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1. Introduction and Importance

The analyses of the physics of robot assembly tasks are important in developing a flexible
assembly system. Assembly analyses involve force/moment analysis due to contacts and
jamming analysis due to improper force/ moment.

Because the uncertainty of geometry and control, contact states exist during the
assembly process. Xiao presented the notion of contact formation (CF) in terms of
principal contacts (PCs) to characterize contact states, and defined contact states as CF-
connected regions of contact configurations (Xiao, 1993). They also examined the
neighboring relations between contact states and characterized the contact state space as
a contact state graph. Xiao developed an algorithm that automatically generated a high-
level contact state graph and planned contact motions between two known adjacent
contact states (Xiao, 2001).

Force/moment analysis is an important element in robot assembly analyses. Lots of
research has been done on single peg-in-hole. Simunivic analyzed a round peg insertion
problem, and derived two dimensional single peg-in-hole jamming conditions (Simunivic,
1972). Whitney adopted Simunovic’s approach to determine the force analysis of the same
problem (Whitney, 1982). He identified wedging and jamming conditions and
recommended ways to avoid insertion failure. A compliant mechanism, RCC (Remote-
Center-Compliance) was designed for axisymmetric part insertions. Sturges and
Laowattana analyzed the wedging condition in rectangular peg insertion and developed a
Spatial Remote-Center-Compliance (SRCC) (Sturges, 1988, 1996, 1996). Non-axisymmetric
part insertions can be performed. Tsaprounis focused on the determination of forces at
contact points between a round peg and a hole (Tsaprounis, 1998).

Considerable theories have also been studied over the past years that define two
dimensional mating between double rigid cylindrical parts (Arai, 1997, McCarragher, 1995
and Sathirakul, 1998). Arai described error models and analyzed the search strategy of a two
dimensional dual peg-in-hole (Arai, 1997). McCarragher modeled assembly as a discrete
event dynamic system using Petri nets and developed a discrete event controller
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(McCarragher, 1995). He applied his method to a two dimensional dual peg-in-hole
insertion successfully. Sturges analyzed two dimensional dual peg-in-hole insertion
problems, enumerated possible contact states, and derived geometric conditions and force-
moment equations for static-equilibrium states of two dimensional dual peg insertions
(Sathirakul and Sturges, 1998). The jamming diagrams of a two dimensional dual peg-in-
hole were obtained.
At present, research activities in the area are concentrated on:

(1) Three dimensional multiple peg-in-hole analyses

(2) Modeling of contact

(3) Design of assembly devices
Multiple peg-in-hole insertions represent a class of practical and complicated tasks in the
field of robotic automatic assembly. Because of the difficulty and complexity in analyzing
three dimensional multiple peg-in-hole insertions, most of the analyses of this class of
assembly tasks to date were done by simplifying the problems into two dimensions (Arai,
1997, McCarragher, 1995 and Sathirakul, 1998). The analyses of the dual peg-in-hole in three
dimensions are few (Rossitza, 1998). Rossitza considered the geometric model and quasi-
static force model of a three dimensional dual peg-in-hole and presented a method for 3D
simulation of the dual peg insertion. The assembly process, considered as a sequence of
discrete contact events, is modeled as a transition from one state to another. Sturges” work
on the three dimensional analysis of multiple-peg insertion gave insight into the behavior of
the pegs during the chamfer-crossing phase of the problem (Sturges, 1996). The net forces
and torque during chamfer-crossing of a triple-peg insertion were obtained. The
force/torque prediction gave a better insight into the physics of multiple peg-in-hole
insertion with the aid of compliance mechanisms (SRCC) (Sturges, 1996). Fei's geometric
analysis of a triple peg-in-hole mechanism gives the base of three dimensional assembly
problems (Fei, 2003). The geometric features of three-dimensional assembly objects are
represented by two elements. The geometric conditions for each contact state are derived
with the transformation matrix (Fei, 2003).
However, for three dimensional multiple peg-in-hole insertion tasks, there are not yet
perfect assembly theory and experimental analyses at present. After analyzing multiple peg-
in-hole in three dimensions, the whole assembly process and its complexity and difficulty
can be known in detail. Thus, some simple and special machines can be designed to finish
this type of tasks.
In the paper, a complete contact and jamming analysis of dual peg-in-hole insertion is
described in three dimensions. By understanding the physics of three dimensional
assembly processes, one can plan fine motion strategies and guarantee successful
operations.
In this article, three dimensional dual peg-in-hole insertion problems are analyzed.
Firstly, all possible contact states are enumerated in three dimensions. Secondly,
contact forces can be described by the screw theory. The screw theory gives a very
compact and efficient formulation. Applying the static equilibrium equations, the
conditions on applied forces and moments for maintaining each contact state are
formulated. Thirdly, jamming diagrams are obtained. 33 kinds of possible jamming
diagrams are analyzed. The force/moment conditions to guarantee successful
insertion are obtained from all possible jamming diagrams. Then, some contact states
are given, which finish a dual peg-in-hole process. Their geometric conditions are
derived to verify the analyses.
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2. Contact states classification of dual peg-in-hole

