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1. Introduction

Fixed points theory has become an important field in mathematics due to its variety of applications
in science, economics and game theory. Brouwer’s fixed-point theorem states that any continuous
mapping on a compact convex set to itself has a fixed point. In addition to their importance in
differential and integral equations, Brouwer’s theorem and its extension Kakutani theorem for set
valued function play a very important role in proving the existence of general equilibrium in market
economics and the existence of Nash equilibria in game theory—for more details, see [1,2].

In 2000, Branciari [3] introduced the concept of generalized metric space (rectangular space) as
a generalization of normal metric space. In 2015, George et al. [4] introduced the notion of rectangular
b-metric space as a generalization of rectangular metric space and they presented some fixed point
results for contractive mappings.

In this paper, we introduce the notion of extended rectangular b-metric spaces which is
a combination of properties of rectangular metric spaces and extended b-metric spaces. In addition,
we obtain some fixed point results dealing with [S-type contraction mappings. Furthermore, we present
examples to support these results.

2. Preliminaries and Known Results
In 1993, Czerwik [5] introduced the concept of b-metric space as follows:

Definition 1 ([5]). Let X be a nonempty set, s > 1 be a given real number and let d : X x X — [0, +00) be
a mapping such that for all a,b, c € X the following conditions hold:

(by) d(a,b) =0iffa="b;
(by) d(a,b) =d(b,a);
(b3) d(a,b) <s[d(a,c)+d(c,Db)].
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Then, (X, d) is called a b-metric space.

For some fixed points results in b-metric space and its properties, we refer the reader to [5-18].
Recently, Parvaneh [19] introduced the concept of extended b-metric spaces as follows.

Definition 2 ([19]). Let X be a nonempty set. A function d : X x X — R is a p-metric if there exists
a strictly increasing continuous function Q) : [0,00) — [0, 00) with t < Q(t) such that for all a,b,c € X,
the following conditions hold:

(p1) d(a,b) =0iffa=1,
(p2) d(a,b) =d(b,a),
(p3) d(a,c) < Q(d(a,b)+d(b,c)).
Then, the pair (X, d) is called a p-metric space or an extended b-metric space.

A b-metric is a p-metric, when Q)(t) = st, s > 1 while a metric is a p-metric, when Q)(t) = ¢.

Proposition 1 ([19]). Let (X, d) be a metric space and let p(a,b) = ¢(d(a,b)), where ¢ : [0,00) — [0,00) isa
strictly increasing continuous function with t < §(t) and 0 = £(0). Then, p is a p-metric with Q(t) = &(t).

The following example is constructed using the above proposition.

Example 1. Let (X,d) be a metric space and let p(a,b) = e?(%0) sec=1(e4(@0)). Then, p is a p-metric with
Q(t) = et sec™1(et).

In 2000, Branciari [3] introduced the concept of generalized metric space (rectangular space)
as follows:

Definition 3 ([3]). Let X be a nonempty set and let d : X x X — [0, +00) be a mapping such that for all
a,b € X and all distinct points c,d € X, each distinct from a and b, the following satisfied:

(r1) d(a,b) =0iffa="b,
(rp) d(a,b) =d(b,a);
(r3) d(a,b) <d(a,c)+d(c,d)+d(d,b) (rectangular inequality).

Then, (X, d) is called a generalized metric space (g.m.s.) or rectangular space.

This metric attracted many authors and they obtain many results in this setting (see the references
cited in [20-22]). One can notice that each metric space is a generalized metric space, but the
converse need not be true (see [23,24]). Several authors show that the topology of g.m.s. need not be
Hausdorff—see examples in [25-27]. The topological structure of g.m.s. is not compatible with the
topology of ordinary metric space (see [24] (Example 7)), so it is not easy to deal with g.m.s. Therefore,
this concept is very interesting for researchers.

Definition 4 ([4]). Let X be a nonempty set, s > 1 be a given real number and let d : X x X — [0, +o0)
be a mapping such that for all a,b € X and all distinct points ¢,d € X, each distinct from a and b, the
following satisfied:

(bn) d(0,0) = 0iffa =

(er) ( b) -
(by3) d(a,b) <s [ (a c) +d(c,d) +d(d,b)] (b-rectangular inequality).

The following are some easy examples of rectangular b-metric spaces.
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Example 2 ([25]). Let (X,p) be a g.m.s. and p > 1 be a given real number. Let d(x,y) = (p(x,y))?.
Then, (X,d) is a rectangular b-metric space with s < 371,

Example 1.1 in [27] clarifies that some properties of metric spaces need not be true in g.m.s. (and so
in rectangular b-metric space).

