random process [18],
[64]. Most maneuver models assume that target maneuvering is uncoupled in Cartesian
coordinates. The well-known Singer model [65] assumes that the target acceleration is a
zero-mean first-order Markov process. In this example, a two-dimensional target tracking
problem is addressed. The two-dimensional time-varying target dynamics can be described
by the system state vector, which consists of the target position [r, r,]T, velocity [ 7 » 7 ,]T, and
acceleration [ 7, ¥ ]T:

s[n] = [rz[n], ry[n], #=[n], 7y[n], #=[n], #,[n]]" .

The discrete-time Singer model is described by the linear transition function:

1 07T 0 ¢ 0] 0 O
01 0 7T 0 e 0 0

0 0 1 0 e 0 0 0
a(s[n —1],uln]) = 0 0 0 0 e s[n — 1]+ 0 0 uln] .

1

000 0 0e 0 10

00 0 0 0 e 0 1]
where

. B I - 1— E—nT

1 - E _2
1 —e T
(] = T 3

T is the sampling interval, and § = 1 is reciprocal of the maneuver time constant 7, that

describes the maneuver duration. Note that this model can describe both maneuvering and
nonmaneuvering motions. Thus, as maneuver time decreases, the Singer model reduces to
the constant velocity (CV) model, and as the maneuver time increases, the Singer model
reduces to the constant acceleration (CA) model. According to the Singer model, the target
position change is determined by its velocity, the target velocity change is determined by its
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GMEKF estimation with Laplacian driving noise
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Fig. 8. GMKEF sensitivity testing.

acceleration, and the acceleration change is driven by the system noise. Therefore, an
alternative way to model target maneuver is to model abrupt changes of target acceleration
that corresponds to increased variance of the system noise.

Observation model

The measurements from a typical two-dimensional radar consist of the target range and
bearing. Therefore, the measurement equation is nonlinear. Assuming that the radar is
placed at the origin (x, y) = (0, 0), the radar measurements: range, r[n], and bearing, f[n], of
the target are described by the measurement function

(r2[n] + r2[n]) ¥
o [n] + win] ,

T 1)

h (s[n], win]) = rylr

arctan

where w[n] is a zero-mean additive noise.

Glint noise model

The mixture approach is widely used in modeling the non-Gaussian glint noise. The glint is
Gaussian-like around the mean and has a non-Gaussian, long-tailed nature in the tail region
[3]. The data at the tail region represent outliers caused by the glint spikes. The outliers with
low occurrence probability have a significant inuence on the conventional target tracking
algorithms, such as the KF. In [3], [16] and [36], the glint noise was modeled as a mixture of
two zero-mean Gaussians, where the outliers were represented by a zero-mean Gaussian
with large (comparing to the thermal noise) covariance matrix. In [6] and [20], it was
proposed to model the heavy-tailed distribution of the glint noise for each measurement
component as a mixture of a zero-mean Gaussian noise with high occurrence probability
and a Laplacian noise with low probability of occurrence:
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fuw(w) = (1 — aw)P(w, O ) + awl(w, By2) , (108)

where « is the glint probability, and £(w, 0.2) is the Laplacian PDF in which 6., contains

the mean and the variance. The estimation performance of the NL-GMKF was compared to

PF, IMM-EKF, UKF, and GSPF. The performances were tested for N = 150 time instances

with sampling interval T = 1 sec. The following target tracking cases were tested:

1. Nonmaneuvering target tracking in the presence of glint measurement noise

2. Maneuvering target tracking with Gaussian measurement noise

3. Maneuvering target tracking in the presence of glint measurement noise

4. Maneuvering target tracking in the presence of glint measurement noise, whose
statistics depend on the target maneuver

5. Coordinated turn (CT) maneuvering target tracking in the presence of Gaussian or glint
measurement noise.

Table 1 shows time-varying statistical parameters of the system and measurement noises for

the first four scenarios. In these scenarios, the target maneuver was modeled by Gaussian-

distributed system noise with time-varying variance and the following parameters:

e Stagesland3: fu1 = {ptyy, a1}, where p,, =0, FL‘T‘E = diag ([1;71/3(?(:2, 1 -m.fser:?‘])l

o Stage?2: Ous = {fyg, Tuz}, where pro =0, Tyo = £°T 1.

