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Summary. — We present a brief review of our recent extractions of the Transverse-
Momentum–Dependent distribution and fragmentation functions performed by
analysing Semi-Inclusive Deep Inelastic Scattering and e+e− → h1h2 + X data
on azimuthal asymmetries.

PACS 13.88.+e – Polarization in interactions and scattering.
PACS 13.60.-r – Photon and charged-lepton interactions with hadrons.
PACS 13.60.Le – Meson production.
PACS 13.85.Ni – Inclusive production with identified hadrons.

1. – Introduction

Collinear parton distribution functions (PDFs) depend on the fraction x of hadron
momentum carried by the parton and on the virtuality of the hard probe, Q2. Transverse-
Momentum–Dependent parton distributions (TMDs) additionally depend on the intrinsic
transverse momentum of the parton, k⊥, thus describing the nucleon structure, in the
full three-dimensional partonic momentum space.

At leading twist, nucleons can be described by 8 TMDs [1-3]. Each TMD represents
a particular physical aspect of spin-orbit correlations at partonic level. Semi-Inclusive
Deep Inelastic Scattering (SIDIS) and Drell-Yan (DY) are the key processes where the
three-dimensional structure of the nucleon can be studied. Both these processes depend
on two scales: the virtuality of the hard probe, Q2, which is assumed to be large, and
the transverse momentum PT � ΛQCD � Q of the final detected hadron (in SIDIS)
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or of the dilepton pair (in DY). Large Q2 values ensure the applicability of the QCD
parton model while the second (small) scale, PT , can be related to the transverse motion
of partons. In this kinematical regime (TMD) factorization applies, thus allowing the
study of TMDs.

Drell-Yan processes are the cleanest processes where TMDs can be observed due to
the pure leptonic final state. However they are experimentally difficult to realize due
to their very small cross section. Moreover, polarized DY experiments have never been
performed. On the contrary, SIDIS processes, despite their hadronic final state, have
provided a large amount of data from which many TMDs could be extracted. Here we
present a brief review of our recent results on the phenomenological study of the TMDs,
mainly from SIDIS data.

2. – The Sivers function

In ref. [4] we presented an extraction of the Sivers distribution functions based on a fit
of SIDIS experimental data from the HERMES [5] and COMPASS [6,7] Collaborations.
Data from HERMES [5] presented an unexpectedly large A

sin(φh−φS)
UT asymmetry for

K+ production, about twice the analogous asymmetry for π+. Such a large asymmetry
suggested an important role of the sea Sivers functions. Our analysis confirmed this
expectation finding a large contribution of the s̄-Sivers function.

A new HERMES data analysis [8], based on a much larger statistics, while confirming
the previous pion data, shows a smaller asymmetry for K+ production. These new data
prompted us to perform a new analysis. Here we present a preliminary phenomenological
fit of HERMES proton and COMPASS deuteron data. The Sivers functions have been
parametrized as

ΔNfq/p↑(x, k⊥) = −2k⊥
MN

f⊥
1T (x, k⊥)=2Nq(x)h(k⊥) fq/p(x, k⊥),(1)

Nq(x) = Nq xαq (1 − x)βq
(αq + βq)(αq+βq)

α
αq
q β

βq
q

, h(k⊥) =
√

2e
k⊥
M1

e−k2
⊥/M2

1 ,

where Nq ∈ [−1, 1], αq, βq and M1 (GeV/c) are free parameters. MN is the nucleon mass
and f⊥

1T (x, k⊥) is the Sivers function in the Amsterdam notation [9]. For the unpolarized
PDFs and FFs, we adopt a factorized Gaussian form

(2) fq/p(x, k⊥) = fq(x)
1

π〈k2
⊥〉

e−k2
⊥/〈k2

⊥〉, Dh
q (z, p⊥) = Dh

q (z)
1

π〈p2
⊥〉

e−p2
⊥/〈p2

⊥〉,

with 〈k2
⊥〉 = 0.25 (GeV/c)2 and 〈p2

⊥〉 = 0.20 (GeV/c)2 as found in ref. [10]. Collinear
PDFs are taken at Leading Order (LO) as in ref. [11] while for the FFs we used the DSS
set [12].

We fitted HERMES proton and COMPASS deuteron data from refs. [6,8] (209 points)
including only Sivers functions for u and d quarks, corresponding to seven free parame-
ters, shown in table I. The results we obtain are rather satisfactory, with a χ2

dof of about
1.06. Such results are similar to those obtained in ref. [13]. The Sivers functions are
plotted in the right panel of fig. 1.
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Table I. – χ2 and best values of the parameters.