Motivated by [28], Hussain et al. [29] used ¥ to stand for the set of all functions ¢ : (0,00) — (1,00)
satisfying the following conditions:

1 is non-decreasing;

for each sequence {t,} C (0,00), lim, e (t,) = 1 if and only if lim,_e0 £, = 0;
there exist r € (0,1) and £ € (0, o] such that lim;_, g+ % = /.

P(a+b) < (a)p(b) foralla,b > 0.

W

AAAA
N N
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Then, they introduced new concepts of generalized contractive mappings and obtained sufficient
conditions for the existence of fixed points for mappings from these classes on complete metric
spaces and complete b-metric spaces. In particular, they claimed that their results extend theorems of
Ciri¢, Chatterjea, Kannan and Reich. On the other hand, Jiang et al., by removing the condition (3),
proved that in a metric space (X, d), D(x,y) = In(¢(d(x,y))) defines a metric on X (Lemma 1 of [30]).
They, also proved that the results in [29] are not real generalizations of Ciri¢ contractive principle.

From now on, we denote by © the set of all functions ¢ : [0,00) — [1,00) satisfying the
following conditions:

(¢1) ¢ is a continuous strictly increasing function;
() for each sequence {t,} C (0,00), lim, 00 Y(t,) = 1 if and only if limy, e £, = 0.

Note that, in general, the conditions of ® do not guarantee that the metric d generates a new
metric D(x,y) = In(¢(d(x,y))), due to the absence of condition ().

Remark 1 ([29]). The following are some examples of functions in © :

Y(t) =¢,

P(t) = cosht,

P(t) =1+1In(1+1),
P(t) = e,

ot = S0
$(e) = Ay,

Pl =V

p(t) = eVie,
Note that p(t) = e does not belong to ¥, since condition (4) does not satisfy.

We recall the following:

Theorem 1 ([28], Corollary 2.1). Let (X, d) be a complete metric space and let T : X — X be a given map.
Suppose that there exist p € ¥ and k € (0,1) such that

x,yeX, d(Tx,Ty)#0=¢(d(Tx,Ty)) < lp(d(x,y))k.
Then, T has a unique fixed point.

Observe that the Banach contraction principle follows immediately from the above theorem.
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3. New Definition and Basic Properties
We start this section by introducing the definition of Extended rectangular b-metric space.
Definition 5. Let A be a nonempty set, () : [0,00) — [0,00) be a strictly increasing continuous function with

t < Q(t) forall t > 0and 0 = Q(0) and let 7 : A x A — [0, +00) be a mapping such that for all a,b € A and
all distinct points u,v € A, each distinct from a and b satisfies the following conditions:

(by1) 7(a,b) =0iffa=b;

(byp) 7(a,b) =7(b,a);
(by3) 7(a,b) < Q[r(a,u) +7(u,v) +7(v,b)| (Q-rectangular inequality).
Then, (A,7) is called an extended rectangular b-metric space (ERbMS).

Note that Q~1(t) < tforall t > 0 and Q~!(0) = 0. Obviously, each rectangular b-metric space is
an ERbMS with Q(t) = st, s > 1. The following gives some more examples of extended rectangular
b-metric spaces.

Example 3. Let (A, ry) be a rectangular b-metric space with coefficient s > 1 and let & : [0,00) — [0, 00) be
a strictly increasing continuous function with t < ¢(t) and (0) = 0. Let p(a,b) = ¢(ry(a,b)). Evidently, for
all a,b € A and for any two distinct points u,v € A, each of which distinct from a and b, we obtain

o(a,b) = &(ry(a,b)) < &(sry(a,u) + sry(1,0) + s1y(0,b)
< E(si(rp(a, u)) + s&(ry(1,0)) + s&(ry (0, b))
= Q(spla, u) + sp(11,0) + sp(0,)).

Thus, (A, p) is an ERbMS with Q(t) = &(st).

The convergence of sequences in ERbMS is introduced in a standard way. The following lemma
will be needed in forthcoming results.

Lemma 1. Let (A,7) be an ERbMS with the function Q). Then, we have the following:
(i) Suppose that {a,} and {b,} are two sequences in A such that a, — a, b, — b and the elements of
{a,b,a,,b, : n € N} are totally distinct. Then, we have

Q' (#a, b)) < liminf7(an, by) < limsup#(an, bn) < Q(7(a,b)).

n—o0

(ii) Let {ay, } be a Cauchy sequence in A converging to a. If a, has infinitely many distinct terms, then

O~ 1(#(a,b)) < liminf#(a,, b) < limsup7(a,, b) < Q(7(a,b)),

n—oo n—00

forallb € Awitha # b.
Proof. (i) Using the ()-rectangular inequality, we get that
7(a,b) < Q[ (a,a,) +7(an, by) +7(by, b)]

and
(an, by) < Q[F(ay,a) +7(a,b) +7(b, by)].

