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Locomotion of an Underactuated Biped Robot 
Using a Tail 

Fernando Juan Berenguer and Félix Monasterio-Huelin 
Universidad Europea de Madrid, Universidad Politécnica de Madrid 

Spain

1. Introduction  

At the present there exist a high number of commercial biped robots, generally humanoids, 
used within the area of service robotics, mainly in the field of exhibition and entertainment 
(Ambrose et al., 2006; Wahde & Pettersson, 2002). One of the main problems of these robots 
is their high power and energy consumption, which limits mainly their autonomy. It could 
be attributed to, for example, the high number of actuated joints (about 20), and also because 
the study of energy consumption is not often considered during the planning of movements. 
In addition, these systems require high precision in their motions and high frequency 
response.  
In order to solve these important problems there exist various solutions not used yet 
commercially, which are mainly based on the use of passive joints, thus reducing the 
number of actuated joints (Alexander, 2005; Collins et al., 2005; Kuo, 1999). The 
consumption of these systems is better optimized, although their control and planning 
require more complex schemes for the accomplishment of certain complex trajectories.  
The main aim of our research is the design of biped robots with passive joints that require 
low energy consumption. In particular our work is centred on the one hand, in studying the 
advantages and disadvantages of considering a tail as the main element that generates the 
motion, and on the other hand, in trying to reduce the energy consumption in two ways, by 
means of generating a smooth contact between the feet and the ground, with minimum loss 
of energy, and by using a spring mechanism to reduce the mechanical energy needed to 
obtain the oscillating motion of the tail. In addition, our present work focuses on the study 
of a biped mechanism of a simple design and construction, able to walk using only a single 
actuated joint. This is a low cost system, and its easy design and construction make it 
interesting for commercial and educational applications. 

2. About passive bipeds and bipeds with a tail 

The interaction between morphology and control is in the centre of the more recent research 
and debates in robotics. The main question is how to design a robot that exhibit a repertoire 
of behaviours. 
In the field of walking robots there are two main extreme approaches. Oldest focused on the 
intrinsic properties of the robot, leaving into the hands of control the task of achieving the 
desired movements. The more recent takes into account as a guiding principle, the O
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interaction with the environment in a cooperative manner. Both approaches have at the 
present, open and unresolved questions and problems. 
The main characteristic of (biped) walkers is the abrupt kinematic change between the aerial 
phase and the support phase. The main problem is how to achieve a rhythmical walk.  
Control centred approaches must generate exact trajectories to guide the robot from one to 
the next support, taking into account the stability region of the aerial phase. Normally the 
considered region is a pressure region which has a fictitious point (the Zero Moment Point, 
ZMP (Vukobratovic, 1969)) on the ground plane where the torques around the axes that 
define this plane are equal to zero. Expanding the ZMP concept to running biped robots is 
the natural continuation of this approach (Kajita et al., 2007). 
The discovery of self-stabilizing dynamic properties of passive mechanisms by McGeer 
(McGeer, 1990), opens the doors to the environmental (or dynamic) approach: a simple 
mechanism which can walk down a slope without control nor actuation. He takes into account 
the terrestrial gravity as the only interaction with the world, imposing two main principles: the 
conservation of mechanical energy and the conservation of angular momentum in the contact 
instant of the leg with the ground. From the second we obtain a constraint equation that, 
added to the dynamical equation, gives strict initial conditions for joint positions and joint 
velocities to achieve a stable walk. The result is a periodic gait: a limit cycle. Numerous biped 
robots have been developed following this property (Collins et al., 2005), showing the 
noteworthy energetic efficiency in contrast to the ZMP approach (Gomes & Ruina, 2005).  
This approach is related with those that make an explicit use of the behaviour emergence 
from the interaction of body and environment, that is, those that consider the self-
organizing properties of the nature. Behaviour-based robotic is an important engineering 
example (Pfeifer & Scheier, 1999) to understand sensory-motor coordination, or in general 
the perception-action relation. How to exploit the above-mentioned passive properties of 
biped robots with the incorporation of sensors is studied in (Iida & Pfeifer, 2006). 
In order to close this brief review, we need to mention biped robots with a tail. Almost none 
of the robots of this type make of the tail a functional element, but there are some 
exceptions. For example in (Takita et al., 2003) the tail and the neck are designed with the 
objective of stabilizing the robot walks. 

3. Mechanism model and gait description 

In this section the proposed model of the biped mechanism and the way it performs a gait 
are presented. We show the evolution of the kinematic model indicating its components and 
parameters, and we explain how this system is able to walk using only one actuator that 
moves a tail in an oscillating way. 

