
DOI 10.1393/ncc/i2011-10922-x

Colloquia: Channeling 2010

IL NUOVO CIMENTO Vol. 34 C, N. 4 Luglio-Agosto 2011

Coherent X-radiation of a relativistic electron on nano-scale
multilayer structure in Laue scattering geometry

S. Blazhevich(1) and A. Noskov(2)
(1) Belgorod State University - Belgorod, Russia
(2) Belgorod University of Consumer’s Cooperation - Belgorod, Russia

(ricevuto il 22 Dicembre 2010; pubblicato online il 25 Luglio 2011)

Summary. — The coherent X-radiation of relativistic electron crossing a peri-
odic multilayer artificial structure is considered in Laue geometry. The expressions
describing spectral-angular characteristics of the radiation are derived. The possi-
bility of the radiation photon yield material increase with change of the asymmetry
of the relativistic electron Coulomb field reflection with respect to multilayer target
entrance surface is considered.

PACS 41.60.-m – Radiation by moving charges.
PACS 41.75.Ht – Relativistic electron and positron beams.
PACS 42.25.Fx – Diffraction and scattering.

1. – Introduction

Traditionally the relativistic particle radiation in a periodic lamellar structure would
be considered in Bragg scattering geometry, when the reflecting layers are situated paral-
lel to the entrance surface, that is in symmetric case. The radiation would be considered
as resonance transition radiation [1,2]. Some progress has been made recently in the de-
scription of the radiation in such media [3], where the radiation in a multilayer periodic
medium is represented as the sum of diffraction transition radiation (DTR) and para-
metric X-radiation (PXR) by analogy with the relativistic electron coherent radiation in
single-crystal media [4-7].

In the present work the coherent X-radiation in artificial periodic structure is con-
sidered for the first time in Laue scattering geometry under arbitrary asymmetry of the
relativistic electron Coulomb field reflection with respect to the target surface by anal-
ogy with the radiation in a single crystal. In this geometry surface as opposed to the
traditional symmetric case of Bragg reflection geometry [1-3] the emitted photons leave
the target through its back surface and for the photons of high frequency their wave vec-
tors form wide angles with the target. The expression of the radiation spectral-angular
density is obtained based on dynamic diffraction theory two-wave approximation. It
is shown that practically in the same conditions the yield of photons from a periodical
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Fig. 1. – Scheme of the radiation process of relativistic electron in multilayer structure (k and
kg are incident and diffracted pseudophotons).

lamellar structure is an order of magnitude greater than that from a crystal medium. The
opportunity is also shown of increasing the spectral-angular density and integral yield
of photons by change of asymmetry of the relativistic electron Coulomb field reflection
with respect to the multilayer target entrance surface.

The result derived can be used as the principal basis for creating an alternative quasi-
monochromatic X-ray source with varying photon frequency.

2. – Radiation amplitude

Let us consider the radiation of a fast charged particle crossing a multilayer periodic
structure with steady speed V (see in fig. 1) consisting of periodically situated amorphous
layers of thicknesses a and b (T = a + b is the structure period) having the dielectric
susceptibility χa and χb, respectively.

Let us consider the equation for Fourier transform of electromagnetic field

(1) E(k, ω) =
∫

dt d3 rE(r, t) exp [iωt − ikr] .

Since the field of a relativistic particle could, to a good accuracy, be taken as being
transverse, the incident E0(k, ω) and diffracted Eg(k, ω) electromagnetic waves are de-
termined by two amplitudes with different values of transverse polarization:

E0(k, ω) = E
(1)
0 (k, ω)e(1)

0 + E
(2)
0 (k, ω)e(2)

0 ,(2)

Eg(k, ω) = E(1)
g (k, ω)e(1)

1 + E(2)
g (k, ω)e(2)

1 .
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The unit vectors of polarization e(1)
0 , e(2)

0 , e(1)
1 and e(2)

1 are chosen in the following
way. Vectors e(1)

0 and e(2)
0 are perpendicular to vector k, and vectors e(1)

1 and e(2)
1 are

perpendicular to vector kg = k+g. Vectors e(2)
0 , e(2)

1 are situated on the plane of vectors
k and kg (π-polarization) and e(1)

0 , e(1)
1 are perpendicular to this plane (σ-polarization);

g is analogous to the vector of the reciprocal lattice, it is perpendicular to the layers and
has module g = 2π

