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Finite Element Modelling of Micro-cantilevers 
Used as Chemical Sensors 

G. Louarn  and S. Cuenot  
Institut des Matériaux Jean Rouxel, University of Nantes 

 France 

1. Introduction 

During the last twenty years, the spectacular advances in micro-mechanical systems, and 
more generally in micro-electro-mechanical systems (MEMS), have enabled the emergence 
of an innovative family of biological and chemical sensors. The functionality of such sensors 
involved the transduction of a mechanical energy, which comes from the deformations of 
the micro-machined components. Among the different geometrical shapes of these 
components, clamped-free beams also called cantilevers represent the simplest MEMS. 
Although cantilevers play a rule of basic building block for complex MEMS devices, they are 
nowadays widely used as force sensor probes in atomic force microscopy (AFM).  
The recent developments of AFM have enabled the mass-fabrication of micrometer-sized 
cantilevers with various geometrical shapes and different materials (silicon, silicon 
nitride…) (). Indeed, beam cantilevers but also V-shaped cantilevers are commercially 
available with different dimensions. Recently, this variety of AFM cantilevers is become the 
base of a novel class of highly sensitive sensors operating essentially for chemical and 
biological detections (Raiteri et al., 2001 ; Sepaniak et al., 2002 ; Moulin et al., 2003 ; Lavrik et 
al., 2004). These micro-cantilevers, which can be extremely versatile sensors, present many 
advantages such as a relatively low cost of production and a reduced size of the active area 
(typically 10-6 cm²). The detection principle of such sensors is based on the measurement of 
the cantilever deflection change or of the resonance frequency change of the cantilever 
(figure 1). These changes are induced by the adsorption of chemical species on the 
functionalized surface of a micro-cantilever (Chen et al., 1995 ; Betts et al., 2000).  
Such adsorption may come from the interactions between specific molecules present in 
analyte and the sensitive coating of the cantilever. The measurement of the resonance 
frequency shift offers the interesting advantage to be relatively insensitive to interference 
from external factors such as thermal drift. Therefore, this method seems particularly well-
suited for use in various environments such as gaseous or vacuum ones, and to measure the 
cantilever response upon exposure to optical radiation and to chemical vapours. Several 
applications of these AFM micro-cantilevers as sensors were developed during the ten last 
years (Lange et al., 2002 ; Baselt et al., 2003). According to the realized coating, the 
chemically modified surfaces of cantilevers can be used to produce transducers that are 
activated for specific analytes. For instance, cantilevers coated with a thin gold film become 
ideal sensors to achieve ultrasensitive detection of mercury vapour (Thundat et al., 1995a). A 
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metallic coating allows the calorimetric detection of chemical reactions with picojoule 
sensitivity (Gimzewski et al., 1994), while a gelatine coating is sensitive to the changes in 
relative humidity (Wachter & Thundat et al., 1995). Others detection can also be achieved 
such as pH-variation (Ji et al., 2001 ; Bashir et al., 2002) or optical radiation by coating the 
cantilevers with ultraviolet cross-linking polymers (Thundat, 1995b). 

Mechanical
excitation

Ligands : 

Target molecules : 

Mechanical
excitation
Mechanical
excitation

Ligands : 

Target molecules : 

 

Figure 1. Cantilever deflection change induced by the adsorption of chemical species on the 
functionalized surface 

