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Abstract-The solution of the equations of a dc circuit
containing an arc is given and compared with experimental data.
The arc is modeled according to its classical equivalent circuit
and the adequacy of this model is discussed. The analytical
solution for the circuit with an opening gap is given for the case
of a constant gap and the results are extended to the cases of a
gap opening with uniform velocity and a gap opening with
constant acceleration, under the assumption of a quasi-static
approximation for which the limits of applicability are estimated.
Voltage and current evolutions in time are derived, including an
estimate of the arc duration and quenching time. The results are
compared to experimental data. Also provided is a generalized
view of the transient behavior of an arc in a circuit that extends
the description commonly used, in terms of only a voltage-
current relationship, by also including inductive effects.

Index Terms—arc model, dc bus fault, electric arc extinction,
fault interruption, series fault

. INTRODUCTION

Power systems where substantial sections are dependent on
a local dc bus are becoming ever more ubiquitous as the
penetration of power electronics makes them more practical
and attractive. In addition, dc loads in areas like computing
and telecommunications continue to be added in greater
numbers to power systems. Some complete systems based on
dc bus architecture have already been commissioned and
several more are being planned for both large and small
installations, like microgrids, ship power systems, etc. As
these applications grow, it becomes increasingly important to
address the issue of proper circuit protection against faults,
which has historically been more difficult for dc systems than
for ac systems. One such potential fault is caused by the
accidental opening of the dc bus due to conductor rupture or to
the breaking of the connection between bus sections. This
failure results in the injection of a gap in series with the main
current flow and usually gives rise to an arc between the
separated sections of the circuit (series fault). Therefore, the
current may actually be maintained near its normal level and
the fault may go undetected for some time, while considerable
energy is dissipated in the arc with potential destructive
results. An in-depth understanding of this fault, therefore, is
very important for planning of proper circuit protective
features, for estimating the potential damage resulting from it,
and for comparing different circuit architectures in regard to
their ability to survive such faults.
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In this paper, the analytical solution of the circuit equations
applicable to a dc bus under a series fault is presented, making
use of the classical representation of an arc in terms of an
equivalent circuit. The results are then compared with
experimental data obtained at the University of Texas Center
for Electromechanics (UT-CEM) and a discussion of the limits
of the arc model is provided. A generalization of the classical
description of the arc is also included, obtained by adding an
inductive voltage axis to the traditional two-dimensional
steady state voltage-current diagram.

1. EQUIVALENT CIRCUIT

The equivalent circuit of the system is shown in Figure 1: a
gap opens in the line conductor in series with a load resistor R
and a line inductance L supplied by a dc voltage source V. The
gap separation is x between one gap electrode assumed
stationary and the other electrode that moves in a straight line
with velocity « which may be a function of time. An arc is
assumed to be formed at the gap upon initial separation, with
an arc voltage e and an arc current ;.
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Figure 1: Equivalent circuit of the system.

The equations governing the system are;

L%+Ri+e: 14 Kirchhoff Law 1)
t

e=¢e(i,x) arc characteristic (2)
x =x(1) gap dynamic characteristic 3)

The arc characteristic equation (2) describes the voltage at
the arc terminals as a function of arc current and arc
separation. This characteristic equation aims to synthesize, in
terms of macroscopic parameters, the complex phenomena
taking place in the gap and at the electrodes, reducing them to
an equivalent circuit model for the arc and making possible
the solution of the circuit using analytical procedures or
simulations.

The electric arc between a pair of electrodes has been
studied systematically for over a century [1-4] and several
attempts have been made to condense the complex physical
phenomena taking place at the arc gap into a representation
amenable for use in electric circuit calculations. All circuit
models proposed for an electric arc can be summarized in the
following general relationship:



c—;dx ()
where a, b, ¢, d, and « are all parameters to be found in the
literature or experimentally. This relationship is empirical in
nature.

It is important to clarify that one set of values for the «, b,
¢, d, and a parameters may cover only the range of arc
currents of immediate interest and that, therefore, these
parameters are not constant but themselves, in general,
variable. However, to minimize the analytical complexity of
the problem, it is customary to treat these parameters as true
constants with the understanding that the solution may then be
limited to a given current range.