3.1 Mechanism model 

The walking mechanism consists of a light body, a tail connected to it, and two legs. Each 
leg is formed by a parallel link mechanism and a flat rectangular foot. The tail, with an 
almost horizontal displacement, works as a counterbalance and controls the movement of 
the biped. The kinematic model of the system is shown in Fig. 1 and it is a 3D biped model. 
This figure displays the masses of each independent link, and the main lengths involved in 
the design. We don’t consider in this work the link inertial moments for reducing the 
expression’s complexity and required parameters definition. 
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Figure 1. Model of the biped mechanism 

The mechanism has 11 joints. The joint connecting the tail to the body is actuated by an 
electric motor and it is the only actuated degree of freedom. Connecting the body to each leg 
are the top joints. Their rotation axis is normal to the frontal plane, so they allow the 
mechanism to raise a foot while both feet remain parallel to the ground. We define de 
parameter Btop as the friction coefficient at these joints. Finally, each parallel link mechanism 
has four joints, and we consider that in one of these joints (the ankle joint) there is a spring 

with friction. Both ankles systems have the same parameters values Kank, Bank and θ0ank,
which represent the stiffness, friction and equilibrium position in each ankle joint. Due to 
the characteristics of the parallel link mechanism, these four joints represent only one 
passive degree of freedom for each leg of the mechanism. 
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In summary, the model has four passive degrees of freedom and one actuated degree of 
freedom.

3.2 Gait description 

The tail of the robot moves in an almost horizontal plane. When tail is in a lateral position of 
the mechanism, its mass acts as a counterbalance and produces the rise of one of the feet. 
Then a step begins. We will define and describe here seven phases during a stride. Fig. 2 
shows these phases starting at an equilibrium position of the system with the tail in its 
central position. 

Figure 2. Phases during a stride 

Phase 1: Displacement of the tail to a lateral of the mechanism: Both springs hold the weight of 
the mechanism, and this one stays almost vertical. We use linear springs in Fig. 2 for a better 
understanding of their effect and because they have been used in the construction of our 
first real prototype Zappa that we will present in section 8.   
Phase 2: Rise of one foot and single support phase. When a foot rises, only one spring holds the 
body, so the stance leg falls forward to a new equilibrium position. In this phase, kinetic and 
potential energies are transformed into elastic energy and stored in the ankle springs. The 
swing leg moves forward as a pendulum.  
Phase 3: Contact of the swing leg with the ground. At this moment the greater kinetic energy 
losses are due to the collision. We must calibrate the mechanism trying to reduce the 
velocities at this moment and provide a smooth contact between the foot and the ground.  
Phase 4: Movement of the tail to the other side. In this double support phase, the projection of 
the centre of masses of the mechanism moves from one foot to the other. The body moves 
backwards to a position in which both springs generate opposing torques.   
Phase 5: Rise of the second foot. In this phase, the spring of the foot that is in the ground 
produces enough torque to take the body forward again. 
Phase 6: New contact of a swing leg with the ground. Same as phase 3. 
Phase 7: New displacement of the tail during a double support phase. If a new stride is desired, this 
phase represents returning to phase 1. If the tail stops in the middle position, the system will 
stay in a steady configuration with no energy cost. 
The mechanism is able to walk forward, and if the tail is passed to the frontal side, then it 
also walks backwards. In (Berenguer&Monasterio, 2006), we show how this biped can also 
turn by means of small amplitude periodic motions of the tail and by sliding it’s feet, but 
this motion results in a few elegant turning method. Turn can be achieved by adding a new 
joint in each leg and performing stable rise of the feet. We will see in the next section that 
this model has this last capability.  

Phase 1 Phase 2 Phase 3 Phase 4 Phase 5 Phase 6 Phase 7 
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4. Necessary conditions for generating the gait 

At low stride frequencies, basically the mechanism walks if it is able to rise its feet, move 
forward its body, and maintain its centre of gravity (CoG) into the support area. So, in this 
section we analyze the necessary conditions to reach these three characteristics. These 
conditions allow designing the tail in order to obtain a stable rise of the feet, and on the 
other hand, they establish the procedure for selecting the ankle parameters of the system to 
obtain the advance of the robot. The displacement of the system’s CoG will be also 
introduced in this section because it determines the necessary support area during walking 
and therefore the required minimum size of the feet. We will consider static and quasi-static 
cases, we mean, we will not consider the velocities effects or overshoots in oscillating 
motions, so the conclusions are valid at low velocities and for over-damped spring systems. 