In order to predict the sensitivity of these versatile sensors, it is crucial to precisely calculate 
the resonance frequencies of these micro-cantilevers (Dufour et al., 2003 ; Lochan et al., 
2005). The resonance frequencies can be only calculated analytically for cantilevers with 
simple geometries like straight beams. In the other cases, for multilayer structures or more 
complex shapes, where the cross-section is not constant along the cantilever length (case of 
“V-shaped” micro-cantilevers), the resonance frequencies can not be analytically calculated. 
Among the different approaches allowing to calculate them, the finite element modelling 
(FEM) seems to be a particularly interesting approach. In this chapter, FEM is applied to “V-
shaped” silicon micro-cantilevers for predicting their resonance frequencies and the 
sensitivity of these cantilevers employed as chemical sensors. 
First, in order to validate the accuracy of the FEM approach, we carried out a comparison 
between analytical, experimental and FEM-computed values of the resonance frequencies 
for homogenous rectangular shaped micro-cantilevers. Then, we performed a modelling of 
silicon beams coated with a thin metallic layer. To precisely calculate the resonance 
frequencies of these multilayer-cantilevers, the influence of the mesh parameters on the 
calculated frequencies was strongly investigated. 
Second, the sensitivity of different “V-shaped” silicon cantilevers was estimated, as a 
function of their geometrical dimensions and of their mechanical parameters (Young 
modulus, density). The resonance frequencies of uncoated cantilevers were calculated and 
compared with the values experimentally determined. Then, a similar approach could be 
employed to predict the sensitivities of such cantilevers recovered with a sensitive layer.  
This chapter clearly shows that the use of finite element modelling allows the computation 
of the resonance frequencies of micro-sized cantilevers having a complex shape. Moreover, 
in the case of applications as sensors based on the resonance frequency measurement, this 
approach offers the ability to predict the sensitivity of multilayer-cantilevers. In this way, by 
simple calculation, the shape and the geometrical dimensions of these cantilevers can be 
optimized for obtaining the best sensitivities and detection limits. 

2. Natural frequencies and normal modes of vibration 

When a linear mechanical system undergoes free vibrations, i.e. without being subjected to 
any external periodic load, its behaviour is characterized by its so-called “eigen modes”.  An 
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eigen mode is a global synchronous type of motion where the various degrees of freedom 
exhibit all the same time behaviour (with different amplitudes), viz. harmonic motion at a 
frequency which is characteristic of the mode.  An n degrees of freedom system has n eigen 
modes, hence n characteristic eigen frequencies, also called “natural” frequencies. 
When the system undergoes forced harmonic vibration, its behaviour is characterized by the 
frequency response relating the amplitude (and phase) of the steady-state harmonic 
response to that of the excitation. The main feature of this response is a series of peaks 
appearing at forcing frequencies close to the natural frequencies.  These large response 
amplitudes (theoretically infinite if no damping is present) relate to the so-called “resonant” 
behaviour of the system – generally to be avoided in practice in most engineering 
application. 
When the system is undamped, the (infinite) resonance peaks appear at forcing frequencies, 
which are identical to the natural frequencies of the system.  From a physical point of view, 
since the system is excited at a frequency at which it would tend to freely oscillate, its 
vibration amplitude increases steadily, tending towards infinity. 
In the case of a damped system, there are various definitions of the related “resonance” 
frequencies.  One of these is the forcing frequency (close to a natural frequency) at which the 
maximum of a peak is reached.  However, at a forcing frequency equal to a natural frequency, 
the phase shift between the response and the excitation is always an odd multiple of 90°, and 
this is generally chosen as the most reliable and accurate definition of resonance. 
We see therefore that “natural” and “resonance” frequencies are two names for the same 
notion, albeit related to two different situations (“free” and “forced” vibrations).  In the 
following, we shall use the term “natural” frequencies when analyzing free vibrations, and 
“resonance” frequencies when dealing with forced vibrations. 

