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A Complete Family of Kinematically-Simple Joint Layouts:
Layout Models, Associated Displacement
Problem Solutions and Applications

Scott Nokleby and Ron Podhorodeski

1. Introduction

Podhorodeski and Pittens (1992, 1994) and Podhorodeski (1992) defined a ki-
nematically-simple (KS) layout as a manipulator layout that incorporates a
spherical group of joints at the wrist with a main-arm comprised of success-
fully parallel or perpendicular joints with no unnecessary offsets or link
lengths between joints. Having a spherical group of joints within the layouts
ensures, as demonstrated by Pieper (1968), that a closed-form solution for the
inverse displacement problem exists.

Using the notation of possible joint axes directions shown in Figure 1 and ar-
guments of kinematic equivalency and mobility of the layouts, Podhorodeski
and Pittens (1992, 1994) showed that there are only five unique, revolute-only,
main-arm joint layouts representative of all layouts belonging to the KS family.
These layouts have joint directions CBE, CAE, BCE, BEF, and AEF and are de-
noted KS 1 to 5 in Figure 2.
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Figure 1. Possible Joint Directions for the KS Family of Layouts

Source: Industrial-Robotics-Theory-Modelling-Control, ISBN 3-86611-285-8, pp. 964, ARS/plV, Germany, December 2006, Edited by: Sam Cubero
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Figure 2. KS Family of Joint Layouts

Podhorodeski (1992) extended the work of Podhorodeski and Pittens (1992,
1994) to include prismatic joints in the layouts. Podhorodeski (1992) con-
cluded that there are 17 layouts belonging to the KS family: five layouts com-
prised of three revolute joints; nine layouts comprised of two revolute joints
and one prismatic joint; two layouts comprised of one revolute joint and two
prismatic joints; and one layout comprised of three prismatic joints. However,
four of the layouts comprised of two revolute joints and one prismatic joint
(layouts he denotes AAE, AAF, ABF, and BAE) are not kinematically simple,
by the definition set out in this chapter, due to an unnecessary offset existing
between the second and third joints.
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Yang et al. (2001) used the concepts developed by Podhorodeski and Pittens
(1992, 1994) to attempt to generate all unique KS layouts comprised of two
revolute joints and one prismatic joint. The authors identified eight layouts.
Of these eight layouts, five layouts (the layouts they denote CAE, CAF, CBF,
CFE, and CCE) are not kinematically simple, as defined in this chapter, in that
they incorporate unnecessary offsets and one layout (the layout they denote
CBE) is not capable of spatial motion.

The purpose of this chapter is to clarify which joint layouts comprised of a
combination of revolute and/or prismatic joints belong to the KS family. The
chapter first identifies all layouts belonging to the KS family. Zero-
displacement diagrams and Denavit and Hartenberg (D&H) parameters (1955)
used to model the layouts are presented. The complete forward and inverse
displacement solutions for the KS family of layouts are shown. The applica-
tion of the KS family of joint layouts and the application of the presented for-
ward and inverse displacement solutions to both serial and parallel manipula-
tors is discussed.

2. The Kinematically-Simple Family of Joint Layouts

The possible layouts can be divided into four groups: layouts with three revo-
lute joints; layouts with two revolute joints and one prismatic joint; layouts
with one revolute joint and two prismatic joints; and layouts with three pris-
matic joints.

2.1 Layouts with Three Revolute Joints

Using arguments of kinematic equivalency and motion capability, Podhorode-
ski and Pittens (1992, 1994) identified five unique KS layouts representative of
all layouts comprised of three revolute joints. Referring to Figure 1, the joint
directions for these layouts can be represented by the axes directions CBE,
CAE, BCE, BEF, and AEF, and are illustrated as KS 1 to 5 in Figure 2, respec-
tively.

Fundamentally degenerate layouts occur when either the three axes of the
main arm intersect to form a spherical group (see Figure 3a) or when the axis
of the final revolute joint intersects the spherical group at the wrist (see Figure
3b), i.e., the axis of the third joint is in the D direction of Figure 1. Note that for
any KS layout, if the third joint is a revolute joint, the axis of the joint cannot
intersect the spherical group at the wrist or the layout will be incapable of fully
spatial motion.
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(a) Layout CBF  (b) Layout CBD

Figure 3. Examples of the Two Types of Degenerate Revolute-Revolute-Revolute Lay-
outs

2.2 Layouts with Two Revolute Joints and One Prismatic Joint

Layouts consisting of two revolute joints and one prismatic joint can take on
three forms: prismatic-revolute-revolute; revolute-revolute-prismatic; and
revolute-prismatic-revolute.