Scenario Noises Stage 1 Stage 2 Stage 3
1< n <50 51 < n <100 101 < n < 150
1 System 81 By, 81
Measurement Ou1. O Ou1, Ows. w1, Ouio
W =D, iy = 0.3 i =5, e = 0.3 WP =05, ey = 0.3
2 System 8.1 B2, £ =10 8.1
Measurement Bwi., aw =0 O, i =0 O, e =0
3 System (2 Oz, £ =10 8.1
Measurement Owi, Ouo By1, Owo Owi, Owo
WP =5, g = 0.3 P = 0, o = 0.3 Y =5, g = 0.3
4 System 8.1 Oz, £ =10 8.1
Measurement O, 0wy =0 Oy, Oz, Oy, i = 0
i =5, vy = 0.3

Table 1.Parameters of the system and measurement noise for scenarios 1-4

The following parameters for the measurement noise in (108) were selected in all the
scenarios: Ow; = {pwi, Twi}, i =1, 2, where pw1 = pw2 =0, J’Lff = diag ([10m, 0.5mrad)), and I'wy =
12I'w1. In the first two scenarios, target tracking performances were evaluated for a variety
of glint noise statistics and maneuvering levels, respectively. In the first scenario, tracking
performances of the different methods are evaluated for different probabilities of glint, o,
and different glint noise levels, 1) in the range of [1, 10]. In the second scenario, maneuver
cases [18], [31], starting from low maneuvering target (commercial aircraft) to extremely
highly maneuvering target, modeled by different values of § in the range [1, 100], were
tested. Thus, § = 1 models extremely low acceleration standard deviation (STD) of about
0.1g, and § = 100 models extremely high acceleration STD of about 10g. In all the scenarios,
the initial target position, velocity and acceleration were as follows:

s[—1] = [Sigm, 5km, —100m/see, Om/sec, Om/sec”, Um.jsccz}T
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For performance evaluation, the RMSE of the two-dimensional target position r[n] = [r:[n]
ry[n]]T and velocity r [n] = [ 7 «[n] ¥ ,[n]]” estimates were evaluated. The mean RMSE of the
range and velocity estimation, defined as

B3f=

8] = xlnll| = ((Feln) = reln])® + (Fyln] = ryfn))?)’
] = #{nlll = ((aln] = 2[n))? + Giyln] — 4y n)?)?

are evaluated in the following scenarios using 100 trials. In all the tests, the NL-GMKF was
initialized at time instance n = -1 with

1
as[—1] = T
.nu'sl[_lJ 0,
Cyl-1 = pIl,Wi=1,...,L

where p is a large number, and I is an identity matrix. For the NL-GMKF and the GSPF, the
conditional distribution of the state vector s[n], given & [n] was assumed to be GMM of

order L = 16. For the GSPF, the number of particles for each Gaussian in the mixture was
chosen to be 400 (totally 6400 particles). Addressing the nonlinear problem, the GSPF was
implemented using first-order linearization in the time-update stage [35]. In the following
tests, the standard sampling importance resampling (SIR) PF with 10000 particles was
implemented [1]. For the PF, UKF and the GSPF, the first and second order statistics of the

state vector s[n], given X [n] were initialized with

pl—1] -1 =0,
Fs[_” - 1] =pl.

In the UKF [55], the parameter that determines the spread of the sigma points was set to
a = 0.95. The scaling parameter, k, was set to 0, and the parameter p, used to incorporate
prior knowledge of the distribution [55], was set to 2.

B.1 Nonmaneuvering target tracking in the presence of glint measurement noise

The tracking performance of the NL-GMKEF in the presence of non-Gaussian glint noise is
tested in this scenario. A nonmaneuvering target was considered in order to evaluate the
inuence of the non-Gaussian measurement noise on the tracking performance. In practice,
this situation might occur when glint noise arises due to environmental factors such as
turbulence and vibration and not due to target maneuver [53], [54]. Tracking performances
of the tested algorithms are evaluated for various levels of glint noise covariance and its
probabilities. In the NL-GMKEF, the system noise was assumed to be Gaussian with
parameters 8y1. The measurement noise was modeled by the mixture in (108), with
parameters defined in Table 1. The IMM consisted of two EKFs, which correspond to the
two modes characterized by the following system and measurement noise parameters:

e Mode 1: no glint: Bu1, Ow1,

e  Mode 2: glint: Oy1, Owo.