4.1 Design of the tail for a stable rise of the foot 

The weight of the tail and its length must be such that the body and a leg could rise under a 
certain condition. When a leg rises, it is desirable that it reaches a steady state so that the 
control of the mechanism is simpler. The passive top joints will allow rising of a foot with no 
need to incline laterally the stance leg. Fig. 3 shows two situations from a frontal view of the 
mechanism. In (a), the foot does not rise, and in (b), the foot is raised. The parameter Mleg is 
the total mass of one leg. The Dtail parameter represents a downwards displacement of the 
centre of masses of the tail and the htail parameter stays upwards in the model for its 
identification in a real system, because it allows the tail motion without collision with the 
legs. 

Figure 3. a) Double support configuration, b) Configuration with a raised foot 

To produce the rise of the foot, the moment of the gravitational force on the tail mass must 
be greater than the moments of the gravitational forces on both the body mass and the mass 
of one leg. This condition leads to the following expression: 

( ) ( )legbodytailtailtail M2MddL)qsin(M +>−  (1) 

Here qtail is the position of the tail joint, and its value is 0 radians when the tail is centred 

and ±π/2 radians when it is in a maximum lateral position. From (1), if the mass of the tail 
(Mtail) is known, the minimum length of the tail required to raise the foot is given by: 

Mbody

Mleg

Mtail

qtail

2d

Ltailsin(qtail)

α
htail

Dtail

a) b)



Bioinspiration and Robotics: Walking and Climbing Robots 20

+
+=

tail

legbody

tail
M

M2M
1dL  (2) 

When condition (1) is satisfied, if the body has an inclination angle α, and the joint of the tail 
is in a fixed position (qtail), the moments at the top joint due to the tail and the body&leg set 
are respectively: 

( )( )
( ) )cos(gdM2MMt

)cos()dL)qsin(()sin(DhgMMt

legbodyleg&body

tailtailtailtailtailtail

α+=

α−+α−=  (3) 

Using (1), we deduce that if htail>Dtail, then Mttail>Mtbody&leg for any inclination α, and 
therefore the system is in an unstable configuration. We analysed this case in 
(Berenguer&Monasterio, 2006), and it was necessary to use an adjustable friction coefficient 
Btop in the top joints for controlling the biped movements.  

If htail<Dtail, then there exists an inclination α0, so that Mttail=Mtbody&leg, and if there is friction 

in the top joints, α0 represents a stable equilibrium inclination angle of the body.  

From (3) the Dtail value needed for a desired α0, when the tail is fixed in a position qtail, is 
given by:   

( )
)(tgM

L)qsin(MdMM2M
hD

0tail

tailtailtailtaillegbody

tailtail
α

−++
−=  (4) 

Some of the important advantages that using a stable inclination angle provides are the 
following ones: 

• We can consider the top joints as passive joints with negligible friction. In the 
theoretical model and simulations, a parameter in the design disappears, since now we 
consider the friction in the top joints negligible (Btop 0).

• The inclination of the body depends now on the position of the tail and goes through 
successive stable states.  

• The length of a single support phase is not limited in time. It allows the system to 
remain with a foot raised during an indefinite time.  

• The yaw turn of the mechanism can be reached during a single support phase by 
adding new joints in the feet or the hip of the mechanism.  

• It is possible to vary the speed of advance in a stable form by changing the oscillation 
frequency of the tail, with no need to consider the length of the single support phase. 

4.2 Design of the springs and friction at the ankle joints 

If the ankles equilibrium position (θ0ank) is zero and stable, then, when the mechanism rise a 
foot due to slow tail oscillation, the body and the legs don’t move in the forward direction 
and the mechanism doesn’t advance. It is necessary that the ankle equilibrium position will 
be different from zero in this case. Afterwards, in section 5, we will see that at higher tail 
oscillation frequencies, the tail produces a force in the X direction over the body that 

generates the body oscillation and allows the system to walk even with θ0ank equals to zero. 
We present now a theoretical approach for the selection of the parameters that define the 
springs and friction at the ankle joints of the mechanism. For this purpose we analyze the 
configuration of the system at the moment of contact between the foot in the air and the 
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ground, that is, phases 3 and 6 shown in Figure 2. If this configuration is an equilibrium 
state for both legs, and is reached without overshoot at the moment at which the inclination 
velocity of the body is null, then the kinetic energy losses in the collision will be minimum. 
In order to obtain simple expressions for the design, we consider the system decoupled into 
two parts: The swing leg as a pendulum with parallel links (Figure 4.a), and the stance leg as 
a parallel link system fixed to the ground (Figure 4.b). 

Figure 4. (a) Pendulum model, (b) parallel link system model 

The angles θa and θb in Figure 4 are the generalized coordinates that represent the degree of 
freedom of each system. We suppose that the joint where the angle is showed in both 
systems, is the ankle joint of each leg, and a spring with friction exists which generates a 

torque τ following a classic linear model, given by expression (5). In this expression θ is the 

position of the joint, θ0ank is the equilibrium position of the spring, Kank is the spring 
constant, and Bank is the friction coefficient. 