2.2.1 Prismatic-Revolute-Revolute Layouts

For a prismatic-revolute-revolute layout to belong to the KS family, either the
two revolute joints will be perpendicular to one another or the two revolute
joints will be parallel to one another. If the two revolute joints are perpendicu-
lar to one another, then the two axes must intersect to form a pointer, other-
wise an unnecessary offset would exist between the two joints and the layout
would not be kinematically simple. The prismatic-pointer layout can be repre-
sented by the axes directions CCE and is illustrated as KS 6 in Figure 2.

For the case where the two revolute joints are parallel to one another, in order
to achieve full spatial motion, the axes of the revolute joints must also be paral-
lel to the axis of the prismatic joint. If the axes of the revolute joints were per-
pendicular to the axis of the prismatic joint, the main-arm's ability to move the
centre of the spherical group would be restricted to motion in a plane, i.e.,
fundamentally degenerate. In addition, a necessary link length must exist be-
tween the two revolute joints. The axes for this layout can be represented with
the directions BBE and the layout is illustrated as KS 7 in Figure 2.

2.2.2 Revolute-Revolute-Prismatic Layouts

For a revolute-revolute-prismatic layout to belong to the KS family, either the
two revolute joints will be perpendicular to one another or the two revolute
joints will be parallel to one another. If the two revolute joints are perpendicu-
lar to one another, then the two axes must intersect to form a pointer, other-
wise an unnecessary offset would exist between the two joints and the layout
would not be kinematically simple. The pointer-prismatic layout can be repre-
sented by the axes directions CED and is illustrated as KS 8 in Figure 2.
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For the case where the two revolute joints are parallel to one another, the axes
of the revolute joints must also be parallel to the axis of the prismatic joint. In
addition, a necessary link length must exist between the two revolute joints.
The axes for this layout can be represented with the directions ADD. Note that
for this configuration, the layout is fundamentally degenerate, unless an addi-
tional link length is added between joints two and three, since without the ad-
ditional link length, the axis of the second revolute joint would always pass
through the centre of the spherical joint group (see Figure 4a). Figure 4b illus-
trates the non-degenerate KS layout with an additional link length between the
second revolute joint and the prismatic joint. However, the layout of Figure 4b
is kinematically equivalent to KS 7 and therefore is not counted as a unique KS

layout.

& &

(a) Layout ADD (b) Layout ADD with Offset

Figure 4. Revolute-Revolute-Prismatic Layouts: a) Degenerate; b) Non-Degenerate

2.2.3 Revolute-Prismatic-Revolute Layouts

For a revolute-prismatic-revolute layout, in order to achieve spatial motion
and belong to the KS class, the axes of the two revolute joints must be or-
thogonal to one another. The resulting KS layouts of axes can be represented
by the axes directions ACE and ACF and are illustrated as KS 9 and KS 10 in
Figure 2, respectively.

2.3 Layouts with One Revolute Joint and Two Prismatic Joints

Layouts consisting of one revolute joint and two prismatic joints can take on
three forms: prismatic-revolute-prismatic; prismatic-prismatic-revolute; and
revolute-prismatic-prismatic.

2.3.1 Prismatic-Revolute-Prismatic Layouts

For a prismatic-revolute-prismatic layout, the two prismatic joints must be
perpendicular to each other. In order to achieve spatial motion and be kine-
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matically simple, the axis of the revolute joint must be parallel to the axis of
one of the prismatic joints. The feasible layout of joint directions can be repre-
sented by the axes directions CFD and is illustrated as KS 11 in Figure 2.

2.3.2 Prismatic-Prismatic-Revolute Layouts

For a prismatic-prismatic-revolute layout, the two prismatic joints must be
perpendicular to each other. In order to achieve spatial motion and be kine-
matically simple, the axis of the revolute joint must be parallel to one of the
prismatic joints. The feasible layout of joint directions can be represented by
the axes directions BCF and is illustrated as KS 12 in Figure 2.

2.3.3 Revolute-Prismatic-Prismatic Layouts

For a revolute-prismatic-prismatic layout, the two prismatic joints must be
perpendicular to each other. In order to achieve spatial motion and be kine-
matically simple, the axis of the revolute joint must be parallel to the axis of
one of the prismatic joints. The feasible layout of joint directions can be repre-
sented by the axes directions CCD. Note that this layout is kinematically
equivalent to the prismatic-revolute-prismatic KS 11. Therefore, the revolute-
prismatic-prismatic layout is not kinematically unique. For a further discus-
sion on collinear revolute-prismatic axes please see Section 2.5.

2.4 Layouts with Three Prismatic Joints

To achieve spatial motion with three prismatic joints and belong to the KS
class, the joint directions must be mutually orthogonal. A representative lay-
out of joint directions is CED. This layout is illustrated as KS 13 in Figure 2.

