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In current wireless networks, co-channel interference is the major lim-
iting factor in achieving high spectral efficiency. The effective interference
at receivers can be minimized by using advanced interference management
techniques. Given channel conditions, what is the fundamental limit on max-
imum spectral efficiency we can achieve, and which encoding and decoding
techniques achieve this limi t? These research questions can be addressed as
network information theory problems. In particular, the capacity of Gaussian
interference channels is an important open problem dealing with these funda-
mental questions. Some special cases of the interference channels and their

capacity regions are studied in this dissertation.

For a class of partially connected interference channels, approximate
capacity regions are characterized. The impact of topology, interference align-
ment, and the interplay between interference and noise are discussed. The
results show that for these channels, genie-aided outer bounds are tight to
within a constant gap from capacity. Near-optimal achievable schemes, based

on rate-splitting and lattice alignment, are presented.
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The Gaussian X-channel is also an important Gaussian interference
channel model. Lower and upper bounds on the sum-rate capacity are derived
for this channel. The achievable schemes are based on layered lattice coding
and compute-and-forward decoding. For different regimes of channel param-
eters, some combinations of encoding and decoding strategies are designed.
For some range of channel parameters, the approximate sum-rate capacity is

characterized to within a constant gap.
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Chapter 1

Introduction

1.1 Motivation

The capacity of the interference channel remains one of the most chal-
lenging open problems in network information theory. The capacity region
is not known in general, except for a specific range of channel parameters.
For the two-user scalar Gaussian interference channel, where the interference
alignment is not required, the approximate capacity region to within one bit is
known [1]. For the channels where interference alignment is required such as
the K-user Gaussian interference channel [11, 2, 3, 4, 5, 7] and the Gaussian
X-channel [11, 9, 10], a tight characterization of the capacity region is not

known, even for symmetric channel cases.

A tractable approach to the capacity of interference channels is to
consider partial connectivity of interference links and analyze the impact of
topology on the capacity. Topological interference management [8] approach
gives important insights on the degrees-of-freedom (DoF) of partially con-
nected interference channels and their connection to index coding problems
(19, 20, 21, 22, 23, 24, 25, 26]. It is shown that the symmetric DoF of a par-
tially connected interference channel can be found by solving the corresponding

index coding problem.

We consider a class of three-user partially connected interference chan-

nels and characterize approximate capacity regions at finite SNR. We focus on



the impact of interference topology, interference alignment, and the interplay
between interference and noise. We choose a few representative topologies
where we can achieve clear interference alignment gain. For these topologies,
Z-channel type outer bounds are tight to within a constant gap from the cor-
responding inner bound. For each topology, we present an achievable scheme

based on rate-splitting, lattice alignment, and successive decoding.

The Gaussian X-channel is another challenging open problem, previ-
ously studied in [11, 9, 10]. The channel model has the same 2-by-2 physi-
cal links as those in the two-user Gaussian interference channel. But, there
are four message sets, one for each transmitter-receiver pair. It was shown
in [11] that the degrees-of-freedom (DOF) of 3 is achievable for almost all
channel realizations by using real interference alignment. In [9], the general-
ized degrees-of-freedom (GDOF) results are derived by using a deterministic
channel approach and its application to the Gaussian case. In [10], a lower-
triangular deterministic channel approach is developed to show a constant-gap

capacity result for the channel realizations outside an explicit outage set.

1.2 Related Work

Lattice coding based on nested lattices is shown to achieve the capacity
of the single user Gaussian channel in [12, 28]. The idea of lattice-based
interference alignment by decoding the sum of lattice codewords appeared
in the conference version of [4]. This lattice alignment technique is used to
derive capacity bounds for three-user interference channel in [2, 3]. The idea of
decoding the sum of lattice codewords is also used in [13, 14, 15] to derive the
approximate capacity of the two-way relay channel. An extended approach,

compute-and-forward [16, 17] enables to first decode some linear combinations



of lattice codewords and then solve the lattice equation to recover the desired
messages. This approach is also used in [7] to characterize approximate sum-

rate capacity of the fully connected K-user interference channel.

The idea of sending multiple copies of the same sub-message at different
signal levels, so-called Zigzag decoding, appeared in [5] where receivers collect

side information and use them for interference cancellation.

The K-user cyclic Gaussian interference channel is considered in [6]
where an approximate capacity for the weak interference regime (SNR; >
INRy, for all k) and the exact capacity for the strong interference regime
(SNRy < INRy, for all k) are derived. Our type 4 and 5 channels are K = 3

cases in mized interference regimes, which were not considered in [6].

1.3 Organization

In Chapter 2, we explain some preliminaries on lattice coding. In Chap-
ter 3, a class of partially connected interference channels are studied. The
capacity outer bounds are derived in Section 3.2. Lattice coding-based achiev-
able rate regions for each channel type and the corresponding gap analysis are
given in Section 3.3-3.7, respectively. Random coding achievable regions are
given in Section 3.8 and 3.9. In Chapter 4, the symmetric Gaussian X-channel
is studied. In Section 4.4, the sum-rate capacity upper bound is proved. In
Section 4.5, we present achievable schemes based on layered lattice coding,
interference alignment, and layer-by-layer successive decoding, and we prove
the achievability part. In Section 4.6, achievable schemes based on compute-

and-forward decoding is explained. We discuss conclusions in Chapter 5.



1.4 Notation

Signal x;; is a coded version of message M;; with code rate R;; unless
otherwise stated. The single user capacity at receiver k is denoted by Cj =
%log (1 + N%) Let € denote the capacity region of an interference channel.
Also, let R; and R, denote the capacity inner bound and the capacity outer
bound, respectively. Thus, R; C € C R,. Let d; denote the gap on the rate Ry
between R; and R,. Let d,; denote the gap on the sum-rate R; + Ry between

R; and R,. For example, if

Ro = {(R;, Ri) : Ry, < Uy, R + Ry < Uji}, (1.2)

then 6, = Uy — Ly and 0, = Uji, — L. For side information graph, we use
graph notation of [24]. For example, §; = {(1]3), (2), (3|1)} means that node
1 has an incoming edge from node 3, that node 2 has no incoming edge, and
that node 3 has an incoming edge from node 1. log(-) is base-2 logarithm.

a ~ b means a and b are approximately equal up to a constant.



Chapter 2

Preliminaries

2.1 Lattice Coding

Lattice A is a discrete subgroup of R*, A = {t = Gu : u € Z"}
where G € R™ " is a real generator matrix. Quantization with respect to
A is Qa(x) = argminyey ||[x — Al|. Modulo operation with respect to A is
My (x) = [x] mod A = x — Qa(x). For convenience, we use both notations
My (-) and [-] mod A interchangeably. Fundamental Voronoi region of A is
V(A) = {x : Qa(x) = 0}. Volume of the Voronoi region of A is V(A) =
fv( ») @x. Normalized second moment of A is G (A) = Vﬁ(}ﬁ)n where 0%(A) =
m fV(A) ||x||?dx. Lattices A;, Ay and A are said to be nested if A C Ay C A;.
For nested lattices Ay C Ay, Aj/Ay = A1 NV(A,).

We briefly review the lattice decoding procedure in [12]. We use nested
lattices A C Ay with 0?(A) = S, G(A) = 5, and V(A) = (2meS)2. The
transmitter sends x = [t +d] mod A over the point-to-point Gaussian channel
y = x+2 where the codeword t € A;NV(A), the dither signal d ~ Unif(V(A)),
the transmit power 1|x||?> = S and the noise z ~ N(0, NI). The code rate is

given by R = %log (%)

After linear scaling, dither removal, and mod-A operation, we get

y' = [By —d] mod A = [t +2z.] mod A (2.1)

2

where the effective noise is z. = (8 — 1)x + fz; and its variance o7 =



27 . . o S
SE[l|z.["] = (8 — 1)2S + °N. With the MMSE scaling factor 8 = 75
plugged in, we get 02 = BN = ﬁr—NN The capacity of the mod-A channel [12]

between t and y is

Ley) = () - 2h(ylY
= %h (y) — %h (z mod A)
> ﬁh (y) - % ()
= —logV(A) — lh@)
1 S
= Elog (ﬁ_N)

where I(-) and h(-) are mutual information and differential entropy, respec-
tively. For reliable decoding of t, we have the code rate constraint R <
C. With the choice of lattice parameters, o?(A;) > SN, G(A;) = ;= and

n o o2(A,
V(A)2 = G(//\\z)) > 2mefIN,

R:

Thus, the constraint R < C' can be satisfied. By lattice decoding [12], we can

recover t, i.e.,

Qn(y) =t (2.2)



with probability 1 — P, where

P, = Pr[QAt (yl) 7£ t} (23)

is the probability of decoding error. If we choose A to be Poltyrev-good [28],

then P, — 0 as n — oo.

Let us consider the case where the transmitter sends a superposition of

L lattice codewords .

X = Z A 1x

=1

where x; = [t;+d;] mod A with the transmit power § = 1||x[|* = %Zle R 1% |12 =
Zle RV P If we use layer-by-layer successive decoding, it is straightfor-

ward to show that each layer can achieve

1 p2t=v p
Ry=clog | 1+ ¢ )
2 S h2m=Dp L N

m>l

and 3.7 R, = C.

2.2 Dirichlet’s Theorem and Farey sequence
Theorem 2.1 (Dirichlet (1842)). Let h and Q) be real numbers with ¢ > 1.

Then their ezist integers p and q such that 1 < g < Q and |gh — p| < %

Proof. The proof can be found in Schmidt (1980). O

Definition 2.2 (Farey sequence). The Farey sequence F, of order n with
n > 1 is the sequence of rationals in their lowest terms between 0 and 1 with

denominators less than or equal to n, written in ascending order.



For example,

Definition 2.3 (Farey decomposition). Given Q, a real number h € [0,1] can

be decomposed into its quantized part

hg = argmin |¢gh — p|
el

and modulo part e = h — hg.

Corollary 2.4. For h € [0,1], ¢ = h — hg is bounded by |e| < =15 where ¢* is

7Q
the denominator of hq.
Proof. We first show that
> min |gh—pl= min gh— [gh]| = min |gh—p
— min —p| = min — = mi —pl.
Q ~ (p9)aelQl 1 b q€[1,Q] 1 1 BeF g 1 b

The inequality holds due to Dirichlet’s theorem. Now, note that

Az{(nq)zges—w@} C B={(lghl,9):q€[1,Q]} C €={(p,a):q€[1,Q]}.

We can see that € — B includes only (p, ¢) with p # |¢h], which is suboptimal.
And, B — A includes only rationals not in lowest terms, which are subopti-
mal solutions of the minimization. Thus, restriction to A is without loss of

optimality. Let us define ¢* = argmin ¢y o [gh — [gh]|. We can express hq

equivalently by hg = [ and then

q* Y

Lq*h]

*

1 * *
rewz\h— \zgwqh—mhws

1
Q



Definition 2.5 (Farey neighbors). If two numbers are successive terms in F,,

they are said to be Farey neighbors in F,.

Let us denote by (— %) a pair of Farey neighbors Wlth < 3. Note

a

that (— —) are Farey neighbors in Fyaxfqpy but not necessarlly in &, with

are Farey neighbors in 3 but not in Fs.

n > max{q,b}. For example, (2, 3)

The following is a well-known property of Farey neighbors.

a

Theorem 2.6 (Distance between Farey neighbors). If (— ) are Farey neigh-

bors in F,, then gqa — pb = 1. Equivalently, the distance between them is
1

qb’

Salls]

ISYis]

Proof. The proof can be found in Schmidt (1980). O

The converse is not true. Given two numbers § and ¢ in &, the equality

ga — pb = 1 holds even when (’a’, ) are not Farey neighbors in J, if they are

Farey neighbors in some J; with k£ < n.

Definition 2.7 (Farey umbrella). Given a number £ in Fq, the interval

L— @, B4 ] is said to be the Farey umbrella of 2.

Corollary 2.8. The union of Farey umbrellas of Fq covers the entire interval

[0,1], i.e
p_1p 1
oae U {q qQ’quqQ}'

%E?Q
Proof. 1t is sufficient to show that et D e el for every pair (2, %) of
Farey neighbors in Fg. Since § = p + by the theorem above, it remains to

@ + @ = % e Let us assume otherwise, i.e., ¢ + b < @, then

must be a member of S’Q. In this case, since 2 < p+“ < %, both (£, ’C’[i‘;)

show that

pta
q+b



and (%, #) are valid pairs of Farey neighbors in Fq, but (%, §) is not. This

is contradictory. N

10



Chapter 3

Partially Connected Interference Channels!

3.1 Channel Model and Main Results

We consider five channel types defined in Table 4.2 and described in Fig.
3.1 (a)—(e). Each channel type is a partially connected three-user Gaussian
interference channel. Each transmitter is subject to power constraint E[X?] <
P, = P. Let us denote the noise variance by N, = E[Z?]. Without loss of

generality, we assume that N; < Ny < Nj.

Definition 3.1 (side information graph). The side information graph repre-

sentation of an interference channel satisfies the following.

e A node represents a transmitter-receiver pair, or equivalently, the message.

e There is a directed edge from mode i to node j if transmitter i does not

interfere at receiver j.

The side information graphs for five channel types are described in Fig.
3.1 (f)—(j). We state the main results in the following two theorems, of which
the proofs will be given in the main body of the paper.

!The result in this chapter was presented in part at the IEEE ISIT 2017 [29]. Muryong
Kim as the first author performed the research and generated the main results in theorems.

11



Type Channel model
Yi=Xi1+Xo+ 2,
1 Yo=X+Xo0+ X35+ 7,
Ys=Xo04+ X35+ 73
Yi=X1+Xo+ X3+ 23
2 Yo=X1+ X0+ 2,
Ys=X1+ X3+ 23
Vi=X1+X5+24
3 Yo=Xo+ Xz + 2y
Yy =X + Xo + X3+ Z3
Yi=X1+Xs+2;
4 Yo, =X+ Xo+ 2y
Yy = Xo + X3+ Z3
Yi=Xi1+Xo+ 72,
5 Y, = Xo+ X3+ 7y
Ys=X14+ X35+ 73

Table 3.1: Five channel types

Theorem 3.2 (Capacity region outer bound). For the five channel types, if
(R1, Ro, R3) is achievable, it must satisfy

Y R; < %log (1 + &) (3.1)

= min;eq{N;}

for every subset K of the nodes {1,2,3} that does not include a directed cycle

in the side information graph over the subset.

Theorem 3.3 (Capacity region to within one bit).
For any rate triple (Ry, Ry, R3) on the boundary of the outer bound region, the
point (R — 1, Ry — 1, R3 — 1) is achievable.

12



(a) Type 1 (b) Type 2 (c) Type 3 (d) Type 4 (e) Type 5

(@) Q—0 (©)
(f) S1 (g) G2 (h) S3 (i) 94 (4) S5

Figure 3.1: Five channel types and their side information graphs.

3.2 Capacity Outer Bounds

We prove the capacity outer bound in Theorem 1 for each channel type.
The result is summarized in Table 3.2. The shape of the outer bound region
is illustrated in Fig. 3.2. For all channel types, we assume P, = P, = P; = P
and Ny < Ny < Nj.

3.2.1 Channel Type 1

In this section, we present an outer bound on the capacity region of

Type 1 channel defined by

)/1 1 1 0 X1 Zl
Yo l=1]111 Xo | + | 2o
Y3 011 X3 Z3

We state the outer bound in the following theorem.

Theorem 3.4. The capacity region of Type 1 channel is contained in the

13



following outer bound region:

R,<Ch k=123

1 P 1 2P + Ny

< =1 14+ — — _
R1+R2_2 og( ~|—N1)—|—2 Og(P+N2)
1 P 1 2P + N3
< =1 1+ — -1 — .
R2+R3_20g<+N2)+20g(P+N3)

Proof. The individual rate bounds are obvious. We proceed to sum-rate

bounds.
n(Ri1 + Ry —¢€)
< (XT3 Y) + (X350 YY)
< T(XT; VX)) + 1(X35 Y5 X))
h(Y{'|X5) = h(Y|XT, X3) + h(Y5'| X)) — h(Y5'| XS, X))
h(

X1+ 27— h(Z7) + h(X] + X5+ Z5) — M X] + Z3)
" log (P+ N1> 4+ P g (2P—|— NQ)
-2 N, 2 P+ N,
where the first inequality is by Fano’s inequality, the second inequality due to

the independence of X;, X5, X3. The third inequality holds from the fact that

A

Gaussian distribution maximizes differential entropy and that h(X] + Z7) —

h(X] + Z¥) is also maximized by Gaussian distribution. Similarly,
n(Ry + Rs — ¢)
< I(X35Y5') + 1(X5:Yy')
X Y| XY, X3) + (X35 Y3

< I
h(Y3'[XT, X5) — h(Y5' | XT, X5, X)) + h(Yy') — h(Y3'[X3)
WXy + Zy) — h(Zy) + WXy + X5 + Z3) — h(X3 + Z3)

— 10 — 10 _— .
2 %\ TN, 2 %\ PN,

IN

14



3.2.2 Channel Type 2

In this section, we present an outer bound on the capacity region of

Type 2 channel defined by

Y] 1 11 X Z1
Yo =110 Xo | + | %
Y, 101 || x 7

We state the outer bound in the following theorem.

Theorem 3.5. The capacity region of Type 2 channel is contained in the

following outer bound region:

Rk Sck’a k:17273

1 P 2P + Ny
<=1 14+ — —1 —_—
R1+R2_2 og( +N1>+2 og(P+N2)

1
1 P 1 2P + N3
R Ry < =1 1+ — —1 — .
1+ 3_20g< +N1)+20g(P—|—N3)

Proof.

n(Rl + RQ — 6)
< I(XT5 YY) + 1(X35:Y5')
< I(X]5YPIXG, X3) + (X33 Y3)

h(Y)" X3, X3) — h(Y7'[XT, X5, Xg) 4+ h(Y3') — h(Y3'|X3)

(
WX+ Z7) — MZ7) + MXT + X3 + Z3) — hMX] + Z3)
n
2

<M log (222
_QOg( N, )+ Og(P+N2)

15



n(R1 + Rg — 6)
< IV + (X35 YY)

< IXT Y'[XG, XE) + 1(XE5 YY)

I
h(YT'| X3, X3) — h(YP'IXT, X5, X5) + h(Y5') — h(Y3'[ X))
WXT 4 Z7) — h(ZD) + h(XP? + X5 + Z2) — h(X} + Z2)

— 10 — 10 —_— ] .
2 & Ny 2 & P+ Ny

IN

3.2.3 Channel Type 3

In this section, we present an outer bound on the capacity region of

Type 3 channel defined by

Y] 1 01 X Zn
Yo | =10 11 Xo | + | 42
Ys 111 X3 Z3

We state the outer bound in the following theorem.