For example, if o = 1, we obtain the equation first proposed
by Ayrton [1-4] and still the most commonly used. It must be
pointed out, however, that in general « may not be an integer
and that it could even be negative, thus allowing equation (4)
to describe in its form the whole range of possible arcs, from
low current “silent” arcs to high current “hissing” arcs.

The set of basic equations (1)-(3) has an interesting
geometrical interpretation that highlights some properties of
its solution in an intuitive way. If we assume the following as
reference axes in a system variable space:

variable i for the x axis

variable di / dt for the y axis

variable e for the z axis

then it can be noticed that (1), written as f(i, dildt, e) = 0,
represents a plane in this reference system, whereas (2),
written as g(i, e, x) = 0 in the same variable space, with x as a
parameter, represents a cylindrical surface with its axis
parallel to the di/dt axis. The arc will be sustainable only on
the intersection of the plane surface and the cylindrical
surface, that is to say on the solution curve for (1)-(3).
However, there are only two steady state points of equilibrium
for the arc, and they are located where the solution curve
meets the plane di/dt = 0 (x-z plane). In fact, all points on the
solution curve lying in the region di/dt > 0 will tend to migrate
toward points of larger current, by definition, and likewise,
points for which dildt < 0 will move toward lower currents.
Based on this fact, it can be quickly realized also that the only
limit point of stable equilibrium is i = iy (Figure 2) which
becomes an attractor point for all others on the solution curve,
whereas i = ip is an isolated point of unstable equilibrium. In
fact, if the point representing the system on the solution curve
is displaced slightly from ip, it will tend to move farther from
it.

e=a+bx+

Notice that the intersection of the surfaces shown in Figure
2 with the e-i plane results in the familiar two-dimensional arc
stability diagram based only on resistive elements reported in
the literature [1-4]. Therefore, the representation shown in
Figure 2 is a generalization of this diagram to the case where
an inductive component is present in the circuit.

As the contacts separate, the cylindrical surface describing
the gap rises vertically according to (2) and it is clear from
Figure 2 that the equilibrium points move until they eventually
disappear when the solution curve has no more points in
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common with the e-i plane: when this happens, the arc
quenches. Figure 2 also shows the potentially large inductive
voltage that can be generated by a sudden change in arc gap
length. This change in gap length may not necessarily be the
result of physical motion of one electrode with respect to the
other (as indicated in the figure), but can also be the result of
the random fluctuations in the current path within the arc
resulting in an unpredictable and rapid change in effective gap
length. Correspondingly, the operating point of the arc then
jumps rapidly from one solution curve to another with the
current lagging behind and resulting in Ldi/dt voltage spikes.
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Figure 2: Region of stability for the arc in the circuit of Figure 1 shown in the
i-(di/dt)-e space, analogous to the conventional x-y-z space.

Substituting (4) into (1), we obtain the following single
equation with the current as the unknown:

rﬂ=u(1)-@-i (5)
dt i
where
T= % inductive time constant (6)
V—a-bx
A=—— 7
R (7
c+dx
S eid 8
v=—p" 8

In general, a closed form solution to (5) cannot be found.
We can, however, examine some special cases.

A. Case 1: Constant Gap

For example, we could consider the case of a = 1, as is
commonly done in much of the literature. Furthermore, we
can assume that the separation of the electrodes is constant (u
= 0) or that the mechanical motion of the moving gap
electrode is slow compared to the electrical response of the
system (quasi-static approximation) and assume, therefore,
that x = x, = constant. In summary, we could solve the
problem

fd gy Ve 9)
dt i
with



A,,w, =const. (corresponding to x = x, = const.)

o . (10)
i(t =0) =i (initial condition)
Equation (9) is separable and can be solved as
J- : idi __ dr (1)
i“=2i+y, T

The result of the first integral depends on the discriminant
of the denominator, namely on 4> —y, . In our case, it can be
shown that this discriminant is always positive for any
combination of parameters that makes physical sense, thus

Ay, >0 (12)
resulting in the roots i; and i, of the polynomial in the
denominator of (11) being real and distinct and given by

il,Z = /10 t V A’UZ _l//a (13)

where iy > i,. When (12) is developed with the definitions in
(7) and (8), it leads to