2.5 Additional Kinematically-Simple Layouts

The layouts above represent the 13 layouts with unique kinematics belonging
to the KS family. However, additional layouts that have unique joint struc-
tures can provide motion that is kinematically equivalent to one of the KS lay-
outs. For branches where the axes of a prismatic and revolute joint are collin-
ear, there are two possible layouts to achieve the same motion. Four layouts,
KS 6, 7,11, and 12, have a prismatic joint followed by a collinear revolute joint.
The order of these joints could be reversed, i.e., the revolute joint could come
first followed by the prismatic joint. The order of the joints has no bearing on
the kinematics of the layout, but would be very relevant in the physical design
of a manipulator. Note that the d; and 0; elements of the corresponding rows
in the D&H tables (see Section 3.2) would need to be interchanged along with



A Complete Family of Kinematically-Simple Joint Layouts: Layout Models... 243

an appropriate change in subscripts. The presented forward and inverse dis-
placement solutions in Sections 4.1 and 4.2 would remain unchanged except
for a change in the relevant subscripts.

In addition to the above four layouts, as discussed in Section 2.2.2, the layout
shown in Figure 4b is kinematically equivalent to KS 7. Therefore, there are
five additional kinematically-simple layouts that can be considered part of the
KS family.

3. Zero-Displacement Diagrams and D&H Parameters

3.1 Zero-Displacement Diagrams

The zero-displacement diagrams (6; = 0, for all revolute joints i ) for the KS
family of layouts for Craig's (1989) convention of frame assignment are pre-
sented in Figures 5 to 7. Note that the KS layouts in Figure 2 are not necessar-
ily shown in zero-displacement. The rotations necessary to put each of the KS
Layouts from zero-displacement configuration into the configuration illus-
trated in Figure 2 are outlined in Table 1.

KS Rotations KS Rotations
V1 4
1 h = 5 2 o) = 5
3 o, == 4| 6=2&6==2
2 2 2
T T T
5 02:__&03: 6 03:__
2
T
7 None 8 0,=——
2
T
9 0, =— 10 None
2
T
11 None 12 0, = 3
13 None

Table 1. Rotations Necessary to put Each of the KS Layouts from Zero-Displacement
Configuration (Figures 5 to 7) into the Configuration Illustrated in Figure 2
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3.2 D&H Parameters

Table 2 shows the D&H parameters for the kinematically-simple family of joint
layouts. The D&H parameters follow Craig's frame assignment convention
(Craig, 1989) and correspond to the link transformations:

f _le = Rot; | (a ir )T rans (a Iz )T rans; (d i )Rotif (9 ; )

(1)
cos(Hj) - sin(ﬁj) 0 a,
3 sin(ej )cos(aj_l) cos(ﬁj )cos(aj_l) —sin(aj_l) —sinler, M,
- sin(@_]. )sin(aj_l) cos(é’j)sin(oq/_l) cosle; ) cosla,, )d ;
0 0 0 1

where /T is a homogeneous transformation describing the location and orien-
tation of link-frame F; with respect to link-frame F,,, Rot; (a j_l) denotes a
rotation about the X, axis by «,_,, Trans; (aj_l) denotes a translation along
the x, | axis by a,,, Ti ransij(a’j) denotes a translation along the z,axis by d,,

and Rot; (Hj) denotes a rotation about the z; axis by 6,.

The homogeneous transformation of equation (1) is of the form:

j—lR J-1
_j*l.T — J po_H%o/ 2
/ {0 00 1 } @

where /“R is a 3x3 orthogonal rotation matrix describing the orientation of
frame F, with respect to frame F,_, and ’ ’lpo/__l ., is a vector from the origin of

frame F,, to the origin of frame F,.
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Figure 5. Zero-Displacement Diagrams for Layouts with Three Revolute Joints (KS 1
to 5)
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Zn, Z. Z2, Zpi

KS6 KS 7

Zo.Z)

Xo. X

KS 8 KS9
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Figure 6. Zero-Displacement Diagrams for Layouts with Two Revolute Joints and One
Prismatic Joint (KS 6 to 10)
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Zn70.Z:
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Zn ZI
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x;,'\h
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ZLth

KS 13

Figure 7. Zero-Displacement Diagrams for Layouts with One Revolute Joint and Two
Primatic Joints (KS 11 and 12) or Three Prismatic Joints (KS 13)

4. Forward and Inverse Displacement Solutions

4.1 Forward Displacement Solutions for the KS Family of Layouts

The position and orientation of the spherical wrist frame F,

i With respect to

the base frame £ is found from:

0 0
R
3T ="T T T T ——{ ” P, } (3)

sph

1o 00 1

where the homogeneous transformation /T is defined in equation (1). The

transformation _, T is the solution to the forward displacement problem: ;R
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is the change in orientation due to the first three joints and OpOO_mW is the loca-

tion of the spherical wrist centre. The homogeneous transformations _,T for

the KS family of layouts can be found in Tables 3 and 4. Note that in Tables 3
and 4, ¢, and s, denote cos(6,) and sin(,), respectively.

