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Abstract

I study sequent calculus of combined logics in this thesis. Two specific
logics are looked at - Logic BI that combines intuitionistic logic and mul-
tiplicative intuitionistic linear logic and Logic BBI that combines classical
logic and multiplicative linear logic. A proof-theoretical study into logical

combinations themselves then follows.

To consolidate intuition about what this thesis is all about, let us suppose
that we know about two different logics, Logic A developed for reasoning
about Purpose A and Logic B developed for reasoning about Purpose B.
Logic A serves Purpose A very well, but not Purpose B. Logic B serves
Purpose B very well but not Purpose A. We wish to fulfill both Purpose
A and Purpose B, but presently we can only afford to let one logic guide
through our reasoning. What shall we do? One option is to be content with
having Logic A with which we handle Purpose A efficiently and Purpose
B rather inefficiently. Another option is to choose Logic B instead. But
there is yet another option: we combine Logic A and Logic B to derive
a new logic Logic C which is still one logic but which serves both Pur-
pose A and Purpose B efficiently. The combined logic is synthetic of the
strengths in more basic logics (Logic A and Logic B). As it nicely takes
care of our requirements, it may be the best choice among all that have
been so far considered. Yet this is not the end of the story. Depending
on the manner Logic A and Logic B combine, Logic C may have exten-
sions serving more purposes than just Purpose A and Purpose B. Ensuing
is the following problem: we know about Logic A and Logic B, but we
may not know about combined logics of the base logics. To understand
the combined logics, we need to understand the extensions in which base

logics interact each other. Analysis on the interesting parts tends to be

v



non-trivial, however. The mentioned two specific combined logics BI and
BBI do not make an exception, for which proof-theoretical development
has been particularly slow. It has remained in obscurity how to properly
handle base-logic interactions of the combined logics as appearing syntac-

tically.

As one objective of this thesis, I provide analysis on the syntactic phe-
nomena of the BI and BBI base-logic interactions within sequent calculus,
to augment the knowledge. For BI, I deliver, through appropriate method-
ologies to reason about the syntactic phenomena of the base-logic interac-
tions, the first BI sequent calculus free of any structural rules. Given its
positive consequence to efficient proof searches, this is a significant step
forward in further maturity of BI proof theory. Based on the calculus, I
prove decidability of a fragment of BI purely syntactically. For BBI which
is closely connected to application via separation logic, I develop adequate
sequent calculus conventions and consider the implication of the underly-
ing semantics onto syntax. Sound BBI sequent calculi result with a closer
syntax-semantics correspondence than previously envisaged. From them,

adaptation to separation logic is also considered.

To promote the knowledge of combined logics in general within computer
science, it is also important that we be able to study logical combinations
themselves. Towards this direction of generalisation, I present the concept
of phased sequent calculus - sequent calculus which physically separates
base logics, and in which a specific manner of logical combination to take
place between them can be actually developed and analysed. For a demon-
stration, the said decidable BI fragment is formulated in phased sequent
calculus, and the sense of logical combination in effect is analysed. A

decision procedure is presented for the fragment.
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Chapter 0

Prerequisites and Notations

Formal Reasoning

It can be error-prone to use an informal language for formal reasoning. Where there is

a merit, [ make use of meta-logical connectives as defined below for some object logic.

Definition 1 (Meta-logical connectives for formal reasoning)

1.

At: conjunction. Given two sentences Si and So each of which is either a true
or a false statement, Sy \' Sy is a true statement if and only if both S, and S are

true statements.

vi: disjunction. Given two sentences Sy and So each of which is either a true
or a false statement, Sy V' Sy is a true statement if and only if either Sy or S is

a true statement.

—f: negation. Given a sentence Sy, ~1S is a true statement if and only if Sy is

a false statement.

—T: material implication. Given two sentences Si and Sy each of which is
either a true or a false statement, S1—1S5 is a true statement if and only if either

S is a false statement or Ss is a true statement.



5. «1: equivalence. Given a sentence Sy and Sy each of which is either a true or
a false statement, S1<1S5 is a true statement if and only if both S; —' Sy and
52 —)T Sl.

6. V: universal quantification. Given a formula S(x) with a free variable x (which
may be occurring multiple times), Vx.S(x) is a true statement if and only if, for

all the constants c that could replace x, S(c) is a true statement.

7. 3: existential quantification. Given a formula S(x) with a free-variable x (which
may be occurring multiple times), 3x.5(x) is a true statement if and only if there

exists some constant c that could replace x such that S(c) is a true statement.

Binding Order

I adopt the following binding order in a decreasing precedence for all the - logical or
meta-logical indiscriminate - connectives that appear in this thesis. Connectives in the

same group have the same binding precedence.

1. =

2N V%
3.0 =
4. ;
5.V 3

6. —f

7. AT VA
8. =t &f

Example 1 —'Va.—a Ab D ¢;d —T fis read as: (=1((Va).((((ma) Ab) D ¢);d))) =T f.



Notations Around Derivation Trees

A proof system defines a set of axioms and other inference rules. I define notations

around derivation trees.

Definition 2 (Inference rules) An inference rule Inf of some proof system PS is in one

of the following forms:
1. One-premise inference rule:

Premise

Conclusion Label

in which are given one conclusion “Conclusion” and one premise “Premise”.
“Label” is the name given to the one-premise inference rule. Note that this
and the rest in this definition are schemata. Each of “Premise”, “Label” and

“Conclusion” is instantiated appropriately in PS.

2. Two-premise inference rule:

Premisel Premise2
Conclusion

Label

in which are given one conclusion “Conclusion” and two premises “Premisel”

and “Premise2”. “Label” is the name given to the two-premise inference rule.
3. Axiom:

Conclusion Label

in which is given one conclusion “Conclusion” and no premise. “Label” is the

name given to the axiom rule.

Definition 3 (Derivation trees) Given some proof system PS with a set of inference
rules Infs, a derivation tree with its conclusion Conclusion is defined by the following
simultaneous induction. Hereafter, we denote by I1(Conclusion) a derivation tree whose
root is Conclusion. By ‘root’ of a derivation tree, we mean that it is a conclusion which
is not at the same time a premise in the derivation tree. Symmetrically, by ‘leaf’ of a
derivation tree, we mean that it is a premise which is not at the same time a conclusion

in the derivation tree.



1. If Conclusion is the conclusion of an axiom (with label Label), then

Conclusion Label

is a derivation tree. There are two nodes: an empty node in the premise of Label

and Conclusion in the conclusion of Label, in the derivation tree.

2. If Conclusion is the conclusion of some one-premise inference rule Inf with the

premise Premise which is the root of I1(Premise), then;

[I(Premise)
Conclusion

Inf

is a derivation tree. This derivation tree comprises the root node Conclusion and

all the nodes in I1(Premise).

3. If Conclusion is the conclusion of some two-premise inference rule Inf with the
left premise Premisel and the right premise Premise2 each of which is the root

node of a derivation tree, then;

I1(Premisel)  TI(Premise2)
Conclusion

Inf

is a derivation tree. This derivation tree comprises the root node Conclusion and
all the nodes in I1(Premisel) and 11(Premise2).

If all the leaf nodes in a derivation tree are empty nodes, we say that the derivation

tree is closed.

Definition 4 (Derivation depth) Derivation depth of a derivation tree I1(Conclusion)
with the root Conclusion, denoted by der depth(I1(Conclusion)), is defined inductively:

1. If Conclusion is the conclusion of an axiom, it is 1.

2. If Conclusion is the conclusion of a one-premise inference rule with the premise

Premise, then it is 1 + der_depth(II(Premise))).

3. If Conclusion is the conclusion of a two-premise inference rule with the left
premise Premisel and the right premise Premise2, then it is
1 + max(der_depth(II(Premisel)),der_depth(II(Premise2))).



Definition S (Transitions) “~~” is defined for two nodes D1 and D- in a derivation
tree such that Dy ~ Ds is a one-step transition via an inference rule Inf, satisfying (1)
that D- is the premise (or one of the premises) of Inf and (2) that D, is the conclusion
of Inf. The notation Dy ~py Dy explicitly states which inference rule applies for the
transition. A transition from D1 to Do in zero (i.e. no transition) or more applications
of inference rule(s) is denoted by Dy ~* D,. The notation Dy ~p,. D explicitly
states which inference rule(s) may apply for the transition. Dy ~~* Do abbreviates
Dy ~ D3 ~* Dy for some Ds in the derivation tree. Dy ~* D, is a transition with

exactly k > 0 steps.

Definition 6 (Derivation length) Given a derivation tree 11(D) with the conclusion
(root) D, derivation length of D, and Dy denoted by der_len(D1, D2) is either unde-

fined in case there exists no transition Dy ~* Dy or else defined inductively:
1. itis 0 if Dy and Dy refer to the same node in I1(D).

2. itis 1+ der_len(Ds3, Dy) if there exists a node D3 in I1(D) such that
D1 ~ D3 ¥ D2.

The following three variations will be used frequently in this thesis. By a double line:
Premise
Conclusion
Premise upward is indicated to derive from Conclusion in zero or more steps making
use of Inf € Infs. Similarly for when there are two premises. By a dotted line:

Premaise
Conclusion

Conclusion is indicated to be derivable from Premise without, in so doing, increasing
the derivation depth. By a double-dotted line:
Premise
Conclusion
Premise is indicated to be derivable from Conclusion just as Conclusion is from Premise.
In another word, a double-dotted line is used to signify a bidirectionality of an infer-

ence rule.



Chapter 1
Introduction

Many problems we face are compositional. In fact, not many but save on rare occa-
sions, it is harder to identify a problem that cannot be decomposed into smaller parts.
If solutions to the sub-problems are known, the main problem can be answered in an
incremental manner. But even in cases where solutions to some of them are presently
unknown, they can be worked out and conjoined into the rest. It then appears that there
is no reason why we should not focus on smaller, perceived-to-be easier problems - in
order to maximise our productivity through the modular reasoning.