Theorem 3.6. The capacity region of Type 3 channel is contained in the

following outer bound region:

R,<Cy k=123

1
R1+R3§§10g<1+—)+—10g(

1
2

1 P\ 1 2P + N,

Ro+ Ry < ~log [ 14— ) + ~log [ 2228 .

2+ 3—2Og< +J\f2)+2°g(P+J\f3)

16



Proof.

n(R; + Rs — ¢€)
< I(XT YY) + (X355 YY)
< I(XT;Y'[X) + T(XS5 Y5 XY)
h(Y('[X3) — h(Y)'[XT, X3) 4+ h(Y5'|X3) — h(YS'| X5, XY)
= WX+ Z0) — h(ZP) + h(X" + XP + Z7) — h(X™ + Z7)

<n1 P+ N; +n1 2P + N3
—lo —log| ——— | .
-2 & N 2 & P+ N3

n(Ry + R3 — ¢)
< I(X33Y9) + 1(X3: Y5
< I(X35 Y5'[X3) + 1(X55 Yy XT)
= h(Yy'|X3) — h(Y5'[ X5, X3) + h(Y5'|XT) — h(YS'[XT, XY)
=h(X3+2Z3) — h(Z}) + h(XT + X5 + Z3) — (X3 + Z3)

nlo P—|—N2 —|—n10 2P—|—N3
2 & Ny 2 & P+ Ny )~

IN

3.2.4 Channel Type 4

In this section, we present an outer bound on the capacity region of

Type 4 channel defined by

Yi 1 01 X1 Z
Yo | =]1110 Xo |+ | %
Y3 011 X3 Z3

This is a cyclic Gaussian interference channel [6]. We first show that channel

type 4 is in the mixed interference regime. By normalizing the noise variances,

17



(a) Channel type 1 (b) Channel type 2

(c) Channel type 3 (d) Channel type 4

(e) Channel type 5

Figure 3.2: The shape of the outer bound region.
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we get the equivalent channel given by

Y/ hii hiz s X1 Z
Yy | = | har hoe hos Xo | + | Z
Yy hsi hsa  hs3 X3 Zs
where Y/ = \/LNTY;C, Z;, = \/#kaZk, Ny =E[Z?] =1, E[X}] < B, = P and
iy his hag w0 U
hor hay hos | = VN2 Vs 0
hsi1 hsa  hs3 0 \/}73 \/}73
With the usual definitions of SNR;, = h%{}—op'“ and
INRy, = h%’\‘,—'opk for j # k as in [1, 6],
P P
NR; = — >INR; = —
SNR; N R, N,
P P
NRy = ~— > INRy = ~—
SNR» N~ Ro N,
P P
NR; = — <IN —_—.
SNR3 N, S Rs N,

We state the outer bound in the following theorem.

Theorem 3.7. The capacity region of Type 4 channel is contained in the

following outer bound region:

Rk: Scka k:17273

1
R1+R2§§10g<

log (

R2+R3§—log(

R+ Rs <

N = DN =

14+ —
—I—Nl

1+2P
Ny

N,

19

P +11
— 10
2 g

)

P —l—llo
B g

2P + Ny
P+ N,

2P + N
P+ N

)
)



Proof.

n(R1 + R2 - 6)

< I(XT5 Y + (X35 Yy)
XY XD + (X3 Y9
Y'X3) — h(Y'|XT, X5) + h(YS") — h(Yy'|X3)

< I(
= h(
= WX] + Z}) — h(Z}) + WX} + X5 + Z5) — h(X} + Z3)
n
2

P+N1 n 2P+N2
log +—10g —_— ) .
Ny 2 P+ N,

IN

n(Rg + R3 — 6)

< (X5 Y5') + (X5 Y3")

< T(X55 Yo' | XT) + 1(X3,5 Y5

= h(Y5'[XT) = h(Y5'[XT, X5) + h(Y5") — h(Y3'[X)
MX3 + Z3) — h(Zy) + h( Xy + X§ + Z5) — h(XS + Z5)

5)

— lo — _ .
2 6\ TN, 2 %\ PN,
n(R1+R3—€)

< I(XT5 YY) + 1(X55 YY)

IN

X2 YD) + I(XPYPXT)
X7 + 1(X5: Y XT)
X1 XY

h(XT 4+ X3 + Z7) — h(Z7)

< I(

< I(

< I(

= h(Y{") — h(Y)"[ X7, X5)
h(

n 2P + N;
(5

IN

N
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where we used the fact that I(X3; Y3 XY) = [(X3; X3+ Z3) < I(X3; X +

Z1) = I(X3; Y{'[XT).

3.2.5 Channel Type 5

]

In this section, we present an outer bound on the capacity region of

Type 5 channel defined by

Y] 110 X, A
Y, =10 11 Xo | 4+ | 2,
Ys 1 01 X; A

This is a cyclic Gaussian interference channel [6]. We first show that channel

type 5 is in the mixed interference regime. By normalizing the noise variances,

we get the equivalent channel given by

1

—
e}

AEE Al
2 I R
Yy w0 um | L
We can see that
P
SNR; = — > INR, =
1 N, = 1

P
SNR, = A < INRj =

[\

P P
3

P

N3

1

2

We state the outer bound in the following theorem.

Z
+ | Zj
Z

(3.5)
(3.6)

(3.7)

Theorem 3.8. The capacity region of Type 5 channel is contained in the
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Type Outer bound region R,
RkSCkv k:17273
P+N, _ 2P+N.
Ry + R3 < %log —PEQVQ ‘—25421\;[33
Ry <Cp, k=1,2,3
P+Ny _ 2P+N.
2 | R+ By <glog (P 52
Ri+ Ry < jlog (580 . 285
R, <Cy k=1,2,3
1 P+Ny _ 2P+N.
3 | Rt Ry <glog (S R
Rat Ry < Hlog (255 . 222
R, <Cy, k=1,2,3
R+ Ry < %log Pﬁ\ﬁ ) Z;DL]\ZQ)
4 Rl+R3§%10g %)
Ra Ry < log (%422 - 30)
R, <Cy, k=1,2,3
Ry + Ry < jlog (2555
5 R2+R3§%10g 2P];~]—2N2
Ry + Ry < L log (250 - 2250 )

Table 3.2: Capacity outer bounds
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Type | Relaxed outer bound region R/ Two-dimensional cross-section of R/
ngélog N%-% At some Ry € [0, Cs],
1 P T 1 P 4
1 Ri+Ry<llog (& -1 Ry <minqzlog{x-5) = Fozlog 5 -3
o f1 P T 1 P 4
R2+R3§%10g NL;% R3§m1n 510g FQE —R2,§log mg
ngélog N% % At some R; € [0,CY],
- f1 P T 1 P 4
2 Ri+Ry<llog (-1 Ry <minqzlog (- 5) — figlog (-3
1 P T 1 P 4
Ri+ Ry < jlog (-3 Rs < minqzlog (77 - 5) = zlog (5 3
ngélog N%é At some Rj3 € [0, C5],
1 P T 1 P 4
3 Ri+ Ry < jlog (1 3 Ry <minyglog (- 5) — fsglog (-3
1 P T 1 P 4
R2—|—R3§%log N%g Ry < min q 5 log 3 — Ry, 5 log 4
Ry < 1log N% : At some R; € [0,C],
. 1 P 7 P 4
\ Rl—I—RQS%log Nﬂl g Ry < min q 5 log N3 — Ry, 5 log N 3
o f1 P T 1 P 4
R1+R3§%10g Nil % Rggmln 510g mg —Rl,ilog mg
1 P T
Ry+ Ry < 3log (4 - & Rz+33§510g(m'§)
R, <ilog(L .4 At some Ry € [0, Cy],
2 N, 3
1 P T 1 P 4
5 Ri+ Ry < jlog (5 ] Ry <minqzlog (7 -5) = Mo glog (7 -3
o f1 P 7 1 P 4
R2+R3§%10g N£2§ R3 < min §lOg N 3 —Rg,élOg N3
1 P 7
Ri+Ry<llog(L 1 R1+R:),S§10g<m'§>

Table 3.3: Relaxed outer bounds

23




following outer bound region:

Ro<Cp k=123
1 2P
R1+R2§§10g <1+—)

1 2P
RQ+R3§§1g(1+—)
1

Ny
P 1 2P + N.
1 3
Proof.
n(R1 + R2 - 6)

< I(XT5 Y + 1(X35Yy)
X1V + 1(X55 Y9 | X3)
XUV + 1(X55 Y| XT)
X7 XY

X1+ X5+ Z27) — h(Z7)

<2P+N1>
og

where we used the fact that I(X3; V' X}) = (X3, X3+ Z8) < I(X3; X5 +

IN

<1
<

<1

— ) — HOPITX)
— i
3!
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Z7) = I(X3; Y| XT).
n(Ry + Rs — €)
< I(X3;Y5) + 1(X5; Y5
Y3 + I(X3; Yy XT)
X3 ,YQ")+I(X§”;Y2"\X§)

< I(Xy
< I(
(X2’X§L’Yn)
(¥5") — h(Y3'| Xy, X3)
(

I
= =

X2+ XD+ Z0) — h(Z})

<2P+N2>
log [ =2

IN
A

N;
(X33 Y[ XT) = I(X3; X3 + 23) < I(Xg; X3 +

~

where we used the fact that
Z3) = 1(X3;Y7"|X3).
n(Ry + R —¢€)
< IXT YY) + (X35 Y5
< IXT Y [XT) + T(XE5 YY)
= h(Y["|X3) = h(Y"|XT, X3) + h(Ys") — h(Y3'|X3)
=h(XT+27) = h(Z7) + h(XT + X3 + Z3) — h(XT + Z7)
n
2

)
log (PENN 1 (2P 4 Ny
8\ TN, 2 B\ PN, )

IN

3.2.6 Relaxed Outer Bounds

For ease of gap calculation, we also derive relaxed outer bounds. First,

we can see that for N; < Ny,
1 P 1 2P + N 1 2P
—1 14+ — —1 _— —1 14+ — .
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Five outer bound theorems in this section, together with this inequality, give

the sum-rate bound expression in Theorem 1.

Next, we can assume that P > 3N; for j = 1,2,3. Otherwise, showing
one-bit gap capacity is trivial as the capacity region is included in the unit

hypercube, i.e., R; < 1log (1 + N£> < 1. For P > 3N;,

Mog (14 28) = Liog (2) 4 Liog (42
9 %8 N.) T 2%\N, ) T8\ P

Log (142 <
_O —_—
2 B\ TN )=

The resulting relaxed outer bounds R/ are summarized in Table 3.2.

3.3 Inner Bound: Channel Type 1

Theorem 3.9. Given a = (ag, ) € [0,1]?, the rate region R, is defined by

1 ]_—CUO (]_—O[())P
Ry < - log* +
t= 2 & <2—Oéo (Oéo+0(2)P+N2

W 1+a°P
_O —_—
9 %8 N,

1 P
R, < = log (1+02—)

R3 < - log™ +
3_2 & (2—@0 (O{0—|—042)P—|—N3)

where log" (+) = max{0,log(-)}. And,

R = CONV <g fRa>

is achievable where CONV(-) is convex hull operator.
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3.3.1 Achievable Scheme

We present an achievable scheme for the proof of Theorem 8. The
achievable scheme is based on rate-splitting, lattice coding, and interference
alignment. Message M; € {1,2,...,2"%} is split into two parts: My €
{1,2,...,2"} and My € {1,2,...,2"%0} so R = Ry + Ryo. Transmitter
1 sends x; = x17 + X109 where x1; and X;o are coded signals of M;; and My,
respectively. Transmitters 2 and 3 send x, and x3, coded signals of M, €
{1,2,...,2"2} and M3 € {1,2,...,2"%}, In particular, x;; and x5 are lattice-
coded signals.

We use the lattice construction of [14, 15] with the lattice partition
chain A./A;/A3, so A3 C Ay C A, are nested lattices. A. is the coding lattice
for both x;; and x3. A; and A3 are shaping lattices for x;; and x3, respectively.

The lattice signals are formed by

X11 = [tll -+ dll] mod A1 (38)
X3 = [tg + dg} mod Ag (39)

where t;; € A, NV(Ay) and t3 € A. N V(A3) are lattice codewords. The
dither signals dy; and djz are uniformly distributed over V(A;) and V(As),

respectively. To satisfy power constraints, we choose E[||x11[|?] = no?(A;) =

(1 —ay)nP, E[||x10|]*] = a1nP, E[||x2]|?] = aonP, E[||x3||*] = no?(Az) = nP.

With the choice of transmit signals, the received signals are given by

Y1 = X1 + Xo + X0 + 21
yo = [x11+x3]—|—x2—|—z/2

!
Y3 = X3 + Z3.
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where x; = [x1; + x3] is the sum of interference, and z, = x;0 + z2 and
Z5 = Xy + 23 are the effective Gaussian noise. The signal scale diagram at each

receiver is shown in Fig. 3.3 (a).

At the receivers, successive decoding is performed in the following order:
X11 — Xg — Xjp at receiver 1, x; — Xo at receiver 2, and receiver 3 only

decodes x3.

Note that the aligned lattice codewords ti; +t3 € A, and t; = [t1; +
t3] mod Ay € AcNV(A;). We state the relationship between x; and t; in the

following lemmas.
Lemma 3.10. The following holds.
[xf —dy] mod Ay =ty
where dy = d;; + ds.
Proof.

[x; —dys] mod Ay

= [Ma, (t11 + di1) + My, (t3 + d3) — dy] mod Ay
= [My, (t11 + di1) + My, (t3 +d3) — df] mod Ay
= [t11 +di1 +t3 +ds — dy] mod A4

= [t1; + t3] mod A,

= t;.

The second and third equalities are due to distributive law and the identity in

the following lemma. [
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(1 — ao)P S
X11 X11 + X3 X3
Y e
X2 X2 X2
Oé()P e it CEEEEEEEEEEEES PEFPEEPP R
X10 X10
RX 1 RX 2 RX 3
(a) Channel type 1
el -P
X9 + X3 X2 X3
OqP B R e T B T
X1 X1 X1
RX'1 RX 2 RX 3
(b) Channel type 2
RS - P
X3 X3 X3
aP foee e
X1 X9 X1 + X2
RX'1 RX 2 RX 3

(¢) Channel type 3

Figure 3.3: Signal scale diagram.
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Lemma 3.11. For any nested lattices A3 C Ay and
any x € R", it holds that

[Ma,(x)] mod Ay = [x] mod A;.

Proof.
[Ma,(x)] mod Ay
=[x — A3] mod Ay
= [My, (x) — My, (A3)] mod A4
= [Ma, (x) — A3 + Qa, (A3)] mod A,
= [My, (x)] mod A,
= [x] mod A;.

where A3 = Qa,(x) € Ay, thus Qa, (As) = As.

Lemma 3.12. The following holds.

[t +df] mod Ay = [x¢] mod A.

Proof.

[ty +df] mod Ay

= [Mp, (t11 + t3) + df] mod Ay

= [t11 + t3 +dy] mod Ay

= [Ma, (t11 +di1) + My, (t3 + d3)] mod A4
= [Ma, (t11 +di1) + My, (ts + d3)] mod A4
= [x11 + x3] mod A

= [x7] mod A;.
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Receiver 2 does not need to recover the codewords t;; and t3 but the
real sum X to remove the interference from y,. Since x; = My, (x7)+Qx, (X7),
we first recover the modulo part and then the quantized part to cancel out
xy. This idea appeared in [17] as an achievable scheme for the many-to-one

interference channel.

The mod-A; channel between t; and y% is given by

Yo = [B2y2 — dg] mod Ay (3.10)
= [xf — dy + Zep] mod Ay (3.11)
= [t§ + Ze2] mod A4 (3.12)

where the effective noise z.o = (2 — 1)xy + [2(x2 + X109 + 22). Note that
E[||lxf]|?] = (ao + 1)nP, and the effective noise variance 02, = L1E[||ze|?] =
(B2 — 1)} (ap + 1) P + 82N, where Ny = (o + o) P + No. With the MMSE
scaling factor [, = @éﬁ'—;ﬁ\@ plugged in, we get 02, = $3Ney = %—)PZJ\]I\Z.