KS | F, oy a, d, 8 F x|\ F, o, a, d 8 F
1 | F 0 0 0 6, F | 2| F 0 0 0o 6 K
K 72 o o 6 K F #x/2 o o 6, F
F, 0 f 0 0, £ E, -xl2 f o 6 F
F, z/2 o & o F, F,o or/2 o g o F,
3 | F 0 0 0 6, F | 4| F 0 0 o 6 K
F z/2 o f 6 F FE o f o 6 F
F, -m/2 o0 o 6, F, F, 7x/2 0 o 6, F
Fooox/2 0o & 0o Fy, F, —-x/2 o & o F,
5 | F, 0 0 0 6 F | 6| F 0 o d, o K
£ 7/2 f 0 0, £y F, 0 0 0o 6, F
F, -z/2 o0 0 0, F, F,  r/2 0 o 6 F
F, r/2 o & o F, F, -#x/2 o & o F,
7 | F 0 0 d, 0 F | 8| F 0 0 o 6 K
F 0 0 0 o, F, F /2 0 o 6 F
F, 0 f o 0, F, F, —-#x/2 o dy o F
F, r/2 o & o £, F, 0 o & o F,
9 | F 0 0 0 6 F | 10| F 0 0 o 6 F
F /2 o d, m/2 F F /2 o d, o F
F, m/2 0 0 o, F, F, 0 0 o 6 F
F, -z/2 o & 0 F,, F, -x/2 o & o F,
11 | F, 0 0 d, 0 F | 12| F 0 o d o K
F 0 0 o 6, F, K /2 o d, 0 F,
F, =m/2 0o dy 0 F, F, 0 0 o 6, F
F, 0 o & o F, F, -#z/2 o & o F,
13 | F, 0 0 d, 0 F
F /2 o d, n/2 F,
F, =m/2 0o d, 0 F,
F, 0 0 g 0 vah

Table 2. D&H Parameters for the KS Layouts
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KS ot T
aen 8 68y ol +5,g)
1 6y =€ 85, s(ef +5,8)
S 0 —cy s f-cng
0 0 0 1
[qee =8 s, qositse ool +Hees )]
9 SCCHES, =88, 6806 SGf (868 —ac)g
§263 ¢ §253 $2f 5,88
i 0 0 0 1 i
[ceei =85, —es, cositsie s fHees tse)g ]
3 S0 Hes; =88, S6si—ae —of +Hses —ec)g
§2€3 ) 5253 §25:8
| 0 0 0 1 i
CCy =S —CpSy Of =088
4 SpCs G =SSy S f =588
S, 0 ¢, g
0 0 0 1
QOC =88 —€S, s tse o f +(6os +s,6)g
5 S0 HES, =818, 68 =00 s f (508 -cc)g
5,63 ) 5,53 52538
0 0 0 1

Table 3. Forward Displacement Solutions for KS 1 to 5

4.2 Inverse Displacement Solutions for the KS Family of Layouts

For the inverse displacement solution, the location of the spherical wrist centre
with respect to the base, OPOO—m‘\,,/, , is known:

2
=1D, (4)
p.

p
0y _)0.\;)/1

Paul (1981) presented a methodology to solve the inverse displacement prob-
lem of 6-joint manipulators with a spherical wrist. To demonstrate the appli-
cation of this methodology to the inverse displacement problem for the KS
family, KS 1 will be used as an example.
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KS T KS T
G T8 TGOS 6858 cy 0 sy o f+s,g
6 §263 G 78S 7558 7 S 0 = 8 f—cg
S, 0 ¢, cgtd, 0 1 0 d,
0 0 0 1 0 0 O 1
cc, =8 —as, —¢8(d+g)] sy = se slegrd,)
g 56 ¢ =88, —s5,(d+g) 9 —as, =8 - —¢legtd,)
) 0 ¢ ¢,(dy+g) G 0 - —58
| 0 0 0 1 | 0 0 0 1
o, =8 —os; —osgtsd, | ¢, 0 5, s(g+d)
10 $iIG ¢ =SSy =888 —cd, 1 5, 0 —¢, —¢(g+d;)
sy 0 ¢, g 1 0 d,
| 0 0 0 1 i 0 0 O 1
¢, 0 -5, -—s5,g 0 0 1 g+d,
0 1 0 -d, 0 -1 0 -d,
12 13
sy 0 ¢ cg+d, 1 0 0 4
0 0 O 1 0 0 O 1

Table 4. Forward Displacement Solutions for KS 6 to 13

From the forward displacement solution presented in Table 3 for KS 1, the fol-
lowing relation exists:

Cl(czf+S23g) P.
Sl(czf+523g) _ Py 5
= ®)