V—a 2R|d (djz V—a(d] c
X, <X, = == = | +— = |+=
o b b|b b R \b) R

(14)
This simply states the anticipated result that, for a given
supply voltage 7, load resistance, and arc characteristics (a, b,
¢, d), the arc can exist only if the electrode separation does not
exceed a maximum value.
Therefore, on the basis of (12), we can now write the
solution of (9) by way of (10) and (11) as

i i—1i L i—1i
t=t .2.|n[. ?j-.l.|”(. f]
L=l l, — 1 L=l I, =4

The solution has been found in terms of the inverse
function #(i) instead of i(#), but this is still useful in
establishing some interesting results. We shall restrict
ourselves to the case of positive current, as assumed in Figure
1. Therefore, in order for (15) to yield a real solution, the
following conditions must be satisfied at the same time:

i—i

(15)

—>0
lo _ll
AND (16)
=2 50
lU —12
which can be translated into
IFi >i - i>0
IFi,<i <ii — I, <i<i @an
IFi <i, - i<i,

Thus, i will be confined to one of the three regions (0, i,),
(i2, i), (iy,) and, in fact, to the very same region where the
initial current i, happens to fall.

A consideration of the first two derivatives of the function
#(7) will allow us to sketch the expected function i(¢). Thus,

di (—i)i—iy)

dzt ~ l-z _\/E (18)
a*~ [i-i)-i)]
from which we derive
i<i, i, <i<i i>i
dtldi <0 >0 <0
d*tldi* | <0 | <Ofori<.fii,, otherwise>0 | >0

This functional study is completed by the observation that
if i, = i;, the function degenerates to the constant i = ij, and,
likewise, if i, = i,, also i = i,. Therefore, noting also that

w, = Jiji,, the expected evolution in time of the current is as
shown in Figure 3.
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Figure 3: Sketch of function i(z) for constant gap and for different values of i,.

It is interesting to compare the above predictions with test
data in the case of an actual experiment. Several experiments
on series faults on a dc bus have been run at UT-CEM [5]. A
typical one, for example Figure 4, shows the case of a series
fault with the electrodes held at a fixed gap distance of 0.25”
(6.35 mm). In this test, the current, starting from an initial
value of about 175 A, settled at a constant value of about 160
A (the small negative slope for ¢ > 20 s can be attributed to
electrode wear, and the high frequency spikes to random
fluctuations of the environmental conditions in the gap). In
this case, due to excessive electrode erosion, the gap was
forced open to stop the fault after about 35 s. Using the result
in (15) with the following parameters (the values for a, b, ¢, d
were obtained from [1])

V =680V

L=6.2mH

R=38Q

i, =175A

a=152V

b=10.7 VImm

c=214VA

d =3VA/mm
one obtains the values

(19)



i, =157 A
i,=0.04 A (20)
X =57.1mm

o max

and the plots shown in Figure 5. The curve that applies in this
case is the one marked “i, = 175 A” for which the initial
current matches the value of that in the test. The calculations
predict a stable limit current of 157 A that compares well with
the average limit current resulting from the test of
approximately 160 A. Both calculations and test indicate that
the arc steady state current will be reached very quickly (in
just a few ms) and maintained as long as conditions in the arc
region remain constant.
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Figure 4: Experiment 4D at UT-CEM on a series fault voltage and current at a
fixed gap distance of 0.25”.

fa= 175 A
"

io= 100 A

Amperes

Sr*mndq
Figure 5: Calculated time evolution of the current for the series fault test 4D at

UT-CEM for different cases of initial current (the inset shows arc extinction if
the initial current is too low).

To summarize, the analysis of the constant gap arc gives

the following results:

1. For a given supply voltage, load resistance, and arc
characteristics, the gap must be less than a maximum
separation distance in order for an arc to be supported
(14).

2. For an arc to be present, the initial current must be at
least as large as a minimum value #, (13), otherwise the
arc self-extinguishes.
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3. An arc satisfying the conditions above settles at a steady
current given by #; (13) (or i, only if the initial current is
equal to i,) that will be maintained forever unless other
phenomena change the arc environment (e.g., electrode
erosion, random fluctuations in the arc structure, etc.).

B. Case 2: Gap Opening at Constant Speed

The case is described by the following equations (again we
assume that a = 1):

ST PO, (1)
dt i
u = const.
A:V—a—but 22)
2R
_c+dut
R

where u is the opening velocity of the gap.