T n, n = 0,±1,±2, . . ..
The system of equations for the Fourier transform images of electromagnetic field in

two-wave approximation of diffraction dynamic theory has the following form [8]:

(3)

⎧⎨
⎩

(ω2(1 + χ0) − k2)E(s)
0 + ω2χ−gC(s,τ)E

(s)
g = 8π2ieωθV P (s)δ(ω − kV),

ω2χgC(s,τ)E
(s)
0 + (ω2(1 + χ0) − k2

g)E(s)
g = 0,

where χ0 = χ′
0 + iχ′′

0 is the average dielectric susceptibility, χg, χ−g are the coefficients
of the Fourier expansion of the dielectric susceptibility of a crystal over the reciprocal
lattice vectors g.

(4) χ(ω, r) =
∑
g

χg(ω) exp[igr] =
∑
g

(
χ′

g(ω) + iχ′′
g(ω)

)
exp[igr].

The values Ñ (s) and P (s) are defined in the system (3) as

C(s) = e(s)
0 e(s)

1 , Ñ (1) = 1, Ñ (2) = cos 2θB ,(5)

P (s) = e(s)
0 (μ/μ), P (1) = sin ϕ, P (2) = cos ϕ,

where μ = k−ωV/V 2 is the virtual photon momentum vector component perpendicular
to the particle velocity vector V (μ = ωθ/V , where θ � 1 is the angle between vectors
k and V), θB is the angle between electron velocity and a set of atomic planes in the
crystal (Bragg angle), ϕ is the azimuth angle, counted off from the plane formed by
vectors V and g, the value of the reciprocal lattice vector is shown by the expression
g = 2ωB sin θB/V , ωB is Bragg’s frequency. The angle between vector ωV

V 2 + g and
diffracted wave vector kg is defined as θ′. The equation system (3) under s = 1 describes
the fields of σ-polarization, and under s = 2 the fields of π-polarization.

It is not too difficult to show that the magnitudes of the Fourier coefficients χ0 and
χg have such a form:

(6) χ0(ω) = (aχa + bχb)/T, χg(ω) = (exp[−iga] − 1) (χb − χa) /igT,

where g = 2πn/T , n = 0,±1,±2, . . ..
The relation

χ′
0 = (aχ′

a + bχ′
b)/T,(7)

χ′′
0 = (aχ′′

a + bχ′′
b )/T,

Re
√

χgχ−g = 2 sin(ga/2) (χ′
b − χ′

a) /gT,

Im
√

χgχ−g = 2 sin(ga/2) (χ′′
b − χ′′

a) /gT

following from (6) will be used further.
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When solving the dispersion equation following from (3)

(8) (ω2(1 + χ0) − k2)(ω2(1 + χ0) − k2
g) − ω4χ−gχgC(s)2 = 0

by a standard method of dynamic theory [9], we will find expressions for k and kg:

k = ω
√

1 + χ0 + λ0, kg = ω
√

1 + χ0 + λg,(9)

λ(1,2)
g =

ω

4

(
β ±

√
β2 + 4χgχ−gC(s)2

γg

γ0

)
,(10)

λ
(1,2)
0 = ω

γ0

4γg

(
−β ±

√
β2 + 4χgχ−gC(s)2

γg

γ0

)
,

where β = α−χ0(1−γg/γ0), α = (k2
g −k2)/ω2, γ0 = cos ψ0, γg = cos ψg, ψ0 —the angle

between the wave vector of the incident wave k and the vector of the normal to the plate
surface n, ψg— the angle between the wave vector kg and the vector n (see fig. 1).

The dynamic addition agents λ0 and λg for the X-ray waves are bound by the relation
λg = ωβ/2 + λ0(γg/γ0). As for |λ0| � ω and |λg| � ω, it can be proved that θ ≈ θ′ (see
fig. 1), therefore we will use symbol θ on all occasions.

The solution of the combined equations (3) gives us the relativistic particle diffracted
field inside the periodic structure as

E(s)cr
g = −8π2ieV θP (s)

ω

ω2χgC(s)

4γ2
0

γ2
g

(
λg − λ

(1)
g

)(
λg − λ

(2)
g

)δ
(
λg − λ∗

g

)
(11a)

+E(s)(1)

g δ
(
λg − λ(1)

g

)
+ E(s)(1)

g δ
(
λg − λ(2)

g

)
,

where λ∗
0 = ω(γ−2 + θ2 − χ0)/2, λ∗

g = ωβ/2 + (γg/γ0)λ∗
0, γ = 1/

√
1 − V 2 —the particle

Lorentz factor, E
(s)(1)

g and E
(s)(1)

g —the free diffracted fields in multilayer target.
The same field in the vacuum in front of the target is given as

(11b) E
(s)vac I
0 =

8π2ieV θP (s)

ω

γg

γ0

(
−χ0 −

2
ω

γ0

γg
λg + β

γ0

γg

)−1

δ
(
λg − λ∗

g

)
.