S,/ =8 P

1 1
where the left-hand-side of equation (5) is the last column of ;T. Pre-

multiplying both sides of equation (5) by 'T =(°T) isolates 6, to the right-
hand-side of the expression:

e f +55,8 Cpt+sp,
0 _ 75y tap, (6)
S,f —Cng P

1 1
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From the second row of equation (6), a solution for 6, can be found as:
6 = atan2(py, px)or 6 = atan2(— Py —px) (7)

where atan2 denotes a quadrant corrected arctangent function (Paul, 1981).
Squaring and adding the first three rows of equation (6) allows an expression
for s, to be found thus yielding a solution for 6, of:

2 + 2 + 2 _ 2 _ 2
0, = atan2(53, i\/@ )’ where s, = P, tp, 2sz /S -g )
g

From rows one and three of equation (6), after substituting
Cyy = C,C5 —S,8;and s, = s,¢; +¢,5,, expressions for s, and ¢, can be found thus
yielding a solution for 6, of:

0, = atan2(s,, c,) )

where

. cig(cp, +sp,)+(f+5,8)p.
’ fi+g +2s,f8

(f +S3g)(clpx +Slpy)_c3gpz
g +2sf3

2

A similar procedure can be followed for the other KS layouts. Inverse dis-
placement solutions for all 13 of the KS layouts are summarized in Tables 5
and 6.
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KS Inverse Displacement Solutions
116-= atan2(py, px)or atan2(— Py —px)

2024 p2_ f2_ 2
6, = atan2(s3,i1/l—s32 ), where s, = P:7 Dy ;;j S =8
4

6, = atan2(s,, c, ),

cglep, +s,p, )+ (f +5,2)p. (f+ssg)ep, +5.p,)-c.ep.

where s, = . . &c, = ) :
LY ST gt g

2 240 24 2 252

6, = atan2(s3,i 1-s: ), where s, = ptp,tp.—f -8

2fg
= atan2( ) where s, =
\/7 2 f+S3g
+s5.9)c +c +s5.0) —c
6, = atan2(S],Cl )’ where s, = (f 3g)2 2py2 38D, &e = (f 3g)2 szz ;8P
px +py px +py

3

2+ 2+ 2_ 2_ 2
6, = atan2(iwll—c32503)’Wherec3 _bTh, TP /-g

2/g
0, = atan2(sz, +y1-s; ), where s, =

S8
+c +c,8 c.S —(f+c
01 = atanz(s],CI )’ Where S1 — (f 3g)2px - 2 3gpy &Cl — 2 3gpx 2(f . 3g)py
px+py px+py

4 :atan2(+«/1—032,03) wherec, = p./g

+5 2
6, —atan2(+1/1 02,6‘2) wherec, = T Sl Sl
2s, /g
S2S3gpx+(f_02s3g)py
2 2
p.tp,

6, = atan2(s,, ¢, ), where s, =
(f - C2S3g)px —5,858D,

pi+p,
6, = atan2(py, px)i atan2(\/pf + pi —(f+ czs3g)2 ,f+ czs3g),

pitp +pl-f-g°

&c, =

where c,s; =
2fg
6, = atan2(i \/Q, c, ), where c; = (slpx _Clpy) g
_ap.ts
0 = atan2(sz, Cz) where s, = p: & 1Py lpy f
538 5,8

Table 5. Inverse Displacement Solutions for KS1 to 5
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KS Inverse Displacement Solutions
6 \d=p.t-pl-pi+g’
6, :atan2(iwll—c32,c3) wherec, = (p, —d,)/g
0, = atan2(s,, c, ), where s, = Py g c, = — Py
538 5;8
7 dl = pz
2 2 2 2
+ j— ju—
6, = atan2(s3,i,/l—s32 ),Wheres3 70 S -8
28
cgp, +(f+s +s —c
 atan2(s,. ¢, ), where s, = S (s 2 3§)i9y . (s 3g)p2x .
(f+S3g) ST (f+s3g) t6g
8 = atan2(p )or atan2(— Py px)
d =iw/pf +p+p:-g
0, = atan2(s,, ¢, ), where s, = 6P " HPy &c, =L
d,+g af3 +g
9 | 6= atan2(px, —py)or atan2(— D, py)
d, =sp, —¢p, i\/gz _pz2
6, = atan2(s,, ¢, ), where s, = — p. /g & ¢; = (s, p, —¢p,—d, )/g
10 6, = atan2(i 1/1—032,03), wherec, = p_/g
d,=+\pl+pl-sig’
-5 +d -5 -d
6, = atan2(s,, ¢, ), where s, = 3g12?y 22px &c, = 3g120x zzpy
px +py px +p)’
11 dl N pz
dy=+\pi+p;—g
px _py
6, = atan2(s,, ¢, ), where s, = &c, =
2 (2 2) 2 d3+g 2 d3+g
12 | d,=-p,
di=p.t\-pi+g
0, = atan2(s,,c,), wheres, =—p_ /g &c,;=(p.—d,)/g
13 d3 = px -8
d2 = _py
dl = pz

Table 6. Inverse Displacement Solutions for KS 6 to 13
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Referring to Tables 5 and 6, for KS 1 to 6, 8, 9, and 10, up to four possible solu-
tions exist to the inverse displacement problem. For KS 7, 11, and 12, up to
two possible solutions exist for the inverse displacement problem. For KS 13
there is only one solution to the inverse displacement problem.