The capacity of the mod-A; channel between t; and y? is

~
—~
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~
<
o~
~—

vV 3~

._
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N[ =
~—~ | ~—r
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£e
R
N——

—
©)
o2

ol +1)P + dONe2>
(ap + 1)Neo

n aogP
NeQ

i Oé()P >
(Oé(] -+ OéQ)P + N2

Qi
()

5}
o
Qi
o
_|_
—

Qi
(en)

s}
o
Qi
()
+
[u—

|
QNI NI NI N 3=
5}
o9
S~ N/ N7 N7 N
Qi

~

31



For reliable decoding of t; at receiver 2, we have the code rate constraint

Ry = & log (VEMD < (. This also implies that Rs = 1 log(v(A ;) <

1 2) _ 1 _ 1 P :
Cy + - log (V(Al)) 5 log <ﬁ2N ) 5 log (a T (a0+a2)P+N2>. By lattice
decoding, we can recover the modulo sum of interference codewords t; from

y5. Then, we can recover the real sum x; in the following way.

e Recover My, (xy) by calculating [t; + ds] mod A; (lemma 3).
e Subtract it from the received signal,
— Ma, (x7) = Qa, (x7) + 25 (3.13)
where z) = x5 + X109 + Zo.
e Quantize it to recover Qa, (xy),
Qn, (Qu, (%) +23) = Qu, (xy) (3.14)
with probability 1 — P, where
Fe = Pr[Qa, (@, (x7) + 25) # Qu, (x7)] (3.15)

is the probability of decoding error. If we choose A; to be simultaneously
Rogers-good and Poltyrev-good [28] with V(Ay) > V(A.), then P, — 0 as

n — oo.
e Recover xy by adding two vectors,
My, (xp) + Qn, (x7) = x4 (3.16)

We now proceed to decoding x, from y, —x; = x+125. Since X, is a codeword

from an i.i.d. random code for point-to-point channel, we can achieve rate up

1 OéQP
R —1 — . 1
2 2 6 (Oéop + Ng) (3 7)

to
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At receiver 1, we first decode x;; while treating other signals xo+x19+2;
as noise. The effective noise in the mod-A; channel is z.,; = (8; — 1)%xy; +
Br(x2 +x10+21) with variance 02 = LE[||z¢1]]*] = (1 —1)?ao P+ 57 Ny where

Ne = (g + az)P + Nj. For reliable decoding, the rate Rj; must satisfy

1 0'2(/\1) 1 O_é()P
R <=1 =21 1
= 2 8 ( 610’31 2 08 + (Oéo + OCQ)P + N1

where the MMSE scaling parameter 3; = %. Similarly, we have the

other rate constraints at receiver 1:

1 OéQP
Ry < =1 1+ —— 3.18
2_2 Og( +060P+N1> ( )
1 Oé()P
Ry < =1 1+ ——]. 3.19
=5 og( + N1> (3.19)

At receiver 3, the signal x3 is decoded with the effective noise x5 + z3.

For reliable decoding, R3 must satisfy

1
Ry < =1 1+ — . 3.20
3—2Og( +a2P+N3) (3.20)
In summary,
e x;; decoded at receivers 1 and 2
1 (1 — O[Q)P )
Ry <T/,==log |1+
h=-"1n 2 g( (040+042)P+N1
1 (1 — Oéo)P )
R <T/, = =log | ci1 +
1 =-1n 2 & < 1 (Ozo + OéQ)P + NQ
_ _(Q-a)P _ 1-«
where ¢11 = (1—040)(}3-5-]3 o 2—048'
e Xy decoded at receiver 1
1 OéoP
Rig<Typ=-1 14+ — 3.21
10 < 1o 20g(+N1) (3.21)
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e X, decoded at receivers 1 and 2

1 OéQP
Ry <T)==1 1+ —— 3.22
2="2 Qog( +040P+N1> ( )
1 O[QP
<TV=-1 14— 2
Ry < T 5 og( +a0P+N2) (3.23)

e x3 decoded at receivers 2 and 3

1
Ry <Tj = §log <03+
1 P

_ p _ 1
where c3 = (T=a0)PTP — 3-ag

Note that 0 < ¢;; < %, c11+c3 =1, and % < ¢3 < 1. Putting together, we can

see that the following rate region is achievable.
R1 S T1 = min{T{l, Tllll} + T10 = Tllll + T10
R2 S T2 = mln{Té, TZH} = T2H
Ry < Ty = min{T3, T3}

where
1 (1 - Oéo)P )
Ty =-1 +
! 2 o8 (Cll (ao + O{g)P + N2
1 OéoP
-1 1+ —— 2
+20g(+N1) (3.25)
1 OZQP
T, = =1 1+ — 3.26
2 2 08 ( + OéoP + NQ) ( )
1 P
T3> =1 + . 3.27
5= 2 % (63 (Oéo + OCQ)P + N3) ( )

Thus, Theorem 8 is proved.
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3.3.2 The Gap

We choose the parameter oy = %, which is suboptimal but good

enough to achieve a constant gap. This choice of parameter, inspired by [1],
ensures making efficient use of signal scale difference between N; and N, at
receiver 1, while keeping the interference of x1g at the noise level N, at receiver

2. By substitution, we get

1 P — N,
T =-1 _—
! 2 o8 <CH+O./2P+2N2>
1 N,
-1 1+ —= 3.28
+3 og( +N1) (3.28)
1 OCQP
T, = -1 1+ — 3.29
2 20g< +2N2> (3.29)
1 P
T3 > -1 . 3.30
3_20g(63+a2P+N2+N3) ( )
Since ag = 22 € [0, 1], it follows th =18 > 2 and ey = g >
0= P 1301 oowstatcll—Z_NQ/P_5,an €3 = 5N, 2 2

Starting from R, from Table 3.2, we can express the two-dimensional

outer bound region at Ry as

< min 1lo P7—R 110 L
e PG WA 25 9%\ N, 3/ [

Depending on the bottleneck of min{-, -} expressions, there are three cases:

e Ry < 1log (%)
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P

P

1
R3 S mln{Elog (@ .

! 1
2 o8 OéQP

4\ 1
3)72

log (

+(9)
)

Depending on the bottleneck of min{-, -} expressions, we consider the following

three cases:

® OégpzNg

.NQSO{QPSN?)

[} OéQP S NQ.

Case i) asP > Nj3: The outer bound region at Ry = %log (% . Z) is

(3.31)

For comparison, let us take a look at the achievable rate region. The

first term of T} is lower bounded by

L P =N (3.32)
2 CY2P+2N2 .
1 2 P—Oégp
> “log [ 2 3.33
—20g(5Jr 3a2P) (3:33)
1 P
- . 34
2 (3a2p) (3:34)



We get the lower bounds:

1 P 1 N,
—lo -1 1+ — :
>2 ( 2P> 5 og( +N1) (3.36)
> Lo (3.37)
2 SCYQP Nl .
1 1
3> =1 = 3.38
-2 08 (2 C(2P+N2+N3) ( )
1
> —1 3.39
2 08 <3062P) ( )
For fixed ay and Ry = 2 5 log (2 - , the two-dimensional achievable rate region
is given by
1 P N P
Ry <=1 . R —1 . 3.40
1=58 (3a2p Nl) 3= (3a2p) (3.40)

Case ii) No < asP < N3: The outer bound region at Ry = %log <% . g)

18

1 P N, 4 1 P 4
< D2 2 ) 2. A1
i 8 (aQP N, 3) fs < 5 log (Ng 3) (341)

Now, let us take a look at the achievable rate region. We have the lower

bounds:
1 P Ny
T > =1 - — 3.42
! 2 o8 (30{2P Nl) ( )
1 1 P
T3 > =1 - 3.43
3_20g(2+042P+N2+N3> ( )
1 P
=1 — . 44
> 5 log (3N3> (3.44)
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For fixed a and Ry = 1 5 log (

) the two-dimensional achievable rate region

is given by

1 P Ny P
R <=1 - — R —1 3.45
1=5008 (3a2P Nl) 35008 (3]\73) (3:45)
Case iii) ag P < Ny: The outer bound region at Ry = %log <°‘]f,f . Z) is

4
1 (P 4 1. (P
R <=1 Ry <=1
1—20g<N1 3) 3_2Og(N3

wlﬂk

) (3.46)

For this range of a, the rate R, is small, i.e., Ry = 1 5 log <a25 %) < %log (%) <

%, and Ry and Rj3 are close to single user capacities C; and Cj, respectively.

Let us take a look at the achievable rate region. The first term of 7} is

lower bounded by

1 = gog (en+ ) (3.47)

> %log (% + szvi%) (3.48)

> %log (3—&) : (3.49)

We get the lower bounds:

Ty =17, + T (3.50)

> %log (3—N2> +3 log (1 + ﬁ) (3.51)

> %bg (3%;1) (3.52)
peim(behy) o

> %log <3—;3) : (3.54)



For fixed as and Ry = %log (‘2“12\/1: ), the following two-dimensional rate region

is achievable.

1 P 1 P
<=1 — < -1 — . .
po b (), e Do) -

In all three cases above, by comparing the inner and outer bound re-
gions, we can see that §; < %log (3 . ‘51) =1, §p < %log (2 . %) = 0.91 and
03 < %log (3 . %) = 1. Therefore, we can conclude that the gap is to within

one bit per message.

3.4 Inner Bound: Channel Type 2

Theorem 3.13. Given oy € [0, 1], the region R, is defined by

1 Oélp
R <=1 1+ —
1_20g( " Nl)

1 1 P
Ry< ~log™ [~ 4+ ——
2_2 08 <2+061P+N2>

| | P
Ry< =log" (=4 —
35508 <2+a1P+N3)’

and R = coNV (U,, Ra) is achievable.

3.4.1 Achievable Scheme

For this channel type, rate splitting is not necessary. Transmit signal x,
is a coded signal of My, € {1,2,...,2"%} k = 1,2, 3. In particular, x, and x3
are lattice-coded signals using the same pair of coding and shaping lattices. As
a result, the sum x5 + x3 is a dithered lattice codeword. The power allocation

satisfies E[[|x1|]*] = ainP, E[||x2]|?] = nP, and E[||x3||*] = nP. The received
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signals are

ylz[X2+X3]+X1+Zl
y2=X2+X1+Z2
Y3=X3+X1+Z3.

The signal scale diagram at each receiver is shown in Fig. 3.3 (b). Decoding

is performed in the following way.

e At receiver 1, [xy+x3] is first decoded while treating x; +z; as noise. Next,
x; is decoded from y; — [x2 + X3] = X3 + ;. For reliable decoding, the code

rates should satisfy

1 1 P
<Th,==1 -4 — )
Ry, <T; 20g(2+&1P+N1> (3.56)
1 1 P
Ry <Ti==1 -t 3.97
3 =73 Qog(2+&1P+N1> ( )
1 Oélp
<Ti=-=1 1+ —. )
Rl_ 1 B Og( + Nl) (3 58)

e At receiver 2, x5 is decoded while treating x; + z5 as noise. Similarly at
receiver 3, x3 is decoded while treating x;+2z3 as noise. For reliable decoding,

the code rates should satisfy

1
Ry <Ty = 3 log (1 + (3.59)

Oél.P + NQ)

1
Ry < Ty = S log (1 + (3.60)

)
Putting together, we get

R, <T

Ry < Ty = min{Ty, Ty}

R3 < Ty = min{T3, T3}
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where

1 Oélp
T = -1 14—
1= 5 og( + N1>
1 1 P
Ty>-log(=+4—r
2 2 8 <2+061P+N2)
>11 1+ P
_O —
=2\ g. max{ay P, Ny}
1 1 P
T3 > —1 -t —
3 2 Og <2+Q1P+N3>
>11 1+ P
—log | = )
=2 %®\2 72 max{a; P, N3}

3.4.2 The Gap

(3.61)
(3.62)
(3.63)
(3.64)

(3.65)

Starting from R, from Table 3.2, we can express the two-dimensional

outer bound region at R; as

Ry < min{%log (1—1— %) —Rl,C'g}
gmin{%log (51;) —Rl,;log (%

Rs < min{%log (1—1— %) —Rl,Og}
com{in (1) (5
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At Rl = %log (a]\lffj

oo 10 P L (P
2 = 8\ pr 3)72%\ N, 3
P4\ 1 P 4
< mind -1 Slog [ — . 2) L
R?’—mm{ Og(alp 3) 2 g<N3 3)}

Depending on the bottleneck of min{:, -} expressions, we consider the following

. ;Z), the region can be expressed as

three cases.

Case 1) a1 P > N3: The two-dimensional outer bound region at R; =

1 P 4 1 P 4
Ro<-log|—— 2), Ry<zlog(—— 2). 3.66
2_20g(a1P 3) 3_2Og<a1P 3) (3.66)

For fixed a; and R; = %log ("‘&—f), the following two-dimensional region is

achievable.

1 P 1 P
R, < -1 Ry < -1 . 3.67
2_20g(2aP)’ 3_2Og(2a1P) (3.67)

Case ii) Ny < oy P < N3: The two-dimensional outer bound region at

Ry —110g<°‘1P ;Z) is
1 P 4

) the following two-dimensional region is

1 P
< Z _
R2_210g(aP

For fixed oy and Ry = log(

achievable.

1 P P
Ry, < =1 R —1 3.69
() b (). e
Case iii) a1 P < Ny: The two-dimensional outer bound region at Ry =
1log (alp %) is

1 P 4 1 P 4
—1 1 - . .
Ry, < 5 log (N2 3) R3 < - 5 log <N3 3) (3.70)
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For fixed ay and R; = %log (O‘]\l,f ), the following two-dimensional region is

achievable.

1 P 1 P
< =1 — < =1 — . 71
m b (2, s s (2) o

In all three cases above, by comparing the inner and outer bounds,
we can see that §; < %log (;Z) < 041, 65 < %log (2 . %) < 0.71, and 93 <
%1og (2 . %) < 0.71. We can conclude that the inner and outer bounds are to

within one bit.

3.5 Inner Bound: Channel Type 3

Theorem 3.14. Given o € [0, 1], the region R, is defined by

1 aP
R <=1 1+ —
1_20g( +N1)
1 aP
< -1 14+ —
R2_20g( +N2)
1 P
< -1 14+ ——
s <3 Og( +2aP+N3)’

and R = conv (|J, Ra) is achievable.

3.5.1 Achievable Scheme

For this channel type, neither rate splitting nor aligned interference de-
coding is necessary. Transmit signal x;, is a coded signal of M, € {1,2,..., 2%} k =
1,2,3. The power allocation satisfies E[||x;||?| = anP, E[||x2||*] = anP, and
E[||x3]]?] = nP. The received signals are

Y1 =X3+X1+ 2
Y2 = X3+ Xo + 22

y3:X3+X1+X2+Zg.
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The signal scale diagram at each receiver is shown in Fig. 3.3 (c¢). Decoding

is performed in the following way.

e At receiver 1, x3 is first decoded while treating x; + z; as noise. Next, x;
is decoded from y; — x3 = x; + z;. For reliable decoding, the code rates

should satisty

1 P
<T:=Z=1 14+ —-— 72
fs < 1 2Og< +aP+N1) (3.72)
1 aP
<T;=-=1 14+—. .
Rl_ 1 5 og< +N1) (3 73)

e At receiver 2, x3 is first decoded while treating x; + z5 as noise. Next, Xg
is decoded from ys — x3 = X5 + z5. For reliable decoding, the code rates

should satisfy

1 P
<T!'=2-1 14 ——— .74
1 oP
<T,=-1 1+—1. .
RQ S 1o 5 og( + Ng) (3 75)

e At receiver 3, x3 is decoded while treating x; + x5 + z3 as noise. For reliable

decoding, the code rates should satisfy

1 P
< i —— . )
Ry <Tj 5 log <1 + %P T N, N3> (3.76)

Putting together, we get

R, <T)
Ry <
Rs < Ty = min{T3, T3, Ty"}
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where

1 aP
T = =1 14+ — 7
1 20g<+N1) (3.77)
1 aP
T, = =1 1+ — :
5 2og( NQ) (3.78)
1 P
T3 = =1 1+ — :
’ 20g(+2aP+N3) (8:79)
> Liog (14 r (3.80)
=5 % 3-max{aP, N3} ) '

3.5.2 The Gap

Starting from R, from Table 3.2, we can express the two-dimensional

outer bound region at R3 as

. 1 2P
R, < mln{ilog (1 + Fl) - Rg,Cl}

1 P 7 1 P 4
< mi 1 1 - .=
<min{ 6 (5 +5) - 508 (575

(1 2P
Ry < mm{élog (1—i— E) —Rg,CQ}

< min 1lo rr Rllo Eé
= 2 % \N, 3 5%\ N, 3/ [

Depending on the bottleneck of min{-, -} expressions, there are two cases: R3 <
%log (%) and Rz > %log (;Z) We assume that R3 > %log (%), equivalently
a < %. We also assume that R3 < %log (N%), equivalently aP > Nj3. The

other cases are trivial.

The two-dimensional outer bound region at Rs = 1 5 log (a—l;) is
aP 7\ 1 P 4
Ry < mi 1 -—],=lo .
zmin (5 05) 50 (5 3))
1 aP 7\ 1 P 4
Ry < mi 1 =],=1 — =]
ey () 3 (3) )
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A R3 A R3

> R2 b R2
(a) Large Ry (b) Small R,

Figure 3.4: The cross-section of the type 4 outer bound region.

For a < %, the two-dimensional outer bound region is

1 aP 7 1 aP 7
1 Ry < -1 N 3.81
B < 2Og<N1 3) 2_20g<N2 3) (3:81)

For aP > Nj, the two-dimensional achievable rate region at R3 =

g (555) i
aP aP
- .82
R1_21Og(N1),R2 IOg(N2> (38)

By comparing the inner and outer bounds, we can see that §; < %log (g) <
0.62, 0 < %log (%) < 0.62, and 03 < 3log(3) < 0.8. We can conclude that

the inner and outer bounds are to within one bit.
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3.6 Inner Bound: Channel Type 4

The relaxed outer bound region R, given by

P 1 4
log | — =1 |, k=12
g<Nk>+20g(3 : ;2,3
P +11 7
N T 2%\3
| P +11 7
og 5log | 3
lo > —i—llo !
®\N,) T2 \3)"
The cross-sectional region at a given R; is described by
1 P 7 1 P 4
Ry <min< =1 — Ry, =1 — =
rzmin 1 (xo5) g (33
1 P 7 1 P 4
<min< -1 — =] = -1 — =
Rg_mll'l{ og(N1 3> R1,20g(N3 3)}
P 7
Ry + Ry < -1 = .
2 + g < Og(N2 3>

Depending on the bottleneck of min{-, -} expressions, there are three cases:

Ry <

R+ Ry

IN

N~ NI~ N~ N
—
@]
S}

Ry + R3 <

=

Ro+ Ry <

In this section, we focus on the third case. The other cases can be proved
similarly. If the sum of the righthand sides of Ry and R3 bounds is smaller
than the righthand side of Ry + R3 bound, i.e.,

P 7 1 P 7
1 —2R; < -1 = 3.83
Og(Nl 3> 1_20g(N2 3>a ( )
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then the Ry+ R3 bound is not active at the ;. This condition can be expressed

as a threshold on R; given by

1 1
Ry >R1,th:_10g (——) —le

2
1
:leog<

P Ty 1, (P T

N 3 AN, 3

P 7 1 Ny

D) S0 (L2 84
N, 3)+40g(N1) (3.84)

For this relatively large R, the cross-sectional region is a rectangle as described

in Fig. 3.4 (a).