Separation logic (Cf. Ishtiag and O’Hearn [2001]; Reynolds [2002]) may be a good
example. Expressiveness power of classical logic and that of multiplicative (intuition-
istic) linear logic combined, it can be used to efficiently reason about heap manipu-
lating programs, allowing us to recognise portions of heap as disjoint resources. Full
expressiveness power of classical logic is attainable on each separated resource. For
instance, such an expression as “some fact p holds true on a part of heap and some fact
—q holds true on another part of heap such that the two heap portions do not overlap”,
can be stated in separation logic simply as “p x =¢”. Since the expression assumes that
p and —¢ hold true in disjoint parts of heap, a heap-manipulating program that alters
information in either of them does not need have a side-effect on the information con-
tained in the other: if p is updated to p’ by some program command accessing only the
portion of heap that contains the information, we have p’ x ¢ with no required mod-
ification on —¢. This concept of local reasoning sparked inspiration and resulted in
many applications (Cf. Bornat et al. [2005]; Calcagno et al. [2009]; Chin et al. [2012];
Distefano et al. [2006]; Parkinson and Bierman [2005]; Yang [2007] for example) sub-



sequently.

What this line of research seems to suggest is that, with often synthesised problems
around us to face, the vehicle for reasoning itself, i.e. logic, should be also moving to-
wards accommodation of modularity, so that the manner by which we reason about
a given problem can find a closer map to its underlying structure than to a view of it
that a detour through many morphisms may provide. The idea to put together multiple
logics itself has been around for quite a while, enquired for instance within the field of
philosophy, as Caleiro et al. [2005]; Stanford Encyclopedia of Philosophy [2011] note.
With the active evidence of separation logic we were a witness to in the last decade, it
is amply suggested that pragmatic values lie in, and extend from, studies of combined
logics.

Inseparable, however, are issues around the mechanism of interactions between the
base logics to be so combined. Given that a combined logic with no base-logic overlaps
is readily decomposable, it (the mechanism of interactions) is reasonably speaking the
only part in a combined logic which is interesting and which hence merits a thorough
investigation. Nevertheless, analysis on the only part tends to be non-trivial. Further,
if the accumulated knowledge of combined logics is to be incorporated in practice, e.g.
into theorem proving, there also arises a constructive (or computational) concern of
how to formalise the knowledge in a way that is suitable for automation. Hence, with
all the positive expectation notwithstanding, there are also problems that ought to be
addressed before we may be able to see a fuller extent of their possibilities in applica-
tion.

To promote the program, this thesis takes a reasonable approach of studying base-
logic interactions within sequent calculus which, among many types of proof systems
(formalisms as are often called) available, is particularly well-suited for an efficient
automated theorem proving because potential curtailment of search-space explosion
- hindrance to an efficient theorem proving - can be more easily and efficiently at-
tempted. Two broad perspectives will be heeded: one that concerns specific combined
logics, and one that focuses on generalisation, i.e. abstraction, of their logical charac-
teristics in order to attain a higher standpoint. Both are complementary to the other and
help mutually forge ahead the overall program of deepening our understanding about
the nature of logical combinations and of logics so combined.

Into the first direction of specialisation, this thesis augments in constructive steps



the knowledge of the syntactically observed base logic interactions for BI (a combined
logic of intuitionistic logic and multiplicative intuitionistic linear logic; Cf. O’Hearn
and Pym [1999]) and BBI (a combined logic of classical logic and multiplicative (intu-
itionistic) linear logic just as separation logic is, but more expressive). The reason for

the choice of the specific logics is rather natural, as I itemise below:

1. In view of the practical implication, it is of a great interest that base-logic in-
teractions within separation logic be better understood. However, there exists in
literature no known adequate sequent calculus for separation logic which, had it
been otherwise, could have offered a possibility of studying the syntactically oc-
curring base-logic interactions a posteriori. Its sequent calculus needs to be de-
veloped first. Since separation logic is a specialised BBI (Cf. Larchey-Wendling
and Galmiche [2012]), theoretical investigation into BBI is strongly relevant.

2. Meanwhile, as Galmiche and Larchey-Wendling [2006] indicate, BBI is strictly
more expressive than BI. However, even though considered to be (conversely)
strictly less expressive, BI still poses difficulty in analysis of the syntactically
occurring base-logic interactions as inferrable from earlier work; so much so that
there in fact exists no sensible analysis regarding the matter. It then seems natural
that we first see to ourselves if we can at least analyse the easier problem with
a success, that is, reasonably speaking, if we cannot analyse an easier problem,

then hardly will there be any hope left for more difficult ones.

Thus elucidating the coverage of the specific combined logics to be studied, we may
now proceed to see the main line of objectives into the direction of specialisation.
Along with the other objectives, this thesis first solves a long-standing open problem
in BI proof theory of analysis on the syntactic phenomena of base-logic interactions
as occurring within BI sequent calculi; interactions between structural inference rules
and logical inference rules (that is, structural interactions), specifically. Delivery of
a practically significant contraction-free BI calculus, a hitherto encumbered attempt
due to the lack of the knowledge, is for the first time made successfully through an
adequate methodology that recognises the boundaries between one BI base logic and
the other. Moving on to BBI proof theory, it presents a BBI sequent calculus. It is
developed through contemplation over the syntactic implication of the BBI base-logic

interactions. The knowledge of the structural interactions in BI from the first step then



applies to the BBI calculus, resulting in a less non-deterministic sequent calculus. Both
are sound with respect to the underlying BBI semantics. By taking into account a par-
ticularity of the heap semantics (semantics for separation logic), derivation of sound
separation logic sequent calculi is immediate.

Into the direction of generalisation, this thesis develops an idea of sequent calculus
in which a specific manner of base-logic interactions to take place within a combined
logic can be actually developed and analysed. This idea I call phased sequent calcu-
lus in which a physical separation of base logics is expressible and in which a logical
combination itself becomes as important a component to consider as the base logics.

The rest of this chapter is dedicated to introduction of semantics and proof systems
of related logics as technical preliminaries, followed by descriptions of research prob-
lems and all the contributions: ones just mentioned and also the rest, in sufficiently

technical terms.

1.1 Technical Preliminaries

We go through semantics and proof systems of related logics. Since no quantified
logics find their way into main chapters of this thesis, it is (even if unstated) tacit that
I look at propositional logics only. A set of propositional variables is denoted by P.
“if and only if” is abbreviated by “iff”. For standard terminologies and philosophical
aspects of those logics, readers are referred to introductory texts on mathematical logic
such as Girard [1987]; Kleene [1952].

1.1.1 Classical logic

Every statement (sentence) is considered already known to be either true or false in
classical logic, which is called the law of excluded middle, and it is by our attempts
that the truth/falsity be found out. To prove some statement true, one may prove the
fact directly by showing that it is true. Alternatively, one may prove that the negation
of the same statement is false, thereupon follows the desired result by the law of the

excluded middle.

Definition 7 (Formulas) A formula A (, B,C) in propositional classical logic is de-
fined by:



A=p|T|1|ANA|AVA|]ADA
where p denotes a propositional variable (p € P), T a zero-place logical operator (or
synonymously logical connective) signifying the truth, and 1 a zero-place logical oper-
ator signifying the falsity. In this thesis both T and 1 are primitive. The set of formulas
in propositional classical logic (those that this grammar generates) is denoted by Fcr.
—A abbreviates AD1.

The following associativity and commutativity hold within Fer.
Property 1 (Associativity and commutativity)

1. (Ay NAg) NAz = A1 A (Ax A A3).

2. (A1 VAy) VA3 =A1V (AgV As3).

3. Ap AN Ay = Ag A Ay

4. A1V Ay = Ay V A,

Semantics for (propositional®) classical logic is given in the following manner.

Definition 8 (Interpretation) An interpretation oy is a function that maps proposi-

tional variables into either a logical truth or a logical falsity, lo. : P — {T,F}.

Definition 9 (Semantics) A model for classical logic is a tuple (lcr, =) for some I,

satisfying the following forcing relations:
* Epiffle(p) =T.
s =TT.

-t [ 1).

= AANBIff[ = AN [ Bl

= AV Biff[ = AVt [ Bl
o £ ASBiff [ A]V! [ Bl

! Assumed in the rest as such that I am speaking about propositional logics.
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Figure 1.1: Hc: a Hilbert system for propositional classical logic.

Ard U0y F By, e
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U:AF B;® U= o U, A A D
Ur AoB:o 21 U AF o VKL U Arg Ctl
UhHo UHE® A A
Tra A TUr a4 CR

Figure 1.2: Glc,: a sequent calculus for propositional classical logic.

Of course, given A € §¢. there are 2" conceivable distinct interpretations for n occur-

rences of distinct propositional variables in A.

Definition 10 (Universal validity) A formula A € ¢ is said to be universally valid
iff = A for all the conceivable distinct interpretations of propositional variables oc-

curring in A.

Classical logic can be formalised for example in Hilbert-style calculus (Figure 1.1)"
with a finite number of axiom rules, and MP (modus ponens) that formalises the fol-
lowing: “if A is universally valid and if AD B is universally valid, then B is universally
valid”.

Other formalisations are possible. In sequent calculus - the central interest of this

! To align Hilbert-style systems with sequent-style systems, I explicitly consider Hilbert-style ax-
ioms as inference rules.
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thesis - classical logic is formalised as in Figure 1.2 (an equivalent variant of the propo-
sitional part of LK that Gentzen [1934] originally presented). It postulates structures

and sequents.

Definition 11 (Structures) A structure V(,®) of classical logic is defined by ¥ :=
A | ; U, The set of structures that this grammar generates is denoted by Scy.

Property 2 (Associativity and commutativity of structures)
1. (W13 W9); U3 = Wy (Wg; U3).
2. (@15 P2); B3 = Dy (Po; P3).
3. Uy Uy = Uy Uy,
4. Op; Dy = Oy; By,

Definition 12 (Sequents) A sequent in classical logic is defined to be in the form:
U @ for some ¥ € Gcr and some ® € &¢r. The set of sequents in Glc, is denoted by
Dot

Definition 13 (Sequent calculus convention) /n any D € D¢, emptiness of an an-
tecedent structure is identified with a T and that of a consequent structure with a 1. As
is conventional, the left to the \- is referred to as the antecedent, and the right to it as

the consequent.