3. Experimental procedure 

Nowadays, the atomic force microscopy (AFM) is widely used to characterize the surface of 
all kinds of materials, conductive as well as insulating samples. Although the most 
innovative advent of the AFM is its ability to measure locally different physical properties, 
the AFM offers real tri-dimensional images of the sample surface (Cuenot, et al., 2003). 
The sample is fixed onto a piezoelectric ceramic, which has the property to expand or to 
contract when a voltage is applied. By scanning across the surface with an AFM tip, 
topographical information can be easily obtained from atomic-scale imaging to micron-sized 
images. In contact mode, topographic images can be achieved by two ways. First, by 
measuring directly the vertical deflection of the cantilever, which indicates the local sample 
height, when the AFM tip scans the sample. To measure this vertical deflection, a laser beam 
focused on the gold coating of the cantilever backside is reflected onto a photo-detector 
consisting of two side-by-side photodiodes. The difference between the signals coming from 
the up-and-down photodiodes reflects the vertical deflection of the cantilever (figure 2). 
Second, topographic images can also be obtained by recording the vertical displacement of 
the piezoelectric ceramic when a constant force is applied by the tip on the sample surface. 
Indeed, the feedback loop existing between the ceramic and the photodiodes allows to keep 
the same cantilever deflection (i.e. a constant value of tension read from the photodiodes) by 
varying the voltage applied to the ceramic and hence adjusts the height of the sample. 
In this chapter, the resonance frequencies of different cantilevers were measured. To 
measure them, a piezoelectric bimorph (located under the cantilever) is used to induce the 
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cantilever oscillations. By monitoring the cantilever deflection signal as a function of the 
frequency sweep of the bimorph, it is possible to completely characterize the resonance 
spectrum of cantilever. 

diode LASER

AFM cantilever

miror photodiodes

Amplitude

Mechanical
excitation

diode LASER

AFM cantilever

miror photodiodes

Amplitude

Mechanical
excitation

 

Figure 2. Principle of detection of the AFM 

4. Natural frequencies of free rectangular cantilevers 

The fundamental vibration mode of a cantilever, i.e. the one with the lowest resonance 
frequency, always corresponds to a flexural vibration mode. The natural frequencies related 
to this vibration mode will be computed in the following sections. 

4.1 Analytical calculation 

For many practical applications, the natural frequencies of uniform beam can be determined 
with sufficient accuracy by an analytical approach (Stokey, 1988). The classical approach is 
based on the use of the relation which relates the curvature of the beam to the bending 
moment at each section of the beam :  

 χ
∂

= =
∂

2

2

y
M EI EI

x
 (1) 

This equation is based upon the assumptions that the material is homogeneous, isotropic 
and obeys Hooke’s law.  The beam must be straight with a uniform cross section. In order to 
neglect the shear deflection, the lateral displacement in direction of the y axis,  y(x,t), has to 
be small and the beam has to be long compared to cross sectional dimensions.  
E is the modulus of elasticity in tension and compression (Young’s modulus), and I is the 
area moment of inertia. 
The equation of motion for lateral vibration is found by considering the force action on the 
element which is formed by passing two parallel planes A and B through the beam normal 
to the longitudinal axis (figure 3). The vertical elastic shear force acting on section A and B 

are V and = + ∂ ∂' ( / )V V V x dx  respectively (figure 3). The sum of the vertical forces acting 

on the element must equal the product of the mass of the element and the acceleration 

∂ ∂2 2( / )y t  in the lateral direction:  

 ρ
∂∂

+ =
∂ ∂

2

2
0

yV
S

x t
    (2) 

www.intechopen.com



Finite Element Modelling of Micro-cantilevers Used as Chemical Sensors 

 

191 

A B

X

Y

Z

A B

dx

dx

V V’M M’

A B

X

Y

Z

A B

dx

dx

V V’M M’

A B

X

Y

Z

A B

dx

X

Y

Z

A B

dx

dx

V V’M M’

 

Figure 3. clamped-free beam executing lateral vibration, (B) element of beam showing shear 
force and bending moments 

In this element, the equilibrium of the moment drives to = ∂ ∂/V M x . Other differentials of 

higher order can be neglected. Then, from eq. 1 and 2, the basic equation for the lateral 
vibration of beams is given :  

 ρ
⎛ ⎞∂ ∂∂

+ =⎜ ⎟
∂ ∂ ∂⎝ ⎠

2 22

2 2 2
0

y y
EI S

x x t
 (3) 

The solution of this equation if EI is constant, is of the form ( ) ( )ω ϕ= × +⎡ ⎤⎣ ⎦cos ny A x t  in 

which A is a function of x only. Substituting β ρ ω=4 2 /S EI and dividing eq (3) by 

ω ϕ+cos( )nt : 

 
( )

( )β=
4

4

4

d A x
A x

dx
  (4) 

The following function represents the solution of the eq. (4). The constants A, B, C, D are 
found from the boundary conditions. 