In contrast, for a relatively small R;, when the threshold

condition does not hold, the cross-sectional region is a MAC-like region as

described in Fig. 3.4 (b).

schemes for each case.

In the rest of the section, we present achievable

3.6.1 Achievable Scheme for Relatively Large R;

Theorem 3.15. Given a = (ag, a1, a0) € [0,1]3, the region R, is defined by

1
R; < min {5 log™ (cn +

(]_ — Oy — 1 —042>P

1
2
Oélp

(g + a1 + 200) P + N2) ’

log (1 +

O./QP
Oé()P —I— N1

—l—ll 1+
—lo
5 108

2

1
—log

RQSQ

(1+

P

(Oé() —I— O[Q)P —I— N2>

1 CkgP
—1 1 -
+ og( + N, )

OéQP
OéQP -+ N2

1
—log"

Ra§2

l—apg—a1—asg

 ————. and ¢c3 =

where ¢;; =

achievable.

1

2—ap—a;—a2’
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cs +
(3 (a0+a1+a2)P+N3)

and R = conv (|, Ra) is



alP -
OQP -

aoP -

(1 — Oél)P -

o) P -
OZQP -
(al - OéO)P -

OéQP -

RX 2

(b) Channel type 4: relatively small Ry

Figure 3.5: Signal scale diagram.
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We present an achievable scheme for the case of Ry > Ry4,. Message
My € {1,2,...,2"} is split into three parts: My € {1,2,...,2"F0} M, €
{1,2,..., 2780} and My, € {1,2,...,2"2} so R = Ryp + Ry + Rz, We
generate the signals in the following way: x;; and x}, are differently coded
signals of M, and x;9 and x5 are coded signal of M;y and M, respectively.

The transmit signal is the sum

X1 = Xjq0 + Xq1 + X2 + Xlll'
The power allocation satisfies E[||x19[|?] = agnP, E[||x11]|*] = aanP, E[||x12]|%] =
anP, and E[||x}; ||’ = (1 — ap — a1 — ag)nP.

The transmit signals x, and x5 are coded signals of the messages M, €
{1,2,...,2"%} and M3 € {1,2,...,2"3} satisfying E[||x2||*] = aenP and
E[||xs]?] = nP.

The signals x}; and x5 are lattice-coded signals using the same coding
lattice but different shaping lattices. As a result, the sum x/; +x3 is a dithered

lattice codeword.

The received signals are

y1 = [X1; + X3] + X12 + X11 + X109 + 21
Yo = Xj; + X192 + X11 + X2 + X190 + Z2

Y3 = X3 + X2 + Z3.

The signal scale diagram at each receiver is shown in Fig. 3.5 (a). Decoding

is performed in the following way.

e At receiver 1, [x}; +x3] is first decoded while treating other signals as noise

and removed from y;. Next, x15, X117, and X;o are decoded successively. For

50



reliable decoding, the code rates should satisfy

1 l—ap—a; —ag)P
RH < Tlll = — log (011 + (( il il 062) )

2 ap+a; +a)P+ Ny
Ry <Ty = %log (C3 * (g + +Pa2)P + N1>
Ry < Tjy = %log (1 + o0 —1—321)};-1—1\71)
Ry <T}} = %log (1 + aogz—le>
Ry <Tyo= %10g (1 + Q]%—f)
where ¢y = EoR0CTel, = S0S0® and ¢ = (e PP =
m. Note that 0 < ¢;; < %, c11 +c3 =1, and % <ecg <1

o At receiver 2, x); is first decoded while treating other signals as noise. Hav-
ing successfully recovered My, receiver 2 can generate x;; and x};, and
cancel them from ys. Next, x15 is decoded from x5 + X5 + X109 + 2Z2. Finally,

X5 is decoded from x5+ X19+22. For reliable decoding, the code rates should

satisfy

1 (1—0{0—0(1—@2)P

Ry <T/ ==1 1

11 =-"u 2 Og( +(CY0+O!1+2&2)P+N2
1 C(lp

Rip <Ti,==log |1

12 =12 2 Og( +(C¥0+a2)P+N2)
1 OéQP

Ry <1y =-1 1+ —].

2 =02 2 Og( +060P+N2>

e At receiver 3, x3 is decoded while treating xs+23 as noise. Reliable decoding

is possible if

1 P
Ry <TV =21 1+ —]. 3.85
3 =73 20g< +a2P+N3) (3.85)
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Putting together, we can see that given ag, ay,ay € [0, 1], the following rate

region is achievable.

Rl < Tl = min{Tllb Tl//17 Tll/ll} + min{T{Q? T1//2} + T10
Ry <5
R3 < T3 = min{Ty, T3}

where

Ty = min{TY},, Ty}, T{1} + min{T},, 75} + Tho
= min{min{77},, T}7}, T{1} + T15 + Tho

> . 11 i (1-0(0-0[1—062)P
min ¢ = log { ¢ )
= 2 B\ T (4 + a1 + 2a0)P + Ny

(
1 O./QP
—1 1 =
2 Og( +040P+N1)}
1 OqP
+—log 1+
2 g( (Cko-l—Oég)P-l—Ng)

1 P
+—log (1 + ao_)

2 Ny
1 OéQP
T, = -1 14—
279 Og( +a0P+N2)
1 P
T35 > —log | c3 + .
3_2 g(d (Oéo+051+042)P+N3>

3.6.2 The Gap for Relatively Large R,

We choose «q, a; and as such that a; < %, that oy > 3(ap + aw), that
as P > 3N3, and that agP = N,. It follows that ag + a1 + as < %al < %, that
c1 > %, and that (g + a3 + 2a2)P + Ny = 2(ag + a) P + a1 P < galP. We
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get the lower bounds for each term of T} expression above.

and

min{Tllla Tlllll}

Z—log (1—0&0—0[1—012)P )

(O./O + o] + 20./2)P + N2
1, 0= (4/3)041)13)
3 (5/3)a, P

v

v

IV

TY) = 5 log

OéQP
Oé(]P + N1

O[Q+O[2 P+N1
OéoP—f-Nl

._.
o
o

IV
l\DI»—* N | — l\:)ln— [\')Ir—\

=)
0Q

CY() —i—ag
O[()P + N2

ao+a2 )

—
Q

g

Since (Oéo + OéQ)P Z N2 + 3N3 Z 4N2,

1 O./1P
T/ = ~log (1
12 2 g( + (Oé()—f-CYQ)P—f-NQ)

o ((5/4)(33)]1 a2>P) |

l\:>|>—l
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Putting together,

P 17
lemin{—log( Iz 40),
aq

11 Cl/lP
PR ((5/4><ao Fas)P

S E ) R L)

(()[0+CY2)P Nl 40 5 72 N1 2 5

:mm{ log (—P &H> 110 (O‘lp 2)}
(Oéo—f—OéQ)P N1 50 72 N1 5

Given aq, we choose s that satisfies 5 log <Ofp }1—0) =1 5 log (M) As a

~— DI
+

N | —

o

o
VR
=z
N———

result, we can write 7y > 1 5 log (O‘lp —), and also

1 CKQP
T, = -1 1+ ——— 3.92
2 2 o8 ( + OéOP + Ng) ( )
1 (ap + o) P
> —1 —_ .
Z 3 og( N, (3.93)
1 P 17
=1 —_— . 3.94
2 %% (alP 40) (3:94)
Since N3 < %OQP < %(Oéo —|—062)P < éOél.P,

1 P
T3> —log | c3 +
5= g<3 (CVO+CY1+CY2)P+N3)

1 P

2 P @3)mp+ (1/9)a1P)
P

= 5108 ((13/9)a1P) '

The following rate region is achievable.

1 O{1P 2
< Zlog (4.2 .
Ry <3 og(N1 5) (3.95)
1 P 17
< Zlog [ — . =L .
Ry < S log (a1P 40) (3.96)
1 P 9
< log[—— 2. .
Rs < 5 log (alp 13) (3.97)
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For fixed a; and Ry = %log (o‘lp . %), the two-dimensional rate region, given

Ny
by

1 P 17 1 P9
< “log [ — . = < log | .2
fz2 < 5 log (alP 40)’ fs < 5 log (alP 13>

is achievable.

In comparison, the two-dimensional outer bound region at R; = 3 log ( N

1, given by

&
A

=
w
AN
NI o~ NI o -
o
o
N
Z|
wl
~__
|
DN | —
P
2\3
=l
SIS
~__
|
—_

As discussed above, the sum-rate bound on Ry + Rj is loose for Ry larger than
the threshold, so the rate region is a rectangle. By comparing the inner and
outer bound rate regions, we can see that dy < %log (% . % . g . %) < 0.89 and
03 < %log (%3 . % . g . %1) < 0.54. Therefore, we can conclude that the gap is to

within one bit per message.
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3.6.3 Achievable Scheme for Relatively Small R;

Theorem 3.16. Given a = (ap, oy, ) € [0,1]3, the region R, is defined by

R, < —log* + :
l—mm{z o8 (C” (a1 + a2)P + Ny

1 (Ckl—Oéo)P 1 Oéop

Tlog (14 LTG0 “log (14 25

Og(+a0P+N1 ety
OZQP

log (14 —o28

Og( +a0P+N2)

log* ( c3 + P
& 3 maX{OL17()62}P+N3

and R = conv (|J, Ra) is achievable.

[\]

Ry <

Rs <

N~ N~

where c1; = =9 and ¢ =

2—a 2—aq’

For the case of Ry < Ry, we present the following achievable scheme.
At transmitter ]_, we Spht M1 into M10 and MH, SO R1 = RIO + RH. The

transmit signal is the sum

/
X1 = X0 + X11 + Xq5-

The power allocation satisfies E[||x10/|%] = aonP, E[||x11|*] = (aq —
ap)nP; and E[||x};]|*] = (1 —ay)nP at receiver 1, E[||xz||*] = aanP at receiver

2, and E[||x3]|*] = nP at receiver 3.

The signals x}; and x3 are lattice codewords using the same coding
lattice but different shaping lattices. As a result, the sum x/; + x3 is a lattice

codeword.

The received signals are

y1= [X,n + X3] + x11 + X10 + 21
y2 :Xﬁl + X171 + Xo + X190 + Z2

y3:X3+X2+Z3.
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The signal scale diagram at each receiver is shown in Fig. 3.5 (b). Decoding

is performed in the following way.

e At receiver 1, [x}; +x3] is first decoded while treating other signals as noise
and removed from y;. Next, xq; and then x;( is decoded successively. For

reliable decoding, the code rates should satisfy

Ry <Ty, = %log (Cn + %)
Ry <Ty = %log (Cg+ ﬁ)
Ry <T), = %log <1 + (201;—_?()]35)
Rip <Ty = %10g <1 + %)
where ¢ = (1(E;311’3iP = ;:Zi and c3 = (kaﬁpﬂj = 2ja1' Note that

0§011§%,011+C3:1,and%chﬂl'

e At receiver 2, x); is first decoded while treating other signals as noise. Hav-
ing successfully recovered My, receiver 1 can generate x;; and x};, and
cancel them from y,. Next, x5 is decoded from x5 + X719 + Z2. At receiver 2,
X190 is not decoded. For reliable decoding, the code rates should satisfy

(1 — Oél)P
(1 + az)P + NQ)

1 Odgp
Ry <Tp =-=1 14— 1.
2 =72 20g< +C¥0P+N2)

1

e At receiver 3, X3 is decoded while treating x,+zs3 as noise. Reliable decoding

is possible if

1
Ry <Ty = 3 log (1 + (3.98)

OéQP—F Ng) '
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R3 R3

g = (1 a1 = g
< ! i
ap < a2 <y a2<a1<0/2
/
as =a} ) = ah
> Ry Iy

(a) Channel type 4: small (b) Channel type 5: small
Rl R2

Figure 3.6: MAC-like region.

Putting together, we can see that given ag, ajas € [0, 1], the following

rate region is achievable.

Rl S Tl = min{T{l, Tlﬁl, Tlllll} + Tl() (399)
Ry < Ty (3.100)

where

T, = min{Tlll, Tlul, Tlllll} + Ty

= min{min{77,, 771}, 771} + Tho

1 1— P
> min {5 log (011 + ( 041) ) )

(CYl + OéQ)P =+ NQ

1 (O&l — Oéo)P 1 Oé()P
=1 14— =1 14—
2 o8 ( + OéoP -+ N1 + 2 8 + N1

1 OéQP
Ty = =1 1+ —
2 Og( +060P+N2)

T > 11 + P
—log | ¢ :
AR max{a,as} P+ N3
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3.6.4 The Gap for Relatively Small R,

We choose «q, a1, and as such that a; < ay < %, that ay P > 3N,
that apP > 3N3, and that agP = %Ng. It follows that c¢;; > % and that
(Oél + OCQ)P—i_ N2 S %Oxlp—i‘ OZQP S %agp.

min{Tllla Tllll/}

= —log

(1—aq)P
(oq +ag)P + Ng)
1 (1—a)P

3 <7/3>a2P>

v
N = N = NI~ N~ N = N

v

and

)

(1 + M) (3.102)
log (M) (3.103)

<L) (3.104)

(

b ) . (3.105)

Putting together,

N A N A a P
p— —_— — _0 —
L= 98 P 21 ) 2 % (95N,

oy (Ne 4
2%\ N, 5/
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Let us define o) by the equality 5 1log ( fD . 2%) = % log ((9%5\72). If we choose

ay < o}, then %log (agip 21) > 1 5 log ( 9751))]3 ) and

T >110 Oélp N2 4 11 Oél.P 4
— - - .. :_0 . B
1= %\ mN, N, 5) 2% N, o

We can see that the following rate region is achievable.

R < %log (O‘]f g) (3.106)
Ry < %log ( (9‘;‘;5 N2) (3.107)
R; < %log (W) : (3.108)
For fixed oy € [0, 0)] and Ry = Llog (0‘]\1: : %), the two-dimensional rate
region R, given by

Ry < ;1 og (%) (3.109)
R; < ;log ((4/3%) (3.110)

is achievable. The union (J,, elar,al] R, is a MAC-like region, given by
R, < - log ( 90‘;3]\72) (3.111)

P 8

< <7 : ﬁ) (3.112)
log % %) (3.113)

Ry + R

IN

S
0e

(9/5) N2 (4/3)au P
> (3.115)

oy
w
VAN IN
l\'>l)—‘ Y Y . l\DIH N | =

(
( 0P P ) 1)
s (3
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A R3 A R3

> Ry > Ry
(a) Large R (b) Small Ry

Figure 3.7: The cross-section of the type 5 outer bound region.

This region is described in Fig. 3.6 (a).

In comparison, the two-dimensional outer bound region at Ry = % log (qu . g) +

Ny
1, given by
1 P 7\ 1. [P 4
<Zlog (o L) —Zlog (2. 2) 1
Rz—zog(N1 3> 2 (N1 9)
Lo (P L (70
= —lo - og| —- —-—
2 ®\aP) T2 ®\3 11
| P 7\ 1. [P 4
<Zlog (<= L) - Clog (2. 2)
R"’—2Og(N1 3) 2 g(N1 9)
1
2

Since dy < %log(% . % . % . }1) < 0.90, 43 < %log (‘—1 LT.9. l) < 0.41 and
0oz < %log (% . %) < 1.25 < v/2, we can conclude that the gap is to within

one bit per message.
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3.7 Inner Bound: Channel Type 5

Let us consider the relaxed outer bound region R) given by

log <N£k> + —log (%) , k=1,2,3
() +3=(5)
Ny 3
log (ﬁ) + 3
Ny
| P
(5)-+

The cross-sectional region at a given R is described by

Ry, <

R+ Ry <

—
o
OS]

Ry + R3 <

N~ N —= N = N =

Ry + Rs <

P 7 1 P 4
< min< =1 =1 — =
Rl_mm{ og(N1 3) Rg,Zog(N1 3)}

1 P 7 1 P 4
< min< =1 — =] = =1 — =
R3_H11D{2 og(N2 3) R2,20g(N3 3)}

1 P 7
R+ Ry < =1 =
1+ g = QOg(N1 3>

Depending on the bottleneck of min{-, -} expressions, there are three cases:

o Ry < blog ()
Hog () < R <
lg<%-§>.

In this section, we focus on the third case. The other cases can be proved

N |—=
»—4
OQ
/N
gz
INEN
N———

o [y >

N[ =

similarly. If the sum of the righthand sides of R; and R3 bounds is smaller
than the righthand side of R; + R3 bound, i.e.,

1 P o7\ 1 P 7 1 P 7
-1 L 1 — R, < -1 L
20‘5(N1 3)+20g<N2 3) 2= 20g<N1 3)’
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then the Ry 4+ R3 bound is not active at the R,. By rearranging, the threshold

condition is given by

1 P 7
— “log (<L), 11
R2 > RQ’th 1 og (N2 3) (3 6)

Note that Rsy, is roughly half of Cy. For this relatively large Rs, the cross-
sectional region is a rectangle as described in Fig. 3.7 (a). In contrast, for
a relatively small R;, when the threshold condition does not hold, the cross-
sectional region is a MAC-like region as described in Fig. 3.7 (b). In the

following subsections, we present achievable schemes for each case.

3.7.1 Achievable Scheme for Relatively Large R;

Theorem 3.17. Given o = (ay, aq, ab) € [0,1]3, the region R, is defined by

| P
Ry < 5 log (1+0‘1—)

. 1 (1—062—0/)P )
min { = log™ [ co1 + 2 ,
{2 s (21 (01 + an + ab)P + Ny

1 oh P 1 as P
Dog (1422 Log (14 22
> Og( * N2>}+2 Og( +o/2P+N2>

1 P
R3 < =log™ <03 + >

Ry

IN

2 max{ay, ag + b} P + N3
l—as—al : ,
where cy; = 2_32_32 and c3 = ﬁ, and R = conv (U, Ra) is achievable.