Example 2 Given Vy; Vs - &q; ®y € Dy, the antecedent part is identified with ¥, (or
Uy) if Uo (or V1) is empty. Likewise the consequent part is identified with ®, (or ®,) if
Dy (0or O1) is empty.

In this thesis I classify every inference rule of a sequent calculus into one of three
groups. One group comprises a single inference rule Cut which is a rule of transitivity.
Another group comprises a set of rules which either are an axiom without a premise se-
quent or else act upon a logical connective (e.g. id, 1L, TR,AL,VL,D> L,AR,VR,D R
in Figure 1.2). They are termed logical (inference) rules. For each logical inference

rule the formula - or formulas in case of id - in the conclusion sequent upon which

12



the logical inference rule acts is termed the principal formula(s) or simply the prin-
cipal of the logical inference rule. I also say that the principal of a logical inference
rule is active in the rule. The last group consists of the remaining inference rules (e.g.
WkL,WkR,CtrL and CtrR in Figure 1.2). Each inference rule in this group is called
a structural (inference) rule acting on some structure in the conclusion sequent. I say
that the structure which is acted upon is active in the rule.

But in any case why so many formalisations of the same logic, or any particu-
lar choice out of the many possibilities? There could be as many reasons as there
are formalisms. A primary concern of this thesis is amenability of a proof system to
automation. From that standpoint, the axiom-based Hilbert-style representation of a
logic! is not the best due to the presence of MP which entails a non-trivial backward
proof search, since what to appear in the premise(s) of MP is not necessarily inferrable
from the conclusion. The use of sequent calculus by contrast has an advantage that,
while the same problem can still arise through Cut, it is relatively simple to establish
the equivalence in expressiveness power between a Cut-embedded sequent calculus
SC} and its Cut-free version [SC| — Cut]. The equivalence usually follows from a
cut elimination procedure, i.e. a procedure to eliminate Cut instances out of any given

closed derivation tree through derivation tree permutations.

Theorem 1 (Equivalence of Glc, with Glcy- Cut by Gentzen [1934]) Any sequent

in D¢, derivable in Glc, is also derivable in [Glc, - Cut] and vice versa.

1.1.2 Intuitionistic logic

The law of the excluded middle that characterises classical logic is not universally ac-
cepted, disallowed for example by intuitionistic schools (Cf. Brouwer [1908]; Heyting
[1930]; van Dalen [2002] but also Critique of Pure Reason by Kant for his earlier re-
marks). The division is in their viewpoint about infinity. In intuitionistic logic, what
are true are only what have been or guaranteed to be verified true by some constructive

means. The rest remain in the realm of becoming.

Definition 14 (Formulas) A formula A of intuitionistic logic is a set element of Fcr.

!One particular Hilbert-style representation of classical logic was indicated in Figure 1.1; there are
shorter possibilities.

13



We denote the set of intuitionistic logic formulas by §1.. Clearly §cr = F1.. We assume

that both associativity and commutativity within §1. carry over from §cr.

Kripke [1965] introduces the concept of possible worlds to define models for intu-
itionistic logic. Originally for a set of modal logics (Cf. Kripke [1959]), it captures the

nature of becoming in an intuitive manner.

Definition 15 (Frame) A frame for intuitionistic logic is a tuple (W, <) with a non-
empty set W of possible worlds partially ordered by <.

Definition 16 (Interpretation) An interpretation 1 is a function that maps proposi-
tional variables into a set of possible worlds, 1. : P — P(W), satisfying the following
monotonicity: Ywy, wy € W¥p € P.[wy < wa] AT [wy € li(p)] =1 [wa € lrL(p)].

Definition 17 (Semantics) A Kripke model for intuitionistic logic is a 4-tuple
(W, <, 1, ) for some frame (W, <) and some interpretation |y, satisfying, for all
p € P and for allw e W:

* w=piffw € lw(p).
cwkET.
o —f[w = 1].

s wkEAANBIffwE A AT [w = BJ.

wE AV B iff[w= AV w = Bl

s wkEADBIffvw € Ww < WAl [ | A] =T [w' = B].

Definition 18 (Universal validity) Let A be an intuitionistic logic formula. Then it is
said to be valid in some intuitionistic Kripke model (W, <, I, ) iff Vw € W.[w = A].
It is said to be universally valid iff it is valid in all the conceivable intuitionistic Kripke

models.

Gentzen [1934] first formulates intuitionistic logic LJ in sequent calculus. Figure 1.3

shows a propositional fragment of its equivalent variant G11i.

14



id vEA ®;AFB —

— TR V. A, BEC I U, AFC v:BFC I
vET U ANBFC N v.AvBFCc VY
VA WBFC UFA UFB Uk A (e {1,2)
v.AoBrc L v-anB N TFAva, VR
U;AF B U+ B U; A; A B
vr AoB 2R . A B VAL v Arp ClrL

Figure 1.3: G1i,: a sequent calculus for propositional intuitionistic logic.

Definition 19 (Structures and sequents) A structure ¥ for intuitionistic logic is a set
element of S¢r. The set of the structures is denoted by S1.. Clearly Sy, = Scr. We
assume that both associativity and commutativity within &1, carry over from Sg. A
sequent in intuitionistic logic is defined to be in the form: ¥ + A for some V € &1 and
some A € Fr. The set of the sequents is denoted by D1.. We assume that the sequent

calculus convention within D1y carries over from Dgr.

It is given in his work that LJ and [LJ - Cut] are equivalent in expressiveness. Decid-
ability, however, is not immediate in the set of [G1i,- Cut] inference rules due to the
presence of CtrL which may still stretch a [G1ip- Cut]-derivation branch to infinity.
The question as to whether CtrL can be shown admissible in [G1i,- Cut] becomes
relevant.

As the first step of C'tr L elimination, it is a commonplace to attempt absorption of
its effect into logical inference rules. Reasoning towards the objective is usually sim-
pler in weakening-free [G1i,- Cut] (i.e. some equivalent proof system to [G1ip- Cut]
in which the effect of Wk L is absorbed within available logical inference rules). Figure
1.4 shows the resultant calculus, G3i, (Cf. Beth [1955]; Kleene [1952]; Troelstra and
Schwichtenberg [2000]). A so-called inversion lemma holds in G3i;.

Lemma 1 (Inversion lemma) For the following sequent pairs, if the sequent on the

left is G3ip-derivable with the derivation depth of k or less, then so is (are) the se-
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vrasnp MM TFAva, VR vFaoB - f

Figure 1.4: G3i,: a contraction-free sequent calculus for propositional intuitionistic
logic.

quent(s) on the right. That is, the result is depth-preserving.

VAANBFC |, U;A;BEC
UV:AVBEFC |, bothV;AFCandV¥V;BFC
V.ADBFHC , U;BEC
UVHAAB |, bothUtF Aand V¥V + B
VFADB , V;AFB

Proof. Details are found in Curry [1963]; Shiitte [1950]; Troelstra and Schwichten-
berg [2000]. [

Lemma 2 (Admissibility of WkL and CtrL) WkLeis, and CtrLeys, are both depth-
preserving admissible in [G3i,+ WkLgs, + CtrLgis,].

Proof. Lemma 1 simplifies the proof of CtrLgy;, admissibility. Proof approaches are
found in Troelstra and Schwichtenberg [2000]. U

Proposition 1 (Equivalence of G1i; with G3i,) Any U F A € D1 which is derivable

in G31;, is also derivable in [G1i,- Cut] and vice versa.
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\I/;A B 5L q/;AlD(AQDAg) HC S \I/;AlDAg;AQDAg FC S
U, TOAFB — 7T W (A AA)DAFC — T T (A V Ay)DAsFC v
W: AyDAs - A1DA, VU:As - C 5L v A (Z S {1,2})
U; (A5 Ay) > A3 - C > UFA,v4, VR
YFA UFB V;AFB
vrAnp M vFAop - f

Figure 1.5: G4i,: a contraction-free sequent calculus for propositional intuitionistic
logic. Implicit contraction does not occur in any inference rule.

Proof. A detailed proof methodology is found in Chapter 3 and Chapter 4 of this
thesis; it is, however, recommended to interested readers who are not yet familiar
with sequent calculi that the proof be attempted with a reference of only Troelstra and

Schwichtenberg [2000]. Lemma 2 for where contraction and weakening are required.
O

In G3i,, any formula duplicate upwards may only occur within O L, which is a vis-
ible improvement over G1i, towards a more efficient backward theorem proving. As
far as the propositional fragment is concerned, it is actually possible to eliminate the
lingering implicit contraction altogether out of the inference rule, as shown in Figure
1.5. G41iy, is an equivalent variant of LJT (by Dyckhoff [1992]) in which decidability of
propositional intuitionistic logic is readily established. Here I reformulate the results
and the proofs in a more detailed and clearer - so do they appear to myself - manner
than are found in Dyckhoff [1992]. Lemma 6 below about the behaviour of intuitionis-

tic implication should be adequately understood before readers move onto Chapter 3.

Definition 20 (Irreducible sequents) A structure V € Sy is said to be irreducible if

it contains as its sub-structure' none of the following:

'In an ordinary sense. W itself is also a sub-structure of W.
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1. p;pD A
2. TDOA
3.1
4. AL N Ay
5. A1V Ay
U - A € Dy 18 said to be irreducible iff ¥ is.

Lemma 3 (Normalisation) Any ¥ + A € ©1 which is not irreducible can be nor-

malised into a set of irreducible sequents such that it be G3iy-derivable iff they are.

Proof. Follows from inversion lemma (Lemma 1) and a good observation of the se-

mantics of 1. [

We now establish (not necessarily depth-preserving) equivalences that hold in G3i,-

space, utilising the following depth-preserving results.
Lemma 4 (Preparatory observations)

1. If D :W; Ay D As = Ay is G3iy-derivable, then sois D' : W; (A1 AN Ag) D Az b Ay,

preserving the derivation depth.