Taking the lower limit as # — oo in the first inequality and the upper limit as n — oo in the second
inequality, we obtain the desired result:
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(ii) If b € A, then for infinitely many m,n € N,
7(a,b) < Q[F(a,an) +7(an, am) + 7(am, b)]

and
F(an, b) < Q[F(an, am) +7(am, a) +7(a,b)].

Taking the lower limit as n — oo in the first inequality and the upper limit as n — oo in the second
inequality, we obtain the desired result. [

As shown in Example 1.1 of [27], a sequence in an ERbMS may have more than one limits.
However, under some constraints, the sequence has a unique limit if it exists. The following lemma is
a variant of [28] (Lemma 1.10) and [20] (Lemma 1) and will be used in the main results.

Lemma 2. Let (A,7) be an ERDMS and let {a,} be a Cauchy sequence in A such that a,, # a, whenever
m # n. Then, {a,} can converge to at most one point.

Proof. Suppose that (a,) converges to two different points, say a,b. Since a,, and a, are distinct
elements, as well as a and b, it is clear that there exists ¢ € N such that a and b are different from a,, for
all n > £. For m,n > /, the rectangular inequality implies that

7(a,b) < Q[F(a,am) +7(am, ay) +7(ay, b)].

Taking the limit as m, n — oo, it follows that 7(a,b) = 0, i.e., a = b. A contradiction. [

In this paper, by an ordered ERbMS, understand a triple (A, <,7), where (A, <) is a partially
ordered set and (A, 7) is an ERbMS.

4. Main Results
The following Lemma is needed in a sequel.

Lemma 3. For each ¢ € ©, we have (0) = 1.

Proof. Suppose that (0) = « > 1 and let , be a sequence in (0, o) such that lim,,_, t, = 0. Since ¢
is a strictly increasing function, we have ¢(t,) > ¢(0) = « > 1. Thus, lim,_,c (t,) > a« > 1 which
contradicts the property (¢,). Therefore, ¢(0) = 1. O

Let (A, 7) be an ERbMS with nontrivial function Q) (i.e., Q(t) # t). Throughout this paper, Fq
denotes the class of all functions § : [0,00) — [0, Q71(1)).

Theorem 2. Let (A, =<,7) be a complete ordered ERbMS with nontrivial function Q). Let f : A — A be an
increasing mapping with respect to < such that there exists an element ag € A with ag = fag. Suppose that

Y([7(fa, fb)]) < p(M(a,b))PT) M)
for some B € Fq, P € © and all comparable elements a,b € A, where
M(a,b) = max {7(a,b),7(a, fa),7(b, fb),7(b, fa)}.

Then, f has a fixed point.
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Proof. Starting with the given ag, puta, = f"aq. If a, = a,,11 for some n € N, then a,, = fa,. Thus, a,
is a fixed point of f. Therefore, we will assume that a,, # 4,41 for all n € N. Since ay < fag and f is
an increasing function, we obtain by induction that

a9 < fag = fPag < - =< flag < f"Mag <o

Step I: We will show that limy, e 7(ay,a,+1) = 0. Since a, =< a,.1 for each n € N, then, by
Inequality (1), we have

Y(F(an, ani1)) = P(F(fan-1, fan)) < Y(QF(fan_1, fan)))
< PP (F(fan—1, fan))) < $(M(ay_1,a,))PT0n-100), )

where

M(anfll an) = max {7(1'17171/ an)/,f(anfl/ an)/7(an/ an+1)/7(anr a}’l) }

< max{F(a,_1,an),7(an, ay+1)}-

If max{7(a,_1,an),7(an, ay+1)} = 7(an, a,41), then, from Inequality (2), we have

#)(7(0171; an-‘rl)) < llJ(M(an, an_l))ﬁ(ﬂ“m“nﬂ))
= (F(an, aypq ) )PT @A)

< P(Fan an))? Y < 9(Flan an)),
which is a contradiction. Hence, max{7(a,_1,a,),7(an, ay+1)} = 7(a,_1,an), so, from Inequality (2),
O, 052)) < POy 1,00))PTO2)) = 7y, )08,
Therefore,

1

IN

Y(F(an, ani1))
(Fap_1, ay))PFan-1,0))
(FF(aan/ a,_1 ) ):3(7(‘1;1—1/@!))ﬁ(y(an—Zrﬂnfl))

=y
=y

< y(#(ag, al))Hill B(7(ai—1,8;)) (3)

Now, by definition of B, we have B(t) < Q~1(1) < 1, Vt € [0, ). Hence,
n ~
J%E‘B(r(air”ifl)) =0,

and so )
lim lﬁ(?(al,ao))n?:l B(F(aiai-1)) — 1. )

n—oo
Letting n — oo in Inequality (3) and using Equation (4), we get

lim, (7@, a011)) = 1,

and since ¢ € ©, we obtain,

71121307(’171/ any1) = 0. &)
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Step II: Now we will prove that a, # a,, for n # m. Suppose first that a, = a,, for some n > m, so we
have a, 1 = fa, = fam = a,41. By continuing this procedure, we conclude that a,,, = a,,, & for all
k € N. Then, Inequality (1), Step I and being B(t) < Q~!(1) < 1, Vt € [0, 00) imply that