The geometric model of a dual peg-in-hole problem is shown in Fig. 1. Left peg has a radius
of rp1, whereas right peg has a radius of rp,. The radii of left hole and right hole are 11 and
rip, respectively. D (Dp) represents the distance between the peg axes, and Dy represents the
distance between the hole axes. The clearances between left peg and left hole, and between
right peg and right hole are c; and c;, respectively. To simplify our analysis, we only
consider multiple pegs which are round, parallel and have the same length. Besides these,
we make the following assumptions:
1) In the assembly process, the angle 6 between the axes of the pegs and those of the
holes is small and can be neglected.
) Insertion direction is only vertically downward.
) Quasi-static motion.
4)  All pegs have the same length and are parallel.
) All axes of the holes are parallel to each other, and perpendicular to the horizontal
plane.
6) The clearances between pegs and holes are positive.

Fig. 1. Geometry of a dual peg-in-hole.

2.1 Contact states of a dual peg-in-hole in three dimensions

Because the uncertainty of geometry and control, contact states exist during the
assembly process. For a dual peg-in-hole insertion, three-point contact states exist
only when a certain set of conditions are satisfied. Three-point contact states or four-
point contact states are transient and considered trivial (Sathirakul and Sturges,
1998). Thus, in the paper, one-point and two-point contact states will be analyzed in
detail.

Expect three kinds of line contact states (Sathirakul and Sturges, 1998), there are ten kinds of
point contact states when pegs tilt to the left, as shown in Table 1. Table 1 shows all possible
point contact states of a dual peg-in-hole in three dimensions. The vectors of contact points,
and the angular ranges between the vectors of contact forces and the x-axis can be seen in
Table 1.
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Dual peg-in- | Three dimensional o T
hole contact states
(k-1) |, el0° 90°|U[270 360 noo(xy vy —jhy)
k) |eelor 270] ni(x, v, ~(1=j)h)
. One-point [ (k-3) [a,el0° 90°]UR270 3607] ryi(xys vy —jhy)
When pegs | contact ; .
tilt to the states (k-4) | @€ o0 270 rpi(xg yg —(1=)hy)
left, k stands | Two-point | (k-5) |, e[0° 9C°|U[270° 3607, nila oy —Jih),
for [. When contact a, e o0 270 re(x, v, —(1—j)hy)
it | |60 el o0lURie 360] [l s ),
stands for r. as€[90° 270°] Xy Yo —(1=j)hy)
k7) |, el0° 90°|U[270 36C°), | n:(xy »i —jh),
a,el0° 9JUf27C° 360°] ri(xs ¥z —jhg)
(k-8) | & efo° 90°]U[270° 360°], nix o —Jjh),
aye[90° 270°] it vy 1= jhy)
k9) |ayelo0° 270°], R ¥ 1-h),
a5 e[0° 90°]U[270° 360°] ryi(xs vy —jhg)
(k-10) | ey e[90° 270°], R v -,
aye[90° 270°] i ys ~1=)hy)
When pegs tilt to the left j=1. When pegs tilt to the right j=0.

Table 1. Assembly contact states of a dual peg-in-hole in three dimensions.
f].
){; *

Y Y

z
Fig. 2. o; between the vector f; * and the x-axis.