2. If D:W; A; D A3; Ay D Az = Ay V Ay is G3ip-derivable, then so is at least either
Dy :W;A; D As;As D As B Ay or Dy U, Ay D As; Ay D A3 = Ao, preserving
the derivation depth.

Proof. By induction on derivation depth.

1. For the first case, the base case is trivial. For the inductive cases, assume that
it holds true for all the derivation depths of up to £ and show that it still holds
true for the derivation depth of £ + 1. Consider what the principal is for the last
inference rule to (forwardly) derive D. If it is some formula in ¥ or the conse-
quent formula, then induction hypothesis and the same inference rule conclude.
Otherwise, if it is the antecedent formula Ay D As, then II(D) looks like:

18



Dl\I/,AQDAJ}_AQ DQZ‘I};Agl_AQ
DI\IJ;AQDAgFAQ

DL

Induction hypothesis on D; concludes.

2. For the second case, the base case is trivial. For the inductive cases, assume that

it holds true for all the derivation depths of up to £ and show that it still holds

true for the derivation depth of £ + 1. Consider what the principal is for the last

inference rule to (forwardly) derive D. If it is some formula in ¥, then induction

hypothesis and the same inference rule conclude. If it is the antecedent formula

of either A} D Az or A D As, or the consequent formula A; V As, then induction

hypothesis concludes.

Lemma 5 (Equivalences in G3i,)

1. D:

2. D

3. D:

4. D:

U; A+ B is G3ip-derivable iff D' : U; T D A+ B is.

1 U3 Ay D (A2 D A3z) - Cis G3ip-derivable iff D' - W; (Ay A Ay) D Az C'is.

U; Ay D Az; Ay D Az = Cis G3ip-derivable iff D' : W (A1 V Ay) D Az = C'is.

\I/;AQ D AsF Ay D Ayis GBip-derivable WD/ - U (A1 D) AQ) D A3F A1 D

A2 Is.

Proof. By induction on derivation depth into both directions. By Lemma 3 we only

consider irreducible sequents.

1. First case is trivial.

2. For the second case, base cases are trivial into both directions. Consider the

inductive cases now. Into the if direction, consider what the principal is for the

last inference rule applied to derive D’. If it is some formula in ¥ or C, then

induction hypothesis and the same inference rule conclude. On the other hand,
if it is the antecedent formula (4; A A) D A, then II(D’) looks like:
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D/I\I/7(A1/\A2)DA3|_A1/\A2 D/Q‘Il,Agl_C I
D W (A AAy) D Ay O -

By induction hypothesis on D7, it holds that D, : U; A; D (A D A3) F A1 A Ay
is G3i,-derivable. By inversion lemma on D, D, : ¥; Ay D Az = Ay and D, :
U; Ay D (Ay D Az) F Ay are both G3i,-derivable. Then by O L on D, (as the left
premise sequent) and on D), (as the right premise sequent), D, : ¥; As D A3+ C
is G3i,-derivable. Then O L on D, (as the left premise sequent) and on D, (as
the right premise sequent) concludes. Into the only if direction, consider what the
principal is for the last inference rule applied to derive D. If it is some formula
in ¥ or C, then induction hypothesis and the same inference rule conclude. On
the other hand, if it is the antecedent formula 4; D (A D As), then we have the
following partial derivation for D:

D3Z\I];AQDA3|_A2 D4\I],A5|_C
Dll\IJ;AlD(AQDAg)}_Al Dy :W: Ay D A3 C
D:U A > (A5 A FC -

DL

L

By induction hypothesis on Dy, D} : W; (A A Az) D Az = A; is G3i,-derivable.
Meanwhile, by Lemma 4 on D3, Dy - V; (A1 AN Ag) D Az = Ay is G3ip-derivable.
By AR on D} and on Dy, D} : ¥; (A1 N Ag) D Az = Ay A Ay is G3ip-derivable.
Then D L on D; (as the left premise sequent) and on Dy (as the right premise
sequent) concludes. To be exhaustive, however, we must have of couse consid-
ered the possibility where the Ay D Aj is not the principal on Ds. Suppose we
actually had the following partial derivation for D:

Inf

Dy :V; A D (A2 :)A3) A Do
DL

DZ‘I’;AlD(AQDAg)FC

where Inf € {id,1L, TR}. Then ¥; (A; A A2) D A3 + C would be clearly deriv-
able with Inf. Suppose, instead, that we actually had the following partial deriva-
tion for D:

D5 : Cl;\IJ;AQ D) Ag F CQ

D12\I’;A13(A23A3)|—A1 DQZ\I/;AQDA3|—01302
DZ\IJ;AlD(AQDAg)l—ClDOQ

DR
DL
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But since we have inversion lemma, that D is derivable implies that
Cy; ;A1 D (Ay D Asz) B Oy is derivable, which would eliminate this particu-
lar O R application on the right premise sequent of the O L. Similarly for when
itis AR that applies instead of O R. Finally, suppose we had the following partial
derivation for D:

D3 :V; Ay D A3+ C;

Dli\If;th(AQDAg)'_Al DQI\IJ;AQDAgl_Cl\/CQ
DI\IJ;AlD(AQDA:;)'_Cl\/CQ

VR
DL

where i € {1,2}. Then because D; and Ds are assumed derivable, so is D’ :
U: A; D (A2 D As) F C;, which would eliminate (that is, push down) this partic-
ular VR application on the right premise sequent of the O L.

3. For the third case, suppose that (4; V A3) D Az becomes the principal in D’:

DII:\I/;(Al\/AQ)DAgl—/h\/AQ D/22\I/;A3|—C I
DU (A VA D Az F C -

In the meantime, we have the following partial derivation for D with the principal
of either A1 D Az or Ay D Ajs:

DU A 5 Ay Ay 5 A - O > L

where mod 2(z) = z (mod 2) and mod 2(z) € {0,1}. Base cases are trivial into
both directions. We now consider the inductive cases. Into one direction, it
holds, by induction hypothesis on D7, that D, : U; A} D A3; As D As b+ A1V As
is G3ip-derivable. By Lemma 4 on D,, D, : ¥;A; D Az; Ay D Az F A; is
also G3ip-derivable for at least either i« = 1 or i = 2. Let us assume with no
loss of generality that ¢ = 1 here. Meanwhile, it holds, by induction hypothesis
on D) and Lemma 2, that D, : U; Ay D As; A3 = C is G3ip-derivable. Then
D L on D, (as the left premise sequent) and D, (as the right premise sequent)
conclude. Into the other direction, by induction hypothesis on D;, we have D, :
U5 (A1 V Ag) D Az = Ay as G3ip-derivable.! Then Dy, : W; (A1 V As) D As +
Ay V Aj is also G3ip-derivable via VR. Meanwhile, it holds, by induction on Dy,
that D, : W; Ay D A3z; A3 F C is G3i,-derivable. By inversion lemma on D, and

'T assume that ¢ = 1 without a loss of generality.
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Lemma 2, Dy : ¥; A3 = C'is also G3ip-derivable. > L on Dy (as the left premise

sequent) and Dy (as the right premise sequent) then concludes.

4. For the fourth case, by inversion lemma on both D and D’, we need only show
the following: D" : ¥; Ay D As; Ay + Ay is G3ip-derivable iff D : ¥; (A; D
Ag) D As; A1 B Ay is. Therefore it suffices to prove (more generally) that D, :
U; Ay D Az; Ay F Cis G3ip-derivable iff Dy @ W; (A D Az) D Az; Ay = Cis.
Suppose that (4; D As) D Az becomes the principal in Dj:

Dli‘lf;(AlDAz)DAg;All—AlDAg Dy :VU; As: A1 = C I
Dy:W: (A1 5 Ap) 5 Ag; A F O -

By inversion lemma, D is G3ip-derivable iff D} : W;(A; D Ag) D Az; A3 A -
Ao is iff DT* : W;(A; D Az) D Asz; Ay = Ap is (contraction admissibility due
to Lemma 2). Meanwhile, we have the following for D, with the principal
As D As:

D} :U; Ay D As; Ay - A D) :U; A3; A = C I
D,:V;A, D A3; A1 HC -

D is identical to D,. By induction hypothesis (into both directions), Dj is G3i,-
derivable iff D}* is. U

Now follows the main contribution of Dyckhoff [1992]. Its purpose is to establish that,
if p O A for some p € P and some A € Fr is in a sequent, then D L does not need

apply unless the sequent has p; p O A on the antecedent.

Lemma 6 (Behaviour of intuitionistic implication)
Let D denote a G3ip-derivable irreducible sequent ¥ = C € D1y, then D has a closed
derivation in which the principal of the last inference rule to derive D is not in the

form: p D> Aforpe Pand A € F11.

Proof. Proof is by contradiction, that is, by classical reasoning that a counter-example
to the current lemma cannot exist.! Suppose, by way of showing contradiction, that

'We do not need to know in advance whether propositional intuitionistic logic is decidable for this
proof to (classically) go through since the derivation tree is assumed closed. Cf. Davey and Priestley
[2002] for example.
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there cannot exist any other derivation trees for D with a shorter (in derivation length)
leftmost derivation branch than ones ending in O L with a formula in the form: p D A
as its principal, then one such derivation tree I1(D) would look like:

Dy,

D, Dy Inf :
Ds:VipD>Akp n Dy :V:AFC
D:V:pD>AELC

DL

where ¥ = U’;p D A or alternatively ¥ = ¥’';p D A (up to associativity and com-
mutativity of “;”), and Dy, is the conclusion sequent of an axiom rule in the leftmost
derivation branch. As D is irreducible, so is D3 which, therefore, cannot be the con-
clusion sequent of an axiom. Then, since a propositional variable can be active only
for id, the consequent part of D3 cannot be active for some G31i; inference rule Inf. Inf
is hence known to be O L. Furthermore, that the leftmost derivation branch is shortest
has to dictate that the principal for Inf is not in the form: “p’ O A"’ for some p’ € P
and some A’ € §1r.