For the inverse displacement solutions presented, undefined configurations
occur when the spherical wrist centre of the arm intersects either the first or
second joint axes, provided the axes are for a revolute joint. In such a configu-
ration, the inverse solution becomes undefined, i.e., an infinity of possible so-
lutions exist. Looking at KS 3 of Figure 5 as an example, if s, =0 as illustrated,

the spherical wrist centre intersects the second joint axis and the solution for
0, becomes arbitrary. Similarly, if p. = p, =0, the spherical wrist centre inter-
sects the first joint axis and the solution for 6, becomes arbitrary.

Table 7 reports all of the undefined configurations for the KS family of layouts.
If an undefined configuration was encountered, a value would be assigned to
the arbitrary joint displacement.

KS Undefined Configurations KS | Undefined Configurations
L | p,=p,=0= 6 isarbitrary 2 | p,=p,=0= g isarbitrary
f?+g’+2s,fg =0= 0, is arbitrary f+s,g =0= 6, isarbitrary
3 | p.= p, =0= 6 isarbitrary 4 | p,=p,=0= 6 isarbitrary
s, = 0= 6, is arbitrary s, = 0= 6, is arbitrary
5 | p,=p, =0= g isarbitrary 6 | s, =0= 6, isarbitrary

s, = 0= 6, 1s arbitrary

7 (f+s3g)2 +c;g” =0= 6, is arbitrary 8 | p.=p, =0= 6 isarbitrary
d,+g =0= 6, is arbitrary

9 | p,=p, =0= 6 isarbitrary 10 | p, = p, =0= 6, is arbitrary
11 | d, +g=0= 0, isarbitrary 12 | None
13 | None

Table 7. Undefined Configurations for the Inverse Displacement Solutions of the KS Layouts
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5. Discussion

5.1 Application of the KS Layouts

The KS family of layouts can be used as main-arms for serial manipulators or
as branches of parallel manipulators. For example, KS 1 is a common main-
arm layout for numerous industrial serial manipulators. KS 4 is the branch
configuration used in the RSI Research 6-DOF Master Controller parallel joy-
stick (Podhorodeski, 1991). KS 8 is a very common layout used in many paral-
le] manipulators including the Stewart-Gough platform (Stewart, 1965-66). KS
13 is the layout used in Cartesian manipulators.

The choice of which KS layout to use for a manipulator would depend on fac-
tors such as the shape of the desired workspace, the ease of manufacture of the
manipulator, the task required, etc. For example, layout KS 1 provides a large
spherical workspace. Having the second and third joints parallel in KS 1 al-
lows for the motors of the main-arm to be mounted close to the base and a
simple drive-train can used to move the third joint.

5.2 Reconfigurable Manipulators

KS layouts are also very useful for reconfigurable manipulators. Podhorode-
ski and Nokleby (2000) presented a Reconfigurable Main-Arm (RMA) manipu-
lator capable of configuring into all five KS layouts comprised of revolute only
joints (KS1 to 5). Depending on the task required, one of the five possible lay-
outs can be selected.

Yang, et al. (2001) showed how KS branches are useful for modular recon-
tigurable parallel manipulators.

5.3 Application of the Presented Displacement Solutions

5.3.1 Serial Manipulators

If a KS layout is to be used as a main-arm of a serial manipulator, the spherical
wrist needs to be actuated. Figure 8 shows the zero-displacement configura-
tion and Table 8 the D&H parameters for the common roll-pitch-roll spherical-
wrist layout. The wrist shown in Figure 8 can be attached to any of the KS
layouts.
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ZaZs

Zs

X4, X5, X6

Figure 8. Zero-Displacement Diagram for the Roll-Pitch-Roll Spherical Wrist

E, o, a, d, 6, F
F, 0 o o 6 F
F, -r/2 0 0 o, F;
Fy /2 0 0 6, F,

Table 8. D&H Parameters for the Roll-Pitch-Roll Spherical Wrist

For the KS family of layouts with a spherical wrist, the forward displacement
solution is:

B e W o W U A (10)
where ‘T is the homogeneous transformation describing the end-effector
frame F,, with respect to frame F; and would be dependent on the type of

tool attached, T is defined in equation (3), and T is:

C,CsCq —848g  —CuCs8g —8,C5 €485 0O
Wi = §,C5Cs +C8g  — 8,58, +¢c,c6 8485 0 1)
—85C S5S¢ c; O
i 0 0 0 1]

For a 6-joint serial manipulator, Pieper (1968) demonstrated that for a manipu-
lator with three axes intersecting, a closed-form solution to the inverse dis-
placement problem can be found. As demonstrated by Paul (1981), for a 6-
joint manipulator with a spherical wrist, the solutions for the main-arm and
wrist displacements can be solved separately. Therefore, the presented inverse
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displacement solutions for the KS family of layouts (see Section 4.2) can be
used to solve for the main-arm joint displacements for serial manipulators that
use KS layouts as their main-arm and have a spherical wrist.

For the inverse displacement solution of the main-arm joints, the location
(°p00_>06) and orientation ({R) of frame F, with respect to the base frame in

terms of the known value T can be found from:
0 0
0 orp (6} _ Orpree sR Poyso
T=" T(°T) =TT = 0% 12
6 ee (ee ) ee™ 6 |:0 0 0 1 :| ( )

where “T is constant and known. Since the manipulator has a spherical wrist:

P,
_ 0 _ 0 _ 0 _
po[)_>0.\'p/l - poo—ms - p"oﬁos - p"oﬁo‘t - py (13)
b

0

where p, p,,and p. are found from equation (12). The inverse displacement

solutions for the KS family of layouts discussed in Section 4.2 can now be used
to solve for the main-arm joint displacements.
For the inverse displacement solution of the spherical wrist joints, in terms of

the known value T, the orientation of F, with respect to the base frame, (R,
was defined in equation (12). Note that:

ZR:(;RTER:?)RZR: H Tm I3 (14)

Since the main arm joint displacements were solved above, the elements of
matrix ;R are known values and thus the right-hand-side of equation (14) is

known, i.e., r,i=1t03 and j =1 to 3, are known values.

3

Substituting the elements of the rotation matrix ;R = SthS”';R into equation

(14) yields:

C4CsC = 8486 T CyCsS6 —S54C6  C4Ss h Ta N
3 . 3psph _ 3 _
sR=RYR = JRIS,C5C+C,8 —8,058+C,Cq S4S5 |=| 1y Ty T (15)

—85C¢ S5 Cs Iy T3 I
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where 'R is dependent on the D&H parameter ¢, for the manipulator, i.e.:

1 00
aR=[0 1 0|ifoy;=0

0 0 1
LM = (16)
sR=[0 0 —1,1fa3=5

_0 1 -

(1 0 0]

. T

sR=[0 0 1,1fa3=—5

10 -1 0]

Equation (15) can be used to derive expressions for the wrist joint displace-
ments 6,, 6,, and 6,. For example, if &, = 7/2, equation (15) becomes:

C4CsCs — 8456 —CuCsS6 —84Cs  CaSs hi N s
§5Ce — 8556 —Cs |= T T T (17)
S4CsC T C4Sg = 54C586+CyCq 5485 i T I

Using element (2, 3) of equation (17) allows 6, to be solved as:

6, = atan2(i J1=c2, csl where ¢, = —r,; (18)
Using elements (1, 3) and (3, 3) of equation (17) allows 6, to be solved as:

EY

0, = atan2(s,, c, ), where s, = s g c, = (19)
Ss Ss
Using elements (3, 1) and (3, 2) of equation (17) allows 6, to be solved as:
6, = atan2(s,, c, ) (20)
where
g = —Cul5 T 5,615,
6 2.2 2
—s,C; —C,
—S5,C.1,, —C,T.
C6 — 4-5°31 4; 32

2.2
—s,C; —C,
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Note that if s, =0, joint axes 4 and 6 are collinear and the solutions for 6, and
6, are not unique. In this case, 8, can be chosen arbitrarily and 6, can be

solved for.
Similar solutions can be found for the cases where ¢, equals 0 and —7/2.

5.3.2 Parallel Manipulators

Two frames common to the branches of the parallel manipulator are estab-
lished, one frame attached to the base ( F,,, ) and the other attached to the plat-

base
form (F,, ). The homogeneous transformations from the base frame F,,, to

base

the base frame of each of the m branches F, are denoted ”‘”gl T,i=1tom. The
homogeneous transformations from the platform frame F,, to the m passive
spherical group frames F,,, are denoted iif,fiT, i =1 to m. Note that for a given

parallel manipulator all ;T and ”;T would be known and would be con-

stant.
For the inverse displacement solution, for the ith branch, the location and orien-
tation of the spherical wrist frame, F ol 7 with respect to the base frame of the

S,

branch, F, , in terms of the known value ";T can be found from:

0, 0,
0, — (baserp ! baserpplatp _ 0, rpbasepplatp _ Sph,-R Po, =0,
Sph,'T - ( O,T) platT Sph,-T - bang platT Sph,T = 0; phi (21)
0 00 1
'R i i i ; 0 )
where Sp(,),;R is the orientation of F, with respectto F, and Poy 0, I8 the po-

sition vector from the origin of F; to the origin of F,,

with respect to F, . The

position vector is defined as:

"oy 0, =1P, (22)

where p , p,,and p. are known values. The inverse displacement solutions

for the KS family of layouts shown in Section 4.2 can then be used to solve for
the joint displacements for branches i =1 to m.

