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Adaptive output regulation of unknown linear 

systems with unknown exosystems 
 

Ikuro Mizumoto and Zenta Iwai  
 Department of Intelligent Mechanical Systems, Kumamoto University, 

2-39-1 Kurokami, Kumamoto, 860-8555, Japan 

 
1. Introduction 
 

The problems of the output regulations and/or disturbance reductions have attracted a lot 
of interest and have been actively researched in the consideration of the control problem for 
systems which are required to have servomechanism and for vibration attenuation in 
mechanical systems. It is well known that such problems are solvable using the Internal 
Model Principle in cases where the system to be controlled and the exosystem which 
generates the output reference signal and external disturbances are known. In the case 
where the controlled system is unknown and/or the exosystem is unknown, adaptive 
control strategies have played active roles in solving such problems for systems with 
uncertainties. For known systems with unknown exosystems, solutions with adaptive 
internal models have been provided in (Feg & Palaniswami, 1991), (Nikiforov, 1996) and 
(Marino & Tomei, 2001). In (Marino & Tomei, 2001), an output regulation system with an 
adaptive internal model is proposed for known non-minimum phase systems with 
unknown exosystems. Adaptive regulation problems have also been presented for time 
varying systems and nonlinear systems (Marino & Tomei, 2000; Ding, 2001; Serrani et al., 
2001). Most of these methods, however, assumed that either the controlled system or the 
exosystem was known. Only few adaptive regulation methods for unknown systems with 
unknown exosystems have been provided (Nikiforov, 1997a; Nikiforov, 1997b). The method 
in (Nikiforov, 1997a) is an adaptive servo controller design based on the MRAC strategy, so 
that it was essentially assumed that the order of the controlled system was known. The 
method in (Nikiforov, 1997b) is one based on an adaptive backstepping strategy. In this 
method, it was necessary to design an adaptive observer that had to estimate all of the 
unknown system parameters depending on the order of the controlled system. Further, the 
controller design based on the backstepping strategy essentially depends on the order of the 
relative degree of the controlled system. As a result, the controller's structure was quite 
complex in both methods for higher order systems with higher order relative degrees. 
 
In this paper, the adaptive regulation problem for unknown controlled systems is dealt with 
and an adaptive output feedback controller with an adaptive internal model is proposed for 
single input/single output linear minimum phase unknown systems with unknown 
exosystems. The proposed method is based on the adaptive output feedback control 
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utilizing the almost strictly positive real-ness (ASPR-ness) of the controlled system and the 
controller is designed based on an expanded backstepping strategy with a parallel 
feedforward compensator (PFC) (Mizumoto et al., 2005). It is shown that, under certain 
assumptions, without a priori knowledge of the order of the controlled system and without 
state variables, one can design an adaptive controller with a single step backstepping 
strategy even when the system to be controlled has an unknown order and a higher order 
relative degree. Using the proposed method, one can not attain perfect output regulation, 
however, the obtained controller structure is relatively simple even if the system has a 
higher order and a higher order relative degree. 

 
2. Problem Statement 
 

Consider the following single input/single output LTI system. 
 

( ) ( ) ( ) ( )
( ) ( ) ( ),ttty

tCtutAt

TT

d

wdxc

wbxx

+=

++=&
                                                     (1) 

 

where [ ] nT
n1 Rx,,x ∈= Lx is the state vector and Ry,u ∈ are the input and the output, 

respectively. Further ( ) mRt ∈w  is an unknown vector disturbance. 

 
We assume that the disturbances and the reference signal which the output y is required to 
track are generated by the following unknown exosystem: 
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( ) ( ),tty

tAt

T
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d

wc

ww

=

=&
                                                                 (2) 

 

where mm
d RA ×∈  is a stable matrix with all its eigenvalues on the imaginary axis. It is also 

assumed that the characteristic polynomial of Ad is expressed by 
 

( ) .ǂǌǂǌǂǌAǌdet 01
1m

1m
m

d ++++=− −
− LI                                        (3) 

 

The objective is to design an adaptive controller that has the output y(t) track the reference 
signal ym(t) generated by an unknown exosystem given in (2) for unknown systems with 
unknown disturbances generated by the unknown exosystem in (2) using only the output 
signal under the following assumptions. 
 
Assumption 1 The system (1) is minimum-phase. 
 
Assumption 2 The system (1) has a relative degree of r. 
 