θ−θ−θ−=τ ankank0ank B)(K  (5) 

The equations of motion that we obtain for these two systems, and the values that we assign 

to angles θa and θb, based on the desired step length, will allow us to select the spring 
parameters.
We use the Euler-Lagrange method to derive the equations of motion. For the system in 
Figure 4.a, Kinetic energy Ta and potential energy Va (with respect to the position of the foot 

when θa=0rad) are given by: 
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In (6), v1 and v2 are the magnitude of vectors v1 and v2 shown in the Figure 4.a. Jbar,a is the 
moment of inertia of each vertical parallel bar, with respect to the rotation axis of a lower 
joint. We have defined for greater clarity the constants Ja, Ga and Ca, and their values are: 
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In the same way, the energies for the system in Figure 4.b are: 
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The parameter h1 is the height of the mass M1 relative to the upper joints, and since it does 
not affect the behaviour of the system, we do not calculate its value here. Now, Jbar,b is the 
moment of inertia of each parallel bar, with respect to the rotation axis of an upper joint. 
Applying the Euler-Lagrange equation to the lagrangian (L = T - V) in each case, and using 
(5), we obtain the equations of motion for these systems: 

aankank0aankaaaa B)(K)sin(GJ θ−θ−θ−=θ+θ  (12) 

bankank0bankbbbb B)(K)sin(GJ θ−θ−θ−=θ−θ  (13) 

If both systems are in an equilibrium configuration, the two following equations will be 
fulfilled together: 

0)sin(G)(K aaank0aank =θ+θ−θ  (14) 

0)sin(G)(K bbank0bank =θ−θ−θ  (15) 

Once fixed the values of θa and θb, we calculate the values of Kank and θ0ank for the springs 
with the next equations: 
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K
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ank
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For obtaining a θ0ank value different from zero, θa must be a small negative angle different 

from zero, -0.01rad for example. Once selected θa, the relation between the step length (Lstep)

and the necessary angle θb is given by: 
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θ−−=θ )sin(
L

L
arcsin a

bar

step

b
 (18) 

Finally, if we linearize equation (13), and compare the result with a second order system 
equation, we find that the necessary value of Bank to obtain critical damping is: 

bbankank J)GK(2B −=  (19) 

When the contact takes place, the top joints of the legs will be at different height and the 

body will have an inclination α (defined in Figure 3.b). The minimum inclination module 

|αmin| that the body must reach for obtaining a desired configuration at contact instant is 
given by Equation (20).  

( )θ−θ
=α

d2

)cos()cos(L
arcsin babar

min
 (20) 

4.3 Approximation of the Center of Gravity projection trajectory  

In this quasi-static study, we can obtain an estimation of the necessary support area during 
walking, and the minimum required feet size, by means of approximating the Centre of 
Gravity (CoG) projection trajectory instead of the Zero Moment Point (ZMP) trajectory. 
For this approximation we will assume that the tail moves side to side only when the body 
is in a central position between both feet, during a double support phase (Phase 4 in figure 

2), and the tail stands in a lateral position (qtail=±π/2) the rest of time, during the double and 
single support phases (Phases 5 and 6 in figure 2). For additional simplicity, we assume that 
legs and feet are massless, and the body center of masses is located at the tail-joint axis. 
In the first case, because only the tail mass moves, the CoG describes a circumference arc 
with radius R1 given by: 

tail
total

tail
1 L

M

M
R =  (21) 

Next, when the central body moves forward and backward, the CoG describes a straight line 
parallel to the body trajectory, with maximum length equal to the body crossed distance. 
This length is approximately 3/2 of the step length (Lstep) and depends on the body, legs and 
feet masses. Then, during a stride starting with the tail in its central position and both feet 
on the ground, an approximation of the CoG trajectory is shown in figure 5.  

Figure 5. Approximation of the CoG trajectory during a stride 
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The required length of the feet in the X direction is given by R1+3/2Lstep and the distance 
between the outside of the feet must be at least 2R1. We can establish that this biped 
mechanism needs a relatively large support area and feet length that depends mainly on the 
tail length and mass, and on the desired step length. 

5. Study of the system behaviour with oscillation frequency variation 

This section focuses on studying the effect of increasing the oscillation frequency that allows 
the mechanism to increase its speed. We will see how the conditions of the previous section 
are modified by means of analyzing a simpler system, a horizontal pendulum with 
rotational actuated joint. 