We present an achievable scheme for the case of Ry > Roy,. Mes-
sage My € {1,2,...,2"%2} for receiver 2 is split into two parts: Mo €
{1,2,...,2"1} and My, € {1,2,...,2"%22} so Ry = Ry + Ryy. We gen-
erate the signals in the following way: x9; and x5, are differently coded signals

of My, and x99 is a coded signal of My,. The transmit signal is the sum

/
X9 = X91 + X990 + Xa1-
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The power allocation satisfies E[||x1||?] = aynP, at receiver 1, E[||xo|*] =
ahn P, E[||xa||?] = asnP, and E[||x5,]]?] = (1 — as — ab)P at receiver 2, and
E[||x3]]?] = nP at receiver 3.

The signals x5, and x5 are lattice codewords using the same coding
lattice but different shaping lattices. As a result, the sum x5, + x3 is a lattice

codeword.

The received signals are

Y1 :Xl21 + X99 + Xo1 + X1 + 21
Yo = [Xy + X3] + X2 + Xo1 + Z2

Y3 = X3 + X1 + Z3.

The signal scale diagram at each receiver is shown in Fig. 3.8 (a). Decoding

is performed in the following way.

e At receiver 1, x5, is first decoded while treating other signals as noise. Hav-
ing successfully recovered My, receiver 1 can generate x,; and x5, and
cancel them from y;. Next, X99 is decoded from x99 + x1 4+ z;. Finally, x; is
decoded from x; + z;. For reliable decoding, the code rates should satisfy

(1—as—ah)P )

(o + ag + )P+ Ny
1 P
Ry < Ty = 51082 (1 + a2—>

1
Ry < Ty = 510g (1 +

Oélp—l—Nl
1 P
R <T, :§log(1+a]if—).
1

o At receiver 2, [x}, +x3] first decoded while treating other signals as noise and

removed from y,. Next, X9 and X9; are decoded successively. For reliable
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decoding, the code rates should satisfy

N ——
Ry <Ty = %10g <03+ (ag—l—aSP—l—Ng)
Roy < Ty = %log (1 + 0/2](;2—5]\72)
Roy < T = %log (1 + O‘g)

where ¢y = (1(_1;;_2;5%3_1:]3 = éiziigé and c3 = (1_a2_i,2)P+P = 2_0;_0(,2.

Note that 0 < ¢g; < %, co1 +c3 =1, and % <ec3 <1

e At receiver 3, X3 is decoded while treating x; +zs3 as noise. Reliable decoding

is possible if

1
Ry <Tj = log (1 + (3.117)

C¥1P—|— Ng) '

Putting together, we can see that given oy, g, € [0, 1], the following rate

region is achievable.

R, <T;
Ry <1 = min{Tél? T2//17 T2”1/} + min{T2/27 T2//2}
Ry < Ty = min{T3, Ty}
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where

1 Oélp
7= -log 1+ 2
1 20g<+N1>

Ty = min{T},, T4, T4} + T4

= min{min{73,, Ty}, T3} + T3

> mi 1 | N (1 -y —ah)P
min § — 10 C )
= 2 B\ T (o tas + ah)P + N

1 ah P 1 as P
Liog (142 Do (14222
20g(+N2)}+20g<+o/2P+N2)
1

>

P
To > =1 .
325108 (03 + max{aq,as + a4} P + Ng)

3.7.2 The Gap for Relatively Large R,

We choose a7 and «g such that oy P > N,, that a,P > N3, that
ap = ah < g, and that ag + as < % It follows that co; > % We get the lower

bounds for each term of T5, expression above.

min{T%,, T} (3.118)
> %log <621 + (2(;1——:22;;2?72> (3.119)
> %log (% + (1(?;4?1;;2;]3) (3.120)
> %log (m) . (3.121)

The first entry of min{-, -} in

Ty = min{min{T5,, T } + T35, T57 + Thy}
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O[QP -

a1 P = a4P -

(1 — OCQ)P il il
X5
abP -i-
O£1P B
O[QP -t-
X1 + Xo21
RX 1

Xo1 T X3 X3
X921 X1
RX 2 RX 3

(b) Channel type 5: relatively small Ry

Figure 3.8: Signal scale diagram.
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is lower bounded as follows.

min{Tél, T} + Tz”z

Z 1 i llog (al + O{Z)P + Ng
2 30(1 —|—042 2 O[1P—|—N2
_110 041+CY2)P+N2
PR a1P+N2 (3a; + az)P
1
>
1
> — .
- 2 (6061P)

The second entry of T,

1 4 1%
:%1 g<l+T5> +%log(1+a1;2—f%)
= %log <1 + %)
()
Putting together, we get the lower bound
T > min{ log <6 PP> ; og <%) } .
Given as, we choose a; that satisfies 1 5 log (Ga P) = %log <°‘]\2,5> As a result,

we can write Th > 1 5 log (”P > We also have

P

T > —lo
3= 2 g((a1+a2)P+Ng

68
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Putting together, we can see that the following rate region is achievable.

Ry < %log (%D) (3.122)

Ry < %log (%) (3.123)

Rs < %log (3£P> . (3.124)

For fixed as and Ry = %log (%), the two-dimensional rate region, given by
R < %log (%) (3.125)

= %1 og <6£P : %) (3.126)

Ry < %1 o (BOZP) (3.127)

is achievable.

In comparison, the two-dimensional outer bound region at Ry = 1 5 log (agp ) +

1 P o7\ 1 P
< log ([ L) - Zioe (225) 1
Fi< g g(N1 3) 20g<N2)
L (P N\ 1 (T
2%\ P N, ) T2%\371
1 P o7\ 1 ayP
< log[— L) - Zioe (225) 1
ros s (G 5) e ()
1

L PNl (7. 1)
B\op) T2 %\371)

As discussed above, the sum-rate bound on R, + Rj is loose for Ry larger than

1 is given by

the threshold, so the rate region is a rectangle.

By comparing the inner and outer bound rate regions, we can see that
<3 5 log (6 ) <0.91 and 95 < & 5 log (3 %) < 0.41. Therefore, we can

conclude that the gap is to within one bit per message.
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3.7.3 Achievable Scheme for Relatively Small R,

Theorem 3.18. Given o = (ay, az) € [0,1]%, the region R, is defined by

1 P
R, < Qlog (1+a1_)

Ny
. 1 (1—042)P ) 1 < O[QP)}
Ry, <min<{ =log™ ( co1 + ,=log {1+ —
2= {2 & < 2 (Oél —|—C¥2)P—|—N2 2 & N2
1 P
Ry < —log"
3= <CS * max{a, as} P + Ng)

—a9

where ¢y = ;_OQ and c3 = ﬁ, and R = conv (|J, Ra) is achievable.

For the case of Ry < Ry, we present the following scheme. At trans-

mitter 2, rate splitting is not necessary. The transmit signal is the sum
Xy = Xg1 + Xy

where X1 and x}, are differently coded versions of the same message M, €

1,2,...,27R),

The power allocation: E[||x;1]|?’] = ainP at receiver 1, E[||xo1[]?] =
amnP, and E[||x5,]|?] = (1 — as)nP at receiver 2, and E[||x3]|?] = nP at
receiver 3.

The signals x5, and x3 are lattice codewords using the same coding
lattice but different shaping lattices. As a result, the sum x%, + x3 is a lattice

codeword.

The received signals are

Y1 = Xo +Xo1 + X1+ 21
Yo = [Xy + X3] + Xo1 + 22

Y3 = X3 + X1 + Z3.
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The signal scale diagram at each receiver is shown in Fig. 3.8 (b). Decoding

is performed in the following way.

o At receiver 1, x5, is first decoded while treating other signals as noise. Hav-
ing successfully recovered My, receiver 1 can generate x,; and x,;, and
cancel them from y;. Next, x; is decoded from x; + z;. For reliable decod-

ing, the code rates should satisfy

1 1 — as)P
R21§T2’1:§10g(1+ (1= as) )

(011 + OéQ)P + Nl

Oélp

1
1

e At receiver 2, [x}; + x3] first decoded while treating other signals as noise
and removed from ys. Next, x9; is decoded from x9; + z5. For reliable

decoding, the code rates should satisfy

1 (1 — CYQ)P

Ry <TV = =1

21 S Loy QOg(CQI+a2P—|—NQ>

1 P

Ry <T! ==1
1 OéQP

Ry < T = 5108 <1 + Tz)

where ¢y, = 04722 _ l-az gpq ¢, — L = L Note that
21 (1—az)P+P 2—as 3 (1—az)P+P 2—asy"

0<ecn <3, cn+eg=1and 5 <c¢ <1

e At receiver 3, x3 is decoded while treating x; +23 as noise. Reliable decoding

is possible if

1 P
Ry <TV/==1 14+ ——. 3.128
3 =73 20g< +a1P+N3) ( )
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Putting together, we get

R <T (3.129)
Ry < Ty = min{T%,, T, T} (3.130)

where

T2 = min{Tgll, T2”17 T2”1/}
= min{min{75,, T3, }, T, }

> min 110 Co1 + (1= )P 1lo 1—1—%
= 2 B\ T  tan) P+ N, )28 N,

1 P
T3 > =1 .
3= (C3 - max{aq, ag} P + Ng)

3.7.4 The Gap for Relatively Small R,

We choose «aq and «s such that oy P > N,, that a,P > N3, that
a; + ay < %, and that oy > an. It follows that cp; > 1. We get the lower

3
bound

min{T%,, T} (3.132)
= %log <021 + (al(—ll—;g?li)i Ng) (3.133)
> %log (% + %) (3.134)
_ %bg (3in) (3.135)

and




Let us define o), by the equality %log (ﬁ) = %log (%) If we choose

ay < ab, then Ty > %log (%) We can see that the following rate region is

achievable.
1 Oélp
< 21 —_— 1
RI_QOg(]\G) (3.136)
1 OQP
< 2] - 1
RQ =35 og ( N2 ) (3 37)
1 P
< =1 . 138
Ry < 5 log (QalP) (3.138)

For fixed oy € [ap, o] and Ry = 1 log <aj\2[_5>’ the two-dimensional rate

region R, given by

R < %log (OK;]—T) (3.139)
R; < %log (201:]3) (3.140)
is achievable. The union J,, o)) R, is a MAC-like region, given by
R < %log (‘?%f) (3.141)
- %bg <3OZP : %) (3.142)
Ry < %log (QOZP) (3.143)
R+ Rz = %log (2—];71) : (3.144)

In comparison, the two-dimensional outer bound region at Ry = 3 log (—
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1 is given by

1 P 7 1 OZQP
< Zlog— - L) = Z10e (222 ) 1
Rl—zog(N1 3) 2 g(Ng)
I S S\ D R
2%\ P N ) T2 % 3y
1 P o7\ 1 P
< Zlog—- L) =100 (222) 1
R‘?’—zog(N2 3) 2 (Nz)
L (P L (T
2%\ ,p) 2%\ 3]
1 P 8
< log|—.2).
R1+R3_20g(N1 3)

Since 0; < %log (3%}1) < 041, 43 < %log (2%%) < 0.12 and 413 <
%log (2 . %) < 1.12 < /2, we can conclude that the gap is to within one bit

per message.

3.8 Random Coding Achievability: Channel Type 4

At transmitter 1, message M is split into three parts (Mo, Myy, M),
and the transmit signal is x; = X19+X11 +X19. The signals satisfy E[[|x;2]|?] =

n(P — N2 — Ng), E[HX11”2] = nNg, and ]E[HX10H2] = TLNQ.

At transmitter 2, message M, is split into three parts (May, My), and
the transmit signal is x5 = Xo1 +Xg0. The signals satisfy E[||xa[|?] = n(P— N3)
and E[||xo0||?] = nN3. Rate-splitting is not performed at transmitter 3, and
E[||xs]?] = nP.

The top layer codewords (xj2,X21,X3) are from a joint random code-
book for (Mis, My, M3). The mid-layer codewords (x;1, Xg9) are from a joint
random codebook for (Mjy, Ms). The bottom layer codeword x;q is from a

single-user random codebook for M.
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The received signals are

V1 = (X12 + X3) + X311 + X10 + 21
yo = (X12 + X21) + (X11 + X20) + X10 + 22

V3 = (Xa1 + X3) + X290 + Z3.

Decoding is performed from the top layer to the bottom layer. At receiver
1, simultaneous decoding of (x12,x3) is performed while treating other signals
as noise. And then, x;; and x;9 are decoded successively. At receiver 2,
simultaneous decoding of (x12,X21) is performed while treating other signals as
noise. And then, simultaneous decoding of (x11,X20) is performed. At receiver
3, simultaneous decoding of (xg1,x3) is performed while treating other signals
as noise. For reliable decoding, code rates should satisfy

1 P—N,— Ny
Ripn<I=-log 1+ —— 27118
2= g( M+M+M>

[\]

P
I —
M+M+M)

1

yoe
1m+R3§g:;%<1§€+%+x9

1

e

1

e

+
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at receiver 1,

st gt (1 )

1= 510 1 v
Ryp+ Ry < Iy = %log (1 N 21.732]—%1\1i 23\2%)

R11§]g_%log<1+2ij\?2>

Rog < Ihp = 1log (1 + QL]\Z)

at receiver 2,

1 P — Ng
Ry < [ = =1 1
21 S 112 20g( + o, )
1 P
Ry <o ==1 1+ —
3 S 113 208;( +2N3)
1 2P — N;
R Ry <Iyy=-=1 1
o1 + i3 < 11y 20g( N, )

at receiver 3. Putting together,

Ry < Ty =min{ly, I} = I
Roy < Ty =min{l;, I12} = I7
Ry < T3 =min{ly, [13}

Rig+ Ry < Ty = Iy

Ry + Ry <T5=13

Ry + Ry <716 =l
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at the top layer,
Ry, < T7 =min{ly, Iy} = I
Ryo < Ts = Io
Ri1+ Ryo <1y = Iy
at the mid-layer,
Rig<Tio=1Is5

at the bottom layer. Note that the rate variables are not coupled between

layers. We get the achievable rate region
Ry = Rig+ B + Rio < Ty + 17 + Tho
Ry = Ro1 + Rog < Tz + T3
Ry <Tj
Ri+ Ry <Ty+Ty+ Ty
Ry + Ry <T5+T7 +Tho
Ry + Ry < Ty + Ts.

This region includes the following region.

Ry < —log (2—1—
Ry < —log

R3 < —log

Ry + R3 <

Ry + R3 <

(
(
Ri+ Ry < log (1+2P
(
(



Therefore, we can conclude the capacity region to within one bit.

3.9 Random Coding Achievability: Channel Type 5

Transmit signal construction is the same as the one for channel type 4.

The received signals are

y1 = (X12 + Xo21) + (X11 + X20) + X10 + 21
Yo = (Xa1 + X3) + X209 + 22

y3 = (x12 + x3) + X191 + X109 + 23.

Decoding is performed from the top layer to the bottom layer. At receiver 1,
simultaneous decoding of (x12, X21) is performed while treating other signals as
noise. And then, simultaneous decoding of x;; and xs is performed. Lastly,
X1 is decoded. At receiver 2, simultaneous decoding of (x51,x3) is performed
while treating other signals as noise. And then, x5 is decoded. At receiver 3,
simultaneous decoding of (x12,x3) is performed while treating other signals as

noise. And then, x;; and x;y are decoded successively. For reliable decoding,
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code rates should satisfy

R12§[1:%10g <1+]€+xz+évfff3)
Ry <I,= %log (1+ N, fNQZ—VIr32N3)
Ris + R §]3:%10g (1+?€+§§§I§§§)
R §I4=%10g <1+N1+N2)
R20§I5=%10g (1+N1+N2)
Ri1 + Ry SIG:%IOg (1+N1+N2>
R10§[7:%10g (H—)

at receiver 1,

1 P — N.
R21§]8:§10g(1+ 3)

Ny + Ns

Ry <1y = 10g(1—|—N2%Ng>
Rt + Ry < Iy = ~log (1+ ?\Z;%j)
Roo < I;; = = log (1 + %)
at receiver 2,
o <= gios (1 5o )
Riy+ Ry <Iy= %log <1+ QP]\;_]XZQJ_\[BN?))
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at receiver 3. Putting together,

Riy < Ty =min{ly, L1} = I
Ry < Ty =min{ly, Iy} = I,
Ry < T3 =min{ly, 13} = I3

Rig+ Ry < Ty =13

Ris+ Ry <T5=114

Ry + Ry <16 = I

at the top layer,

Ry <Tr =14
Roy < Ty =min{ls, I11} =I5
Ry + Ry <Ty=1Is

at the mid-layer,
Ry < T = I7

at the bottom layer. Note that the rate variables are not coupled between

layers. We get the achievable rate region

Ry = Rip+ Riy + Rio <Th + 17+ Tho
Ry = Ro1 + R <T5+ 1§
Ry <Tj

Ry + Ry < Ty +To+ Tho

Ry + Ry <T5+ 17+ T

Ry + Ry < T + Ts.
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This region includes the following region.
Ry < —log (2 + £
Ry < —log
R3 <
Ry + Ry <
Ry + Rs3 <
Ry + R3 <

Therefore, we can conclude the capacity region to within one bit.
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Chapter 4

The Symmetric Gaussian X-Channel!

4.1 Channel Model

The symmetric Gaussian X channel, denoted by (h,SNR), is defined
by

yi = X3+ hxo+ 7,

y2 = hx;+xo+ 29,

where X1,Xs,y1,Y2,%1,%2 € R", the power constraint is ||x;||? < nSNR for
k = 1,2, and the noise z; ~ N(0,I) for j = 1,2. There are four independent
messages for each source-destination pairs: V; € {1,2,...,2"%1} from trans-
mitter 1 to receiver 1, Vo € {1,2,...,2"%2} from transmitter 2 to receiver 1,
Wy € {1,2,...,2"R1} from transmitter 1 to receiver 2, Wy € {1,2,..., 2" w2}
from transmitter 2 to receiver 2. We assume that A € R is not varying over
time or frequency and is perfectly known at transmitters and receivers. With-

out loss of generality, we assume that h is positive.