The coordinate system oxyz is set up at the center of dual pegs. Here i=1 represents that the
left peg and left hole contact in the left, i=2 represents that the left peg and left hole contact
in the right, i=3 represents that the right peg and right hole contact in the left, i=4 represents
that the right peg and right hole contact in the right. i=1 or i=3 represents left-contact; i=2 or
i=4 represents right-contact. Left-contact is the situation in which the left or right peg makes
contacts with its hole in the left; Right-contact is the situation in which the left or right peg
makes contacts with its hole in the right. Mapping the contact force f; to the plane xoy, the
corresponding vector f; * can be obtained; ¢; is an angle between the vector f; “and the x-axis
(Fig. 2). According to the above assumption, 0 is small and can be neglected. Thus, f; * is
equal to f;; r; is a vector which represents contact point’s position in fixed coordinate system
oxyz; h; is an insertion depth;  is friction coefficient. According to the above analysis, there
are also ten kinds of contact states when pegs tilt to the right (Table 1).
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For example, let pegs tilt to the left, if i=1, one-point contact state (I-1) exists. If i=land i=4, two-
point contact state (I-8) exists (Fig. 3). Let pegs tilt to the right, If i=1, one-point contact state (r-
4) exists; if i=land i=4, two-point contact state (r-8) exists (Fig. 3). During the insertion, the
dual-peg may undergo several contact states. In the paper, some states can be chosen, such as,
pegs tilting to the left: state (I-1), state (I-5), state (I-8), a possible three-point contact state and a
mating state or pegs tilting to the right: state (-4), state (r-6), state (r-8), a possible three-point
contact state and a mating state to finish a dual peg-in-hole assembly process. Their three
dimensional charts and two dimensional charts are shown in Fig. 3 and Fig. 4.

2.2 Contact states of a dual peg-in-hole in two dimensions
When ¢;=0° or 180°, three dimensional problems can be simplified to two dimensional
problems. The two dimensional chart of each state in Fig. 3 is shown in Fig. 4.

il

(state I-1): ¢ e 0° 90°]U[270° 360°], 7 :(x; ¥ —hy)

- =

o e[0° 90°|U270° 360°], a, € [90° 270°] o eloe 90°U70° 360°], @24 € [90° 270°]
nieq y ), ni(xy yy 0) nixy oy —h), ri(xy yq 0)
(state [-5) (state [-8)

a possible three-point contact state mating state

(a) pegs tilt to the left
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s

(state r-4) (state -6 )
state r-8 a possible three-point contact state
p P

mating state
(b) pegs tilt to the right
Fig. 3. Assembly states of a dual peg-in-hole in three dimensions.
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(state I-1) (@1=0°) (state I-5) (e 1=0°, a2-180°)
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(state I-8) (a1=0°, x4=180°) a possible three-point contact state
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‘ dual pegs

dudl Eol% AZ% /
mating state

(a) pegs tilt to the left

i

N

LT

.}t,L__

duial holes
state -4 (o 4=180°)

=

dual holes

state r-8( ¢ 1=0°, r4=180°)

a possible three-point contact state

‘ dual pegs

dlolkA/py

mating state
(b) pegs tilt to the right

Fig. 4. Assembly states of a dual peg-in-hole in two dimensions.

3. Geometric constraints and contact states analysis

According to the above chosen states (pegs tilting to the left: state [-1, state I-5, state I-8, a
possible three-point contact state and a mating state or pegs tilting to the right: state r-4,
state r-6, state -8, a possible three-point contact state and a mating state), the relations
between these states and their geometric constraints are analyzed. Thus, the complexity of
the three dimensional dual peg-in-hole can be known. The dimensions of a dual peg and a

dual hole are given as follows (Fig. 1):
Dp =90.2mm , Dy =90.25mm, C, =C, =0.075mm , 1=0.1.
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3.1 Two dimensions

The boundary state of state I-1 or state r-4 is shown in Fig. 5. Its geometric constraint is
hos 6y + ZrP1 cly = 2”H1
hoceo = 27"P1 Seo

Q)

Thus,0p=8.1°, h ¢=1.397mm can be obtained. When @ is less than 6, state I-1 or state r-4 can

be reached.
According to Fig. 3, for pegs tilting to the left, the geometric constraint of state [-5 can be
expressed as,

his@+2rpcl =2ry (2a)
The geometric constraint of state [-8 can be expressed as,
h1S0+(DP+rP2 +r1)1k0:(DH+rH2+rHI) (3a)