Y(7(am, amy1)) = $(F(an, ans1))

(Q ( (anran+1)))
(M(an—l gn))ﬁ(ﬂf(ﬂnflrﬂn))
(

max{7(a,_ 1,an),r(anlgn+1)})/5(?(un,1,un))‘

IN

IA

2
2
2

IN

If max{7(a,_1,an),7(an, a,41)} = 7(an, a,.1), then we have

PP, 1)) < PFlan, ay2)) P10 < p(F(an, apia)),

a contradiction. If max{7(a,_1,a,),7(an, ay4+1)} = 7(a,_1,a,), then the above inequality becomes

(T (am, am1)) < P(F(an—1,a2)) (6)
< P(M(ay—2, ay_q))P@n-2m-1))
< p(max{F(ay—2, an_1), F(an_1,a,) } )P on-2-1))
< p(max{7(an—2,a,-1),7(an-1,an)}) @)
< ¢P(F(ay—2,a,-1)) (from Inequalities (6) and (7))

< P(F(am, ami1)),

a contradiction. Hence, from now on, we assume a,, # a,, for all n # m.
Step III: Now, we will prove that {a,} is an 7-Cauchy sequence. Suppose to the contrary that there
exists ¢ > 0 for which we can find two subsequences {a;, } and {ay, } of {a, } such that n; is the smallest
index where

n; >m; > i and 7(ay,, an,) > e (8)

This means that
H(amy an—2),7(am;, an,—1) < € 9)

From Inequality (8) and using the ()-rectangular inequality, we get
€ S 7(”1’”,’/ ani) S Q [?(ami/ uml‘-i-l) + 7(“7}11'-‘1-1/ ani—l ) + 7(11}’11'—1/ ai’li )] .
Taking the upper limit as i — oo, and using Equation (5), the above inequality turns into

O 1(e) <lim sup 7(am,;+1, an;—1)- (10)

i—0o
Again, by using Inequality (8) and the ()-rectangular inequality, we obtain
7(am,'+1/ ani—Z) < 0[7(am,-+1/ Am; ) + T(am, an,fl) +r (an —1,8n;— 2)]
Taking the upper limit as i — oo, using Equation (5) and Inequality (9), we find that

Lim sup 7(am, 41, an,—2) < Qe). (11)

i—00



Symmetry 2019, 11, 594 8of 17

The rectangle inequality yields
7(“1’[1’—2/ an,-+1) S 0[7(‘171,*—2/ anifl) + 7(“1’1,-7]/ ai’l,‘) + 7(“1’11‘/ ani+l )] (12)
and
(ap—2, A1) < Q(ap,—2,an,—1) +7(an,—1, am;) +7(Am;, Gy 11))- (13)

Using Inequalities (12) and (13), the definition of M(a, b) gives that

M(am,'/ani—Z)
= max {7(am,, an;—2), T(Am;, A 41), 7 (n—2, A, 11), T(@n,—2, A1) }

(A p;—2), (A A1),
<maxs Qa2 ap-1) +7(ay-1,an,) + r(an S 11)),
0[7(‘1711'—2/ anﬁl) +7<an,-71/ Am;) +7(Am;, A, +l)}

Taking the upper limit as i — oo and using Equation (5), Inequalities (9) and (11), we have
lim sup M(a,;, a,,—2) < Q(e).
i—o0

Now, from (1), we obtain

P27 (a1, 8n,-1)]) < POPF(Fam,, fan—2)]) < §(M(am,, an,—2))PU@mirmi=2),

Again, taking the upper limit as i — c0 and combining Inequalities (10) and (11), the above
inequality turns into

P(Q*Q[e]])

(O [lim sup 7(am, +1,a,-1)])
i—00

< (([lim sup M(ap, ay,)])P it

i—00

<p(Q(e)? 1 < p(Q(e)),

which is a contradiction. Consequently, {4, } is an 7-Cauchy sequence in A. Therefore, the sequence
{a,} 7-converges to some ¢ € A, that is, limy,_« 7(a,,¢) = 0.