5.1 ZMP trajectory and generated forces at the tail joint axis

We can obtain important information about the effect of the tail over the mechanism 
behaviour when the oscillating frequency increases, by studying the system shown in figure 
6. This is a two-links mechanism with only one joint (the tail joint), and this mechanism is 
not attached to the ground, but we assume that it has the necessary support area for a stable 
motion over a frequencies’ range. We want to focus the attention in two main aspects when 
the tail moves in an oscillating manner: The variation of the ZMP trajectory over the support 
area, and the force in the X direction (the advance direction in the biped case) that the tail 
produces at the joint axis and at the body mass mb. First, we introduce the kinematics, 
dynamics y ZMP equations for this system, and then we will analyze them. 

Figure 6. Horizontal pendulum: a) Top view, b) Sagittal view 

The kinematic equations that relate the tail mass motion with the joint position are the 
following ones: 
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We obtain the dynamic equation by means of Newton-Euler Method. These equations 
provide the force f(t) that the tail exerts over the joint axis and body mass, and on the other 

hand, the needed joint torque τ(t) to produce a desired trajectory q(t).  
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 Parameters mt and Ity are the tail mass and Y-component of the inertial moment 
respectively. The total mass of this system is M=mt+mb, and the CoG is given by: 

[ ]Tt ))t(qsin(0))t(qcos(
M
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The general expression for the ZMP for an n-link system is (Vukobratovic et al., 1990): 
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In the case of our simple pendulum, the ZMP vector is reduced to the expression 27, and we 
can see that it depends on three terms: a gravitational term, a centripetal term and an inertial 
term.
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We analyze now these magnitudes when the mass mt moves from one side of X axis to the 

other one. We consider that q(t) oscillates between the values of –π/2 and π/2, given this 
trajectory by a periodic function (a sinusoidal or triangular function, as an example). If this 
trajectory is symmetric, then at q(t)=0 radians, the joint velocity modulus will be maximum 

and the acceleration will be zero. At the trajectory limits q(t) =±π/2, when the joint changes 
its motion direction, the velocity will be zero, and the acceleration modulus will reach a 
maximum. 
Using (23), we can see that when q(t) is within one of these limits, the force f is in the 
positive X direction, proportional to the acceleration, and tries to push the mb mass in this 
positive direction. When the joint passes through the centre position q(t)=0, this force is in 
the negative X direction, proportional to the square of the joint velocity, and pushes the 
mass mb in this negative direction. The magnitude of the fx component thus varies in a 
periodic fashion with and oscillation frequency being twice the joint frequency.  
Using now (25) and (27), the CoG always describes a circumference arc, while the ZMP will 
describe a trajectory depending on the joint trajectory selected. In the least case we can 
observe that the maximum and minimum values of the component zmpx, which define the 
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minimum required length of the support area in this direction, are obtained by considering 
the velocity at the instant of q(t)=0 and the acceleration when the joint is in its extreme 
limits. These values are independent of the trajectory shape, while the maximum values in 
the zmpz component will depend on the shape of the joint trajectory. 
Since we mainly use sinusoidal trajectories in our biped system, we show in figure 7 the X 
component of the force f and the CoG and ZMP trajectories, for sinusoidal trajectories with 
frequencies 0.1, 0.2, 0.3, 0.4 and 0.5 Hz, given by (28), and considering masses and lengths 
values equal to 1 (mt=mb=L=H=1) in expressions (23), (25) and (27). We can observe how the 
component fx, and also the maximum values of the ZMP components that define the 
necessary support area, grow in a way proportional to the square of the joint oscillation 

frequency ω.

);tsin(A)t(q);tcos(A)t(q);tsin(A)t(q 2 ωω−=ωω=ω=  (28) 
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Figure 7. a) fx component and b) ZMP and CoG for frequencies between 0,1Hz and 0,5Hz  

5.2 Tail effect over an oscillating system 

Now we consider a lower passive system that is able to oscillate in the X direction, just like 
our biped mechanism. In this case, the force exerted by the tail over the axis joint may be 
enough for producing the system oscillation, and in the biped case, the robot will be able to 
walk without the gravity effect shown in section 3, which we obtain using an equilibrium 
ankle position different from zero. In section 7 we will show the behaviour of the biped 
mechanism when the tail follows a sweep sinusoid (chirp function) (Berenguer & 
Monasterio, 2007) and the ankle joint equilibrium positions are zero. This study also allows 
to the observation of a designed system, its characteristics and behaviour over different 
frequencies: stability, periodicity, step length, consumption, etc. 
The ZMP displacement will be affected by velocities and accelerations of the oscillating 
passive system, mainly in the X direction component, depending on the step length and 
collision magnitude at each frequency. The Z component will be almost the same as is 
estimated using (27) and allows to select the length of the support area and feet in the Z 
direction. 

a) b)
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6. Power and energy consumption study 

In this section we present solutions to reduce the power consumption of the system. On the 
one hand, we try to obtain a smooth contact between the feet and the ground in order to 
reduce the kinetic energy losses at the collisions. On the other hand, we will consider the 
design of a spring system at the tail joint to allow the robot to produce the tail oscillation 
with low power consumption. Let us remember that one of our main objectives is to obtain a 
periodic gait that can be maintained with minimum energy cost. 