Here the relation δ(λ0 −λ∗
0) = γg

γ0
δ(λg −λ∗

g) is used. The field in the vacuum behind the

multilayer target is given as E
(s)vac
g = E

(s)Rad
g δ(λg + ωχ0/2), where E

(s)Rad
g is the field

of coherent radiation near Bragg direction.
The following expression bounding the diffracted and incident fields inside of the

multilayer structure results from the second equation of system (3):

(12) E
(s)cr
0 = 2ωλg

(
ω2χgC

(s)
)−1

E(s)cr
g .
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For definition of amplitude E
(s)Rad
g we will use the ordinary boundary conditions on

the inlet and outlet surfaces of the multilayer plate:

∫
E

(s)vac I
0 dλ0 =

∫
E

(s)cr
0 dλ0,

∫
E(s)cr

g dλ0 = 0,(13) ∫
E(s)cr

g exp
[
i
λg

γg
L

]
dλg =

∫
E(s)vac

g exp
[
i
λg

γg
L

]
dλg.

Hence we will obtain the expression for the radiation field:

E(s)Rad
g =

8π2ieV θP (s)

ω

ω2χgC(s) exp
[
i
(

ωχ0
2 + λ∗

g

)
L
γg

]
2ω γ0

γg

(
λ

(1)
g − λ

(2)
g

)(14)

×

⎡
⎣
⎛
⎝ ω

−χ0ω − 2λ∗
0

+
ω

2 γ0
γg

(λ∗
g − λ

(2)
g )

⎞
⎠ ×

×
(

1 − exp

[
−i

λ∗
g − λ

(2)
g

γg
L

])
−

⎛
⎝ ω

−χ0ω − 2λ∗
0

+
ω

2 γ0
γg

(λ∗
g − λ

(1)
g )

⎞
⎠

×
(

1 − exp

[
−i

λ∗
g − λ

(1)
g

γg
L

])]
.

The terms in square brackets in (14) correspond to two branches of solution for X-ray
waves excited in the multilayer structure.

For further analysis of the radiation let us present the dynamic addition agent (10)
as

λ(1,2)
g =

ω|χ′
g|C(s)

2

(
ξ(s) − iρ(s)(1 − ε)

2
(15)

±
√

ξ(s)2 + ε − 2iρ(s)

(
(1 − ε)

2
ξ(s) + κ(s)ε

)
− ρ(s)2

(
(1 − ε)2

4
+ κ(s)2ε

))
,

where

ξ(s)(ω) = η(s)(ω) +
1 − ε

2ν(s)
, η(s)(ω) =

sin2 θBgT

V 2C(s)|χ′
b − χ′

a|
∣∣sin (

ga
2

)∣∣(16)

×
(

1 − ω(1 − θ cos ϕ cot θB)
ωB

)
,

ν(s) =
2C(s) sin

(
ga
2

)
g

χ′
b − χ′

a

aχ′
a + bχ′

b

, ρ(s) =
aχ′′

a + bχ′′
b

|χ′
b − χ′

a|C(s)

g

2
∣∣sin (

ga
2

)∣∣ ,

κ(s) =
2C(s) sin

(
ga
2

)
g

χ′′
b − χ′′

a

aχ′′
a + bχ′′

b

, ε =
γg

γ0
.



236 S. BLAZHEVICH and A. NOSKOV

Fig. 2. – Radiation process under different reflection asymmetry.

An important parameter in expression (16), parameter ε, can be expressed by the
formula

(17) ε = sin(δ + θB)/ sin(δ − θB)

that defines the degree of the field reflection asymmetry with respect to the multilayer
target entrance surface. Here θB is the angle between electron velocity and reflecting
layers, δ is the angle between target surface and the reflecting layers. Let us note that
the angle of the electron incidence with respect to the multilayer target surface δ − θB

increases if the parameter ε decreases and the opposite (see fig. 2). In the case of
symmetric reflection the incident and diffracted photon vectors make equal angles with
respect to the target surface (see fig. 2), but in the case of asymmetric reflection these
angles are different. In the symmetric case ε = 1 and δ = π/2, in the asymmetric one
ε �= 1 and δ �= π/2.