According to Fig. 3, for pegs tilting to the right, the geometric constraint condition of state -
6 in two dimensions can be expressed as,

hys@+2rpcl =2ry (2b)
1 1
The geometric constraint condition of state -8 in two dimensions can be expressed as,
h4S9+(DP+rPZ +rP]k9:(DH+rH2+rH|) (3b)

If Egs. (2a) and (3a) or Egs. (2b) and (3b) have one solution at least, a three-point contact
state of two dimensional dual peg-in-hole can be reached. Fig.6 suggests that a three-point
contact state is relative to the geometry of assembly objects. At the point where two curves
of plots intersect, the three-point contact states can exist. From Fig. 6, we can see that three-
point contact states are transient. Herefl) andf are angles between the axes of a peg and a
hole, hp and h; are insertion depths.

al pe dual peg

7 X 3 Fe

- NN
dwm/z // \\ \d“'”’\l !

(a) Boundary state of state [-1 (b) Boundary state of state r-4.
Fig. 5. Boundary state.

3.2 Three dimensions
Three dimensional multiple peg-in-hole problems are more complex than two dimensional
peg-in-hole problems. But they have similar geometric constraint conditions. For the
boundary state of state [-1 or state -4 in three dimensions, we can obtain:

{hosﬁo +2rp ¢y =2rp;,

’ ’
rp <rp, g <r 4
hoc€0 = 21"1,315'90 ! R Pl ! Hl Hl ( )
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If 9<6,, state I-1 or state -4 can be reached.
For state [-5 in three dimensions, we can obtain the following formulas:

h1s¢9+2r;>] 00:2;";1] , ré <rp, ’”ll{] <ry, (5a)
For state [-8 in three dimensions, we can obtain the following formulas:

IysO+(Dp+rp, +rp e0=Dy+riy +rip ),

’ ’ ’ 7 ’ ’
I/'P] SFP],I"PZSr‘Pz,DP SDP’ rHISrHl,rﬂzerz,DHSDH (6a)
For state -6 in three dimensions, we can obtain the following constraint formulas:
’ ’ ’ ’
hys@+2rpcO=2ry , rp <rp, ry <ry (5b)

For state -8 in three dimensions, we can obtain the following formulas:
’ + ’ ’ — ’ + ’ ’
h4s9+(DP rp, +rp )(:9 (DH F, +ry, ),
’ 4 ’ ’ ’ 4
rp Stp,tp Stp, Dp<Dp, ry <ry ,ry <ry, Dy <Dy (6b)
If constraint conditions are formulas (5a) and (6a) or (5b) and (6b) at the same time, three-
point contact states of the three dimensional peg-in-hole can be obtained.

Mapping two contact points on the peg to the plane xoy, we can obtain two corresponding points.
The distance between these two points is 2 7 }1 (27p, ). 21y, or 21y, represents the distance between

two contact points on the left hole or on the right hole, respectively. Mapping one contact point on
the left peg and the other contact point on the right peg to the plane xoy, we can obtain two
corresponding points. The distance between these two points is Dp. Dj; represents the distance

between one contact points on the left hole and the other contact point on the right hole.

According to the analysis of the two dimensional dual peg-in-hole, the following results can be
inferred in three dimensions. For different contact geometric dimensions (such as
h,7p, Dp, 1y, , 11, and Dyy) of the three dimensional dual peg-in-hole, state /-5 and state [-8

show different curves, but their change trends are similar. At the point where two curves of
state [-5 and state [-8 intersect, three-point contact states can exist, which are relative to the
geometry of assembly objects. It means that three-point contact states, in 3D cases, can exist
only when a certain set of conditions are satisfied. They are transient and considered trivial.

012

T 1 | | F--F- 5
1
1
0.10 . -8
1
1
0.08 !
1
1
1
0.06 |
A
g \
\
0.04 ¥ 3
Y
\
Y
002 -
0.00 — f f f f f f f
0 2 4 B 8 1M 12 14 16 18 20

Fig. 6. 8vs h of state I-5 and state [-8 in two dimensions.
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4. Analyzing contact force/moment of three dimensional dual peg-in-hole
based on the screw theory

By understanding the physics of assembly processes, one can plan fine motion strategies
and guarantee successful operations. An analysis of forces and moments during the three
dimensional dual-peg insertion is important in planning fine motions. In order to insert
dual pegs into their holes, insertion forces and moments (7, £, F. M, M, M.)applied to

the pegs at point 0 have to satisfy a number of conditions. In this section, the conditions on
applied forces and moments for maintaining each contact state are derived. Then jamming
conditions are obtained. These are basic conditions of fine motions and can avoid
unsuccessful insertions. The conditions which guarantee successful insertions can be
obtained from the jamming diagrams.