χ2
dof = 1.06

Nu = 0.40 αu = 0.35 βu = 2.6

Nd = −0.97 αd = 0.44 βd = 0.90

M2
1 = 0.19 GeV2

As shown in the left panel of fig. 1, the new HERMES data on kaon production can
be described reasonably well without any sea Sivers function contribution, although their
inclusion in the fit procedure can slightly improve the χ2

dof [14]. The gray band in fig. 1
represents the statistical error of the fitting procedure, calculated as in ref. [4].

3. – Transversity and Collins functions from SIDIS and e+e− data

The transversity function is one of the fundamental PDFs appearing in collinear
approximation. However, due to its chiral-odd nature, it cannot be observed in deep
inelastic processes. The double transversely polarized DY is the golden channel for its
observation but, as noticed in the introduction, there are no data available for polarized
DY processes. Transversity can be studied in SIDIS processes where it appears convo-
luted with the chiral-odd Collins fragmentation function [15]. The Collins fragmentation
function can be probed in e+e− → h1h2X processes. Therefore a combined fit of SIDIS
asymmetries A

sin(φh+φS)
UT together with e+e− → h1h2X data allows the simultaneous

extraction of the transversity distribution and the Collins fragmentation functions.
In ref. [16] we analysed the data released by the HERMES [5] and COMPASS [6]

Collaborations for SIDIS, and the AUL
12 data by the Belle Collaboration [17] for the

e+e− → π1π2X process. The transversity and the Collins functions are parametrized in
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Fig. 1. – The fit of HERMES data [8] for kaon production is presented in the left panel. The
right panel shows the first moment of the Sivers functions extracted from the fitting procedure
presented in this paper and those obtained in ref. [4].
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Table II. – Best values of the free parameters for the u and d transversity distribution functions
and for the favoured and unfavoured Collins fragmentation functions [16].

NT
u = 0.64 ± 0.34 NT

d = −1.00 ± 0.02 NC
fav = 0.44 ± 0.07 NC

unf = −1.00 ± 0.06

α = 0.73 ± 0.51 β = 0.84 ± 2.30 γ = 0.96 ± 0.08 δ = 0.01 ± 0.05

M ′2
h = 0.91 ± 0.52 GeV2

a simple factorized form [16]:

ΔT q(x, k⊥) =
1
2
N T

q (x) [fq/p(x) + Δq(x)]
e−k2

⊥/〈k2
⊥〉

π〈k2
⊥〉

,(3)

N T
q (x) = NT

q xα(1 − x)β (α + β)(α+β)

ααββ
,

ΔNDh/q↑(z, p⊥) =
p⊥

zMh
H⊥

1 (z, p⊥) = 2NC
q (z)Dh/q(z)h(p⊥)

e−p2
⊥/〈p2

⊥〉

π〈p2
⊥〉

,(4)

NC
q (z) = NC

q zγ(1 − z)δ (γ + δ)(γ+δ)

γγδδ
, h(p⊥)=

√
2e

p⊥
M ′

h

e−p2
⊥/M ′2

h ,

where −1 ≤ NT
q ≤ 1, −1 ≤ NC

q ≤ 1. In eq. (4) M ′
h is the mass of the produced hadron

while H⊥
1 denotes the Collins function in the Amsterdam notation. Δq(x) is the helicity

distribution and it is taken from ref. [18].
We fitted data assuming only the existence of u and d transversity functions and

separating the Collins functions in favored and unfavored fragmentation functions. This
choice implies the use of 9 free parameters. We obtained a χ2

dof = 1.3 [16]. The best fit
parameters can be found in table II.

4. – Boer-Mulders function from unpolarized SIDIS data

In ref. [19] we performed an analysis of the cos 2φ asymmetry recently measured by the
COMPASS [20,21] and HERMES [22] Collaborations in unpolarized SIDIS. At leading-
twist the only k⊥-dependent term contributing to the cos 2φ asymmetry contains the
Boer-Mulders distribution h⊥

1 coupled to the Collins fragmentation function H⊥
1 of the

produced hadron. This contribution to the cross section is given by [9]

d5σ
(0)
BM

dxdy dz d2PT

∣∣∣∣∣
cos 2φ

=
4πα2

ems

Q4

∑
q

e2
q x(1−y)

∫
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d2p⊥ δ2(PT −zk⊥−p⊥)(5)