These points taken into account, D, Dy, Dy, D3 and D, are actually seen taking the

following forms for some other B, B’ € §1.. for B ¢ P:
* D:V:BDO>BipD>AFC
* D:V";BOB;pD>AFB
* Dy: V"B pDAtp
* D3:U";BOB;pD>AkFp
* Dy:V":BD>B;AFC

But, then, this perforce implies the existence of an alternative derivation tree II'(D)
which results by permuting II(D):

Dy, : :

: Dy D) :9":B;AFC

Dy V. BipoS AFC
D

DL
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D), derives from applying inversion lemma (Lemma 1) on D,. A direct contradiction
to the supposition has been drawn, for the leftmost branch in IT'(D) is shorter, i.e.
der_leny(py(D, Dr) < der,lenl-[(D)(D,DL).1 U

The equivalence of G3i, to G4i, is proved with the induction measure of sequent
weight.

Definition 21 (Sequent weight) Given a sequent ¥ + A € Dy, its sequent weight
is defined to be the sum of the formula weights of all the formulas occurring within.
The formula weight of A € F1, which we here denote by f weight(A), is defined as

follows:
o f weight(A)=2if Ae{T,1,p}.
o f weight(A) = f weight(A41)(1 + f_weight(A2)) if A = A1 A As.
o f weight(A) =1+ f_weight(A;) + f_weight(As) if A= A; V As.
o f weight(A) =1+ f _weight(A;)f weight(As) if A= A; D As.

Proposition 2 (Equivalence of G4i, with G3i; Dyckhoff [1992]) Any U - A € Dy

which are derivable in G4i, are also derivable in G3i, and vice versa.

Proof.  One direction, to show that what G4i, derive are derivable also in G3iy, is
straightforward since all the inference rules in G4i, are derivable in G3i, (Cf. Lemma
5 for G4i, implication rules). Proof into the other direction of showing what G3i,
derive are also derivable in G4i; is by induction on sequent weight. First of all note
that all the G3i, inference rules are identical to a corresponding G4i, inference rule
except for O L, and that the sequent weight of premise sequent(s) is lower than that of

the consequent sequent. For O L, consider what the actual instance for Aisin A D B.
1. A=T: trivial.

2. A=1: Straightforward:

D:V;1D>BFH1 v:BFC
D:v:1>BFC

D Lgsi,

'Cf. Definition 6 for der_len, that is, derivation length. The sub-script is used to specify the
particular derivation tree and nodes in the tree.
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The consequent part of D, is 1, and so for D to be G3ip-derivable, it must be
the case that, for all A € §1, ¥ - A is G3ip-derivable. In particular A = C (or

alternatively A = C up to assoc. and commut. as in Property 1).
3. A= A; AN Ay: Lemma 5.
4. A=AV Ay: Lemma 5.
5. A= A; D Ay: Lemma 5.

6. A=p: Lemma 6. []

G41i, suggests an efficient decision procedure for propositional intuitionistic logic since
it exhibits a property that the weight of any premise sequent in each G41 inference rule
is strictly smaller than that of the conclusion sequent. The lingering implicit contaction
on the left premise sequent of O Lgas, i8 no longer visible.

Along with G3i, inversions (Cf. Lemma 1), the following inversion results also
hold in G4i.

Lemma 7 (Additional inversions for G4i,) For the following sequent pairs, if the se-
quent on the left is G4iy-derivable with the derivation depth of k or less, then so is the

sequent shown on the right.

\If;(Al/\AQ)DAgl—C , \I’;AlD(AQDAg)I_C
\I/;(Al\/AQ)DAgI—C , \P;AlDAg;AQDAgl_C

Proof. Straightforward. (Note, for the first, that the antecedent formula (4; A Ag) D As
can become the principal only for > L,, and, for the second, that the antecedent for-
mula (A4; V As) D As can become the principal only for > L,..) U
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1.1.3 Multiplicative intuitionistic linear logic without exponentials

According to Girard [1987], neither classical logic nor intuitionistic logic captures
real-life causation adequately. He discountenanced the following example which is
enforced in classical/intuitionistic logic: if a proposition p holds true and a proposition
p D ¢ holds true, then ¢ holds true, but p still holds true. What Girard [1987] finds prob-
lematic is the monotonic presence of propositions (‘“stable truths” in Girard [1987]).
But the permanency of something that currently exists is capitalistically denied for in-
stance in the principle of exchange: if we have a sufficient amount of money that buys
a car, then we can exchange our money for the car, but the money so spent no longer
remains with us. This concept of resource exchange is described nicely in linear logic
(Cf. Girard [1987]). In addition to the material implication in classical/intuitionistic
logic, linear implication' — is used in order to describe; if a proposition p holds true
and another proposition p—q holds true, then if the true proposition p is consumed, ¢
becomes a truth. To say that there are such resources p,q,r---, a logical connective
‘times’ +” is used: p * ¢ x 7 % - - -. To say that there is a ‘zero’ resource, a nullary logi-
cal connective *T° is used. Although this thesis requires only these three (which form
multiplicative intuitionistic lienar logic without exponentials), other features of linear

logic can be learned from Girard [1987].

Definition 22 (Formulas/Structures) A formula in multiplicative intuitionistic linear
logic without exponentials J(, K, L) is defined by J :=p | T | J x J | J—«J. By §urLL the
set of formulas that this grammar generates is denoted. A structure in multiplicative
intuitionistic linear logic without exponentials Y(, A) is defined by Y := J | J,J. By

Gwy1wL the set of structures that this grammar generates is denoted.
The following associativity and commutativity hold.
Property 3 (Associativity and commutativity)

1. (J1xJa) x J3 = Jy % (Jax J3).

2. JixJy=Jyx Jq.

'As Girard [1987] calls. In his article, the symbol —o is used for linear implication.
%In Girard [1987], the symbol ® is instead used.
3In Girard [1987], it is 1.
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Figure 1.6: MILL,: A sequent calculus for propositional multiplicative intuitionistic
linear logic without exponentials.

3. (Y1,72),Ts =Ty, (T2, T3).
4. T, Ty =TTy,

A sequent calculus formulation of multiplicative intuitionistic linear logic without ex-

ponentials, MILL,, is found in Figure 1.6.

Lemma 8 (Sequents) A sequent in multiplicative intuitionistic linear logic without
exponentials is defined to be in the form: Y + J for some Y € Gy and some J €
SurL. The set of the sequents in multiplicative intuitionistic linear logic is denoted by

QMILL'

Definition 23 (Sequent calculus convention) For any sequent in Dy in the form:
Y1,Yo b J, the antecedent structure “Y1, Yo" is identified with Y1 (or Ys) if T (or
T1) is empty.

Example 3 p - p T € DygL is derivable in MILL, as follows.

— TR d
F T priR
pEp*x*T

1.14 BI

BI is a combined logic of intuitionistic logic and multiplicative intuitionistic linear
logic without exponentials. A fragment of BI is simply intuitionistic logic and another

fragment simply multiplicative intuitionistic linear logic without exponentials. As a
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whole, however, BI exhibits distinct logical characteristics, allowing any logical con-
nectives available to either of the base logics to appear at any part of a BI formula.

Definition 24 (Formulas) A BI formula F, (G, H) is defined by:
F=p|T|1|T|FAF|FVF|FDF|FxF|F-=F.

The set of formulas that this grammar generates is denoted by Fpr.
The following associativity and commutativity hold within Fgs.
Property 4 (Associativity and commutativity)

1. (Fy % Fy) % F3 = Fy x (Fy x F3).

2. (L NFy) NF3=F N (Fy N\ F3).

3. (F1V )V F3=FV(F,VF3).

4. Fy « Fy = F5 * FY.

5. i NFy = F, N Fy.

6. FiVFy,=F,V F.

Semantics of BI based on relational models is developed in Galmiche et al. [2005].

Definition 25 (BI frame Galmiche et al. [2005]) A BI frame is a 4-tuple (W, e, 7, R)
with a set W of possible worlds, a neutral element ¢ € W, a greatest element = € W,

and a ternary relation R, satisfying:
1. Yz € W.Rexz.
2. Vx,y,z € WRryz <1 Ryzxz.
3. Va,y,z,t € W.(3u € W.Rxyu AT Ruzt) «F (Jv € W.Ryzv AT Raut).
4. Va, o'y, z € WRayz AT Rex'z =1 Ra'yz.
5. Vr,y, 2,2 € WRayz AT Rezz’ =T Rayz.

6. Vx,y € W.Rxymr.
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Figure 1.7: LBI: a BI sequent calculus. i € {1, 2}.

7. Vx,y € W.Rrzy =1 [1 =19].

Definition 26 (Interpretation) An interpretation g1 is a function that maps proposi-
tional variables to the power-set of W, 1.e. lg; : P — P(W). The following monotonicity
holds: ¥Ym,n € W ¥p € P.Remn AT [m € Ig1(p)] =T [n € Is1(p)).

Definition 27 (BI Kripke relational model) A BI Kripke relational model is a 6-tuple
(W, e, m, R, g1, |=) for some BI frame (W, e, m, R) and some interpretation lg1, satisfying,
forall p € P and for allm € W:

m = piff m € lgr(p).

mpET.
mELiffm=m.
m =T iff Reem.

m = A B iff[m | AT [m = ).

mE RV FRifmE R VinE R

m = F1DF iff Ym' € W.Remm! =1 ([m' = Fi] =T [’ = F)).

m | Fy * By iff 3Imy, ma € W.Rmyimam AT [my = F1] AT [ma = F).

m = Fy—=Fy iff Vmy,ma € W.[my | Fi] =1 (Rmmima =1 [ma | F)).
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Definition 28 (Universal validity) A formula F € §g is said to be valid in some BI
Kripke relational model (W, e, m, R, g1, ) iff Ym € W.[m = F). It is said to be univer-

sally valid iff it is valid in all the conceivable BI Kripke relational models.

Pym [2002] presents the first sequent calculus for BI, as shown in Figure 1.7.

Definition 29 (Structures) A structure U is defined by:
I'=F|Qu|On|T;T|T,T
where F € 1. O, is an additive structural unit and O, a multiplicative structural

unit. The set of structures that this grammar generates is denoted by Gg;.