As mentioned previously, there are 20 kinds of point contact states expect 6 kinds of line
contact states. The contact states that have more than 2 contacts are ignored. According to
a series of chosen contact states in Fig. 3, forces and moments can be described by screw
theory (Tsaprounis, 1998). Because a quasi-static process is assumed, each of the contact
states is analyzed from static equilibrium conditions. With the static equilibrium
conditions and geometric constraints, the relationship between moments and forces is
analyzed. The coordinate system (oxyz) is set up at the center of dual pegs and contact
forces are shown in Fig. 3,4. The dual-peg is about to move down or is moving down.
Examples of one-point contact state /-1 or state r-4 and two-point contact state /-8 or state
r-8 are analyzed in detail. The relationship between forces and moments of other contact
states can be analyzed similarly (Table 2). Table 2 shows the relationship between forces
and moments of all possible point contact states about the three dimensional dual peg-in-
hole.

The wrenches of the contact cases are described as follows

Iei =F, +&(F,; xr,) (7)
f=f +e(f xr) (8)
Ji = ur;

S

F; is the wrench of the contact force; f,- is the wrench of the friction force corresponding to

the contact force. The real parts of the above equations (7) and (8) express the contact forces
and the dual parts express the moments. Thus, we can obtain

IA:i:(Fi F,, Fo (Fxr), (Fxr), (Fixri)z>

i

£, f, f (fxr), (Exr), (fxr).)

(1) One-point contact state I-1 and state r-4:
State [-1: the compact forms of the wrenches of contact forces in contact points are described as follows,

(ficw fisoy O Mfisoy —hficon xfison -y ficey)

0 0 —uy -wufi xui 0)

The wrenches of the assembly forces are described as follows (F, F, E

 E M, M, M).

According to the static equilibrium equations, we can obtain
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FX +f100(1 =0
F, + fisoqg =0
F,—ufy =0 9)

M, +h fiseq — yiify =0
My —hlflcal +x1,L_lf1 =0
MZ +x1f1S0{1 —ylflcal =0

From Eq. (9), we can obtain the following relationship equations,

B __ca
F, u (10)
My hlcal
FZ
By __se
F, M (11)
& __ hlsal +y
£, u 1

where ¢ e[0° 90°]U[270° 360°],7:(x; y —Py).
State r-4: the wrenches of contact forces in contact points are as follows,
(facay fasay O hyfysay —hafacoy xyfas0u—yafacts)

0 0 —pfy —vaufs x4ufy 0)
The wrenches of the assembly forces are as follows (Fx F, F, My, M, M, )
According to the static equilibrium equations, we can obtain
FX + f400(4 =0
Fy + f4S oy = 0
F. z = ,Uf 4= 0
M, +hyfas0y—yapfs =0 (12)
M, —hyfacoy +x4p4f4 =0
M, +Xx4f4504 = ysfscty =0

Thus, we can obtain the following relationship equations,

B _cou

£, M

M, hyeay X 13)
W T X4

£, u
By s

x hysay

== T4

F, H

where o, €(90° 270,74 : (x4 y4 —hy)-
(2) two-point contact state [-8 and state r-8:
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State [-8: the compact forms of the wrenches of contact forces in contact points are described
as follows,

(ficay fisoy O Mfisoy —Mhficon xfison -y ficey)
0 0 —ufi -»ufi xnufi 0)
(facay fasay 0 0 0 xyfysay—yificey)

0 0 —ufy —vattfy xsufs 0)
The wrenches of the assembly forces are as follows, (Fx F, F, M, M, M, )

According to the static equilibrium equations, we obtain the expressions of moments M,, M,
in terms of insertion forces as:

My, — u X4 =X heoy |Fy | pxcoy — ixgcon —heogeay
= + + (15)
DF,  coj—coy| D ubD | F, uD(coq —cay)
My —— u V4= hso ﬂ+—,uy1sa4 +Mygsoq + hysogsay (16)
DF,  soq—soy D uD | F, uD(seq —sory)
F
Egs. (15) and (16) show linear relations, respectively. For Eq. (15), when Fx =4 , this
y7i
z
M F
equation reduces to Eq.(10). We can write —2- = Meay _x . When —x =-% , We can write
DF,  uD D F. u
My __x (in Fig. 7(a)). For Eq. (16), when By _ s , this equation reduces to Eq.(11). We can
DF. D F, U
.M hsoqy y F y A2%3 o M. ys o, . .
write —> - 1271, 71 When —=— , we can write —-=-— (in Fig. 7(b), Fig. 7(c)).
DF, uD D F, u DF, D

where ¢, e[0° 90°]U[270° 360°], &, € [90° 270°), 1 :(xy ¥ =R, ryi(xq4 ys4 0).
State r-8: the wrenches of contact forces in contact points are as follows,
(ficoy fisoq 0 0 0 xfisq —yfica)
O 0 —uhi —yuhi xuh 0)
(facoy fasoy O hafysay —hafacoy x4fasou—yafscas)
0 0 —ufy —yastfs xaptfy 0)
The wrenches of the assembly forces are as follows, (Fx F, F, M, M, M, )

According to the static equilibrium equations, the following equations can be obtained,

My _ U Xy =Xy hacoy | Fy | pxacon —pneay —hiconcay, (17)
DFZ COy —CcOy D ﬂD Fz ﬂD(C(X4—CQ'1)
M, __ u V1~ va hysoy i+_ﬂy4sal+ﬂylsa4 +hysogsay (18)
DF,  soy—-so D ubD | F, uD(sory —say)
Egs. (17) and (18) show linear relations. For Eq. (17), when B __co , We can write
F; U
M F a . M
2 o M When —2=-% we can write My e X For Eq. (18), when
DF. D F, U DF. uD D
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F . F .
2 _ 5" we can write My _n . When —2-_3%  we can write
z ll'l DFZ D FZ ﬂ

F
My __hasOy | Vs
DF, uD D
where o€ [0° 90°]U[270° 360°], cr, €[90° 270°], :(xy 3 0), ryi(xy y4 —ha)-
(3) The compact forms of the wrenches of three-point contact can be described as follows,
(ficor fisoy 0 hfisoy —hficey xfisaq -y ficey)
0 0 —ufi —yufi xufi 0
(frcoy frsas 0 0 0 xyfa505 = y2focary)
0 0 —ufy —yufr xoufy 0)
(ieas fasoz 0 I3fssos —Isficas x3fys05-y3fscos)

0 0 —ufy —yufs xufy 0
Because three-point contact states are transient and considered trivial, their analysis is
ignored.