The interference level parameter o > 0 is a function of SNR and A,

defined by ) log(*SNR)

~ log(SNR)

!The result in this chapter was presented in part at the IEEE ISIT 2015 [30]. Muryong
Kim as the first author performed the research and generated the main results in theorems.
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The ranges of « The ranges of h
B | 0<a<l |SNR2<h<SNRI
By| 1<a<2 |SNRTI<h<SNRs
BY| 2<a<3 |SNR s <h<SNRs
By | 2<a<l SNR5 <h<l
By| l<ac<? 1 < h < SNR#
BY| f<a<3 SNR® < h < SNR1
Bl 3<a<2 SNRT < h < SNRZ
B a> 2 h > SNR?

Table 4.1: Different regimes of h.

Throughout the paper, we assume SNR > 1 and h?SNR > 1 unless stated
otherwise. We can express h in terms of SNR and «, i.e., h = SNR“z . The
GDOF of the symmetric Gaussian X channel is defined by

Csum

dla) = lim ———m
() = ., TTog(SNR)

where
Osum = Sup{va + RUQ + Rwl + Rw2 : (th RvZa Rwh Rw?) S e}

is the sum-rate capacity, and the capacity region € is the closure of the set of
achievable rate tuples. Given SNR, we divide the range of h into eight regimes
B, as described in Table 4.1.

In [9], the GDOF of the symmetric Gaussian X channel is characterized
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Figure 4.1: The X channel.
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Figure 4.2: GDOF of the symmetric Gaussian X channel.
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as

(2—-20, 0<a<3, (B))
20&7 ) é S a < %7 (82)
2—§Oé, Z§a<17 (33)
dla) =1 1, a=1,
204—%, }l<a§§, (By)
2, 3 <« S 2, (35)
[ 20 -2, a>2, (Bg)

where By = B, U BY and B; = BL U BY.

4.2 Naive Schemes

If both transmitters send to receiver 1 for a fraction of time and to
receiver 2 for the rest of time, i.e., timesharing multiple access channel (MAC),

we can achieve the sum-rate
1 2

As the same expression appears in upper bounds, we use Rj;4¢ as a shorthand

notation in this paper.

If transmitter 1 sends to one of the receivers with higher channel gain
(greater of 1 and h) for half the time, and transmitter 2 sends to one of the
receivers with higher channel gain for the rest of the time, i.e, time-division

multiplexing (TDM), we can achieve the sum-rate
1
Rrpy = 5 log(1 + max{1, h*}(2SNR))

where 2SNR appears in the expression since each transmitter sends for half

the time. Note that Ry;ac < Rrpys for any h and SNR.
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If transmitter 1 sends a single message to receiver 1, transmitter 2 sends
a single message to receiver 2, and each receiver decodes its desired signal while

treating interference as noise (IAN), we can achieve

SNR
=1 1+ ———
Bran Og( * 1+h2SNR>
for h < 1. For h > 1, transmitters can swap their destination receivers and
achieve )
h*SNR
R =1 14—
1AN =08 < 7 +SNR>

4.3 Main Results

For the regimes B;,By,Bs5,Bg, we characterize the sum-rate capacity

Cyum of the symmetric Gaussian X channel to within two bits.

Theorem 4.1 (Constant gap for B1,By,Bs5,Bg).
For h < SNR™5 and h > SNR,

RETW -2 S Csum S RETW

where
— log (1+h?SNR + 75ekg)» h <1, "
FTW =) log (14 SNR 4 E8R) s (4.1)
Proof. The proof is given in a later section. ]

The upper bound Rgry was originally derived for the two-user Gaus-
sian interference channel in [1]. In [9], it was shown that this bound can be used

as an upper bound for the symmetric Gaussian X channel. The achievability

86



part of the theorem is based on layered lattice coding, interference alignment,

and layer-by-layer successive decoding.

For the regimes B and B, where SNR™3 < h < SNRé, we develop
achievable schemes based on compute-and-forward framework [16, 7]. We also

derive a new upper bound that is useful for B3 and By,.

Theorem 4.2 (Upper bound). The sum-rate capacity Csypm is upper bounded

by
sBaac + glog (1+ gwg) » h< 1,
Csum S éR + ll 1 h2SNR h 1 (42)
stivac +3log {1+ 12585 ) >4
for any h and SNR.
Proof. The proof is given in a later section. O

Fig. 4.3 shows the sum-rate capacity upper and lower bounds at SNR =
60 dB. At this SNR, the boundary h = SNR™% in Theorem 1 corresponds to
h?SNR = 45 dB. Thus, the result in Theorem 1 can be interpreted as the
approximate sum-rate capacity for the case where the direct-link and cross-
link have at least 15 dB gap in received SNR. At SNR = 30 dB, it corresponds
to the case with at least 7.5 dB gap in received SNR.
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Figure 4.3: Sum-rate capacity lower and upper bounds and the gap.
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4.4 Sum-rate Capacity Upper Bound

In this section, we prove the upper bound in Theorem 2. In [9], the

following inequalities were derived.

Ry1 + Ry + Ry2 < Rypac + ; log <1 T +Sf1;1;NR> (4.3)
Ryt + Rug + Ryt < Ryrac + ; og (1 T +Sf1L\12NR) (4.4)
Ry + Rys + Run < Raac + ; log (1 + 1hjS§NRR> (4.5)
Ry1 + Ryo + Ryo < Ryrac + % log (1 + %) (4.6)

where R,1, Ry2, Ryu1, Rwo are the code rates for the messages Vi, Vo, Wy, W,
respectively, and

1
Rarac = 3 log(1 + (1 + h*)SNR).

By adding the four inequalities, we get the upper bound

o< Ap N (1 JESNRY L, SAR
sum = gAUMAC T 3108 1+SNR/) "3 1+ h2SNR

for any h and SNR. Here, Ry, = Ry1 + Ry2 + Ry1 + Ry We improve the
bound by tightening (4.3) and (4.4) for A > 1 and by tightening (4.5) and
(4.6) for h < 1.

4.4.1 The case of h > 1

We tighten (4.3) and (4.4) to

Ryi + Ry + Ryo < Ryac, (4.7)
Ry1 + Rya + Ryi < Ryrac. (48)
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By combining these two inequalities with (4.5) and (4.6), we get

4 1 h?SNR
_RMAC’ + = log (1 + > . (49)

Rsum S T aONTD
3 3 1+ SNR

In the following, we show the derivation of (4.7), and the derivation
of (4.8) is similar due to symmetry of the channel. Let X™ denote a length-
n sequence of random variables (X3, Xy, -+, X,,). The following inequalities

hold.

n(va + RvQ + Rw2 - en)

< I(Vi, Vas Y7') + 1(Wa3 Y5') (4.10)
< T(Vi, Vs Y1', Wh) + (W3 Y5, Vi, Vo, W) (4.11)
= I(V1, Va; 1" [Wh) + T(Wo; Y3' Vi, Vo, W) (4.12)
< I(Vi, Vs Y [Wh) + T(Wos YT V2, Vo, Wh) (4.13)
= I(V, Vo, Wo; Y7 [W1) (4.14)
= H(Y{'[Wh) — H(Y{[Vi, Wi, Va, Wa) (4.15)
= H(Y{"|Wh) — H(Y)"| X1, Xo, Vi, Wi, Vo, W3) (4.16)
= H(Y|W)) - H(Z}) (4.17)
<H(Y") - H(Z}) (4.18)
< nH(Y)) — nH(Z)) (4.19)
<nHY¢) —nH(Z) (4.20)
- glog(l + (14 h?)SNR) (4.21)
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1 -
Vi X{'@ Y= ViVs

VoW — X3 @) -1,

Figure 4.4: The upper-bound Z channel for Eq. (4.7).

1 NP
Vi— X7 @ Yy — VI,

‘/QWQ — X;L

Figure 4.5: The upper-bound MAC for Eq. (4.7).

4.4.2 The case of h <1

We tighten (4.5) and (4.6) to

R’Ul + Rv2 + Rwl S RMACa
Rwl + RwZ + Rv? S RMAC-

By combining these two inequalities with (4.3) and (4.4), we get

4 1 SNR
Rem < =R Dlog (14— )
gitmac ¥ g Og( +1+h2SNR>

(4.24)

In the following, we show the derivation of (4.22), and the derivation

of (4.23) is similar due to symmetry of the channel. By the Fano’s inequality,

we get

n(Ry1 + Rua + Ry1 — €,) < I(Vi, Vo Y'|[Wa) + T(Wh; Y5 |[Wa) (4.25)

Note that (4.25) is an upper bound on the sum-rate capacity of the Z channel

where the communication link between transmitter 2 and receiver 2 is removed
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as shown in Fig. 4.6. By the chain rule of mutual information,
I(Vy, Vas Y1 [Wa) = T(VA, Va, Wi Y [Wa) — T(Wr; Y1 | V4, Vo, Wa).
In what follows, we show that
n(Ry1 + Rz + Ryt — €,) < I(V1, Vo, Wi Y{'[W3) (4.26)
by showing that
T(W Y3 [Wa) < T(W; Y VA, Va, Wa). (4.27)
We start by upper bounding the left-hand side,
T(Wh; Y5' [Wa) < T(Wi3 Yy [Va, Va, Wa) (4.28)

where the inequality is due to the fact that conditioning reduces entropy. By
using stochastic degradedness argument similar to the one used for h > 1 case,

we further upper bound (4.28) by
](WI7 Y2n|‘/1) ‘/2) WQ) S I(Wla Y1n|V17 ‘/27 WQ)

Here, Y, is a degraded version of Y|" since A < 1. From this inequality and
(4.28), we conclude that the inequality (4.27) holds. We proceed from (4.26)
to

n<Rv1 + RU2 + Rwl - En) S ](‘/1’ ‘/2’ Wl; Y1n|W2)

< —log(1+ (1+ h*)SNR)

n
2
Thus, we conclude that the inequality in (4.22). The derivation of (4.23) is

almost identical, thus omitted. This completes the proof of the theorem.
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Vi, — X7 Yr — ViVa
h
h A

Figure 4.6: The upper-bound Z channel for Eq. (4.22).

1 .
VW, — X' @ Yr — VivaW,

Vo — X7

Figure 4.7: The upper-bound MAC for Eq. (4.22).

4.5 Layered Lattice Coding

Encoding and decoding strategies vary for different regimes of h. The
choices of different transmit signals for different regimes and the resulting
received signals are given in Table 4.2 where v-signals carry desired messages
for receiver 1 and w-signals for receiver 2. The parameter ¢ is the channel
steering parameter, we refer to the ¢ = 1 case as no channel steering and
to the g # 1 cases as channel steering. In this section, we focus on the no
channel steering case. We give high-level description of encoding and decoding

strategies for different regimes as follows.

e B, (single layer transmission with single-user decoding): Each transmitter
sends a single message. Receiver 1 decodes v, while treating w, as noise.
Receiver 2 decodes w), while treating v, as noise. This scheme is often called

treating interference as noise (IAN) in the literature.

e By (multi-layer transmission with successive decoding): Each transmitter
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sends three independent messages. Transmitter 1 splits v-signal into two
parts: vy to be decoded at both receivers and v, to be decoded only at
receiver 1. Transmitter 2 splits w-signal into two parts in the same way.
Receiver 1 decodes successively in the order vy — wy — v, — v, while
treating remaining signals as noise in each step where wy = wg + w, is
aligned interference. Receiver 2 decodes in the order wy — vy — w, — w,

where vy = vy + ve.

By (multi-layer transmission with compute-and-forward decoding): Trans-
mit signals are similar to those for B, with slight change in the coefficients
for v, and w,. Receiver 1 decodes in the order (vq, wy,v.) = v, i.e., first
decode three integer linear combinations of v4, v., w; by compute-and-
forward while treating v, and w, signals as noise. After removing vq, v,
wy, receiver decodes v, while treating w, as noise. Receiver 2 performs

decoding in the order (wgq, vy, w.) — W, in the same way.

B, (multi-layer transmission with compute-and-forward decoding): Each
transmitter sends three independent messages. Transmitter 1 splits w-signal
into two parts: w. to be decoded at both receivers and w, to be decoded
only at receiver 2. Transmitter 2 splits v-signal into two parts in the same

way. Decoding procedure is the same as the one for Bs.

By (multi-layer transmission with successive decoding): Transmit signals
are similar to those for B, with slight change in the coefficients for v, and
w,. Receiver 1 decodes successively in the order v. — w; — v; — v, while
treating remaining signals as noise in each step. Receiver 2 decodes in the

order w, — vy — Wy — W, in the same way.
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Transmit signals x; Received signals y; =y, — 2, o?(A) =P
.Bl X1 =Vp }:’1 =V + hwp SNR
X9 = Wy yQIWp+th
B, | X1=Vathwet hv, Y1 = Va+hw; + h*v.+ h3v, + h'w, SNR
Xy = Wq + hv. + h*w, Yo = wWq+ hvy + h*w,. + h*w, + h'v, 1-+h2+hS
T = T T
3, X1 = Vg +hwe+ 2=V, Y1 =Va+hw;+h’v.+ S5 Vp T W SNE_h2
Xo = Wy + ]’LVC + \/%wp S/‘Q =Wy + th —+ hQWc =+ #Wp + \/Lﬁvp 1+h?
- = = h
B, X =W.+h 1Vd + \/Lﬁwp Y1 = hv.+ Wi+ h 1Vcl + \/_Tpvp + \/prwp SNR—1
Xy = Ve +h7'wWi+ 5V, yo=hw.+vy+htwy+ \/Lﬁwp + 5V, L+h=2
B | X1=wWet h™'va+ h™*w, yi=hve+w;+hlvg+h v, +h 3w, SNR
Pl xo=ve+hlwy+ b7y, y2o=hw.+v;+h7'wg+ h7*w, + h 3y, 1+h=2+h=F
By X1 iwp Y1 i hv, +w, SNR
Xg = Vp Y2 = hwy+ v,

Table 4.2: Transmit and received signals for each regime.

e B¢ (single layer transmission with single-user decoding): Fach transmitter

sends a single message. The achievable scheme is similar to the one for By,

but the roles of direct link and cross link are reversed.

We explain the structure of lattice signals that we use for lattice inter-

ference alignment. The following standard definitions [12] are used.

4.5.1 Lattice Signaling for Interference Alignment

e Shaping lattice A with 0*(A) = P and G(A) = 5=, thus V(A) = (21eP)2

Lattice signals are defined as follows.

Y
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e Lattice codewords
Vg € Ny NV(A), Wy € ApaNV(A),
Ve € Ape NV(A), W€ Ay NV(A),
v, € Ay, NV(A), W, e Ay, NV(A),
e Dither signals
dya, duve, dup, dwd, due, duwp ~ Unif(V(A))
and dithered codewords

Vg = [Va+ dyg) mod A, wy = [Wg+ dyg] mod A,

V. = [V. +dy] mod A,  w,=[w.+ dy mod A,

v, = [V, +dyp] mod A,  w, = [w, + dy,] mod A,
where L[vyl]> = L{|ve[|> = L[V, |I* = Llwall> = Lllwl]> = L]lw,|> = P.
e Code rates
1 V(A)
R, =-1
I (vmj))
for j € {vd,ve,vp, wd, we, wp}.
If the transmitters send

X;] = Vqg+ hWC,
Xy = Wq+ hv,, (4.29)

with transmit power 1x;[|> = (1 + h*)P = SNR, each receiver observes an

equivalent three-user MAC,

yi = Vvg+hwy+ h*v, + 74,

y2 = Wg+hvy+ h*w, + 2o,
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where vy = v, + v4 and wy = w, + w, are the aligned interference signals.
Note that *|wy[|* = Ll|lwe[? + [|w4||* = 2P and also *||vy||* = 2P. The

dithered and undithered signals are related by
Vi —dyg —dye)] mod A = vy mod A. (4.30)

where vy = v.+Vg. If we choose nested lattices A C A, € Ayg, then vy € Ayy.
In contrast, if A C Ayq € Ay, then vy € A

4.5.2 Successive Decoding for B,

For By, the transmit signals are formed by LLC

X1 = Vg+ hw,+ hgvp,

Xy = Wg+ hv,+ h*w,, (4.31)

with transmit power +||x;||> = (1 4+ h? + h®)P = SNR.

The received signal at receiver 1 is
Y1 =Vq+hwy+ hv, + hgvp + h4wp + z.

Successive decoding is performed in four steps with the decoding order vy —
w; — V. — V,. Decoding of desired signals v4, v, v, are similar to the lattice
decoding in [12] while decoding of aligned interference signals w; = w. + wy
is similar to the decoding at the relay in [13, 14].

In the first step of successive decoding, we decode v, from the mod-A
channel ygl). After linear scaling, dither removal, and mod-A operation, we

get

yi" = [By1 — g mod A = V4 + 2{" | mod A (4.32)
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where the effective noise is
2 = (8 —1)vq+ B(hwy + h*v, + h*v, + h'w, + z,)

and its variance

A

2] = (B—1°P+ N,

e

1
o ="R& “
n

where N, = (2h>+h*+h%4h®) P+1. With the MMSE scaling factor 3 = 55—
P+N,

e

plugged in, we get 02 = SN, = PZJ\J]@@. The capacity of the mod-A channel [12]

between v, and ygl) is

2

P
log ( 1
Og( * (2h2+h4+h6+h8)P+1)
< Oud

SNR)

where o2, = (2h* + h* + h® + h®)SNR + 1 + h? + h®. For reliable decoding of

vy at receiver 1, we have the code rate constraint R,; < Cpq.