3. – Radiation spectral-angular distribution

Substituting (14) for the well-known [8] expression for spectral-angular density of
X-radiation

(18) ω
d2N

dωdΩ
= ω2(2π)−6

2∑
s=1

∣∣∣E(s)Rad
g

∣∣∣2 , E(s)Rad
g = E

(s)
PXR + E

(s)
DTR,

we will find the expressions describing the PXR and DTR contributions to total spectral-
angular density of the radiation and the summand being the result of these radiation
mechanisms interference:

ω
d2N

(s)
PXR

dωdΩ
=

e2

4π2
P (s)2 θ2

(θ2 + γ−2 − χ′
0)2

R
(s)
PXR,(19a)

R
(s)
PXR =

(
1 − ξ/

√
ξ2 + ε

)2

(19b)

×
1 + exp

[
−2b(s)ρ(s)Δ(1)

]
− 2 exp

[
−b(s)ρ(s)Δ(1)

]
cos(b(s)Δ(ω))

Δ(ω)2 + ρ(s)2Δ(1)2
,
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ω
d2N

(s)
DTR

dωdΩ
=

e2

4π2
P (s)2θ2

(
1

θ2 + γ−2
− 1

θ2 + γ−2 − χ′
0

)2

R
(s)
DTR,(20a)

R
(s)
DTR =

4ε2

ξ2 + ε
exp

[
−b(s)ρ(s) 1 + ε

ε

]
×(20b)

×

⎡
⎣sin2

⎛
⎝b(s)

(√
ξ2 + ε

)
ε

⎞
⎠ + sh2

(
b(s)ρ(s) (1 − ε)ξ(s) + 2εκ(s)

2ε
√

ξ2 + ε

)⎤
⎦ ,

ω
d2N

(s)
INT

dωdΩ
=

e2

4π2
P (s)2θ2

(
1

θ2+γ−2
− 1

θ2+γ−2−χ′
0

)
1

θ2+γ−2−χ′
0

R
(s)
INT,(21a)

R
(s)
INT =− 2ε

ξ(s)2 + ε
Re

((
ξ(s) −

√
ξ(s)2 + ε

)
(21b)

×
1 − exp

[
−ib(s)Δ(ω) − b(s)ρ(s)Δ(1)

]
Δ(ω) − iρ(s)Δ(1)

×

×
(
exp

[
ib(s)Δ(ω) − b(s)ρ(s)Δ(1)

]
− exp

[
ib(s)Δ(ω) − b(s)ρ(s)Δ(2)

]))
,

where

Δ(ω) = σ(s) +
(
ξ(ω) −

√
ξ(ω)2 + ε

)/
ε,(22)

Δ(2) =
ε + 1
2ε

+
1 − ε

2ε

ξ(s)√
ξ(s)2 + ε

+
κ(s)√

ξ(s)2 + ε
,

Δ(1) =
ε + 1
2ε

− 1 − ε

2ε

ξ(s)√
ξ(s)2 + ε

− κ(s)√
ξ(s)2 + ε

, σ(s) =
1

ν(s)
(P(θ, γ) + 1),

P(θ, γ) = θ2/|χ′
0| + γ−2/|χ′

0|, b(s) =
ω
∣∣Re√χgχ−g

∣∣C(s)

2
L

γ0
.

The solution of the corresponding equation Δ(ω) = 0 (see (19b)) defines the frequency
ω∗, in the vicinity of which the spectrum of the PXR photons radiated under fixed
radiation (observation) angle is concentrated.

4. – Radiation angular density

By integrating (19)–(21) over frequency function η(s)(ω) we will obtain the expressions
for angular densities of these radiations:

dN
(s)
PXR

dΩ
=

e2P (s)2ν(s)

8π2 sin2 θB

θ2/|χ′
0|

(P(θ, γ) + 1)2

∫ +∞

−∞
R

(s)
PXRdη(s)(ω),(23)

dN
(s)
DTR

dΩ
=

e2P (s)2ν(s)

8π2 sin2 θB

θ2/|χ′
0|

(P(θ, γ) + 1)2 P(θ, γ)2

∫ +∞

−∞
R

(s)
DTRdη(s)(ω),(24)

dN
(s)
INT

dΩ
=

e2P (s)2ν(s)

8π2 sin2 θB

θ2/|χ′
0|

(P(θ, γ) + 1)2 P(θ, γ)

∫ +∞

−∞
R

(s)
INTdη(s)(ω),(25)

where P(θ, γ) = θ2/|χ′
0| + γ−2/|χ′

0|.
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Fig. 3.