× 2h · k⊥ h · p⊥ − k⊥ · p⊥
zMNMh

h⊥q
1 (x, k2

⊥)H⊥q
1 (z, p2

⊥) cos 2φ,
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where h ≡ PT /PT . Other contributions to the cos 2φ asymmetry come from twist-4
effects. Here we will consider only the twist-4 Cahn contribution. It has the form

d5σ
(0)
C

dxdy dz d2PT

∣∣∣∣∣
cos 2φ

=
8πα2

ems

Q4

∑
q

e2
q x(1−y)

∫
d2k⊥

∫
d2p⊥ δ2(PT −zk⊥−p⊥)(6)

× 2 (k⊥ · h)2 − k2
⊥

Q2
fq
1 (x, k2

⊥)Dq
1(z, p2

⊥) cos 2φ.

Notice that the Cahn term is only a part of the complete, still unknown, twist-4 contri-
bution.

The available data on 〈cos 2φ〉 do not allow a full extraction of the Boer-Mulders
function. Thus we simply take h⊥

1 to be proportional to the Sivers function f⊥
1T ,

(7) h⊥q
1 (x, k2

⊥) = λq f⊥q
1T (x, k2

⊥),

with a coefficient λq to be fitted to the data. The Sivers functions are taken from
ref. [4], see also sect. 2. Unpolarized PDFs and FFs are taken as in sect. 2 and the
Collins functions as in sect. 3. Fitting the HERMES and COMPASS data we found the
following values for the coefficients λu and λd:

(8) λu = 2.0, λd = −1.1.

This implies that h⊥u
1 and h⊥d

1 are both negative. The χ2 per degree of freedom of our
fit is χ2

dof = 3.73. This high value reflects our poor knowledge of the underlying Cahn
mechanism, and of the possible dependence of 〈k2

⊥〉 and 〈p2
⊥〉 on x and z. More experi-

mental information is needed to unravel this dependence. At present, the quality is good
enough to draw some preliminary conclusion on the sign and the approximate size of the
Boer-Mulders functions, which appear to be compatible with the theoretical expectations.
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Fig. 2. – (Colour on-line) In the left panel the k2
⊥/Q2 phase space as determined by the bounds

of eqs. (9) and (11). The allowed region, which fulfills both bounds, is represented by the shaded
area below the solid line. The Cahn contribution to the 〈cos φh〉 and 〈cos 2φh〉 asymmetries is
show in the central and right panels. The solid (red) line corresponds to the cahn contribution
calculated with a numerical k⊥ integration over the range [0, kmax

⊥ ] given by eqs. (9) and (11).
The dashed (blue) line is obtained by integrating over k⊥ analytically.
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5. – Partonic transverse motion in unpolarized SIDIS processes

In phenomenological analysis, the transverse momentum distribution of the TMDs is
usually assumed to be a Gaussian. This is a convenient approximation as it allows to
solve the k⊥ integration analytically, integrating over the full k⊥ range, [0,∞], and it
leads to a successful description of many sets of data.

However, in some kinematical region the gaussian smearing is not sufficient to prevent
large k2

⊥/Q2 contributions to the cross section. The large twist-4 Cahn effect found in
ref. [19] is a remarkable example of such contributions.

A physical picture that allows us to put some further constraints on the partonic
intrinsic motion is provided by the parton model, where kinematical limits on the trans-
verse momentum size can be obtained by requiring the energy of the parton to be less
than the energy of the parent hadron and by preventing the parton to move backward
with respect to the parent hadron direction (kz < 0). They give, respectively:

k2
⊥ ≤ (2 − x

B
)(1 − x

B
)Q2, 0 < x

B
< 1.(9)

k2
⊥ ≤ x

B
(1 − x

B
)

(1 − 2x
B
)2

Q2 x
B

< 0.5.(10)

Notice that these are exact relations, which hold at all orders in (k⊥/Q).
The ratio k2

⊥/Q2, as constrained by eqs. (9) and (11), is shown in the left panel of
fig. 2 as a function of x

B
: from this plot it is immediately evident that, in the region

spanned by present data from HERMES and COMPASS experiments (xb < 0.3), eq. (11)
gives a stringent limit on k2

⊥/Q2. This leads, for instance, to a better description of some
observables like the 〈cos φh〉 and 〈cos 2φh〉 asymmetries (central and right panel of fig. 2)
and introduces some interesting effects in the 〈P 2

T 〉 behaviors [23].
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