In the second step of successive decoding, we decode the aligned inter-
ference wy in the same way as we did in the first step. After canceling v4, the

mod-A channel is given by

yi = [Bh7 (y1 — V) = duyy] mod A
= [B(w; + hv. + h*v, + h*w, + h"'z;) — d,,y] mod A
= [Wf + zf)} mod A
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where

z§2) = (B —1)ws+ B(hv. + h2vp + h3wp +hlz)
and the effective noise variance

2
a4

o2 = 1| ] = - 170m + 2

where N, = (h* + h* + h%)P + h™2. Note that for simplicity, we use the
same notations 3, 02 and N, in every decoding step although their values are

different in different steps. With the MMSE scaling factor 8 = 3 P2f ~. Plugged

2PN,

sp1n.- Lhe capacity of the mod-A channel between

in, we get 02 = BN, =

w and y§2) is
I (V_Vf;yf))

s ()

vV 3k

w
=

o
03
VR

[\
o
+
=
~_

lo ! + P
S\2 T Rt ht 6P+ b2
1 SNR
log | =+ —
2 Tt

where o7, = (h*+h*+h®)SNR+h~?(1+h* 4 h°). For reliable decoding of Wy

at receiver 1, we have the code rate constraint R, ; = max{ Ry, Ry} < Cuy-

Il
NI~ N N~ N~ DN =

5}

o
VR

N —

+
Sl
~

I
g

By lattice decoding, we can recover the modulo sum of interference codewords
[W¢] mod A = [w.+ W, mod A from yf). Then, we can recover the real sum

Wi = W, + Wy in the following way [17].
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e Recover [wy] mod A by adding back dither signals,

[[W¢] mod A +dy. + dya] mod A
= [We+ Wg + dye + dyg] mod A
= [W. + wg|] mod A

= [w¢] mod A

e Subtract it from the received signal,

h™ ' (y1 — v4) — [wy] mod A
=w; — [wy] mod A + hv. + h*v, + h*w, + h 'z,

= Qa(wy) + 7}
where z} = hv. + h*v, + h*w, + h™'z;.
e Quantize it on the shaping lattice A to recover Qx(wy),
Qa (Qa(wy) + 7)) = Qa(wy)
with probability 1 — P, where
Fe = Pr[Qx (Qa(wy) + 77) # Qal(wy)]

is the probability of decoding error. Since we chose A to be simultaneously

Rogers-good and Poltyrev-good, and V(A) > V(Ay), P. — 0 as n — oo.

e Recover w; by adding two vectors,

[(wy] mod A+ Qx(wy) = wy.
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Figure 4.8: The LLC code rate constraints Cy, Cy, C., C, for By and Bs.
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Now, we proceed to the third step where we decode v, from

yg3) = [Bh’_2(YI — Vg — th) - dvc] IIlOd A
= [B(ve+ hv, + hzwp + h™%z;) — dy] mod A
= [\_fc + zgg)} mod A
where
2 = (8 — 1)v. + B(hv, + h>w, + h~>zy)

and the effective noise variance

1 2
ol = —E {HZPH } = (B—1)2P+ BN,
where N, = (h* + h*)P + h™*. With the MMSE scaling factor § = 55

plugged in, we get 0> = BN, = P]ﬁ\l. The capacity of the mod-A channel

between v, and y§3) is

L (Vc;y§3)>
n
> 1log( P )
2 BN,
_ llog (P + Ne>
2 N,
= %log (1 + N£e>
= 1log (1 + P )
2 (h2+h*)P + h=4
= 1log (1 + SNR)
2 o2,
= Clc

where o2, = (h* + h*)SNR + h™*(1 4+ h? + hP). For reliable decoding of v, at

receiver 1, we have the code rate constraint R,. < C,..
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In the fourth step, we decode v, from

Y§4) = [Bh_g(}ﬁ — Vg — th - h2vc) - dvp] mod A
= [B(v, + hw, + h*z;) — d,,] mod A
= [\_rp + Zgﬂ mod A
where
z§4) = (B —1)v, + S(hw, + h_3z1)

and the effective noise variance

1
ol=—-FE U
n

: 2,

2] — (5 1P+ N,

where N, = h?P + h~%. With the MMSE scaling factor § = PfNe plugged in,

we get 02 = BN, = 45
() .

Yy, 18

The capacity of the mod-A channel between v, and

vV 3=
~

/~

<
S

=

N

SN—

NI~ NI~ NI~ N~ N -
p—
o
0]

I
3
=

where o7, = h*SNR + h~%(1 4 h* + h®). For reliable decoding of v, at receiver

1, we have the code rate constraint R,, < Cp.
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Since received signal y, has the equivalent signal structure,

Y2 = Wq+ hvy+ h*w, + h?’wp + h4vp + 2o,

we can see that Cyq = Cya, Cpf = Cuf, Cupe = Cuey, Cup =

Cyp. In summary,

we have the following set of code rate constraints for reliable decoding at the

receivers:

Ryq

Ry

max{ Ryq, Ry}
Ry

Riye

max{ Ryd, Ruc}
R,,

Rup

After rearranging, we get

VAN VAN VAN VAN VAN

IN

AN VAN VAN VAN VAN VAR VAN

IN

Chq at receiver 1,
Cye at receiver 1,
Cys,  at receiver 2,
Cwa  at receiver 2,
Cuwe at receiver 2,
Cys  at receiver 1,
Cyp at receiver 1,
Cyp  at receiver 2.

min{Cy, Ct},

min{C., C},

min{C,, Cf},

min{Cy, C}},

Cy,

Cy,
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where

1 SNR
Od:Cvd:de:_log(1+ 2)7
2 lop
1 1 SNR
pu— p— p— —1 —
Cf Cvf wa 5 og (2 + O'ch ) 5
1 SNR
Co=Che=Cpe==log |1+ ,
2 op:
1 SNR
Cp:Cvpowp:§10g(1+ U%>’

and

o3 = (2h* + h* + h® + h®)SNR + 1 + h* + h°,
o7 = (h*+h*+h%)SNR+ h™> + 1+ h*,
2= (R +hYHSNR+h™* + h 2 + h?
o2 =h*SNR+h°+h " +1.
Fig. 4.8 shows the curves of Cy, Cf, C., C, for B, at SNR = 156 and at
SNR = 106.

The sum-rate achievable by layered lattice coding (LLC) is given by

RLLC = R’Ud + va + Rvp + Rwd + ch + pr
= 2 (min{Cy, C¢} + min{C,,Ct} + C,).

It can be check that the case Cy < Cy happens when h is close to the left-
boundry of By where TDM outperforms LLC (see Fig. 4.8 for example). Thus,
we only consider the case Cy < Cy. The bottleneck of min{C.,C} depends
on SNR and h. The LLC sum-rate can be expressed as

Rire = min{Rdcpa Rdfp}
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where
Rdcp =2 (Cd +C. + Cp) ,
Rapp =2(Ca+ Cr +G).

To get some intuition about Ry, let us first calculate an approxima-
tion of Ryrc up to a constant, but not with a specified constant. In By, h2SNR
is the largest term in 03, 0%, 07, and h™° is the largest term in 0. We can see

that o7 ~ h*SNR, 0% >~ h*SNR, o? ~ h*SNR, and o, ~ h~°. Therefore,

log (h~ 2) = —log (SNR'™%),
1 1 11—«
1 L o
§1og (h?) = 5108 (SNR'™%),
Cp =~ %log( %SNR) = % og (SNR**7?)

and
Rire = 2- (min{Cd, Cf} + min{C’c, Cf} + Cp)
~ 2(1—a)log (SNR) + (3a — 2) log (SNR)

= «alog (SNR)
for any SNR > 1 as long as % <a< 3. In B,
SNR
=1 NR® + —————
Rerw °8 ( ToNR 1+SNR"‘)
< log (14 SNR* + SNR'™)
< log (3SNR?) (4.33)

where the last inequality follows since SNR* > SNR'™ > 1. Thus, we can
see that Ryrc >~ Rerw in By for any SNR where the approximation is up to

a constant. Now, let us show tight constant-gap characterization for B..
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4.5.3 Constant Gap for B

We characterize the gap

A = Rerw — Rrre = Rprw — min{ Racp, Rapp }-

In sufficiently low SNR, TDM achieves the sum-rate capacity to within con-
stant bits. Excluding such low SNR cases can simplify the LLC constant-gap

achievability proof. We use the following lemmas.

Lemma 4.3. For B, and SNR < 156, TDM achieves the sum-rate capacity
to within one bit, i.e., Rgrw — Rrpy < 1. For By and SNR < 875, TDM

achieves the sum-rate capacity to within two bits, i.e., Rgrw — Rrpy < 2.
Proof. The proof is straightforward, thus omitted. ]

Thus, we need to consider LLC only for SNR > 156. We show that for
B,
A= maX{Adcp, Adfp} S 1

where Agep, = Reprw — Raep and Agp, = Rprw — Rapp. We first arrange Ay,

in the form

Aclc;u = RETW - Rdcp
o, (N SNR)
~ %5\ D(h,SNR)
N(h,SNR) — 2D(h, SNR)
— log (2
Og( * D(h,SNR)

where N(h,SNR) and D(h,SNR) are some positive polynomials. And, we
show that A4, < 1 by showing that N(h,SNR) — 2D(h,SNR) < 0. Here,
we repeatedly use the fact that SNR < h~°® in B/, to upper bound positive
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terms in N(h,SNR) — 2D(h,SNR). We then cancel out positive terms with
negative terms. As a result, only negative terms remain, thus N(h, SNR) —

2D(h,SNR) < 0 and Ay, < 1.

We repeat similar steps for Agy,. In the last step, we use the fact that
h < SNR™6 < 15675 < % to upper bound the remaining positive terms to a
constant, 5.11. Thus N(h,SNR) — 2D(h,SNR) < 0 and Ay, < 1, and the

constant gap for B, is proved.

4.5.4 Constant Gap for B

Due to Lemma 1, we need to consider LLC only for SNR > 875. We
show that for BY,
A= max{Adcp, Adfp} S 2.

We first arrange Age, in the form

Adcp = RETW - Rdcp
o, ( N(h,SNR)
5\ D(h,SNR)
B N(h,SNR) — 4D(h, SNR)
= log <4 D(h, SNR)

And, we show that Ay, < 2 by showing that N(h,SNR) — 4D(h,SNR) <
0. Here, we use the fact that SNR < h™® in Bj to upper bound positive
terms in N(h,SNR) — 4D(h,SNR). We then cancel out positive terms with
negative terms. As a result, only negative terms remain, thus N(h, SNR) —

4D(h,SNR) < 0, and Ay, < 2.

We repeat similar steps for Agy,. In the last step, we use the fact that

h <1 to upper bound the remaining positive terms and cancel them out with
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negative terms. Thus, N(h,SNR) —4D(h,SNR) < 0 and Ay, < 2, and the

constant gap for B is proved.

4.5.5 Successive Decoding for B;

The achievable sum-rate derivations and constant-gap proof for By are
almost identical to those for By. As pointed out in [9], any achievable sum-rate
for channel (h, SNR) is also achievable for channel (h/,SNR’) = (b, h2SNR)
by simply switching the roles of receivers. Thus, sum-rate expressions derived
for h < 1 can be translated to sum-rate expressions for A > 1 by replacing h

with h~! and then replacing SNR with h2SNR, i.e.,
Ruwn (1, SNR) = Ruon(h~", B2SNR).

This is also true for upper bound expressions. Any upper bound for h < 1 can
be translated to a valid upper bound for h > 1 by replacing h with A~! and
then replacing SNR with h2SNR.

The sum-rate achievable by layered lattice coding is given by
Riic=2- (min{Cd, Cf} -+ HliIl{Cc, Cf} -+ Cp)

where

o? of
1 SNR 1 SNR
=1 1 =1 1
Cy 20g<+03),0p 20g(+0§)’
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and

P=h P+ R+ hT)SNR+ R+ AT R
or=h?+h*+h )SNR+1+h>+15
o2 =(h?+h™SNR+h?+1+4+n7",
o2 =h"?SNR + h* + h* + h™>.

The expressions for C,, Cf, Cy4, C, and Ry are identical to those for B,
but the expressions for o7, 07, 07, o are changed. For completeness, the full

derivations are given below.
For Bs, the transmit signals are formed by layered lattice coding
xX; = we+htvg+ h_?’wp,
Xy = Ve+hlwy+hTv,, (4.34)
with transmit power -||x;||> = (1+ A2 + h~%)P = SNR.
The received signal at receiver 1 is
yi=hve+w;+h'vg+h v, + h 7w, + 7.
Successive decoding is performed in four steps with the decoding order v, —
Wi — Vg — Vp.

In the first step of successive decoding, we decode v4 from the mod-A

channel ygl). After linear scaling, dither removal, and mod-A operation, we

get
y§1) = [Bh'y; — d,] mod A = [\76 + zgl)] mod A (4.35)
where the effective noise is

2V = (B—1)v.+ B(h'wi+h*v.+h v, + h*w, + h'z)
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and its variance

2 _ 1 ]| 2 2
ot = ~E |A"] ] = 8- 2P+ 82N
where N, = (2h 2+ h ™+ h %+ h™8)P + h~2 With the MMSE scaling factor
b= PfNe plugged in, we get 02 = BN, = PP+]\]I\76. The capacity of the mod-A

channel between v, and ygl) is

1

2

1

2l

llog (1 + P )
2 (2h2+h*+hS+h8)P+h?

1

2

I
f

where 02, = (2h 2+ h™* + h™ 5+ h™3)SNR + h~2(1 + h™2 + h~%). For reliable

decoding of v, at receiver 1, we have a code rate constraint R,. < C,..

In the second step of successive decoding, we decode the aligned inter-

ference wy. After canceling v., the mod-A channel is given by

Y§2) = [B(y1 — hv.) — dyys] mod A
= [B(Wf + hilvd + h72vp + h73Wp + Zl) — dwf] mod A

= [Wf + z&m} mod A

where

z§2) =B —-1ws+ B(h_lvd + h_zvp + h_3wp +z)
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and the effective noise variance

e

1
ol =-FE “
n

} _ (8- 172P) + B°N,

where N, = (h"2+h™*+h %) P+1. With the MMSE scaling factor = 2P2fNe

plugged in, we get 02 = N, = %. The capacity of the mod-A channel

between w; and y§2) is

ol (wo?)
> 1log( P )
-2 BN,
_ llog <2P+Ne)
2 2N,
= llog <1 + £)
2 2 N,
= 1log (1 + P )
2 2 (h24+h*+h6)P+1
= 1log (1 + SNR)
2 2 ag)f
= wa

where 07 ; = (h>4+h™*4+h %)SNR+1+4h"?+h~°. For reliable decoding of w;

at receiver 1, we have the code rate constraint R, ; = max{Ryc, Rwa} < Cuy-
In the third step, we decode v, from
v = [Bh(yr — hve — wy) — dyg] mod A
= [B(vg+h v, +h 7w, + hz;) — d,g) mod A
= |:\7d + Z§3)i| mod A
where

zg?’) =(B—-1)vg+ 5(h’1vp + h’zwp + hzy)
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and the effective noise variance
o _ 1 @ |? > 2
%:—EH%”:45—3P+ﬁN;
n

where N, = (b7 + h™*)P 4 h*. With the MMSE scaling factor § = 55

PN,
P+N¢*

plugged in, we get 0> = BN, = The capacity of the mod-A channel

between v, and yf’) is

v 3=
~
N
<
&

<)
02

P
!
+(h4+h4ﬂ1+m)
SNR)

I
= N = N N= N
o
0] .
/‘\/\/D/\/\ <
+
2|
~__

I
S
ISH

where 02, = (h™2 +h™*)SNR + h?(1 + h=2 + h™°). For reliable decoding of v

at receiver 1, we have the code rate constraint R,; < C\q.

In the fourth step, we decode v, from

Y§4) = [Bh2(YI - th - Wf - h_lvd) - dvp] mod A
= [B(v, + h~'w, + h’z;) — d,) mod A
= [Vp + zgﬂ mod A

where

z§4) = (B—=1)v, + B(h 'w, + h’z))
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and the effective noise variance

1
o’l=—-FE “
n

: 7,

| = - rp e,

where N, = h=2P + h*. With the MMSE scaling factor 8 = PfNe plugged in,

we get 02 = BN, = £8. The capacity of the mod-A channel between v, and

~ P+N.°
y§4) is

vV 3=
~

/~

<
S

TE

1 + L
h=2P + h*
SNR>
+

2
O-vp

I
NI~ N~ NI~ N~ N =
o
o .
/\/\/}/\/ ~ <
+
Sk
~_

I
3
S

where 02 = h™?SNR + h*(1 + h™2 + h~%). For reliable decoding of v, at

vp

receiver 1, we have the code rate constraint R,, < C,.

Since received signal y, has an equivalent signal structure,
y2 = hw,+ vy + h~twy + h_pr + h_gvp + Zo9,

we can see that Cyq = Cya, Cpr = Cuf, Cye = Cuey, Cup = Cyp. In summary,

we have the following set of code rate constraints for reliable decoding at the
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receivers:

Rvd S min{Cd, Cf},
va S min{C’c, Cf},
ch § min{Cc, Cf},
Ryq < min{Cy,Cy},
R,, < G,
pr S Cp7
where
1 SNR
Oc:Cvc:ch:_10g<]-+ 2)7
2 lop
1 1 SNR
pr— f— p— —1 —
Cf Cvf wa 5 og <2+ O'J% ),
1 SNR
CdZCvdZdeZ—log(1+ 5 ),
2 o
1 SNR
Op:cvpzcwpzilog(l—" O’% >a
and
2= 2h 2+ R+ RS RSNR AR 2+ R RS,
o7 =(Mh7?+h*+h)SNR+14+h">+h"°
o3 =(h 2 +h*HSNR+Rr*+ 1+ 17
02 =h"2SNR+hr*+h2+h2

hS]

4.5.6 Constant Gap for B; and Bg

As pointed out in [9], in these regimes, the capacity of the symmet-

ric Gaussian X channel is not significantly different from the capacity of the
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symmetric two-user Gaussian interference channel, and the GDOF is identical
for the two channels. In these regimes, ETW upper bound is tight, and TAN
achieves the sum-rate capacity to within one bit. Note that in near the bound-
ary between B; and By and the boundary between B5 and Bg, either TDM or
timesharing between IAN and TDM slightly outperforms IAN, especially for
lower SNR.

4.5.7 Limitation of Successive Decoding in B3 and B,

For h < 1, the number of layers above noise level is L = [-]. Thus,
given SNR, L grows unbounded as h approaches 1. This motivates us to apply
compute-and-forward decoding in these regimes while keeping the number of

layers to be small.

4.6 Compute-and-forward decoding

Although applicable to any regime, compute-and-forward decoding is
useful for regimes B3 and B, where h is relatively close to 1. At each receiver,
we first decode three integer linear combinations of lattice codewords with
linearly independent coefficient vectors. We refer to lattice equations as a set of
integer linear combinations of lattice codewords. Upon successful decoding, we
can solve the lattice equations for individual codewords: two desired codewords

and one aligned interference codeword.