Assumption 3 0A 1rT >− bc , i.e. the high frequency gain of the system (1) is positive. 

 
Assumption 4 The output y(t) and the reference signal ym(t) are available for measurement. 
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3. System Representation 
 

From Assumption 2, since the system (1) has a relative degree of r, there exists a smooth 

nonsingular variable transformation: [ ] xǈz Φ,
TTT = such that the system (1) can be 

transformed into the form (Isidori, 1995): 
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where 
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and rn
z R −∈c is an appropriate constant vector. From assumption 1, ǈQ  is a stable matrix 

because ( ) ( )tQt ǈǈǈ =& denotes the zero dynamics of system (1). 

 
3.1 Virtual controlled system 

We shall introduce the following (r-1)th order stable virtual filter ( )sf1 with a state space 

representation: 
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With the following variable transformation using the filtered signal 

ifz given in (5): 
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Fig. 1.  Virtual controlled system with a virtual filter 
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where 
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the system (1) can be transformed into the following virtual system which has 
1f

u given 

from a virtual input filter as the control input (Michino et al., 2004) (see Fig.1): 
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where [ ] [ ]T
r32

TTT
y ξ,,ξ,ξ,, L== ξǈξǈ and [ ] [ ]TT

ξǈ
T
1 1,0,,0,,0,,0,1 LL ccc == . 

1dc and 
ǈdC

are a vector and a matrix with appropriate dimensions, respectively. Further, ǈA is given by

 the form of 
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Since 
fuA and ǈQ are stable matrices, ǈA is a stable matrix. 

 
3.2 Virtual error system 

Now, consider a stable filter of the form: 
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where [ ]T
c 1,0,,0

f
L=c and 
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1m10 ccc ǃ,,ǃ,ǃ
−

L are chosen such that 
fcA is stable. 

 
Let's consider transforming the system (7) into a one with uf given in (8) as the input. Define 

new variables X1 and 2X as follows: 
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Since it follows from the Cayley-Hamilton theorem that 
 

,0IǂAǂAǂA 0m1
1m

m1m
m
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− L                                         (10) 

 
we have from (2) and (7) that 
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Further we have from (10) that 
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Therefore defining [ ]T)1(me,,ee, −= L&E , the following error system is obtained: 
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Obviously this error system with the input fu and the output e has a relative degree of  m+1 

and a stable zero dynamics (because ǈA is stable). 

Furthermore, there exists an appropriate variable transformation such that the error system 
(14) can be represented by the following form (Isidori, 1995): 
 

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ),tzte

tz
1

tt

ttu
b

tAt

1

1eee

e

ee

e

e

ezzz

zT
z

f
z

eze

=

⎥
⎦

⎤
⎢
⎣

⎡
+=

⎥
⎦

⎤
⎢
⎣

⎡
+⎥

⎦

⎤
⎢
⎣

⎡
+=

0
ǈQǈ

ǈ
c

00
zz

&

&

                                        (15) 

 

where [ ]T
eee 1m1

z,,z
+

= Lz and 1n
z R

e

−∈ǈ . Since the error system (14) has stable zero 

dynamics, 
ezQ is a stable matrix. 

 
Recall the stable filter given in (8). Since we have from (8) that 
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the filter's output signal uf can also be obtained from 
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by defining [ ]T)1m(
fffc u,,u,u

f

−= L&z .Using this virtual filter signal in the variable 

transformation given in (6), the error system (15) can be transformed into the following form, 
the same way as the virtual system (7) was derived, with uf as the input. 
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where 
 
 
 
 
 
 
 
 
 
Fig. 2. Virtual error system with an virtual internal model 
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Since 
fcA and 

ezQ are stable matrices, Qe  is a stable matrix. Thus the obtained virtual error 

system (17) is ASPR from the input uf to the output e. 
 
The overall configuration of the virtual error system is shown in Fig.2. 

 
4. Adaptive Controller Design 
 

Since the virtual error system (17) is ASPR, there exists an ideal feedback gain ∗k  such that 

the control objective is achieved with the control input: ( ) ( )tektuf
∗−=  (Kaufman et al., 1998; 

Iwai & Mizumoto, 1994). That is, from (8), if the filter signal 
1f

u can be obtained by 

 

( ) ( ) ( ),ttektu
f1 c

T
f zǉ−−= ∗                                                   (18) 

 

one can attain the goal. Unfortunately one can not design 
1f

u directly by (18), because 
1f

u is 

a filter signal given in (8) and the controlled system is assumed to be unknown. In such 
cases, the use of the backstepping strategy on the filter (5) can be considered as a 
countermeasure. However, since the controller structure depends on the relative degree of 
the system, i.e. the order of the filter (5), it will become very complex in cases where the 
controlled system has higher order relative degrees. Here we adopt a novel design strategy 
using a parallel feedforward compensator (PFC) that allows us to design the controller 
through a backstepping of only one step (Mizumoto et al., 2005; Michino et al., 2004). 