Step IV: Now, we show that c is a fixed point of f. Suppose that fc # c. Then, it follows that a,
differs from both fc and c for n sufficiently large and a, < c. Hence,

P(F(ani1, f0)) < PO [F(ans1, f€)]) < p(M(ay, c))PT@ne)
= ¢((max {F(an,c),7(an, fan),7(c, fc), 7(c fan)})) B(F(an,c))

1< 9(Q(e))

IN

Thus,

(7(c, fe)) < liminfy(F(ans1, fo)) < p(F(liminfa, .y, fc))
< y(limsup(max {#(an, ), F(an, fan), 7(c, fc),F(c, fan) }))imUPusec AF(anc))
< lp('f(clfc))limsupn_mﬁ(?(an,c))
< p(F(c, fe))® W < p(#(c, fe)),

a contradiction. Thus, c is a fixed point of f. [
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The following examples illustrate the above obtained result.
Example 4. Let A = {{, A, v, w, n} be equipped with the order < given by

=={(& 0, AA), (7. 7), (w, @), (n,1), (w0, 8), (w,A), (@,7), (w,1),(&,7), (A7), (1,7)}

andletd : A x A — [0,+00) be given as

dim,m)=0  form e A;

d(m,n) =d(n,m) forn,m € A;

d(Z,A) = 045,

d(g,v) =4d(g,n) =d(A,v) =d(y,n) = 0.05,

d(f,w) =d(A,w) =d(A,n) =d(y,w) =d(w,) =02,

and 7(m,n) = sinh(d(m, n)) forall m,n € A. Then, one can easily check that (A, <,7) is a (complete) ordered
ERbMS with Q(t) = sinh(3t). Define ¢ : [0,00) — [1,00) by ¢(t) = cosh(t). Consider the mapping

f A — Adefined as
Fo (S A @)
Yoy &

One easily can check that all the constraints of Theorem 2 are achieved with A(u) = %6’4” <119 =

sinh ™1 (3). The contractive Condition (1) is trivial except the case when a € {{,A,v,n}, b = w (or vice versa)
when it reduces to

¥ (Q*(7(fm, fn))) = cosh (sinh (g sinh (% sinh (d(fm, fn)))))
~ 1.006 < 1.017
~ 102075 & (M (m, m)) N0,

which implies that f has a (unique) fixed point y. Note that (A,T) is neither a metric space, nor a rectangular
metric space. For instance,

#(Z,A) = sinh(0.45) ~ 0.465 > 0.150
~ sinh(0.05) 4 sinh(0.05) + sinh(0.05)
=7(&m) +701,7) +7(7,A).

Example 5. Let A = {0,1, 1, %} be equipped with the following partial order <:
=:={(0,0),(1,0),(1,1), (1, 3), (3, 3), (3. 1), (3, 3). (3.3), (0, 3)}-

Define the rectangular metricd : A x A — R™ by

0, ifa=b,
d(a,b) =4 %, if{a,b}={0,1},
1, ifa#b,abec A\{0},

and let 7(a,b) = sinh(d(a, b)). It is easy to see that (A,7) is a complete ERbMS. Define the self-map f by

~(331)

W N =
O Wi
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We see that f is an ordered increasing mapping. Define i : [0,00) — [1,00) by ¢(t) = eV, Q(t) = sinh(t)
and B(t) = 2+t <05<0.882~Q (1)

One can easily check that f satisfies the Condition (1). We will present the nontrivial cases as follows:

1. (a,b) = (%,1). Then,

$(Q*(7(fa, fb))) = p\/sinh(sinh(sinh(d(£},/1)))) _\/sinh(sinh(sinh(0)))
=1 < 1.007 ~ 2.957%315 ~ p(M(a, b))PTb).

2. (a,b) = (3,3 or (a,b) = (1,%). Then,

¢(02(7(fa,fb))) _ e\/sinh(sinh(sinh(d(fa,fb))) —e sinh(sinh(sinh(%)))
= 1.397 < 1.407 ~ 2.957%315
= p(M(a, b))P@D),

Thus, all the conditions of Theorem 2 are satisfied and hence f has a fixed point. Indeed, 0 is the fixed point
of f.

By introducing the following concept (which is adapted from Definition 2.2 of [29]), we extend
the result of Jleli and Samet [28]. Furthermore, we obtain some new generalizations of the Banach
contraction principle.

Definition 6. Let (A,7) be an ERbMS. The mapping f : A — A is said to be a pq-contraction, whenever
there exists a function { € © and functions By, B2, B3, Bs € Fa with0 < B; < %; i=1,2,3,4 such that

Y(Q*[F(fa, fb)])
< ¢(7<a, b))ﬁl(r(ﬂ'h))lp(?(a,fa))ﬁZ(r(u'fa))lp(7(b,fb))ﬁa(r(b’fb))lp(7(b,fa))‘54(r(h’fa)) (14)

foralla,b e A.
Our second main result is the following;:

Theorem 3. Let (A,7) be a complete ERbMS and let f : A — A be a Ppq-contraction. Then, f has a unique
fixed point.