 β β β β= + + +( ) ch sh cos sinA x A x B x C x D x  (5) 

In applying the end conditions in the case of a rectangular beam, clamped at one extremity 
and free at the other, we have to solve the following equation:  

 β β+ =` `1 ch cos 0  (6) 

With `  the lenth of the beam. The solutions of that transcendental equation can be estimated 
from a numerical approach. As an example, with the Newton’method implemented with 
Matlab2007, we are able to found λ β= `n n

 : 

 ( )
π

λ λ λ λ λ= = = = ≈ − → ∀ >1 2 3 4 n1.8751 ;   4.6941  ;   7.8547  ;   10.9955 ;   2n 1  n 4
2

 

The corresponding undamped natural frequency-angular are found by substituting the 

length of the beam to find each β and then : 

 ω β
ρ

= 2
nn

EI

S
  (7) 
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In the case of rectangular cantilever (one end clamped and the other one free), formula (8) 
gives the natural frequencies corresponding to the normal flexural modes of vibration of the 
beam (figure 4).  

 
2n n

e E
f α

ρ
=

`
   (8) 

with α λ
π

= 21

4 3
n n  and e the thickness of the beam. 

b

`

b

`

 

Figure 4. Description of the main geometrical parameters used in the computation 

4.2 Simulation with finite element method 

The purpose of this analysis is to find the transient response from an harmonic load with an 
excitation frequency in the range 10-1000 KHz. These frequency values are typically in the 
range of the resonance frequencies obtained by the analytical and experimental approaches. 
Finite element modelling (FEM) is particularly well-suited to numerically solve the 
mechanical equations.  
Adaptive meshing and re-meshing is used to tackle the problem of differing length scales. 
The 3D model makes use of an extruded triangular mesh. High-resolution solutions with 
minimum computation requirements are tracked. The mesh results in around 250 elements 
and 6000 degrees of freedom. The numerical model was defined, solved and analyzed in 
MATLAB using the script functions of COMSOL multiphysics (v3.4 with MEMS module) in 
conjunction with other in-house functions. 
The FEM method was applied to two models. The first one was the three dimensional 
geometry (FEM 3D). The second one is a 2D Plate model where the thickness of the planar 
structure is less than one tenth of its width. The forces are applied in the direction normal to 
the plate; the main deformation takes place in the out-of-plane direction. In thin plate 
theory, the transverse shear deformation is neglected. 

The default element type is quadratic Lagrange elements. They use second-order 
polynomials, which is often a good trade off between memory usage and accuracy. 
In table 1, we have reported the natural frequencies obtained on a rectangular micro-
cantilever. We have compared the results calculated with the formula (8), and those 
simulated by FEM (for the 2D Plate model and for the 3D model). As expected, a very good 
agreement is obtained between the three different approaches. 
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n Mode 
 

Analytic
(KHz) 

Plate 
model 

FEM 
3D 

1 

2 

3 

4 

5 

6 

7 

Longx 1 

Longx 2 

Longx 3 

Longy 1 

Torsional vib. 

Longx 4 

Longx 5 

16.4 

103,0 

288.5 

--- 

--- 

565.3 

934.5 

16.5 

103.5 

289.9 

--- 

531.9 

568.6 

940.9 

 16.5 

103.6 

290.1 

298.5 

531.2 

568.8 

941.2 

Table 1. Assignment of the first seven natural modes for a rectangular cantilever ( `  = 170 
µm, b = 10 µm, thickness e = 0,550 µm, Young’s modulus: 143 GPa) 

Figure 5 shows the deflection of the beam for the modes 2 and 3. 