5. – Analyses of the process of the relativistic electron radiation in artificial
structures

As was noted above, the photon reflections from artificial multilayer periodic structure
are usually considered in Bragg scattering geometry only in the case of symmetric reflec-
tion, though in single crystal the radiation is investigated basically in Laue geometry.

Expressions (19)-(21) and (23)-(25) represent the main results in the present work.
These expressions are obtained based on two-wave approximation of dynamic theory of
diffraction and allow the investigation of the spectral-angular characteristics of the coher-
ent radiation of the charged relativistic particles in artificial periodic structures taking
into account well-known dynamic effects in physics of scattering of free X-radiation pho-
ton in crystal [9] and predicted recently by the authors of the article for pseudophotons
of the relativistic electron Coulomb field [10-12]. Particularly, these expressions allow
to investigate the dependences of radiation characteristics on parameters of amorphous
layers a and b, on the material parameters χa and χb, on the parameter of reflection
symmetry ε(δ, θB) (look in (17)) and so on.

The calculations were carried out for spectral-angular distributions of the radiation
generated by relativistic electrons under different values of parameters of multilayer pe-
riodic structure and incident particle energy.

The curves of the angular density distributions of the relativistic electron PXR
(ωB = 8 keV) calculated for analogues conditions for tungsten W single-crystal target
and periodic multilayer structure of amorphous layers of W and Be are represented in
fig. 3 and fig. 4. For both the targets the same length of the electron path Le = 56 μm
and the same value of reflection asymmetry ε = 3 were taken in the calculations. As
follows from figs. 3 and 4 the angular density of PXR from multilayer structure exceeds
20 times the angular density of the radiation from a single-crystal target.

The total yield of the PXR photons from a multilayer structure at this case exceeds
15 times the total yield of photons from a single-crystal target. This effect is caused
by the considerable widening of radiation spectrum formed in the multilayer structure
(figs. 5, 6) because the electron crosses a less number of heterogeneities in this target.
The curves describing the PXR spectrum are calculated by formula (19b).

The PXR photon yield can also be increased by the reflection asymmetry increase,
i.e. by the change of parameter ε (see fig. 7), herewith the increase of the angular density
is connected with the widening of PXR spectral peak like for a single-crystal target [11].
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Fig. 4.

Fig. 5.

Fig. 6.

In figs. 8–10 the curves of angular density of the radiation (ωB = 250 åV) are given
for the case when the relativistic electron crosses the multilayer Be-Mo (beryllium-
molybdenum) target.

In fig. 8 the curves of angular density PXR demonstrate the considerable yield of
X-radiation photons with energy which is appropriate for medicinal goals.
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Fig. 7.

Fig. 8.

Fig. 9.

In fig. 9 the curves of angular density of DTR and PXR demonstrate the yield of
photons from a thin target (under weak absorption of the radiation). One can see that
the contribution of diffracted transition radiation originated on the inlet surface of the
target is considerable in this case. It is seen from fig. 8 and fig. 9 that PXR photon yield
becomes saturated for “thick” target (fig. 8).
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Fig. 10.

Figure 10 demonstrates the increase of the DTR contribution to the total yield when
the incident electron energy increases and becomes the main. It is necessary to note that
DTR is more directed in comparison with PXR.

6. – Conclusion

A theory of coherent radiation of the relativistic charged particle crossing an arti-
ficial periodic nano-scale multilayer structure in Lauer geometry in the general case of
asymmetric refection in relation to inlet surface of the target is developed. Analytical
expressions are derived for the spectral-angular distribution of PXR and diffracted tran-
sition radiation (DTR) based on two-wave approximation of dynamic scattering theory.
It is shown that at fixed Bragg angle and path length of relativistic electron in target the
radiation yield in a multilayer structure can considerably exceed the yield of the radiation
in the crystal medium. It is also shown that the yields of PXR and DTR strongly depend
on the angle between reflected layers and inlet surface of the multilayer target, i.e. on
the reflection asymmetry. It is shown that the DTR contribution to the total yield of
the radiation becomes determinant for high energy of incident electrons.
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