Proof. Let gy € A be arbitrary. Define the sequence {a,} by a, = fa,_1. Assume that a, # a,1
(If any = a1 for some ny € N, then a, is a fixed point of f), i.e, 7(fa,_1, fan) > 0foralln € NU{0}.

First, we will prove that lim, e 7(an,4,41) = 0. Since f is a Pn-contraction, using the
Condition (14), we obtain that

lP(r(an,anH l/J(r fan- 1’fa")) = ¢(Q2(7(fan71,fan)))
< (F(an—1,an) )ﬁl (Fan-1an)) ¥ (F(ay_1, fa,_ l))‘B’Z(?(”n—lrfﬂn—l))
( an/fﬂn )/33(7 an.fan)) ( ( fa _ ))ﬁ‘l (7(an.fan-1))
)

B1(F(an_1,a1))

))ﬁZ( (@n—1,an))

(r(anfll an

))ﬁ3(r(”nr”n+1))¢ (~(

r\an,an

= ( Apn—1,4n

lp(r(an/ Ap+1 ))ﬂ4(7(“nrﬂn))

= p(F(ay_1,a1)) [B1(F(an—1,an))+B2 (F(an—1,01))] P ))ﬁ3(7(an,ﬂn+1)) '

(an, ap+1
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Therefore,

" (7(11”/ an+1)) 1-B3(7(anan11)) <y (7(%71/ an)).Bl (F(ap—1,an))+B2 (7("77171/”71))’

and so,
By (F(ay—q1.an))+Bo (F(ay,_1.an))

¢(7(ﬂn,ﬂn+1)) < w( (an Lﬂn)) T—B3(Fan,a,41))

Let oy = AXCtn) By (ltrcstn)) e,

1< (F(an, an11)) < P(Fay-1,a0))""

¥ (F(ap—2,ay-1))"""

IN

IN

p(Flag a1))""
4

(T(aolm)) = .

Note that, for i = 1,2,...,n, a; < < 1. Thus, lim, ]34 = 0. Hence,
limy, 00 Y(7(an, a,41)) = 1. According to (), we conclude that

QIN

Tim (an, an41) = 0. (15)
Now, we will prove that limy_,e 7(an,4,4+2) = 0. Since f is a Pn-contraction and using

Condition (14), we obtain that

1< (F(an,an2)) < $(OFan 1)) = PO F fanr, fansn)))
< P (F(an-1, an:1)) Oy (Fa, o, o)) OO 0ot
(7 (lln+1,fﬂn+1))ﬁ?’(?(anﬂ'fanﬂ))lp(7(an+1,fan71))ﬁ4( (an41,fan-1))
:ll](?(anfllan«‘r]))ﬁl(?(an_l’an*—l))lp(7(51;1 1,4 ))ﬂ2(7(un—lxan))
lp (’f(an+1, an+2))ﬁ3 (7(@p+10142))
S IP(Q[ (”n 1/al’l+2) + r(ai’H-Z/an)
EL’(?(ﬂnfl,ﬂn))ﬁz(r(a"_l An)) (r(an+1,an+2))
< l[)( [ [ (an 1/”11) + 7(an/an+1) (an—&-l/ an+2)] +7(an+2/ an) +7(an/an—&-l
1/1(7(%71 an))ﬁZ( (ﬂnfl lln ( ( )),34( (lanr] Ll,l))

ﬂn+1ran >ﬁ4 ﬂn+1 an)
]

(7(
7 (an, aps1) )ﬁl(r Ap1,0n41))

53(Y(ﬂn+1/ﬂn+z))¢(~f( ))ﬂ4(7(ﬂn+1rﬂn))

Ap+1,0n
)])ﬁ1(7(an—lran+l))

) Bs(F (”n+1'”n+2))1/; (7(ﬂn+lr an

n+1, ai’H—Z
Taking the upper limit as n — oo, we get

1 < limsup ¢ (Q(F(an, an42)))

n—oo
~ ol
< P[Q(Q(0) + limsup 7(ay42,an))] 3
n—oo
) ~ ol
= p[Q(limsup 7(ay12,a,))] 3
n—oo

Since 22U < 1 theab Iy h if
1mnce 1 i e above can on y appen 1

P(Q(limsup 7(ap42,a4))) = 1.

n—o0
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Thus, it must hold
Q(limsup 7(ay42,a,)) = 0.
n—,oo
However,

0 < limsup 7(ay42,a,) < Q(limsup 7(a,42,a,)) = 0.
n—oo n—so0

Hence,

lim sup 7(ay, a,42) = 0.
n—oo

12 of 17

(16)