 

  

ν2 = 103.6 KHz ν3 = 290.1 KHz 

Figure 5. Deformation shapes and corresponding frequencies for two natural vibration 
modes: n=2 and 3 (3D model). The boundaries display the total displacement; the black 
edges indicate the non-deformed beam geometry; and the white edges delineate the 
deformed geometry 

4.3 Experimental and modelling results on a rectangular beam 

By using the classical detection system of an atomic force microscope, we have measured the 
natural frequencies of a micro-cantilever, which is generally used in intermittent contact 
mode. A typical spectrum is presented in figure 6. We have also reported on the graph the 
simulated results (blue line). For the simulation, the thickness of the beam is constituted of 
430 nm of silicon and a thin film of gold (70 nm). In order to precisely mesh the structure, 
we have twice extruded the 2D geometry. 
A good agreement is observed between experimental and calculated frequencies. However, 
it is interesting to note that only one parameter was adjusted in this simulation: the 
thickness of the thin film of gold. Indeed, an accurate knowledge of this parameter is very 
difficult to obtain experimentally.  
This first part concerning the rectangular cantilevers is very important because it shows the 
ability of the COMSOL software to precisely calculate the frequencies of very thin films. 
Moreover, this fact is confirmed by comparing the classical analytical solutions with 
experimental measurements on bi-layers beams. 
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Figure 6. Experimental spectrum measured on a rectangular beam with the AFM set-up 
(Veeco Inst.). Underneath, we reported the FEM 3D simulated frequencies (blue line) 
(thickness 520 nm, E = 143 GPa, density = 4,800 kg/m3, mesh: de 1,024 extruded square 
elements) 

5. Natural frequencies of “V-shaped” micro-cantilevers 

In the case of “V” shaped cantilevers, no exact solution (analytic resolution) is known. As an 
alternative approach, FEM method is particularly useful to calculate the fundamental 
natural frequencies. In figure 7, we present two SEM images of two commercial AFM 
cantilevers. The left image correspond to the STS E type and the right to the STS F type.  
 

             

Figure 7. Examples of commercial AFM-cantilevers and definition of the main geometrical 
parameters used in FEM simulation. 

The main geometrical parameters have been measured using SEM microscope. These 
parameters are defined in figure 7 and numerical values are reported in table 2. In the same 
way, experimental and calculated frequencies are reported in table 2. 
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Figure 8. The 3D mesh produced by extruding a 2D triangular mesh, of very thin “V” 
shaped cantilever (STS F type) 

A particular attention has been devoted to mesh the geometry of our cantilevers. Indeed, it 
is well-known that very thin structures are very difficult to simulate by FEM. Thank to the 
mesh module of COMSOL Multiphysics, it is possible to extrude the meshes with a very 
thin thickness (figure 8). 
As an example, the computed deformations of the first six fundamental modes of the STS F 
type cantilever is presented in figure 9. 

 

  
Mode 1 : 28.7 KHz Mode 2 : 137.8 KHz Mode 3 : 152.9 KHz 

   

   
Mode 4 : 392.4 KHz Mode 5 : 393.6 KHz Mode 6 : 522.4 KHz 

Figure 9. Deformed shapes corresponding to the first six vibration modes of the “V-shaped” 
cantilever. (STS F type cantilever). Underneath, FEM calculated frequencies are reported 

A comparison between the natural frequencies measurements and the simulated frequencies 
is showed in figure 10. We have to point out that the amplitude of the first vibration mode is 
often very low with our experimental set-up. This amplitude is proportional to the slope of 
the free end of the beam but almost independent of the lateral deflection. In the simulations, 
the thickness of the micro-cantilever was the only adjusted parameter. 
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Figure 10. Experimental spectrum measured on a “V-shaped” micro-cantilever (STS C type). 
Underneath, the first five FEM calculated frequencies are reported 

 

Cantilever 
type 

L 
(µm) 

l 
(µm)

w 
(µm)

B 
(µm)

Thickness
(nm) 

Mode 
n 

Experimental 
frequency 

(KHz) 

Simulated 
frequency 

(KHz) 

Relative 
error 
(%) 