 
4.1 Augmented virtual filter 

For the virtual input filter (5), consider the following stable and minimum-phase PFC with 
an appropriate order nf : 
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Fig. 3. Virtual error system with an augmented filter 

 
where Ryf ∈ is the output of the PFC. Since the PFC is minimum-phase Af  is a stable 

matrix. 
The augmented filter obtained from the filter (5) by introducing the PFC (19) can then be 
represented by 
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Here we assume that the PFC (19) is designed so that the augmented filter is ASPR, i.e. 
minimum-phase and a relative degree of one. In this case, there exists an appropriate 
variable transformation such that the augmented filter can be transformed into the following 
form (Isidori, 1995): 
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where Aa is a stable matrix because the augmented filter is minimum-phase. 
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Using the augmented filter's output 
fau , the virtual error system is rewritten as follows (see 

Fig.3): 
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4.2 Controller design by single step backstepping 
[Pre-step] We first design the virtual input 1ǂ  for the augmented filter output 

fau in (21) as 

follows: 
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where k(t)  is an adaptive feedback gain and ( )tǉ̂  is an estimated value of ǉ , these are 

adaptively adjusted by 
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Further, ( )tΨ0  is given as follows: 
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where 
fyǅ is any positive constant. 

Now consider the following positive definite function: 
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where 
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∗k  is an ideal feedback gain to be determined later and Pe is a positive definite matrix that 

satisfies the following Lyapunov equation for any positive definite matrix Re. 
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Since Qe is a stable matrix, there exists such Pe. 
The time derivative of V0 can be evaluated by 
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with any positive constant 1ρ to 3ρ . Where 1a1 ǂuω
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[Step 1] Consider the error system, 1ω -system, between 
fau and 1ǂ . The 1ω -system is 

given from (21) by 
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The time derivative of 1ǂ is obtained as follows: 
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where T
e

T
1 b ǉǉ = . Taking (28) and (29) into consideration, the actual control input is 

designed as follows: 
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where 0ǆ  to 3ǆ  and fǄ  are any positive constants, and 1Ψ and 2Ψ are given by 
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where l is any positive constant and 11ee ǃ̂,ˆ,b̂,ǂ̂ ǉ  are estimated values of 11ee ǃ,,b,ǂ ǉ , 

respectively, and adaptively adjusted by the following parameter adjusting laws. 
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where 
111 ǃǉbǂǃbǂ σ,σ,σ,σ,Ǆ,Ǆ,Ǆ are any positive constants and 0ƥƥ T
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>= . 

 
4.3 Boundedness analysis 
For the designed control system with control input (30), we have the following theorem 
concerning the boundedness of all the signals in the control system. 
 
Theorem 1 Under assumptions 1 to 3 on the controlled system (1), all the signals in the 
resulting closed loop system with the controller (30) are uniformly bounded. 
 
Proof: Consider the following positive and continuous function V1. 
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where 
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and 
fyǅ is any positive constant. 

 

From (26) and (32), the time derivative of V1 for 
fyf ǅy ≤ can be evaluated by 
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with any positive constants 0Ǎ  to 4Ǎ . Where 
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Here we have 
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with any positive constant 5Ǎ . Furthermore, for 
fyf ǅy ≤ , since ( ) 0tΨ0 =&  is held, there 

exists a positive constant MΨ  such that ( ) ( ) M0f ΨtΨty ≤− . 

 
Therefore the time derivative of V1 can be evaluated by 
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for
fyf ǅy ≤ , where 
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For 
fyf ǅy > , the time derivative of V1 is evaluated as 
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and thus we have for 
fyf ǅy > that 
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Finally, for an ideal feedback gain ∗k  which satisfies 
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the time derivative of V1 can be evaluated by 
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where [ ] [ ]21ba R,RmaxR,0ǂ,ǂminǂ =>= . Consequently it follows that V1 is uniformly 

bounded and thus the signals ( ) ( ) ( ) ( ) ( )t,ty,t,tω,te ffe1 ǈǈ  and adjusted parameters ( ) ( ),tˆ,tk ǉ  

( ) ( ) ( ) ( )tǃ̂,tb̂,tˆ,tǂ̂ 1e1e ǉ  are also uniformly bounded. 