In this scenario, it assumed that the glint is time-independent. Therefore, the transition
probability matrix between the two models is [20]
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g = l (1—aw) ow ] . (109)

The tracking performances of the NL-GMKF, PF, IMM-EKF, UKF and GSPF in terms of
mean RMSE, are shown in Fig. 9 for the two-dimensional position and velocity. It can be
observed that the NL-GMKF outperforms the other tested algorithms. The tracking
performances as a function of the glint probability, aw, and glint level, v, at time instance n
= 75 are shown in Figs. 10 and 11, respectively. It can be observed that the NL-GMKF
outperforms the other tested algorithms for the tested probabilities of glint and the tested
glint levels. Note that the estimation performance of the NL-GMKF remains almost constant
across the entire range of the tested probability of glint and glint level.
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Fig. 9. Tracking performance of NL-GMKEF, PF, IMM-EKF, UKF and GSPF in the presence of
glint noise with probability of on = 0.3, and glint noise level of ¥=5.

B.2 Maneuvering target tracking
In this scenario, target tracking performances of the NL-GMKF without glint noise are

evaluated for a wide range of maneuvers, from low, hardly detectable, to very high. The
glint produced by small targets at long distances may be negligible and target tracking
errors arises solely due to target maneuver. The tracking performance of the NL-GMKEF is
tested in a wide range of maneuvers in order to test its ability to track highly maneuverable
targets as well as slow maneuverable targets with low probability of maneuver detection. In
this example, the maneuvering target was simulated during the second interval of the
simulation. In the NL-GMKEF, the system noise statistics were modeled by the mixture of
two components:
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Fig. 10. Tracking performance of NL-GMKEF, PF, IMM-EKF, UKF and GSPF vs. glint noise

probability with glint noise level ¥ = 5 at time instance n = 75.
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Fig. 11. Tracking performance of NL-GMKEF, PF, IMM-EKF, UKF and GSPF as a function of
glint noise level with probability of glint on = 0.3 at time instance n = 75.
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fulu) = (1 — an)P(u,0u1) + au®(u,042), Yn=0,1,2,..., (110)

and the probability of target maneuver was selected to be o, = 0.2. The measurement noise
model was assumed to be Gaussian with parameters 8wi. The IMM consisted of two EKFs,
which correspond to the two modes characterized by the following system and
measurement noise parameters:

e Mode 1: nonmaneuvering - Oy1, w1,

e  Mode 2: maneuvering - By, Ow:.

The first model represents the target motion in the first and third parts of the simulation,
and the second represents the target motion in the second part. The transition probability
matrix between the two models was selected to match the transition probabilities to the
mean sojourn time in each mode [18]:

0.98 0.02
m = [ 0.02 0.98 ] ‘ (111)

which corresponds to 50 samples at each mode. The estimation performance of the IMM
was found to be weakly sensitive to small changes of the transition probabilities. The
tracking performances of the NL-GMKEF, PF, IMM-EKF, UKF, and GSPF in terms of mean
RMSE are presented in Fig. 12. This figure shows the mean RMSE of the target position and
velocity estimation. It can be observed that at the first and the third parts of the simulation
(nonmaneuvering target), the estimation performances of the tested algorithms are close.
However, at the second part of the simulation (maneuvering target), the NL-GMKF
outperforms the other tested algorithms. It is expected that the estimation errors in tracking
highly maneuvering targets would be larger. However, high maneuvers can be easily
detected and the estimation errors can be significantly reduced using a proper model. A
more challenging scenario arises when tracking slow-maneuvering targets with low
probability of maneuver detection. In this case, large errors may be due to mismatch in the
model. These situations can be modeled by small covariance matrices of the system noise
representing the maneuver, I'yy, which is determined by §. The tracking performance of the
proposed NL-GMKEF at time instance n = 75 as a function of the maneuvering level, §, is
tested and presented in Fig. 13 for accelerations in the range 0.1g - 10g, which covers the
entire range of maneuvering aircrafts [7]. This figure shows that the NL-GMKF outperforms
the other tested algorithms for all tested maneuvering levels. This figure also shows that the
performance of the NL-GMKF is almost constant for all tested maneuvering levels while the
tracking performances of other tested algorithms degrade for higher maneuvering levels.