STS C 
 

323 235 21 227 680 

1 
2 
3 
4 
5 

- 
39.1 

107.5 
204.6 
334.0 

6.41 
38.8 
105.6 
203.6 
333.3 

- % 
0.7 % 
1.7 % 
0.4 % 
0.2 % 

STS D 225 133 21 158 700 
2 
3 

88.7 
233.2 

87.7 
234.4 

1.1 % 
0.5 % 

STS E 128 78 18 140 560 
2 
3 

193.4 
505.5 

194.7 
503.0 

0.8 % 
0.5 % 

Table 2. Measured and simulated resonance frequencies of different “V-shaped” cantilevers 

(Young modulus: 143 GPa, density = 4800 kg/m3) 

6. Natural frequencies of “V-shaped” coated cantilevers 

These cantilevers can be easily coated with organic or inorganic layers, which offer 
interesting anchoring points for further functionalizations. For example, thin films of N,N’-
diphenyl-1,4-phenylenediamine (B3) (purchased from Aldrich) were deposited on the 
backside of the cantilever by vacuum thermal evaporation (De Santana et al., 2006). Figure 
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11 presents the experimental frequency shifts of a cantilever coated with different 
thicknesses of B3, and the same cantilever in its uncoated state. 
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Figure 11. Resonance spectra of uncoated and organic layer - coated cantilever 

By using an home-made arrangement of plasma reactors, the surface of “V-shaped” 
cantilevers was coated with a thin layer of platinium. Prior to the metallization, these 
reactors were employed to remove dust particles. Then, by plasma sputtering without 
breaking the vacuum, a thin layer of platinium (between 5 and 20 nm) was deposited 
(Chaigneau et al., 2007). 
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Figure 12. Resonance spectra of uncoated and platinum-coated micro-cantilever 

A thin solid film of 10 nm of platinum was deposited onto a STS C type micro-cantilever. In 
figure 12, a significant frequency shift is observed for the coated cantilever (498.8 KHz) with 
respect to the frequency of the uncoated cantilever (518.0 KHz). 
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By taking into account the mass density and the deposited volume, a crude calculation 
indicates a mass change varying between 1.3 pg (platinum thickness of 5 nm) to 5.5 pg (20 
nm thick). 
Then, the finite element modelling can be used to evaluate the sensitivity of the used 
cantilever depending on the deposited thickness. 
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Figure 13. Relative variation of the resonance frequency as a function of the layer thickness 
of deposited platinium 

As an example, figure 13 shows the simulated values of the frequency shift as a function of 
the deposited layer thickness (which can be easily converted into added mass). The slope of 
this curve gives us the sensitivity of the modified cantilever. In future, such simulations 
could be used to predict the sensitivity for different cantilevers with various geometrical 
dimensions, as well as for different deposited layer thicknesses. 

7. Conclusion and prospects 

The AFM cantilevers offer interesting prospects as biological and chemical sensors with very 
high sensitivity. To allow the adsorption of chemical species on the functionalized surface of 
cantilevers, these cantilevers are previously coated with a thin film of gold or silver. The 
sensitivity of such sensors could be predicted from the modelling of these cantilevers. As the 
principle of detection is generally based on the measurement of the resonance frequency 
shift, it seems crucial to calculate the resonance frequencies of cantilevers. For complicate 
shapes of cantilevers, like V-shaped cantilevers, these resonance frequencies can only be 
obtained by using a finite element modelling. 
In this way, this chapter presents some results concerning the use of FEM to estimate the 
resonance frequencies of rectangular and V-shaped cantilevers. First of all, this approach 
was applied to rectangular micro-cantilevers to compare the analytical, experimental and 
FEM-computed values of the resonance frequencies. As expected, the frequencies 
determined by FEM approach were very close to those obtained experimentally or 
analytically. Then, the FEM method was employed to evaluate the frequencies of V-shaped 
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cantilevers, which can not be analytically calculated. By adapting the mesh parameters, a 
good agreement was obtained between the FEM-values and the experimental frequencies. 
In prospects, the same approach could be employed to predict the sensitivities of such 
cantilevers recovered with a sensitive layer. Moreover, an interesting use of finite element 
modelling would be to optimize the shape and the geometrical dimensions of these 
cantilevers for obtaining the best sensitivities and detection limits. 
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