Three Force/moment of contact states
dimensional
contact states
One- Fe__ca Fy sy
point F. T a
Cfr;taCt (k-l) My _ ] hlcal _x, Mx —j hlsal +
states = =
F, u F, %
£__cxy Fy  san
Fz H ?__
(k-2) M, _ (1= hycon X M (fl )hzsaz
=(-, - Xy X — (1= )22 4
F, u F, S
E __co Fy _ sag
k 3 FZ y Fz u
(k-3) M, hycas M, hso
——=] —X3 =—j——=+y;
F, F, H
Fx \ D cey Fy Sy
Fz M FZ U
k"'4 M hyco M . h4s0{4
(k=4) S=(- )=y S (- )=y
F, H F, u
My _ u Xy — X +j hlcotl _(1_ ]) hzcaZ i_{_ Mxicoy — Uxrcoy —jhlcotlcaz +(1—j)h200(100!2
DF,  coqy—cop| D uD T uD |F, uD(coy —cory)
(k-5) M, | _»mn iy hsay T )) hysa, i+ — IS0 + Wsoy + jhsogsan — (1— j Ypsogsa
DF,  soq—sa, D ubD uD | F, uD(soq — sty
M, _ u Xy X3 hycoy —a-)) hycory i+ Hescoly — pxgcon — jhscascoy +(1— jhyconeoy
DF,  cos—cay| D uD ubD | F, uD(coy —coy)
(k_6) M, u _datn hyso Fa-)) hysoy | By L DA+ s + Jhsosoy —(1— hysossoy
DF,  soz—-soy D ubD uD | F, uD(sory — sary)
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My _ Y2 X|—X3 +j—hlca1+h3ca3 i_i_XIIUCO.’?,—Xg)ILICO.’l‘Fj(—thC(lCa:; +h3calca3)
DF, coq—cog\ D uD F, ,uD(cal —ca3)
(k-7) M, _ u N=Ys /-_hlsal +hsos i+ Y3l 0y — yusos + j(soqs 0 — s g5 o)
two- DF,  sa-saz\ D 1D F, uD(sey — sar5)
point M,  u [ x4 —x n heoy a-) hycay, }& L ARy — fxacan — Jhcageay +(1— jhgcogcoy
contact DF, cog—coy| D uD uD | F, ,uD(cal —ca4)
states | (k-8) | M.___ 4 _datn hsey 1= ) hysay | Fy | - uyisoy + tygson + jhisagsay — (1= hysonsay
DF, soy —say | D uD ubD | F, ,uD(sal —sa4)
M, _ 4 [x-x +j heas _a-j) hycay | Ey | prset = pocas — jhscoscan +(1- heoncas
DF,  coz-cop| D uD uD |F, ub(con —ca)
(k-9) My M __ Y2=¥3 _ hyso (=) hysay _Q T3S0 + Hyysas + Jhsossay — (1= )hysapsos
DF.,  sez-son| D 7 D uD | F uD(soy — sty )
My [XQ X4 g jmican + hycay ] Fy | Mvpcay = prgeas + (1= j)(=hycancay + hyeaseay)
(k-lO) DF, coy—coy D ’ uD F, uD(cor, —coyy)
M, _ U Y2TVa g hyson + hysoy | Fy 4 0480 = 50y + (1= )5 0504 = hys504)
Dlrz S0 —S0y D ,UD FZ ,UD(SCL’Z —Sa’4)
When pegs tilt to the left, k stands for | and j=1. When pegs tilt to the right, k stands for r and j=0.

Table 2. Force/moment of contact states about the three dimensional dual peg-in-hole.

5. Jamming diagrams of three dimensional dual peg-in-hole
Jamming is a condition in which the peg will not move because the forces and moments

applied to the peg through the support are in the wrong proportions (Whitney, 1982).

5.1 Jamming diagrams
Because the relation between forces and moments is not proper, pegs are struck in the holes

M F,
and jamming appears. In this section, according the relations between —2and —*

7

F
M, and Fy , we can obtain three kinds of jamming diagrams about three dimensional dual
peg-in-hole problems (Fig.7):
M F M F

Q) ——oc—X; (b) —Xoe—L, gel0° 90°], aze[0° 90°|, a,e|180° 270°],

@ gl 0 el aelr w0 wel 0] ol 1
Mx Fy

a4 € [180° 270°]; (o) ST o €[270° 360°], a;e[270° 360°], @, e([90° 180°],
My, F : . M, F,

oy € [9 0° 180°]. Here ) o« —X represents the linear relation between and Fx , and

z z z z
F M F
g[—Fxoc Fy represents the linear relation between 5 ; and Fy

There are some differences between the jamming diagram of a two dimensional dual peg-
in-hole and that of a three dimensional dual peg-in-hole. In two dimensions, the jamming

M F
diagram only shows the linear relation between Tx and ?y The jamming diagram is not
z z
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relative to ¢; and contact point positions (x; ;). It is only relative to x4, the insertion depth

M
and the radii of peg and hole. In three dimensions, the linear relations between Ty and
z

F. M F
?" , Tx and ?y must be considered. The jamming diagrams are not only relative to 4, the
z z z

insertion depth and the radii of peg and hole, but also relative to ¢ and contact point

g : M ry : ; :
positions (x; ;). Because the relation between —* and — is relative to sine;, according to
z z

the different range of ¢, the jamming diagrams can be discussed in Fig. 7(b) and Fig. 7(c).

In this section, the jamming diagrams of a three dimensional dual peg-in-hole are analyzed.
The range of the jamming analysis is extended. Thus, the assembly process is analyzed in
detail. We can know the whole assembly process of the three dimensional dual peg-in-hole
clearly.