6.1 Smooth contact between the feet and the ground 

In order to reach this objective we adjust the system parameters trying to reduce the foot 
velocity of the swing leg near zero at the contact instant. This velocity reduction involves 
less kinetic energy losses, and is obtained by means of reducing velocities of both ankle 
joints and the inclination velocity of the body at the same instant.  
Ankle joint velocity will be zero if the joint is in a stable equilibrium state or if the joint 
oscillation is in a maximum position. The first situation is obtained easily for the swing leg 
by means of adjusting the friction coefficient Bank. In the case of the stance leg, this first 
situation requires high friction, and we search the second option by adjusting the Kank and 

θ0ank spring parameters. In addition, this second option produces a longer step, compared to 
the first one, and less energy dissipation due to joint friction.  

On the other hand, the inclination velocity of the body will be zero if the inclination angle α
is reached at stable or a maximum position. That depends on the tail joint oscillation 
frequency and trajectory shape, and also on the top joint friction. Because we assumed this 
friction to be negligible, we try to adjust the trajectory amplitude so that the velocity is near 
zero when the angle reaches its maximum.  
In the case of a real robot, it is important to mention that although the ankle parameters are 
mechanical parameters whose adjustment is not made by software, mechanisms like 
MACCEPA (Van Ham et al., 2006) allow for adjustment of the equilibrium position and the 
spring constant of this type of joints in real time. The parameter Bank should be adjustable 
once for different gaits.  

6.2 Adding a spring to the tail joint 

The oscillatory motion of the tail requires high energy consumption if only one electric 
motor is used, since this motion involves successive accelerations and decelerations. In 
(Berenguer & Monasterio, 2006) we proposed adding a torsional spring to the tail joint that 
collaborates in performing this motion. The spring constant was selected by trial and error. 
In this work we propose to use the relation between torque and position of the tail without 
spring for selecting the stiffness using the slope of the line that fits this curve. 
As an example, figure 8 shows the torque and position relation in the case of the last result 
presented in (Berenguer & Monasterio, 2007b), that will be our comparative experiment in 
the simulation results presented in section 7. 
Figure 8.a presents both magnitudes versus time and we can see how the torque is quite 
different with respect to an unperturbed linear spring (sinusoidal torque). Figure 8.b shows 
torque versus joint position during eight strides and we can observe the nonlinearity of this 
relation and the phase shift between both signals (remember Lissajous curves). This figure 
also shows the line that fits the closed curve which expression is given by (29). The first 
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coefficient of this line equation is used as the stiffness parameter of the tail spring used in 
the simulation in next section. 

-5
tail 103.931)t(q0.03507)t( ⋅+−=τ  (29) 
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Figure 8. a) Joint position and torque vs. time, b) Joint torque vs. joint position and fitted line 

7. Simulated models, tools and results 

This section starts presenting the biped model parameters used in our simulations and the 
model of contact forces with the ground. Next we show the simulation environment and 
tools and finally the results of two experiments, one of them considers a low oscillation 
frequency of the tail, and the other one using a chirp function as the reference signal of the 
tail joint. The aim of this section is to show an example of the concepts and results in the 
previous sections.  

7.1 Biped mechanism model parameters  

The kinematic parameters and masses presented in table 1 are used in the simulations and 
in previous works (Berenguer & Monasterio, 2006 and 2007b). Their meaning is shown in 
figure 1. The simulated biped model is 460 mm tall, and its weight is 2050 gr. 

 Model Parameters 

Name Value Name Value Name Value 

Mbody 50.0gr Ladv 0.0mm htop 30.0mm 

Mtop 50.0gr Lbar 400.0mm hbar 200.0mm 

Mbar 200.0gr Lfoot 10.0mm hfoot 5.0mm 

Mfoot 200.0gr Ltail 150.0mm htail 20.0mm 

Mleg 650.0gr d 50.0mm ---- ---- 

Mtail 700.0gr MT 2050.0gr HT 460.0mm 

Table 1. Biped model parameters used in simulations 

a) b)
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7.2 Estimation of the Ground Reaction Force and ZMP 

We consider as contact points pi between the biped and the ground, the four corners of the 
area of each foot, and for each contact point, the ground reaction force (fi) is simulated using 
(30). Fig. 9 shows the XYZ directions and an example of vectors fi, pi and the velocity vi of pi.
We assume that the ground is flat with no slope at the height y=0. 
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Figure 9.  Ground reaction force at a foot contact point pi

In this model, when the contact point goes into the ground, there is friction in the Y 
direction. When it tries to take-off, there is no friction in this direction. 
The sum of the vertical components fiy of the eight contact points, equation (31), defines the 
vertical component FTY of the total ground reaction force FT, and its average distribution of 
the position on XZ plane, equation (32), defines the position of the ZMP. 