Equation (21) is nonlinear and does not have an exact
solution expressible in closed form; thus, it must be solved by
some approximation or numerically. The issue is not avoided
if, instead of an arc model in terms of its e—i characteristic, a
model in terms of an equivalent arc resistance is used, as has
been done in the literature [6-9].

For our purposes, some insight can be gained by simply
noticing that, for a given minimum resolvable gap length
increment of interest in our problem x, and for electrode
velocities u that are not too large, the system time constant z is
likely to be much smaller than the transit time ¢ =x, /u.

Thus, using the values in (19) and assuming for example x, = 1
mm and u = 2.54 mm/s, we find

r=L temsecs =21 _304ms
R u

This inequality is strong enough to allow quite liberal
margins for the choice of x, and « within most practical limits.
This allows us to extend, to a first order approximation, the
results found in case 1 under a quasi-static assumption and
conclude that at all times during the opening of the gap the
current will have stabilized at the value of i; corresponding to
the gap length at that particular time. Thus, the evolution in
time of i will coincide with that of i; and be given by

i=i,=A+A"—y
with A and w given by (22).
This function has been plotted for the case of u = 2.54
mm/s and is shown in Figure 6. It can be seen that the
evolution of voltage and current is almost linear and that the
arc extinguishes after about 22.5 s. The corresponding test
data is reported in Figure 7. It can be noticed immediately that
the theoretical and experimental plots agree well in regard to
the slopes of the curves and the general, almost linear trend.
The test data, however, show an abrupt arc extinction after
about 7 s, namely one third the duration predicted
theoretically.

(23)

(24)
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Figure 6: Plot of i(r) when u = 2.54 mm/s under a quasi-static approximation.

This discrepancy between calculated and tested arc
extinction times can be attributed to several reasons as, for
example, the following:

1. Random fluctuations in the actual arc path not
accounted for in the theory that assumes an ideal
geometrical straight line for it

2. Thermodynamic effects in the arc plasma not reflected
in the simple circuit arc model

3. Electrodynamic effects in the arc plasma also not
reflected in the arc circuit model
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Figure 7: Experimental data for the case of u = 2.54 mm/s.
C.Case 3: Gap Opening at Constant Acceleration
In this case we have
di t
L T AN (25)
dt i
Z‘2
L&
2
u=gt
g =const. (26)
P V—a—bgt* |2
2R
_c+dgt® 2
R

where g is the constant acceleration with which the gap opens.
In this case we can follow exactly the same procedure as for
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the case of constant velocity and examine under what
conditions the quasi-static approximation still holds. Thus,
assuming g = 9.8 m/s?, which represents the case of a
conductor falling freely under the influence of gravity, if we
allow a ratio of at least 10 in an equivalent relationship to (23)
we can write

=L _16ms<<16 ms<t, S S (27)
R u 9800¢,,,,

max
Therefore, our approximation is valid for times less than
tmax given by
t<t,, =6.4ms (28)

If this condition is verified, we can still use (24).
Calculations using this equation yield the plot shown in Figure
8. It is clear that the current in the arc extends well beyond the
time limit set by (28), thus, the use of the quasi-static
approximation and of (24) is no longer warranted. The
corresponding experimental data is shown in Figure 9, and,
not surprisingly, the measured arc extinction time is about four
times longer than that calculated from (24). For this case, the
only procedure available is that of a numerical solution to (25)
or an analytical solution based on an approximation of the
nonlinear terms.
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Figure 8: Calculated current and voltage for a gap opening under constant
acceleration.
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Figure 9: Experimental results for a gap opening with constant acceleration of
9.8 m/s2.



I1. CONCLUSION

The analytical solution for the circuit with an opening gap
shown in Figure 1 was given for the case of constant gap
under the assumption that the gap can be represented by the
Ayrton model. The results for a constant gap were extended to
the cases of a gap opening with uniform velocity, and gap
opening with constant acceleration, under the assumption of a
quasi-static approximation, for which the Ilimits of
applicability were also found. In general, the expressions
given are expected to yield arc extinguishing times in excess
of those observed in actual experiments since ideal conditions
at the electrodes have been assumed with no random
fluctuations of the arc path. These fluctuations will tend to
extinguish the arc sooner than calculated from the theoretical
formulas given. It is clear that the Ayrton model can be used,
but that electrode motion, as would occur in many practical
situations, introduces complexities that are not addressed by
this simple model and that further analytical and experimental
work are needed to develop a more accurate model.
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