We start by explaining compute-and-forward decoding for Bs. Decod-
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Rcompl
Rcomp2
Rcomp3 ||
Cp

(b) Linear scale

Figure 4.9: Computaion rates at SNR = 40 dB.
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ing procedures for other regimes are similar. The transmit signals are

1
X, = Vg+ th + WVP,
1
X9 = Wgq-+ th + ﬁwp, (436)

with transmit power +|/x;]|* = (1 4+ h?)P + h? = SNR. The received signals

are

yi = Va+hw;+h*v.+

1 1
\/va + \/ﬁwp + zq,
1

——V, + Zo.

1
+ ——=w, +
vizp " P

At receiver 1, decoding is performed in the following two steps:

y2 = wg+hvy+h*w,

e Decode pgvq+pswy +pcv. three times with linearly independent coefficient
vectors a, b, c while treating
, 1 1
zZ; = \/hQ_PVp + /P

as noise. Solve lattice equations to recover individual codewords: v, Wy,

Wp+Z1

V. and remove the effect of vy 4+ hw; + h*v, from y;.

e Decode v, from Vh2Pz| = v, + hw, + Vh?Pz; while treating the other

signal as noise. It is straightforward to show that

1 P 1 1
Rp—ilog (1+2h2P> —élog (1—1-%)

is achievable.

In the first step, after normalized by the noise variance tE[||z}|?] = h™? + 2,

the equivalent channel can be expressed as

Vd
(1) Y1 W | w (1)
= —— = +z
Y1 =] Vf 1
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where the effective channel vector
1

h=——[1h kY’
N

and %E[HZPHQ] = 1. After linear scaling, dither removal, and mod-A opera-

tion, we get

[/Byll - pdd’l}d - pf(dwc + dwd) - pcdvc] mod A

= [pd‘_’d +PrWi + peve + Zle] mod A (437)

where the effective noise is
s () (o)
WA vizya )
ph? )
+<W_pc Ve + [z

The effective noise variance is given by
1
o¢ (0, M, p, ) = ~E[|z:.[*] = [M (5h —p)|* P+ 5

where p = [pa ps pe|T, M = diag(1,v/2,1), and the MMSE scaling parameter

8= PhTM?p

= Trpprvzn- With the optimal § plugged in, we get

14+ PhTMZ2h
— p’(P'M2+nn") ' p

PhTM2 2
o;(h, M,p) = P(pTl\/Pp— ( D) )

and the computation rate [7, 16] is defined by

1 P
Reomp(h, M, p) = 510g+ (m) (4.38)

where log*(x) = max{z,0}. The optimization problem

: 2
min h. M
peZS\{O}%(’ P
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P h R,

BUBy | s | e (1A AT | Llog (1 + %ﬁ)
By R e —ER Dog (1 + 512)
B, SNR_] Al 1T Llog (1 n %)

Bs U Bs 1+hsfl\21$h*2 \/h—4P+lh—6P+1 [ 1 A71T | 5 log (1 + /zibg—;?ju>

Table 4.3: The effective channel vectors for compute-and-forward

is equivalent to a shortest lattice vector (SLV) problem and can be solved
by using well-known algorithms such as the LLL algorithm. See also [18] for

recent results.
The optimal integer vectors a, b, ¢ are such that they are non-zero,
linearly independent, and
Rcomp,l Z Rcomp72 2 Rcomp,3
where
Rcomp,l = Rcomp(ha Ma a)a
Rcomp,Z = Rcomp(ha Ma b)7
Rcomp,S = Rcomp(ha Ma C)>

are the highest computation rates. We can always find such vectors, and they

are not unique.

The expressions of R, and the parameters P and h to calculate com-
putation rates Rcomp; vary in different regimes and are given in Table 4.3. M
is the same for every regime. Fig. 4.9 shows the computation rates as well as

R, at SNR = 10%.
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In [7], based on Minkowski’s successive minima theorem, it was shown
that the sum of K highest computation rates for the effective K-user MAC is

within constant gap from the sum-rate capacity, i.e.,

K 1 1 K
> Reomps > 5 log(1 + |h|]2P) — 5 log(det M?) — - log(K) (4.39)
k=1

where h, M, P, K depend on the lattice alignment scenario as well as the

underlying physical channel.

4.6.1 Compute-and-forward achievable sum-rate

Let us denote the integer matrix by A = [a b ¢|” or

Qq af Q¢
A= | b by b,
Cd Cf Cc

Since integer vectors a, b, ¢ are linearly independent, A is full rank. Although
we can always find a full rank A, it is not guaranteed that all three computation
rates are strictly positive. Due to symmetry of the channel, two receivers

observe the same channel vector:

Vya W4
ygl) =h" | w; | + z(ll)7 yél) =h" | v; | + zgl). (4.40)
Ve We

Therefore, the optimal integer vectors a, b, ¢ at receiver 1 are the same as
those at receiver 2. We use algebraic successive cancellation (ASC) [7] with

the following two different cancellation orders:

e ASC order I: v — Wy at receiver 1 and wy — Vv at receiver 2. We get the

effective coefficient matrices

aq af Qg aq af Qe
Ar=]0 b b |, Ay=]|0 b ¥ (4.41)
0 0 ¢ 0 0 ¢
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Figure 4.10: ASC feasibility pattern.

at receiver 1 and 2, respectively. The matrices have zeros for the canceled

variables.

e ASC order II: v4 — Vv, at receiver 1 and vy — W, at receiver 2. The

resulting coefficient matrices are

aqg af Ge Qq Ay Qe
0 ¢ 0 i 0 0

Depending on h and SNR, the ASC orders can be feasible or infeasible. For
each ASC order to be feasible, the matrix A must satisfy a set of conditions.

We state the feasibility conditions in the following lemma.

Lemma 4.4. (ASC feasibility conditions)
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e ASC order Iis feasible if aq,ar,ac. # 0 and aqby # azbg.

o ASC order II is feasible if aq,ay,a. # 0, agb. # acbq, and arb. # acby.

Proof. ASC order I: If the conditions are satisfied, A can be pseudo-triangularized

(up to column permutation) in the following way.

[ al ]| [ al aq ay Qe
T T _ba T | _ _ ba _ba
A — b/T = bT Cad aT = 0 bf gd ay bc gd Q¢
— Ld — Lad — Lad
| ¢ K¢ ) 0 ¢ asap Co— hac
_ aT - aT
& | T | = | b za”
' T cy—(ca/aa)asy T
- - | bp—(ba/aq)ay
aT
T bg T
= | b T (ca/aa)
T cqg T cf—(cqa/ad)ayf T bg T
¢l — Yal — LIS (T 2dg
| aq by—(ba/ad)ay ( aq )
Qq af Q¢
0 v b |=A=A,
0o 0 ¢

c

ASC order II: If the conditions are satisfied, A can be pseudo-triangularized
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in the following two distinct forms:

aT
b/T

A —

and

—

_ aT
_ | pT —
CT
aT
_ bT
c/T
ba o T
aq
Cd T
ada
Gy Q¢
! !
robe
/!
Ct 0
aT
_ bT
CT
_ aT
_ | b”
C/T
by T
af
C
g
af
ar Qe
0 b
0 O

Qq af
ba T | _ ba
adaT = 0 bf adaf
_ % _ &
Py 0 cf—hay
_ bugl
agq
o ce—(ca/aq)acy T
bc_(bd/ad)ac
c—(ca/aa)ac (WT __ ba ,T
b (ba/aa)a )
- A17
aq ar
b
ﬁaT = bd - éad 0
_ Y4 qT _ 4
afa Cq ay Qq 0
b
2 qT
af
_ ce—(ef/ap)acy T
be—(bs/af)ac
_ ce—(cp/af)ac (. T _ b_f T
bc—(bf/af)ac<b asd )

(4.43)

]

Depending on A and the resulting matrix A, we can achieve different

combinations of computation rates. Fig. 4.10 shows ASC feasibility pattern
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over h. Based on compute-and-forward decoding and ASC feasibility, we state

the following achievability.

Theorem 4.5 (Compute-and-forward achievable sum-rate). The theorem is

stated in three parts:

o If A satisfy ASC order I feasibility condition,
Rcomp,2323 = 2Rcomp,2 + 21Eicomp,3 + 2Rp

s achievable.
o If A satisfy ASC order II feasibility condition,

Rcomp,1233 = Rcomp,l + Rcomp,Q + 2Rcomp,3 + 2Rp

18 achievable.
e For the other cases,

Rcomp,3333 = 4Ficomp,?) + 2RP

18 achievable.

The expressions of R, and the parameters P and h for computation rates are

giwen in Table 4.3.

Proof. If ASC order I is feasible, the code rate constraints are

Rvd < mln{Rcomp,h Rcomp,Z} = Rcomp,?a
va S min{Rcomp,h Rcomp,27 Rcomp,S} = Rcomp,S
ch S min{Rcomp,h Rcomp,2> Rcomp,S} = Rcomp,S
Rwd S mln{Rcomp,h Rcomp,2} = Rcomp,Q

since
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e Vv, is involved in equation a at receiver 1 and in equations a, b at receiver

2 via \_/'f,

e V. is involved in equations a, b, c at receiver 1 and in equations a, b at

receiver 2 via vy,

e W, is involved in equations a, b at receiver 1 via wy and in equations a, b

at receiver 2,

e W, is involved in equations a, b at receiver 1 via w; and in equations a at

receiver 2.

Thus, the sum-rate

RLLC = Rvd + va + Rvp + Rwd + ch + pr
S 2Rcomp,2 + 2Rcomp,3 + 2Rp

is achievable.

If ASC order II is feasible, the code rate constraints are

Rvd S Rcomp,b

va S min{Rcomp,ly Rcomp,2} - Rcomp,Z

ch S min{Rcomp,la Rcomp,2> Rcomp,S} = Rcomp,S
Rwd S min{Rcomp,h Rcomp,Qa Rcomp,3} - Rcomp,3

since

e Vv, is involved in equation a at receiver 1 and in equation a at receiver 2 via

Vi,
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e V. is involved in equations a, b at receiver 1 and in equation a at receiver 2

via \_/'f,

e W, is involved in equations a, b, c at receiver 1 via w; and in equations a

and b at receiver 2,

e W, is involved in equations a, b, ¢ at receiver 1 via w; and in equations a,

b, c at receiver 2.

Thus, the sum-rate

RLLC’ = Rvd + va + Rvp + Rwd + ch + pr
< Rcomp,l + Rcomp,2 + 2Rcomp,3 + 2Rp

is achievable.

For the other cases, the achievability of

RLLC = Rvd + va + Rvp + Rwd + ch + pr
< 4Rcomps + 2R,

is straightforward.

If we apply (4.39) to our case, we get

C
Rcomp,l + Rcomp,Q + Rcomp,B Z RMAC,e - 5

(4.44)

where Ryrace = 2log (14 ||h||*P) and ¢ = 1+ 3log3. Reomp; and Rarace

can be calculated with the parameters P and h in Table 4.3.

If ASC order II is feasible, we derive the following lower bound on the

sum-rate.
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Lemma 4.6 (Sum of computation rates for ASC order II). The sum of com-

putation rates Reomp1233 15 lower bounded by
Rsum,1233 Z 2<RMAC’,6 - Rcomp,l) + 2Rp — C

where Ryace = 3log(1+ |h||?P) and ¢ = 1+ 3log3. The expressions of
R, are given in Table 4.3, and Reomp1 and Ryrace can be calculated with the

parameters P and h in the table.

Proof. Due to (4.44),

C
Rsum,1233 2 RMAC,& + Rcomp,3 + 2Rp - 5 (445)

By rearranging (4.44), we can lower bound Repmp 3 in terms of Repmp 1,

C
Rcomp,l% Z RMAC,e - Rcomp,l - Rcomp,Q - 5
Z RMAC,e - 2Rcomp,1 - g (446)

By combining (4.45) and (4.46), we get the lower bound in the lemma state-

ment. ]

This lemma result can be useful since it depends on Rmp1 but not on

Rcomp,Q and Rcomp,?y-

It is obvious that Rcomp,1 is in the range,

1

&
g (RMAC’,e - 5) S Rcomp,l S RMAC,e

since Reomp1 = Reomp2 = Reomp,3, and any code sent over a MAC cannot be
reliably decoded if its code rate is greater than the sum-rate capacity of the
MAC. For ease of discussion, let us use the following definition of an outage

event.
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Definition 4.7 (Outage event)
said to be in k-outage if

. Given P and M, an effective MAC with h is

1
Rcomp,l = Rcomp<h> Ma a) > gRMAC,e + k7

for some constant k, and let 8 denote the k-outage set, the set of such h in

k-outage.

If h ¢ 8, it follows that

&
Rcomp,Q + Rcomp,3 2 RMAC’,e - Rcomp,l - 5
2 c
> ZRuyace —k— <, 4.47
= 3 MAC, 2 ( )
and
Rsum,1233 2 2<RMAC,6 - Rcomp,l) + 2Rp —C
4
> gRMAC,e + 2R, — 2k —c, (4.48)
and
4
Rsum’2323 > gRMAC,e + 2Rp — 2k —c. (449)

4.6.2 Channel steering

Channel steering is a method to reduce the sensitivity of computation

rates to the variation of h. In the following explanation, for simplicity, we do

not consider the signals v, and w,, but only focus on the messages v, v, ., wg

that are involved in compute-and-forward decoding. For Bs, the transmitters

send the signals,

X1

X2

Vg + ghwe,

gwq + hv,, (4.50)
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Transmit signals x;

X1 = vq + ghw, + h’v,

B.1UB, Xy = gwg + hv, + hPw,
B, X, = Vg + ghw, + (hQP)*I%vp
Xy = gwy + hv. + (h*P) 2w,
B X =W, + g thlvg+ P*%Wp

4 1 -1 _1
Xo=g Ve+h wg+ P 2v,
X, =W, +¢g thlvg+ h*BWp
35 U BG Xy = g—lvc + h—lwd + h—3vp

Table 4.4: Transmit signals.

Received signals y; = y; — z;
y1 = Vaq+ ghw; + h?v. + hiv, + h'w,
B U B, = 2 3 4
Y2 = gwq+ hvy + gh*w,. + h°w, + h*v,
i I
B | Y1 Vot ghw v (PP) by, P w,
Yo = gwa+ hvy + gh*w,. + (h*P) 2w, + P 2v,
3 Y1=9 "W +wp+g 'h'vg+hP iv, + P 2w,
! Yo = hwe+ g7 vy + h'wy + hP~ 3w, + P 3v,
yi=9 'hve+wsr+g 'hva+ h v, + h 70w,
Bs U Bg - 1 ~1 o 3
Yo=hw.+g vi+hwg+h*w,+h"v,

Table 4.5: Received signals.

Py Py
SNR SNR
31 ) 32 1+g2h2+h0 g2+h2+ho
B SNR—h—? SNR—h—2
3 1+g2h2 g2+h2
B SNR—-1 SNR—1
X P i
B5 U B6 1+g 2h 2+h g 2+h 24h©

Table 4.6: Signal power and the effective channel vectors

130




h1 h2
1 21T 1 21T
B1UB, TrrEr 9 ] Ty 9]
B T L gh ] Z=519 T gh’]
B, sl h Ly ' h]” Tl g T
BsUBs | el M9 M | et T

Table 4.7: Signal power and the effective channel vectors

with the shaping lattice A with 0%(A) = min{ Py, P}, and the transmit power
(1+¢*h?)P, = SNR and (g +h?) P, = SNR, respectively. The received signals

are

yi = vg+ghwy+ h*v, + 71,

y2 = gwWa+ hvy+ gh*w, + 2. (4.51)

Roughly speaking, the sum-rate of the four messages, Ryum = Rog + Roe +
R,. + R,q becomes close to gRM AC,e When

1
Rcomp,l ~ Rcomp,2 ~ Rcomp,S ~ gRMAC,e-

Channel steering helps achieve this as close as possible by introducing asym-
metry between effective channel vectors that each receiver observes. Since
the receivers observe slightly different channel vectors hy = [1 gh h%7T and
hy = [g h gh?]T, their best three integer coefficient vectors may become dif-
ferent: a, by, c; for receiver 1, and ay, bs, ¢y for receiver 2. If ASC order II is

feasible, the code rates have to satisfy

R,a < min{Reomp(hi, M, a;), Reomp(ha, M, as)}
R,. < min{R.omp(h1, M, b1), Reomp(ha, M, as)}
Rye < min{Reomp(hi, M, c1), Reomp(ha, M, bs))}
Rya < min{Reomp(hi, M, c1), Reomp(ha, M, c2))}



The achievable sum-rate can be optimized over g > 0, i.e.,
Reum = max(Ryq+ Rye + Rue + Ruwd)- (4.52)
g

Note that we can optimize over the set of g that results in A satisfying the
ASC order feasibility condition. Fig. 4.3 shows the numerical evaluations of

lower and upper bounds with and without channel steering.
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Chapter 5

Conclusions

We presented approximate capacity region of some important special
cases of partially connected interference channels. The outer bounds based on
Z-channel type argument are derived. Achievable schemes are developed and
shown to approximately achieve the capacity to within a constant bit. For
future work, the channels with fully general coefficients may be considered. In
this dissertation, we presented different schemes for each channel type although
they share some principle. A universal scheme is to be developed for unified
capacity characterization of all possible topologies. The connection between

interference channel and index coding problems is much to explore.

We also developed achievable sum rate expressions for the Gaussian X-
channel at finite SNR using layered lattice coding with interference alignment.
For different regimes of channel parameter h, different decoding strategies in-
cluding successive decoding and compute-and-forward decoding were used. For
some regimes of h, we characterized the sum-rate capacity to within constant
bits by using successive decoding. For a set of h that satisfy certain feasibil-
ity conditions, we showed that compute-and-forward decoding outperforms a
timesharing MAC-based lower bound. The systematic methods for channel
steering to reduce the sensitivity of achievable rates to channel gains are to be

studied in the future.
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