=

=
8

1i

iyTY fF  (31) 

TY

8

1i

iyiz

z
TY

8

1i

iyix

x
F

fp

zmp;
F

fp

zmp == ==  (32) 

7.3 Simulation environment 

The system has been programmed using Matlab and SimMechanics Toolbox of Simulink. 
The main system and subsystems are the following:  

• Main system: This system represents the complete model and environment (ground 
contact) and is shown in Figure 10. Functional Simulink blocks represent links, joints, 
springs with friction and the ground and tail subsystems. Sensor and scope blocks are 
used for data record. 

Y

X

Z

ground

fi=(fix fiy fiz)T

vi=(vix viy viz)T

contact point 
pi=(pix piy piz)T
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• Tail subsystem: Shown in figure 11, it contains besides the joint and link blocks, the tail 
reference trajectory, the joint control and the tail spring blocks. Blocks on the right side 
are used to estimate the mechanical power (product of joint torque and angular velocity 
of the tail) and the integral of its absolute value, represents the (mechanical) energy 
provided by the actuator and the total energy consumption of the overall system. 

• Ground model contact subsystem: This subsystem (Figure 12) simulates the ground by 
means of equation (30) at each contact point and estimates the normal ground reaction 
force FTY and the ZMP coordinates using (31) and (32). This subsystem also provides the 
position of each foot corner in the Y direction, which allows us to observe when the foot 
leaves the ground and also the foot elevation during walking. 

Figure 10. Main Simulink system that represent the simulated biped model and its 
environment
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Figure 11. Blocks and signals into the Tail subsystem 

Figure 12. Ground contact model subsystem 

7.4 Simulation results at low frequency 

This section presents simulation results using a sinusoidal reference trajectory for the tail 
joint at 0.1Hz constant frequency given by expression (33), and adding a torsional spring to 
this joint with the constant Ktail=0.03507 from (29). The amplitude of the reference signal and 
the ankle joint springs parameters have been adjusted in order to reduce the normal reaction 
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force of the ground at contact instant. The values of these parameters are presented in Table 
2.
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ωs

(rad/s)

Atail

(rad)
Ktail

(Nm/rad)
Kank

(Nm/rad)
Bank

(Nms/rad)
θ0ank

(rad)

Foot size 
(mm2)

0.2π 1.49 0.03507 8.4 0.4 -0.038 200x85 

Table 2. Parameters in the first experiment at 0,1Hz stride frequency 

The aim of these results is to give an overview of the general behaviour of the mechanism, 
and on the other hand, to compare the consumption results with our previous results 
presented in (Berenguer & Monasterio, 2007b), using the same model without the torsional 
spring at the tail joint. 
We start analyzing the tail behaviour. Figure 13.a shows the reference signal given by (33), 
the trajectory of the tail qtail(t), and the tracking error. We use a PD control with gains KP=1
and KD=0.5 instead of a proportional control, because it provides smoothness to all joints 
motions, including the passive joints (Berenguer & Monasterio, 2007b). Figure 13.b shows 
the joint torque versus qtail(t), and if we compare it with figure 8.b, we can observe the effect 
of the tail spring in the exerted joint torque. 
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Figure 13. a) Constant frequency reference trajectory for the tail joint, performed trajectory 
and error signal; b) Joint toque vs. joint position 

Next we present the ankle’s joint behaviour. Figures 14.a and 14.b show the ankle positions 
and velocities of both legs during a stride. In the second one the double support phase 
corresponds to the overlapping of both velocities, while in the single support phase the leg 
velocities are different.  

a) b)
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Figure 14. a) Ankle joint positions and b) velocities; c) Right leg phase diagram 

The velocity of the swing leg easily reaches the zero value, and the velocity of the stance leg 
has a value near -0.2rad/s at the contact instant. Figure 14.c shows the phase diagram of the 
right leg during the eight strides between instants t=20s and t=100s, so we can evaluate the 
periodicity of the gait. We can also identify in this figure the double support phases (they 
have the same shape), and when the leg is the stance leg and the swing leg.  
Now we analyze the body inclination velocity and the contact with the ground. Figure 15 
shows this velocity and the normal component of the ground reaction force FTY. This last 
magnitude is a measure of the smoothness of the contact and we can see its variation with 
respect to the value due to the weight of the robot (near 20N) at the collision instant.  
Figure 16.a shows the ZMP displacement during one stride between instants t=90s and 
t=100s. This ZMP trajectory is similar to the CoG trajectory presented in section 4.3 (Figure 
5), but we can also notice here the effect of the collision that generates a peak in the forward 
X direction. The short length of this collision effect is better observed in figure 16.b. 
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Figure 15. a) Inclination angle velocity and b) normal component of the ground reaction 
force