B.3 Maneuvering target tracking in the presence of glint measurement noise

In this example, maneuvering target tracking in the presence of glint noise was tested. It is
assumed that the glint noise arises due to environmental factors such as turbulence and
vibration and not due to target maneuver per se, and thus it is present during the entire
simulation and its statistics are independent of the target maneuver. This scenario occurs in
tracking close targets (such as a group of aircrafts) [20], [53], [54] and tests the effect of the
glint noise on tracking the maneuvering target with various levels of maneuverability. The
target maneuvering during the second interval, modeled by zero-mean Gaussian system
noise with time-varying statistics described in scenario 2 with § = 10, was considered in this
example. In the NL-GMKGF, the statistics of the system noise used in scenario 2 was adopted.
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The measurement noise was modeled by the mixture in (108), with parameters defined in
Table 1. The IMM-EKEF algorithm for maneuvering target in the presence of glint noise was
implemented using an efficient layered implementation [31]. According to this scheme, two
sets of modes are used. One corresponds to the presence or absence of target maneuvering
and the other to the presence or absence of glint. Therefore, the IMM is implemented with
four modes with transition matrices, defined in (107), (111) according to [31]. The
parameters of the measurement and system noise were identical to those defined in
scenarios 1 and 2, respectively. The IMM consisted of four EKFs, which correspond to the
four modes characterized by the following system and measurement noise parameters:

¢ Mode 1: nonmaneuvering and no glint - 8u1, Ow1,

e Mode 2: maneuvering and no glint - 8y, Ow1,

e Mode 3: nonmaneuvering and glint - 841, Ow2,

¢ Mode 4: maneuvering and glint - Oy, Ow2.

The tracking performances of the NL-GMKF, PF, IMM-EKF, UKF and GSPF in terms of
mean RMSE for a maneuvering target with glint are shown in Fig. 14. It can be observed that
the NL-GMKF outperforms the other tested algorithms during the entire simulation
interval.

B.4 Maneuvering target tracking in the presence of correlated statistics of glint noise

In this example, a scenario of great practical interest in which the statistics of the glint noise
and the target maneuver are correlated, was tested. In target tracking, changes in the target
aspect with respect to the radar due to maneuver dramatically increases the radar cross
section uctuations resulting in significant glint noise [20], [53]-[57]. Therefore, glint noise
increases dramatically during the maneuver. This scenario is modeled by correlated time-
variations of the statistics of the measurement noise and the system noise. In this example, it
was assumed that there is no glint noise during nonmaneuvering parts of the simulation
(first and third parts), while it is present during the maneuvering part of the simulation
(second part). The models for the tested tracking algorithms presented in the previous
scenario, are adopted here too. The tracking performances of NLGMKEF, PF, IMM-EKF, UKEF,
and GSPF of the maneuvering target with glint, are shown in Fig. 15 in terms of mean RMSE
of the two-dimensional position and velocity. It can be observed that the NL-GMKF
outperforms the other tested algorithms during the entire simulation interval. Note that in
contrast to other tested scenarios, the performance of the NL-GMKF degrades at the
switching point (comparing to almost constant performance obtained in the previous
examples in Figs. 9, 12, and 14). This behavior occurs due to simultaneous changes in the
system and measurement noise statistics and the difficulty to associate those changes,
expressed by the innovation vector statistics, with glint noise or target maneuver. Fig. 16
shows the tracking performances for various combinations of maneuvers and glint noise
levels. One can notice that the tracking performance of the NL-GMKF does not

monotonically decrease as a function of ¢ or 1. This phenomenon can be explained by the