Table 2 lists the force/moment conditions for 20 possible contact states. Fig. 7 shows the
jamming diagrams of a three dimensional dual-peg problem with these contact states. When
the force/ moment conditions of all possible contact states of the three dimensional dual-peg
insertion problem are plotted in force/moment space, the plots form a closed boundary
which separates the force/moment space into two spaces; statically unstable space, and
jamming space. The unstable space is the area enclosed by the boundary, and represents the
conditions on the applied forces and moments that cause the pegs to unstably fall into the
holes. The jamming space, on the other hand, is the area outside the boundary, and
represents the force/moment conditions in which the pegs appear stuck in the holes
because the applied forces and moments cannot overcome the net forces and moments due
to frictional contact forces (Fig. 7). The jamming diagrams can supply us some successful
insertion information. If the conditions on the applied forces and moments fall into the
unstable space, the pegs can unstably fall into the holes and the continuity of insertion can
be guaranteed. Since all 20 contact states cannot exist at a particular geometric condition,
each jamming diagram representing a particular insertion problem is constructed from only
some of the straight lines shown in Fig. 7. When the geometric dimensions and the insertion
depth are known, some possible contact states can be formed and some possible jamming
diagrams can be obtained (Fig. 8).

5.2 33 kinds of possible jamming diagrams

When the exact dimensions of the pegs and the insertion depth are known, possible contact
states can be derived, and the jamming diagrams can be constructed. These jamming
diagrams provide us with the information on how to apply forces and moments to the pegs
in order to yield successful insertions. For three kinds of jamming diagrams in Fig. 7, each
has 11 kinds of possible jamming diagrams. For example, for some particular insertion
condition and geometric condition, the possible jamming diagrams can be constructed by
joining four corresponding lines in Fig. 7 (a) forming an enclosed region (Fig. 8 a). There are
several possible jamming diagrams that can be constructed in this way. In Fig. 8 a, vertexes
of the quadrangle represent one-point contact states, such as (I-1), (I-2), (»-1), (-2) in Fig. 8
(a-1). Lines of the quadrangle represent two-point contact states, such as (I-5), (r-5) in Fig. 8
(a-1).
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Fig. 7. Jamming diagrams.
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In two dimensions, there are only 9 kinds of jamming diagrams, which are static and
relative to 4, the insertion depth and the radii of peg and hole. In three dimensions, there
are 33 kinds of jamming diagrams, which are relative to not only g, the insertion depth and
the radii of peg and hole, but also ¢ and contact point positions (x; y;). They are dynamic.
The quadrangles are more complicated than those in two dimensions. In three dimensions,
the possible jamming diagrams, such as Fig.8 (a-10) and Fig.8 (a-11), may appear. Fig.8 (a-
10) shows the possible jamming diagram of left-contact. Fig.8 (a-11) shows the possible
jamming diagram of right-contact.

The 33 kinds of possible jamming diagrams in Fig.8 may be interpreted as follows. The
vertical lines in the diagrams describe line contact states. Combinations of Fy, F., and M,
falling on the parallelograms’edges describe equilibrium sliding in. Outside the
parallelogram lie combinations which jam the dual-peg, either in one- or two-point contact.
Inside, the dual-peg is in disequilibrium sliding or falling in.

6. Conclusions

In order to know the assembly process of a dual peg-in-hole and plan an insertion
strategy in detail, it is important to analyze the dual peg-in-hole in three dimensions. In
this paper, the assembly contact and jamming of a dual peg-in-hole in three dimensions
are analyzed in detail. Firstly, 20 contact states of the three dimensional dual-peg are
enumerated and geometric conditions are derived. Secondly, the contact forces are
described by the screw theory in three dimensions. With the static equilibrium equations,
the relationship between forces and moments for maintaining each contact state is
derived. Thirdly, the jamming diagrams of the three dimensional dual peg-in-hole are
presented. Different peg and hole geometry, and different insertion depth may yield
different jamming diagrams. 33 different types of possible jamming diagrams for each
jamming diagram are identified. These jamming diagrams can be used to plan fine motion
strategies for successful insertions. In addition, they also show that the assembly process
in six degrees of freedom is more complicated than that for planar motion. The above
analyses are the theoretical bases for multiple peg-in-hole insertion. It is one most
significant advance in robotic assembly.
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