Property 5 (Associativity and commutativity of structures)
The following hold within Ggz:

1. T'1;(T'y;T3) = (I'y;T9); s
2. Pl,(rg,r;;) = (Fl,rg),rg.
3. Fl;rg = FQ;Fl.

4. T1,Ty=T9,T1.

Distributivity over the two structural connectives, however, is limited, which prompts

us into specifically defining contexts.

Definition 30 (Contexts) A BI context I'(—) is defined by:

P(=) i= — [ —T| T3 = | T(=):T [ T;T(=) | T(~),T | T,T(-).
Given any BI context T'1(—) and any T's € &gy, I'1(I'2) is some BI structure T's €
Ggr that results from replacing the occurrence of “-” in I'1(—) with I's. TI'(I'1)(I'2)
abbreviates (I'(T'1))(T'2).

Definition 31 (Sequents) All the sequents appearing in LBI derivations are a set ele-
ment Off}DBI = {F H FHF € GBI] AT [F € SBI]}-

Theorem 2 (Soundness and completeness Galmiche et al. [2005])
Any F € g1 derivable in LBI is universally valid (soundness). Any universally valid

F € §gy is derivable in LBI (completeness).
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1.1.5 BBI and Separation Logic
1.1.5.1 BBI

BBI is a combined logic of classical logic and multiplicative (intuitionistic) linear logic
without exponentials. Galmiche and Larchey-Wendling [2006] present semantics of

BBI based on non-deterministic monoids.

Definition 32 (Formulas) A BBI formula F(,G, H) is a set element of §g1. The set of
BBI formulas is denoted by §gp1. Clearly Fgpr = §e1. Both associativity and commuta-

tivity within Fgr carry over to §gpr.

Definition 33 (Non-deterministic monoid) A non-deterministic monoid is defined by
a 3-tuple (W,o,¢) with a set W of possible worlds, a binary function o : P(W) x
P(W) — P(W) and a neutral element e € W, satisfying the following:

1. Yw € WAe} o {w} = {w} (neutrality).

2. Vwr, ws € WAwn} o {ws} = {ws} o {w1} (commutativity).

3. Y € P(W) Y € W o {ws} = {{ws)} o {ws)} | w3 € w1 }.

4. Vs € P(W)Vay € W.w:} ows = {{wn} o {ws} | ws € wa).

5. Vwy, wa, wg € WAwi} o ({ws} o {ws}) = ({w1} o {wa}) o {ws} (associativity).
6. Yw € P(W).0 o w = 0 (composition of undefinedness)."

Definition 34 (Interpretation) An interpretation lgg1 is a function that maps proposi-

tional variables into the power-set of W, 1.e. lggr : P — P(W).

Definition 35 (BBI Kripke semantics) A BBI non-deterministic Kripke model is de-
fined to be a 5-tuple (W, o, €, Igg1, =) for some non-deterministic monoid (W, o, €), some

interpretation lggr and a forcing relation |=, satisfying, for all m € W:

* m = piffm € lgpr(p).

e mpET.

1() denotes an empty set elsewhere in this thesis.
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Figure 1.8: HBBI: a BBI Hilbert-style system.

m}:Fl/\ngﬁC[m):Fl]/\T[m):Fg].

. m}:Fl\/ngﬁ”[m)zFl]\/T[m):Fg].

°m ): Fy, D F iﬁﬂT[m ): Fl] Vil [m ): FQ].

°m ): Fy x Fy iﬁEIml,mg S W[m € my OTTLQ] AT [m1 ): Fl] AT [MQ |: FQ]

Definition 36 (Universal validity) A formula F € Fgp; is said to be valid in some BBI
non-deterministic Kripke model (W, o,¢,lgpr, =) iff Vm € W.m = F).

be universally valid iff it is valid in all the conceivable BBI non-deterministic Kripke

models.

They present a BBI Hilbert-style system as shown in Figure 1.8. I call the proof system

HBBI in this thesis.

m = Fi—+Fy iff Vmi,my € W.lmg € momi) =1 ([m1 = F1] =1 [ma |= F)).
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Theorem 3 (Soundness and completeness) Any formula F € Fgpr which is derivable
in HBBI is universally valid (soundness). Any formula F € Fppr which is universally

valid is derivable in HBBI (completeness).

Proof. Proofs are found in Galmiche and Larchey-Wendling [2006]. [J

Theorem 4 (Undecidability of BBI) BBI is undecidable.

Proof. Proofs are found in Brotherston and Kanovich [2010]; Larchey-Wendling and
Galmiche [2012]. [

1.1.5.2 Separation logic

Separation logic, a prominent logic in program analysis, is closely related to BBI. To

define the heap model of separation logic, first assume the following:
* acountable set of variables Var (= {1, x2, - }).
* acountable set of locations L (= {l1,l2,--}).
* a countable set of constants Const (= {c1,c2,- - }).
 acountable set of values V = L|J Const (= {vi,v2, - }).
 an expression Ex which can be an element either of Var or of V.

* aset of finite partial functions mapping a subset of locations into values Heap =
UL’gfi"L(L/ — V)

Definition 37 (Formulas) A separation logic formula FF (,GG,HH) is defined by:
FF = FEx1—FExo ‘ T ’ 1 ‘ T ‘ FF{ N FFy | FF{ Vv FFy | FF{DFF, |
FFy« FFy | FF1—~FFy. The set of separation logic formulas is denoted by Fscp.
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Definition 38 (Heap monoid) A heap monoid is a 3-tuple (Heap, o, {emp}) with a neu-
tral element emp = e — v with an empty domain as an element of Heap, and a binary

function o : Heap x Heap — Heap, satisfying:
1. Yhy, hy € Heap.[dom(hy) N dom(hy) # 0] =T [hy o he = 0] (disjointness).
2. Yhi, hy € Heap.[dom(h1) N dom(hy) = 0] =1 [h1 o he = hy U hy] (disjoint union).
3. Vh € Heap.{emp} o h = h (neutrality).
4. Yhy, he € Heap.hy o he = hg o hy (commutativity).
5. Vhi, ho, hs € Heap.hj o (hg o hg) = (hy o he) o hg (associativity).

In the condition of disjoint union, the set union hy U he € Heap of the two functions

hi € Heap and hs € Heap is in the following sense:
1. dom(hy U hy) = dom(hy) U dom(hs).
2. VI € dom(hy U hy).[l € dom(h1)] =1 [(hy U ho)(1) = hi(1)].

3. VI € dom(hy U h).[l € dom(ha)] =T [(hy U ha)(1) = ha(1)].

Definition 39 (Interpretation) An interpretation ls., is a function that maps elements
of V into themselves (identity map) and elements of V ar into V. That is, with a function

Stack : Var — V, it satisfies:
1. Yv € Vigep(v) = 0.

2. Vx € Var.lgp(xr) = Stack(x).

Definition 40 (Semantics)
A heap model is defined to be a 5-tuple (Heap, o, {emp}, lsep, =) for some heap monoid
(Heap, o, {emp}), some interpretation ls., and a forcing relation =, satisfying, for all

h € Heap:

* h ): E.’I}1 — Exg lﬁc
[ldom(h)| = 1] AT (VI € dom(R).[lsep(Bx1) = ] AT (1) = lsep(Ex2)))-
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chET.

o ﬂT[h IZ ]l].

h =T iff h = {emp}.

e hle FFL AFFyiff[h = FF1] Al [h = FFy).

h FF1V FFy iff[h = FF VT [h = FFy).

h = FFy D FFy iff -f[h = FF1) VT [h = FFy).

h):FFl*Fleﬁc
dhq, ho EHeap.[@#hlohg] Af [h:hlohg] Af [hl ):FFﬂ Af [hz }:FFQ]

e hl= FF\~FF, iff Vhy € Heap.[) # ho hi] AT [hy |= FF1] =t [hohy = FFy).

Definition 41 (Unversal validity) A formula FF € §, is said to be valid in some
heap model (Heap, o, {emp}, lsep, =) iff Vh € Heap.[h |= FF]. It is said to be universally

valid iff it is valid in all the conceivable heap models.

As indicated for example in Larchey-Wendling and Galmiche [2012], with a suitable
function Translate : §ggr — Jsep, it holds that if F' € Fgpr is universally valid, then
Translate(F) € §sep 1s universally valid. This fact makes the study of logical prop-
erties of BBI a worthwhile for theoretical investigation into the nature of separation

logic.

1.2 Technical Descriptions of Research Problems and

Contributions

Having covered background materials in sufficient details, we shall now go through an

overview of research problems and a list of contributions in technical terms.
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1.2.1 BI proof theory

One of the distinct logical characteristics of BI is shaped by the two adjoint relations
that co-exist in the logic: [FAGF H|~[F+ G D H|and [F«Gt+ H| ~ [F + G~H]|,
the former taken from intuitionistic logic, and the latter from multiplicative intuition-
istic linear logic without exponentials (hereafter simply multiplicative intuitionistic
linear logic as no confusion is likely to arise). Insofar as BI comes with additive com-
ponents (which derive from intuitionistic logic) and multiplicative components (which
derive from multiplicative intuitionistic linear logic), it is not so remote from linear
logic in the underlying idea of enriching expressiveness of a logic by composition.
However, the nature as a combined logic is more salient in BI having intuitionistic
logic and multiplicative intuitionistic linear logic as its base logics.

A BI proof system usually distinguishes additive contexts from multiplicative ones
by defining two structural connectives “;” and ““,”: the semi-colon reserved for additive
structure formation and the comma for multiplicative structure formation. This differ-
entiation helps insulate additive structures (those connected with *“;”, e.g. I'1;T'2) from
multiplicative ones (I';,I'2) and vice versa in a syntactically unambiguous way, e.g.