difficulties of the NL-GMKEF to associate the increase in the innovation process variance to
glint or to target maneuver. Note that Fig. 16 is in conformance with results in scenarios 1
and 2. The first column in Fig. 16 (§ = 1) corresponds to the NL-GMKF performance in the

non-maneuvering scenario shown in Fig. 11, and the first row in Fig. 16 ( 4= 1) corresponds

to the NLGMKEF performance in the scenario without glint noise shown in Fig. 13. The NL-
GMKTF provides higher performance than the other tested algorithms, since it employs prior
knowledge on the non-Gaussian PDF of system and measurement noise by approximating
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Fig. 14. Tracking performance of NL-GMKEF, PF, IMM-EKF, UKF and GSPF in the presence
of maneuvering target during n € [50, 100] with § = 10, and glint noise probability on = 0.3
with glint noise level ¢ = 5.

the non-Gaussian system state PDF by GMM and it does not attempt to estimate their
parameters from the data. Therefore, performance degradation of the NL-GMKF in
maneuvering or glint noise scenarios is due to reduction of information carried by the
system model or measurements during maneuvering or glint samples, while in the other
tested algorithms, it is due to modeling mismatch.

B.5 Coordinated turn

In this example, we consider a scenario in which the target maneuver is modeled by motion
dynamics and not by increased system noise level. In air traffic control applications, the
motion of the civil aircraft can be modeled by combination of intervals of constant velocity
(CV) motion and intervals of CT with constant turning speed and a constant angular rate
[18], [58]-[60]. In the considered scenario, the radar is positioned at [0m, Om], and the target
initial position at time t = 0 is [5km, 5km]. During the first 10 seconds, the target approaches
the radar along the y-axis with constant speed of 100m/sec. Next, the target executes a
coordinated turn during 10 seconds with angular velocity of 2% rad/sec, which corresponds
to acceleration of about 4.5¢. Finally, the target continues at constant speed of 100m/sec
motion along x-axis for the next 10 seconds. The target trajectory is shown in Fig. 17. Two
scenarios with Gaussian and glint measurement noise correlated to the maneuver statistics,
were considered. In the first scenario, a zero-mean Gaussian measurement noise, defined in
scenario 1, was considered during the entire simulation. In the second scenario, it was
assumed that there is no glint noise during the CV intervals of the target motion and the

glint noise increases during the CT interval. The measurement noise PDF in the 3 stages of
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Fig. 15. Tracking performance of NL-GMKEF, PF, IMM-EKF, UKF and GSPF in the presence
of maneuvering target during n € [50, 100] with § = 10, and glint noise with probability

aw = 0.3 with glint noise level 1» = 5 during n € [50, 100] with correlated statistics.

target maneuver was taken according to the 3 stages of scenario 4. In the NL-GMKEF, the
statistics of the measurement noise, considered in scenario 3, was adopted here. The
statistics of the system noise were modeled by a mixture of two components, as modeled in

scenario 2. The covariance matrix of the second mixture component was selected to be I‘éz =

diag ([50my/sec2, 50my/sec?]). Two types of IMM-EKF algorithms were tested in this scenario:

IMM-EKF® consists of two CV kinematics models with different system noise levels (similar

to the IMM-EKEF that was used in scenario 4), and IMM-EKF® consists of the CV and the CT

models [18]. The IMM-EKF(® parameters were set to be similar to the IMM-EKF in scenarios

2 and 4, respectively. The covariance matrix of the system noise in the second mode of the
1