Unlike the forward displacement problem of serial manipulators, the forward
displacement problem of parallel manipulators is challenging. Raghavan
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(1993) showed that for the general 6-61 Stewart-Gough platform up to 40 solu-
tions could exist to the forward displacement problem. Note that the notation
i-j denotes the number of connection points of the branches at the base and
platform, respectively.

Innocenti and Parenti-Castelli (1990) showed that for a class of parallel ma-
nipulators that have the branches connected at three distinct points on the end-
effector platform (e.g., 6-3 and 3-3 layouts), the forward displacement problem
can be reduced to a 16t order polynomial of one variable leading to a maxi-
mum of 16 possible solutions to the forward displacement problem.

Numerous researchers (e.g., Inoue, et al. (1986); Waldron, et al. (1989); Cheok,
et al. (1993); Merlet (1993); Notash and Podhorodeski (1994 and 1995); and
Baron and Angeles (2000)) have shown that utilizing redundant sensing in
parallel manipulators is necessary to achieve a unique solution to the forward
displacement problem. For the purposes of the solutions presented here, it is
assumed that the manipulator is redundantly sensed and that the positions of
the passive spherical groups (p, , i = 1 to m) would be known.

Noting that:

base base
ba.lx:)[T — plat R p()hu,\e—)()/)/ul (23)
P 0 00 1

For 6-3 and 3-3 layouts, the origin of F,,, can be found as:

lat

base e (pl + p2 + p3 ) (24:)

p Opase O plat 3

where p,, p,, and p, are the positions of the passive spherical groups. The

positions of the passive spherical groups can be found using the solutions pre-
sented in Tables 3 to 4.
The orientation of the platform frame can be found as:

haeR=""ln o a (25)

plat

where

I Note that the notation i-j denotes the number of connection points of the branches at the base and plat-
form, respectively.
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base
basen= ( p3 _p2 ]
‘pz _pZH

base base
base o __ nx C

base base

nx C

base 0:170.\'6’ base n

axXx

with

base
bas‘ec= ( pl _p2 ]
||p1 —lel

For 6-6 and 3-6 layouts, the origin of F,,, can be found as:

base
base _"(p,+p, 4Py P, +Ps+Ps)
p”l)u,\‘u =0 plat - 6

(26)

where p, to p, are the positions of the passive spherical groups. Note that it is

assumed that the passive spherical groups are symmetrically distributed about
the platform. The positions of the passive spherical groups can be found using
the solutions presented in Tables 3 and 4.

The orientation of the platform frame can be found as:

base py __base
plat R= [n o a] (27)
where
base
base n= pc - pb
pc - p b ||
oot | | hasen % base c
 lpase nx base ¢
base O:ba.\'e ax basen
with
/mS(’c _ pa _ph
pa - pb ||

p.=(p, +p,)/2
P, :(P3+p4)/2
p. = (ps+p;)/2
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6. Conclusions

The complete set of layouts belonging to a kinematically simple (KS) family of
spatial joint layouts were presented. The considered KS layouts were defined
as ones in which the manipulator (or branch of a parallel manipulator) incor-
porates a spherical group of joints at the wrist with a main-arm comprised of
successfully parallel or perpendicular joints with no unnecessary offsets or
lengths between joints. It was shown that there are

13 layouts having unique kinematics belonging to the KS family: five layouts
comprised of three revolute joints; five layouts comprised of two revolute
joints and one prismatic joint; two layouts comprised of one revolute joint and
two prismatic joints; and one layout comprised of three prismatic joints. In
addition, it was shown that there are a further five kinematically-simple lay-
outs having unique joint structures, but kinematics identical to one of the 13
KS layouts.

Zero-displacement diagrams, D&H parameters, and the complete forward and
inverse displacement solutions for the KS family of layouts were presented. It
was shown that for the inverse displacement problem up to four possible solu-
tions exist for KS 1 to 6, 8, 9, and 10, up to two possible solutions exist for KS 7,
11, and 12, and only one solution exists for KS 13. The application of the KS
family of joint layouts and the application of the presented forward and in-
verse displacement solutions to both serial and parallel manipulators was dis-
cussed.
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