I FG T.FIG
TFEFoG % TFF=G ©

The same differentiation is convenient also for formulation of structural rules in BI

R

sequent calculi, weakening and contraction in particular, which are available in the

context of BI additive structures only:

(3 T) EF c ) rry)FF Weakeni
eakenin
F(Fl) e ontraction F(Fl;Fl) CE g

1.2.1.1 Research problems

There, however, emerges somewhat a curious phenomenon around the base-logic in-
teractions as observed syntactically. For example in contraction, not simply an additive
structure: “T';; T but also a multiplicative one: “T';,T'y” may duplicate. Given a LBI
sequent I'(F, G) - H, the following three are all derivable.
I'(F;F),G) - H Ctry I'F(G;G)) - H Ciro I'(F,G); (F,G)) - H
I(F,G)+ H I(F,G)+ H I(F,G)+H

Ctrs

Whereas, if it can be proved that only formula contractions like the C'try or the C'try
above are required in LBI derivations, it will suffice to have;
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I'G;G)F-H
rG)+FH

in place of the general contraction rule Contraction, if not, there cannot be any restric-
tion that can be imposed on the size of what to duplicate, and consequently contraction
analysis will be non-trivial. Is it possible to ascertain that the structural contraction of
the following sort:

[((Tq,T9); (T, T2) F H

rIry,ry) - H

MContraction

is admissible,! or should there be any situations where it must take place? And if it is
not admissible, what exactly is demanding the presence of MContraction? To achieve
contraction restriction, one must first answer these questions by studying the way it
behaves within LBI, paying a particular attention to syntactically occurring base-logic
interactions (simply structural interactions hereafter).

Two issues stand in the way of a successful LBI contraction analysis, however.
The first issue is the structural equivalence I', @,,, = " = T'; @, (where @, denotes the
additive structural unit and J,,, the multiplicative structural unit) which is by nature
bidirectional:

rry)+F [T1;0,) FF Ty FF Ty, 0m) F F
[(T1;04) F F (T FF (T, 0m) F F Ty FF

Apart from being an obvious source of non-termination, it obscures the core mecha-
nism of structural interactions by a free-transformation of an additive structure into a
multiplicative one and vice versa: a structure “I"” can be additive because it is equiv-
alent to “T'; @,” but it can be also multiplicative because it is equivalent to “T", @,,”,
which implies that any structure may be both additive and multiplicative. The second
issue is the difficulty of isolating the effect of contraction from that of weakening. An
earlier work Donnelly et al. [2004] for example attempted absorption of the effect of
structural weakening into the other inference rules for a subset of BI. But their ap-
proach does not fully eliminate the effect of structural weakening because they absorb
it also into structural contraction. Structural weakening still occurs through the modi-
fied structural contraction in their system. But isolation of weakening and contraction
is not the only one difficulty. In addition, it is not so straightforward to know whether,

first of all, either weakening or contraction is immune to the effect of the structural

'An inference rule in a sequent calculus is admissible iff any sequent which is derivable in the
calculus is derivable without the particular rule.
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equivalence. As the result, contraction-free BI sequent calculi, be the contraction-
freeness in the sense of G3i or of G4i (Cf. 1.1.2), have remained in obscurity, the
multitude of technical complications around interactions among LBI structural rules
hindering the emergence.

The current lack of knowledge about structural interactions within BI proof sys-
tems is not so desirable, theoretically but also from a practical viewpoint. Into theorem
proving for example, the presence of bidirectional structural rules and contraction as
explicit structural rules in LBI means that it is difficult to actually prove that an invalid'
BI formula is underivable within the calculus. This is because LBI by itself does not
provide termination conditions for a derivation of a given BI formula unless the deriva-
tion tree actually closes.” That is, the only case in which no more backward derivation
on a LBI sequent is possible is when it is empty; the only case in which it can be empty
is when it is the premise of an axiom.

For the antithesis of the intricacy of analysis on the structural interactions and the
need for more scalable a calculus, the currently established practice is in fact not to
face the difficulty (Cf. Galmiche et al. [2005]) but instead to turn to semantics. While
it is largely thanks to this judicious decision that we are aware of the indication of BI
decidability (Cf. Galmiche et al. [2005]) which assures that a decision procedure be
extractable, its practical significance has been less significant, as attested by the long
absence of the actual procedure. The given proof for BI decidability in Galmiche et al.

[2005] is in fact paradoxical, as to be stated in Chapter 2.
1.2.1.2 Contribution: development of oLBI and then LBIZ through study of
structural interactions

I present a rigorous study of structural interactions within LBI, which is intended to be
a pathway for resolution of the dilemma that hindered earlier work. I first of all deliver

a new BI sequent calculus aLBI, proving all the following:
* Admissibility of the structural equivalence.

* Admissibility of weakening.

'In a given semantics by a class of models, a formula that is not universally valid is invalid.
2Cf. Definition 3.
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* Admissibility of contraction.

Since those three are all that appear as structural rules in LBI, it is a new BI sequent
calculus comprising logical inference rules only. These admissibility results are depth-
preserving, as to be subsequently shown. Also, answering to the earlier questions as to
whether structural contractions of the sort of MContraction are admissible, they must
be absorbed into the left rule of the two BI implications, but not needed in the rest.
In fact, it follows immediately by eye inspection on the available aLBI inference rules
that they are the only aLBI inference rules in which any kind of contraction needs ab-
sorbed.

Two concepts hold a key to the solutions. One is what I term the essence of struc-
tures which recognises, in a sequent, a set of structures that are intrinsically connected
but which may appear dispersed within the sequent by the presence of redundant deco-
rative artifacts that the multiplicative unit and also weakening collectively create. Itis a
notational invention that takes care of interactions between LBI logical inference rules,
weakening and the structural equivalence around the multiplicative unit. Another is
deep absorption of LBI weakening into LBI logical inference rules. It gives rise to a
critical observation of incremental weakening. With it, the effect of contraction in BI
sequent calculi is for the first time demonstrated separable from that of weakening. I
also prove admissibility of Cut directly within [@LBI+ Cut].

The rigorous analysis within the development of «LBI about the structural interac-
tions prompts a tidying-up of the foundation of BI proof theory. I read out a message
inscribed in the set of aLBI inference rules - the positing of the structural units @, and
Dm, hitherto sources of complexity, has no substance in BI proof systems. Coherent
equivalence as a set of structural rules (Cf. Pym [2002]), one of the long favoured
ideas adopted in earlier BI proof systems (Cf. Brotherston [2012]; Donnelly et al.
[2004]; O’Hearn and Pym [1999]; Pym [2002]), is finally placed under examination
of its adequacy, and, as far as the structural equivalence - one of the conditions in the
coherent equivalence - is concerned, removed. The result is a new BI sequent calculus

comprising logical inference rules only.

39



1.2.1.3 Contribution: decidability of a BI fragment - a purely syntactical demon-

stration

Upon derivation of LBIZ begins a search for a syntactically demonstrable decidable
fragment of BI. I will show that [BI - the multiplicative implication - the multiplicative
unit] is decidable. This fragment is termed BIp,ge.

Concerning the how, my approach is to utilise an implicit contraction elimination
method widely known in intuitionistic logic (Cf. 1.1.2). BI,,se is for now the largest
BI fragment which can be purely syntactically proved decidable, and for which there

actually is a proof.

1.2.1.4 Contribution: reasoning BI as BI with structural layers

The present thesis is hoped to draw attention the following: wherever reasoning about
BI proof theory (and also BBI proof theory) is concerned, a particular choice of the
representation of a BI structure (also BBI structure) is not indifferent to the other can-
didates, and there is every reason to be meticulous about it if an accurate reasoning is to
be sought after. Earlier syntactic studies on BI proof theory saw the two constituents:
intuitionistic logic and multiplicative intuitionistic linear logic, but hardly any of them
the boundary between the two (in which the distinct logical characteristics of BI lie). 1

reason about BI by considering a structure as a nesting of structural layers.

1.2.2 BBI proof theory

Boolean BI (BBI) is a combined logic of classical logic and multiplicative intuitionis-
tic linear logic as its base logics. Classical logic forms the additive sub-logic of BBI
and multiplicative intuitionistic linear logic the multiplicative sub-logic. One imme-
diate difference from BI is in the availability of classical negation. Pym [2002] for
instance considers a prototypical logic BBI as an extension of logic BI with the law of
the excluded middle. The more recent BBI semantics as developed by Galmiche and
Larchey-Wendling [2006] makes use of non-deterministic monoids, which is strictly
more general, as Larchey-Wendling and Galmiche [2009] note, than the class of heap
models (Cf. Reynolds [2002] for the initial heap semantics). It is known (noted for
instance by Larchey-Wendling and Galmiche [2012]) that the set of BBI formulas uni-
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versally valid in the class of non-deterministic models are in turn universally valid in
the class of heap models, whose fact makes it worthwhile to study BBI. With a firm
theoretical foundation of Logic BBI, a promising research direction of adapting the
knowledge of BBI proof theory into separation logic theory in an incremental man-
ner comes in scope. It is reasonable to suppose that maturity in BBI proof theory
would aid farther progresses into decision problems for separation logic (Cf. Berdine
et al. [2004]; Brochenin et al. [2012]; Calcagno et al. [2001]; Tosif et al. [2013] for
the current status) and/or development of efficient separation logic theorem proving
techniques by consolidating currently available tools (Cf. Berdine et al. [2005, 2011];
Chang and Rival [2008]; Chin et al. [2012]; Distefano and Parkinson [2008]; Distefano
et al. [2006]; Jacobs et al. [2011]; Magill et al. [2008]; Villard et al. [2010]).

The first tool towards this goal was shown by Park et al. [2013] based on an earlier
BBI display calculus (Cf. Brotherston [2012]). A formal system in semantic tableaux
is also known (Cf. Larchey-Wendling and Galmiche [2009]).

1.2.2.1 Research problems

The large enthusiasm around application (via separation logic) notwithstanding, the
core mechanism of base-logic interactions in BBI is still not thoroughly understood,
which is in fact even harder to analyse than the BI base-logic interactions. BBI proof
theory, in which semantic characteristics need finitely formalised, is particularly hard-
hit by the lack of the comprehension. Even for propositional BBI, no proof systems
suitable for an efficient proof search are so far available.