IMM-EKF(®) was set to: T'Z, = diag ([50m/sec2, 50m/sec?]). The first mode of the IMM-EKF®) is
similar to mode 1 of the IMM-EKF in scenario 4. In the second mode of the IMM-EKF®), the
CT model [18] was incorporated by including the turn rate as part of the state vector. The
system noise standard deviations of the CT model were 0.5m/sec?2 and 0.03rad/sec. The
transition probability matrix, defined in (111) was used for the IMM-EKF®. The tracking
performance of the NL-GMKF and IMM-EKFs algorithms for non-glint and glint scenarios
are shown in the first and the second columns of Fig. 17, respectively. The two-dimensional
CV-CT-CV trajectories estimated by the NL-GMKF and the IMM-EKFs, are shown in the
first to third rows. The estimation performances of the tested algorithms as a function of
time are shown in Fig. 18. This figure shows that performances of the NL-GMKF and the
IMM-EKF® are similar and that both outperform the IMM-EKF® in the first scenario.
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However, the NL-GMKF outperforms both IMM-EKF algorithms in the second scenario, in
the presence of glint noise during the CT interval. It should be noted that the model of IMM-
EKF® is tailored to specific scenarios of CV and CT, while the NL-GMKF does not use such
prior information. The use of CV and CT models can enable using smaller system noise
variance and could be simply incorporated within the NL-GMKF. However, such a prior
information increases the algorithm sensitivity to other types of target maneuvering. The
target position and velocity estimation RMSEs in this scenario are slightly higher than the
corresponding RMSEs presented in Fig. 16 due to modeling mismatch. Finally, the tracking
performance of the NL-GMKF was evaluated for a scenario with longer maneuvering
duration with the same high acceleration. This scenario models higher maneuvering
intensity. In this scenario, the target executes a coordinated turn during 50 seconds with
acceleration magnitude of about 4.5¢. As in the previous case, the acceleration vector varies,
and this variation is not modeled in the NL-GMKEF. The estimation performances of the
tested algorithms as a function of time are shown in Fig. 19. This figure shows that
performances of the NL-GMKF and the IMM-EKF® are similar and both of them
outperform the IMM-EKF® in the first scenario, while the NL-GMKF outperforms both
IMM-EKEF algorithms in the second scenario, in the presence of glint noise during the CT
interval.

B.6 NL-GMKF sensitivity

The main motivation of this test is to show that the performance of the NL-GMKEF is weakly
sensitive to the assumed GMM order of the posterior distribution. In addition, the
sensitivity of the NL-GMKEF performance to the size of the artificial data used in greedy EM
learning, is tested. Note that the size of the artificial data is theoretically unlimited and it is
practically set according to the processor computational resources [40]. The scenario 4 is
considered here and the position estimation performance at time instance n = 75 is used for
sensitivity testing. Fig. 20 shows that for the tested number of Gaussians in the mixture, the
NL-GMKEF estimation performance improves as the size of the artificial data in the EM stage
increases. It can be observed that the estimation performance improves to a turning point,
from which the estimation performance degrades. The reason for the estimation
performance degradation is the overfitting problem [63]. The threshold for the number of
the components in the mixture increases with the size of the artificial data used in the EM
stage. This figure shows that only a minor improvement in the estimation performance is
achieved with increase of the GMM order.

5. Conclusions

Two new recursive filters, named as GMKF and NL-GMKEF, for linear and nonlinear, non-
Gaussian problems were presented in this chapter. The GMKEF algorithm consists of the GSF
followed by an efficient model order reduction method. The GSF provides a rigorous
solution for state vector estimation in a linear DSS model with GMM-distributed system and
measurement noises and it generalizes the original KF to GMMs. Practical implementation
of the optimal GSF is limited due to the exponential model order growth. The GMKEF solves
this problem via an efficient model order reduction method. The problem of exponential
growth of the model order was solved via the mixture PDF estimation at each step using the
greedy EM algorithm. It was shown that greedy EM-based order reduction scheme does not
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signi_cantly reduce the GMKF estimation performance. The estimation performance of the
GMKEF was tested for non-Gaussian cases using simulations, and it was shown that the
GMKEF outperforms the PF, IMM and the KF. However this superiority comes at the cost of
the extra computational complexity caused by the use of EM for model order reduction
procedure. The NL-GMKF was also derived based on the MMSE criterion. It assumes a
nonlinear DSS model with general non-Gaussian distributions for the system and
measurement noise. The posterior distribution of the state vector is modeled by GMM
whose parameters are determined to minimize its estimated KLD from the true distribution.
The NL-GMKEF was applied to a nonlinear problem of maneuvering radar target tracking in
the presence of glint noise. The performance of the derived NL-GMKF was evaluated via
simulations and compared to the PF, the IMM-EKF and the EKF. The simulations showed
that the NL-GMKEF outperforms the PF, the IMM-EKF and the EKF in the considered cases.