In order to show that {a, } is an 7-Cauchy sequence, suppose the contrary. Then, there exists ¢ > 0

for which we can find two subsequences m; and #; such that #; is the smallest index where

n; >m; > i and 7(ap,, an;) > e

This means that
Ay, an,—1) < € and 7(am,;, an,—2) < e

Rectangle inequality implies
7(”1’1’!,’71/ ﬂn,-fz) < Q[?(amifll ﬂm,-) + 7(“7?1,-/ anifl) + 7(”7[,'71/ ﬂni—z)]-
Taking the upper limit as i — oo, and using Equation (15) and Inequality (18), we get

lim sup 7(am,—1,ap,—2) < Qe).
i—oo

From Inequality (18), we have
(A, an,—1) < € < Qe),
which yields that

m sup 7(am,, an,—1). < Q(e).
n—oo

Combining rectangle inequalities and Inequality (17), we get

€

IN A

Q (7(’1"1,'/ {lni ) )
@]

(?(ﬂmj, a”i_l) + 7(5!;11.—1/ ani72) + 7(“71;72/ an,-))-

Taking the upper limit as i — oo and using Equation (16), Inequalities (20) and (18), we get

lim sup F(am,, ay,—1) > Q' (e).
i—00

On the other hand, we have

Y (Fam;, an,_,))
=Y (F(fam,—1, fan,—2))
< (O (F(fam-1, fan2)))
< ¢(7(ﬂm,~—1rﬂni—2))ﬁl (7('1m1-—1/ﬂn,-—2))¢(ﬂami_llfami_l))52(7(ﬂnti71ffﬂntﬁl))
p(F(an,—, fan,_2)) B3 (7(ani—2rfan172))ll] (Han,—2, fam 1)) Ba(F(an;,—2.fam; 1))
= ¢ (Fam, 1, ani—z))ﬁ] (F(am;—1,8n,-2)) W (Flam 1, ami))ﬁz(ﬂﬂmiq,ﬂmi))

o (F(an,2,a5,1)) B3 (F(an;—2,an;-1)) ¢ (F(an, 2, am,)) Pa(F(an,—2.m;))

(17)

(18)

(19)

(20)

(21)

(22)



Symmetry 2019, 11, 594 13 of 17

Now, taking the upper limit as i — oo in the above inequality and using (¢ ) and Inequality (22),
we have

P(Qle]) = (271 (e)])
< ll]( [llm SUP7(amirani71>])
<l supF(ay 1, ,2)) P 002D

i—00
l,b(hm Supﬂllmi,l,ami))hmsupraw /52( (”m lam ))
i—00
lzb(limsup7(ﬂni_2,anhl))hmsupzawﬁs( (an Z”n 1))
i—00

lp( hm SuP 7(“711-_2, ami))hm SUP; ;00 ﬁ4( (”n —2/ ﬂm ))
i—00

7

which further implies, from Equation (15), Inequalities (18) and (19), that

1< p(Ql) < p(Ql) 2 < p(Qle)),

which is a contradiction. Thus, we have proved that {a, } is an 7-Cauchy sequence. The completeness
of A ensures that there exists a™ € A such that, a, — a* as n — co. Suppose that a* # fa*; then, from
Condition (14), we have

¢(F(an, fa*))
= lp(N(fan 1/fa ))
= l)b( Ap—1,4 )ﬁl Tt (T(an 1/fﬂn 1))ﬁ2(r(ﬂn_1,fﬂn_l))
p(ra fa)) PO CRES ) e
<y(F(an-1,a *))ﬁl 18D (F (a1, ) ) P20
( a*))ﬂﬁi T(ﬂ fﬂ ( (a*’an))ﬁ4(i’(ﬂ ,an)).
Taking the upper limit as n — oo in the above inequality and using (¢;) and Equation (15),
we have
1< y(7(a", fa*)) < ¢(F(liminfay, fa*)) < Uiminf ¢ (7(an, fa*))
< limsup ¢ (7(an, fa*))
n—oo

< limsup ¢ (7(ay—1, a*))hm SUP, oo B1 (F(an-1,8"))
n—oo

lim sup 1,] (7(an_1l an))lim SUp, oo B2 (7(an—1,an))

n—oo

lim sup p(F(a”, fa*))""Prce P
n—oo

limsup1p(7(a*,ﬂn))hmsup”*°° Pa(7(a*,an))

n—o0
L71 =~ * *
p(F(a", fa")) U <y (Fat, fa*) T < p(F(a”, fa”)),
which is a contradiction, that is, a* = fa*. Thus, has a fixed point. The uniqueness is
P q

straightforward. O
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Taking various functions i € © (see Remark 1), several corollaries of the previous theorem are
obtained. For instance, taking 9 (t) = ¢!, p(t) = ¢!, p(t) = 1+ tet yor (t) = 1+ 1In(1 + ), we get

Corollary 1. Let (A,7) be a complete ERbMS and f : A — A be a mapping such that one of the following
conditions is satisfied for all a,b € A:

(1)
7(fa, fb) < B1(7(a,b))7(a,b) + B2 (7(a, fa))7(a, fa)
+ B3(7(b, fb))7(b, fb) + Pa(F(b, fa))F(b, fa);
(2)
7(fa, fb)e" IV < B (7(a,b))7(a,b)e" ") + By (7(a, fa))F(a, fa)e’ /7
+ B3(7(b, f0))7(b, fb)e *FY) + By(7(b, fa))F (b, fa)e V),
(3)

1+In(1+7(fa, fb))
< [1+1In(1 +7(a, b)) P71 4 In(1+7(a, fa))]P2010 /)
[1+1In(1 +7(b, £b))]P3TOSED[1 4 In(1 +7(b, fa))]|PsbS2),

where Bi, B2, B3, s € Fq are such that 0 < B;(t) < %for allt > 0andi = 1,2,3,4. Then, f has
a unique fixed point.

Taking 1 = B4 = 0 and By = B3 = kin (1) of the above result, we obtain Theorem 2.7 of [29] in
the framework of non-ordered ERbMS.

Example 6. Let A = {0} U {1 : n € N} be endowed with the rectangular metric

0, ifa=b,
d(a,b) =<1 if{a b} ={0,1},
1, otherwise,

forall a,b € A and 7(a,b) = /@) —1. Define f : A — Aand ¢ : Rt — [1,00) by fa = $a and
P(t) = 1+In(1+1), Bi(t) = mforl =1,2,3,4. Let {a,b} = {0 ~}. Then, d(fa, fb) = -
Therefore, 1 + In(1+7(fa, fb)) = 1+ g, and

[141In(1 +7(a,b))]P1T@) 1 4 In(1 +#(a, fa))]P2((@f2)
[1+1n(1+r(b f0))1P3 (hfb))[1+ln(1+r(b Fa))]PaFefo)
=[1+ ]131(6" D[1]f20)[g]s(e=D)[1 4 ]134(6" 1

1 z 2
8

:[1+ﬁ]%+7[2] :

2

Since [2)8 > 1and [T+ &] < [1+ 11747, we get

1 1L

1+ <[+ 17728
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Leta,b € {1 :n e N}. Then, 1+ In(1+7(fa, fb)) = [L +1] =2, and

[1+1In(1 +7(a, 0)) P11+ In(1 + 7(a, fa))]P200/0)
[141In(1+7(b, £5))]P2TCSD [1 4 In(1 +7(b, fa))]PsC0S)

=1+ 1]ﬁ1(671)[ 1+1]P2 2(e— )[1 + 1}ﬁ3(671) 1+ 1]/34(671)
= 28 2% (213 2]

I

Thus, 2 < [2]4(%). Hence, f is a Yq-contraction and so all conditions of Corollary 1 are satisfied and f has
a fixed point.

5. Some Consequences in Rectangular b-Metric Spaces

Corollary 2. Let (A,ry) be a rectangular b-metric space and f : A — A be such that

i (sinh(s - sinh(s - [sinh(ry(fa, fb))])))
< ¢ (sinh(ry(a, b)))‘Bl(Sinh(Vb(ll,b)))lp( sinh(r, (a,fa)))ﬁZ(Sinh(n’(u’fﬂ)))
l/J(Slnh(rb(b fb)))’g?’ Slnh(rb(bfb)))lp(Sinh(rb(b,fa)))/34(sinh(rb(h,fa)))

foralla,b € A, where p € © and By, B2, B3, Ba are positive real functions such that 0 < B;(t) < smh sinh (1) for
allt > 0andi=1,2,3,4. Then, f has a unique fixed point.

Corollary 3. Let (A, ry) be a rectangular b-metric space. Let f : A — A be such that

1 (fa.fb) _
g o)
< (el )ﬂl(ﬁ"”“’b)*lﬁ/}(erz,(a,fu) - 1)ﬂz(erb<a,fa>,1)

(e (®fD) — 1)ﬁs<e’b“’/fb>—1)4,(erb<b,fu> _ 1)ﬁ4(6’b""f”)—1)

forall a,b € A wherey € © and Bq, B2, B3, Pa are positive real functions such that 0 < B;(t) < %for all
t>0andi=1,2,3,4. Then, f has a unique fixed point.

6. Conclusions

We have introduced the class of extended rectangular b-metric spaces (ERbMS) as a generalization
of both rectangular metric and rectangular b-metric spaces, and we proved some fixed point results on
complete ordered ERbMS with certain contractions. Moreover, one can easily see that the set of fixed
points of a mapping is well ordered if and only if the mapping has a unique fixed point. Furthermore,
by introducing the concept of -contraction, we extend the result of Jleli and Samet and we obtained
some new generalizations of the Banach contraction principle. It would be very interesting to analyze
the existing literature in light of the new defined metric (ERbMS).
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