Finally, figure 17 shows the body position in the X direction and the mechanical energy 
consumed by the tail joint. This figure presents the results of the simulations together with 
the last results in (Berenguer & Monasterio, 2007b). In that work, without a tail spring, the 

only different parameters were Atail=1.443rad and θ0ank=0.036rad. The main result from the 
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comparison of both experiments is that using a tail spring we can reduce the consumption 
without reducing the crossed distance. In the presented example, the energy consumption 
reduces in 10.68% and the crossed distance increases in 3.4%. 
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Figure 16. a) ZMP displacement and b) X component of the ZMP during one stride 
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Figure 17. a) Body position and b) mechanical energy consumption 

7.5 System behaviour variation with frequency 

Now we present simulation results when the frequency of the tail trajectory varies its 
oscillation frequency. We use the biped model again without the tail spring (Ktail=0), and in 

this simulation the equilibrium ankle positions are zero (θ0ank=0), and therefore, if the biped 
walks, it is due to the force exerted in the forward direction by the tail motion. The tail 

trajectory is given by (34) and has amplitude π/2. Also the feet area was enlarged to 
300x185mm2 to ensure a stable gait at all frequencies. The tail trajectory is shown in Figure 
18.a, and its oscillation frequency varies from 0 to 0,5Hz in 150 seconds. The distance walked 
and mechanical energy consumption are shown in figure 18.b. 
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Figure 18. a) Tail joint reference trajectory and, b) body position and energy consumption 

The biped performs its first step at t=20s, when the instantaneous frequency is 0.067Hz, and 
the longest steps (Lstep=60mm) are obtained between times t=94s and t=114s, corresponding 
to frequencies 0.31Hz and 0.38Hz. We also notice that after t=125s (0.42Hz), the gait losses 
its periodic behaviour partially. 
Finally, figure 19 shows both ZMP components versus time. We can see the effect of 
collisions with the feet and the ground, and in the Z component case, how its amplitude 
grows with frequency. 
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Figure 19. ZMP trajectory: zmpx and zmpz components versus time 

8. Real prototype robot Zappa 

We built the biped prototype Zappa following our kinematic model. The first version was 
presented in (Berenguer & Monasterio, 2006), and now we present a new version based on 
the results in this work. Figure 20 shows both versions of Zappa. The main mechanical 
modifications are the following ones: the tail location is now below the top joints, the top 
joints are made up using hinges and the feet have been enlarged in the forward direction. 

a)

b)



Bioinspiration and Robotics: Walking and Climbing Robots 36

Figure 20. a) First and b) second versions of the robot prototype Zappa 

The electronic components are a commercial microcontroller card with a PIC16F877A, a 
communication Bluetooth module eb500 and a commercial RC servo (max. 180º rotation). 
The prototype is powered by a 9V battery (170mAh approx. – 6LR type) that supplies all 
electrical power and all the electronics components are distributed in the tail, as shown in 
Figure 20. Figure 21 shows Zappa robot performing a stride in 4.56 seconds. Time instants 
are indicated in each photo. 

Figure 21. Biped prototype Zappa performing two steps 

9. Summary, conclusions and future work 

We have presented in this work a biped mechanism of easy design and construction that is 
able to walk with only one actuator. The system is attractive for educational and commercial 
applications due to the simplicity of the applied concepts. In order to reduce the energy 
consumption of this system, an important problem in actuated bipedal locomotion, we aim 
for a gait with smooth contact between feet and ground, reduce the joints friction and 
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include an additional torsional spring to reduce the needed torques at the actuated tail joint. 
This system walks thanks to a combination of the gravitational force and the force exerted 
by the tail joint over the body and legs. The resulting biped represents a system half way 
between traditional actuated biped robots and dynamic passive robots. We have also built a 
low cost biped prototype that validates our model and shows the simplicity and the 
minimum number of required components.  
Future work will be focused on improving the model, by means of adding new joints at the 
feet and knees; improving the prototype, by means of equipping Zappa with sensors (Force 
sensors, encoders, accelerometer and compass for example); and the design and 
implementation of an adaptive scheme that will allow the robot to adjust its parameters in 
real time and search for optimal gaits. We will consider also new situations such as walking 
down a slope, on one hand, which will allow us to compare this model with pure passive 
biped mechanisms, and on the other hand, the existence of obstacles and holes that impose 
non periodic gait and dynamical variation of the step length. 
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