APPENDIX

Proposition 1: Consider two M-order jointly GMM-distributed random variables x and y
whose joint distribution can be written as

X oMM [ap, | Pxm | | Tem Daym |0 ar) . (112)
}" 3u'_yrn Fyxm I‘ym

The MMSE estimator of y from x is

M
1

E(ylx} = M Z (,Trrrq)(x:_ 9”1} [uylu + Py)(narx,}l(x — ’u_x”l):| :
Z Xyt {I)(X: Bmg:] m=1

f

(113)

T

where 0,, consists of the mean and covariance matrix of the mth mixture component of the
PDF of x.

The proof of this proposition can be obtained by noting that E(y |x) = Ey, Ey|xy, (¥ |, im)
where 17, is the random mixture indicator of the mth Gaussian [47]. Therefore, the
conditional distribution of y | x, m is Gaussian, and this implies that the MMSE estimator of
a GMM-distributed random vector is a weighted sum of linear MMSE (LMMSE) estimators.
Note that the MMSE in (113) is nonlinear for M > 1, as expected in non-Gaussian problems.
Proposition 2: Consider two statistically independent GMM-distributed random vectors
x ~ GMM(oxi, pxic Tsis k = 1,..., K) and y ~ GMM(oy,pry1, Tyi; I = 1,..., L). The random vector z,
defined as:

z=Axx+Ayy+b, (114)
is GMM-distributed of order | = KL : z ~GMM( o, pzj, Tz j = 1,..., ]), with

Qzj = QxpOyl , (115)
Poy = Axply +Aypy +b, (116)
I, = AP Al + AT AL (117)
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where the matrices Ay, Ay and the vector b are deterministic. The index j represents the
combination of (k, ), through the relation: j = (k -1)L + I.

Proof of Proposition 2

Equation (114) can be rewritten as

z= Ax Ay ] +b . (118)

X
Y

The vectors x and y are GMM-distributed of order K and L, respectively, and thus v = [X} is
y

GMM-distributed of order LK. Using GMM definition in (6), the PDF of v can be rewritten as

Jelv) = Zzﬂxkﬂ'ya‘l’(L Oxi)P(y, 0y1) - (119)

I=1 k=1

From (119) it can be easily obtained that the weight of the Ikth mixture component is
ik = Oy Since z is a linear transformation of the GMM-distributed random vector v,
therefore z is GMM-distributed of order LK. Hence, the lkth mixture weight in the
distribution of z is

Qi = Qylk = OxkQyl . (120)

Let 77 x denote the random mixture indicator in the PDF of z. Using (118) and (119), the
mean vector of the lkth mixture component is

P = El([Ax Ay][:]—kb}

= Axpy +Aypy, +b.

1 , Ex| 7|
rfr;-:| = [ Ax Ay ] [ Ely|mu] ] +b (121)

Similarly, the covariance matrix of the [kth mixture component is

T = cov (([ Ax Ay ] [ ; } +b) |-:};k> = cov (Axx + Ayy|mm)

= AT AY + AT, AY

(122)

where the cross-covariance of x and y vanishes, because x and y, conditioned on the
Gaussian indicator, 7 j, are statistically independent.
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Fig. 16. Tracking performance of NL-GMKF in the presence of maneuvering target with
glint noise during the second interval at time instance n = 75 and aw = 0.3.
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Fig. 17. Tracking performance of NL-GMKF compared to IMM-EKF®) and IMM-EKF® in a
CV-CT-CV scenario, with and without glint during the CT period.
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Fig. 18. Tracking performance of NL-GMKF, IMM-EKF® and IMM-EKF® in a CV-CT-CV

scenario, without and with glint noise with probability aw = 0.3 and glint noise level ¢ =5
during the CT period.
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Fig. 19. Tracking performance of NL-GMKF, IMM-EKF® and IMM-EKF® in a CV-CT-CV
high maneuver intensity scenario, without and with glint noise with probability on = 0.3

and glint noise level 9 = 5 during the CT period.
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Fig. 20. NL-GMKF sensitivity testing.
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