 

Next, we show that the filter signal 
fcz and the control input u are uniformly bounded. 

Define new variable 
1ξz as follows: 
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where 1ξ  and yǈ  have been given in (7). Further define 
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Further, we have from (43), (44) and (8) that 
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It follows from (45) and (46) that m,,0k,zz )k(
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with appropriate positive constants l1, l2. From the boundedness of ( )tw  and e(t), we have 

( )tξ1  is bounded and thus ǃz  is also bounded. 
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From (8) and (48), we obtain 
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Here, we have from (22) that 
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Since it follows from (19) and (24) that 
 

( ) ( ) ( ) ( )( ) ( )ttΨtyatΨty f
T
f0ff0f 21
ǈa+−−=− &&                                        (52) 

 

for 
fyf ǅy > and from the boundedness of ( )tfǈ , there exists a positive constant such that 

( ) M0f ΨtΨy ≤− . Further, from the boundedness of ( )tw and e(t) i.e. ( )tξ1 , we can confirm 

that ( )tyǈ  and ( )tǃǈ  are also bounded from (7) and (48). Finally, taking the boundedness of 
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Lemma (Sastry & Bodson, 1989) that the input ( )tb ǃcz f
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with appropriate positive constants 
1zl and 

2zl . From the boundedness of ( )tǃz  and ( )tǃǈ , 

we can conclude that ( )t
fcz  is uniformly bounded and then the control input u(t) is also 

uniformly bounded. Thus all the signals in the resulting closed loop system with the 
controller (30) are uniformly bounded. 

 
5. Simulation Results 
 

The effectiveness of the proposed method is confirmed through numerical simulation for a 
3rd order SISO system with a relative degree of 3, which is given by 
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where w  is an unknown disturbance which has the following form: 
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Before designing a controller, we first introduce the following pre-filter: 
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b
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                                                                      (58) 

 
in order to reduce the chattering phenomenon to be expected by switching the controller 
given in (30). Therefore, the considered controlled system has a relative degree of 4. 
 
Since the relative degree of the controlled system is 4, we consider a 3rd order input virtual 
filter in (5). Further we consider a stable internal model filter (8) of the order of 4. 
 
For the input virtual filter, in this simulation, we consider a first order PFC: 
 

ubyay afff 1
+−=&  

 
in order to make an ASPR augmented filter. 
 
The design parameters for the pre-filter (58), the input virtual filter (5) and the internal 
model filter (8) are set as follows: 
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and the PFC parameters are set by 
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Further design parameters in the controller given in (23), (24),  (30) and (31) are designed by 
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Figure 4 shows the simulation results with the proposed controller. In this simulation, the 
disturbance w is changed at 50 [sec]: 

www.intechopen.com



Adaptive Control 

 

82 

input output 

 

 

( )
( )
( )
( )

( )
( )
( )
( )

.

t20cos5.2

t20sin5.0

t4cos4

t4sin2

t5cos5.2

t5sin5.0

t2cos2

2tsin

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

=⇒

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

= ww  

 
Figure 5 is the tracking error and Fig.6 shows the adaptively adjusted parameters in the 
controller. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4. Simulation results with the proposed controller 
 

 
Fig. 5. Tracking error with the proposed controller 
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Fig. 6. Adaptively adjusted parameters 
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A very good control result was obtained and we can see that a good control performance is 
maintained even as the frequencies of the disturbances were changed at 50 [sec]. 
 
Figures 7 and 8 show the simulation results in which the adaptively adjusted parameters in 
the controller were kept constant after 40 [sec]. After the disturbances were changed, the 
control performance deteriorated. 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 7. Simulation results without adaptation after 40 [sec]. 

 
input 

output 
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Fig. 8. Tracking error without adaptation 

 
6. Conclusions 
 

In this paper, the adaptive regulation problem for unknown controlled systems with 
unknown exosystems was considered. An adaptive output feedback controller with an 
adaptive internal model was proposed for single input/single output linear minimum phase 
systems. In the proposed method, a controller with an adaptive internal model was 
designed through an expanded backstepping strategy of only one step with a parallel 
feedforward compensator (PFC). 
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