A few BBI proof systems are nonetheless known such as a Hilbert-style system (by
Galmiche and Larchey-Wendling [2006]), a display calculus (by Brotherston [2012])
and its envisaged optimisation (by Park et al. [2013]). These are, however, not very
suitable for a scalable proof search: the axiomatic Hilbert-style system for the obvious
reason of the presence of modus ponens, and the display(-like) BBI proof systems for
extra structural rules postulated (display postulates Belnap [1982]) some of which are
Cut in sequent calculus sense. Both modus ponens and display postulates, allowing an
infinite introduction of new constructs, break down the property that a Cut-free sequent
calculus usually (though probably not always) promises: analyticity of a proof system

which guarantees the need of at most a finite number of distinct constructs required in
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the course of a proof search - no matter how long derivations are to be.

Definition 42 (Distinct new constructs and Analyticity) Given a proof system, an
inference rule available in the proof system is said to be introducing a distinct new
construct (resp. distinct new constructs) if and only if it introduces in premise(s) some
structure (resp. some structures) which is (resp. are) not equivalent to any structure(s)
in the conclusion up to relations that are defined to hold among structures in the proof
system (such as associativity and commutativity). A given proof system is said to be
analytic if and only if (A) there are only finitely many inference rules in the proof sys-
tem and (B) it holds, for any derivation constructable (finitely or infinitely) with the set
of inference rules made available within the system, that the number of distinct new

constructs to be introduced is finitely bounded.

Of the two measures towards a demonstration of decidability of a (propositional) logic
within a proof system: analyticity (which an infinite introduction of distinct con-
structs breaks) and duplication-freeness (which the presence of contraction breaks),
an analytic proof system ensures the first, thereby restricting the cause of decidabil-
ity/undecidability to only one measure than two. In the context of BBI, it is impossible
to also eliminate the need for duplications since such would prove the decidability
of BBI, contradicting the earlier undecidability result (Cf. Brotherston and Kanovich
[2010]; Larchey-Wendling and Galmiche [2012]); however, permitting both infinite
duplication and infinite production of new constructs, overhead to proof searches is
immense. Proof-theoretical investigation into decidable fragments of the logic is also
tricky with a non-analytic proof system such as can be figured from an earlier attempt
(by Kracht [1996]) towards the goal. Therefore a finding of an analytic BBI proof sys-
tem would be a significant progress forward in the emerging research of BBI theorem-
proving and its adaptation to separation logic, as Park et al. [2013] also note.

There are two major technical difficulties that stand in the way of BBI sequent cal-
culus inception. The first - just as in BI - is the limited distributivity between the base
logics. The partial distributivity makes it very hard to see the condition under which
the base-logic interactions occur. The second is a semantic peculiarity of the BBI mul-
tiplicative unit in that it is judged point-wise. For example, the BBI non-deterministic

semantics gives rise to the following result.
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Lemma 9 (Brotherston and Kanovich [2010])
(T ANF)D(F * F) € Fpp1 is universally valid.

The same formula which is also in §pr, however, is not generally universally valid in
BI Kripke relational semantics, i.e. there exists a formula for which it is not universally
valid, precisely because that some possible world m in the BI Kripke relational seman-
tics forces *T does not perforce dictate that it be e. The implication that the semantic

difference has on syntax must be closely studied.

1.2.2.2 Contribution: development of BBI sequent calculi

I first present a BBI sequent calculus LBBI, by heeding the underlying semantics. The
following are examined specifically: (1) behaviour of classical implication within BBI
proof systems, (2) collapsing of multiplicative conjuncts, and (3) the non-intuitionistic
multiplicative unit in BBI. For (1), I develop adequate sequent calculus conventions
to take into account the way classical logic is captured within the other BBI sub-logic.
This consideration is similar to the one taken in Park et al. [2013] except that I ex-
plicitly formulate a one-sided calculus. For (2), it is to be noted that a multiplicative
conjunct may exhibit certain coupling with other multiplicative conjuncts. This phe-
nomenon is handled in LBBI, with a special distribution rule. It is also to be identified
that a naive use of the distribution rule could result in an infinite introduction of new
constructs. This problem is also addressed. Its consequence to Cut is then studied. For
(3) which is a lesser-heeded point in BBI proof theory, it is to be observed that a BBI
proof system can have a close semantic-syntax correspondence only if the behaviour
of the multiplicative unit is properly captured within the system. The way it interacts
with multiplicative components must be adequately reflected onto syntax. Dedicated
inference rules around the multiplicative unit are defined, to initiate further investiga-
tion of its peculiarity and impact on BBI sequent calculi.

From LBBI,, I derive a variant «LBBI, by adapting the knowledge of BI structural
interactions (which is to be covered in Chapter 3). Despite uncertainty to still remain
over admissibility of Cut in [aLBBI,+ Cut], it is expected to mark the beginning of
study into BBI sequent calculi from the direction opposite the earlier work: instead of
the top-down methodology starting from a highly expressive display calculus, these

sequent calculi derive from a bottom-up approach. Sound separation logic sequent
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calculi follow immediately from LBBI, and «LBBI,. Admissibility of Cut in a conser-

vative fragment of [aLBBI,+ Cut] is also shown.

1.2.3 Studies into Logical Combinations and Combined Logics

Just as much as it is important to understand the mechanism of base-logic interac-
tions in some specific combined logic, it is also important that we look at the general
problem of logical combinations themselves. Into this direction, I initiate highly con-
structive proof-theoretical studies into logical combinations, delivering the concept of
phased sequent calculus in which interactions between a given set of base logics can
be actually developed and analysed. Being a sequent calculus, analysis of amenability
to automation also comes in scope.

When we reflect upon logical combinations and consequently combined logics
themselves, we are first faced with the following question; “What does it mean by
combining logics?” The posed question is properly answerable only if the definition
of a logical combination is known. Another question soon follows; “Who is giving the
definition?”

It is none other than ourselves who are trying to combine logics, and who, by the
intention, becomes a mediator on behalf of the base logics. In phased sequent calculus,
the mediator is formalised as a set of interaction inference rules, the mediation strength
of which determines how base logics are allowed to interact. For a demonstration of the
phased sequent calculus, I formulate BI,s., and propose the use of state diagrams to
develop and analyse base-logic interactions. As an exhibition of a basic proof search
in phased sequent calculus, I also present a decision procedure for the BI fragment.
The locality embedded within the phased sequent calculus simplifies the termination
argument. It is anticipated that phased sequent calculus is to encompass theory and

application of combined logics.

1.3 Synopsis of the Remaining Chapters

* In Chapter 2, related BI proof systems will be reviewed, some briefly, some
more critically. A cut admissibility proof in LBI by means of BI-MultiCut that
appears in this chapter is part based on Arisaka and Qin [2012].
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* In Chapter 3, reasoning techniques about BI base logic interactions will be intro-
duced and new BI sequent calculi free of any structural rules will be presented.
Decidability of a BI fragment will be proved purely syntactically. No earlier
syntactic proofs for a sizable BI fragment beyond intuitionistic logic or multi-

plicative intuitionistic linear logic without exponentials are for now known.

* In Chapter 4, BBI sequent calculi will be presented through adequate sequent
calculus conventions and semantic observations. The knowledge of structural
interactions in BI sequent calculus is adapted. In the same chapter will be also
found a direction into separation logic sequent calculi, though completeness will
be left open. A cut elimination procedure for a conservative fragment will be
shown. Related work will then be compared. This chapter will conclude studies

into the direction of specialisation.

* In Chapter 5, phased sequent calculus, an idea to promote farther studies into
base-logic interactions and consequently combined logics themselves, will be
introduced. The decidable fragment of BI will be used for an illustration of the
idea. A methodology to engineer a particular sense of logical combination with
abstract state diagrams will be proposed. A decision procedure for the fragment

will be presented. Related work will be then compared.

* In Chapter 6, some future work will be suggested, following a summary of con-

tributions in earlier chapters.

Chapters 2 and 3 form the technical foundations for Chapter 4 and Chapter 5. They
should be therefore read in the written order and should be sufficiently understood
before readers move on farther. Chapter 5 has no technical dependencies on Chapter

4, and may be read just after Chapter 3.

45



Chapter 2
Reviews of BI Proof Systems

In this chapter I go through earlier BI proof systems that have a close connection to

my own and, where relevant, provide a closer review for some of them.

2.1 BI Proof Systems

Several BI proof systems are found in literature: a natural deduction system (Cf.
O’Hearn and Pym [1999]), sequent calculi (Cf. Donnelly et al. [2004]; Harland and
Pym [2003]; Pym [2002]), a Hilbert-type system (Cf. Pym et al. [2004]), semantic
tableaux (Cf. Galmiche and Méry [2003]; Galmiche et al. [2005]), a display calculus
(Cf. Brotherston [2012]), a deep inference (Cf. Horsfall [2006]). The history of BI be-
gan in O’Hearn and Pym [1999] as a logic represented by a proof system. Correspond-
ing semantics were developed subsequently in Galmiche and Méry [2003]; Galmiche
et al. [2005]; Harland and Pym [2003]; Pym [2002]; Pym et al. [2004]. The rest of this

section illustrates those that are relevant to this thesis with appropriate comparisons.

2.1.1 LBI

The first BI sequent calculus by Pym [2002] was introduced in the previous chapter.
Along with soundness and completeness, admissibility of Cut also holds in LBI. The
fact, however, does not follow from the suggested proof approach in Pym [2002]. I
briefly illustrate an unaddressed issue in the suggested cut elimination procedure. The

standard notations of the cut rank and the cut level are given first.
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Definition 43 (Formula size) The size of a formula F € §g1, £_size(F), is defined as
Jollows: itis I if no binary logical operators occur in F; is £ _size(F})+f _size(Fs)+1
lfF = *FQfO}"* € {/\, V, D, *, —*}

Definition 44 (Cut rank and cut level) The level of a Cut instance is the sum of the
derivation depths of both of its premise sequents. The rank of a Cut instance is the size
of the cut formula F.

2.1.1.1 Issue

Following Pym [2002], the result is supposed to hold and be provable by making use of
only MultiCut (Cf. some standard text such as Troelstra and Schwichtenberg [2000]):

W F  To(F;F)FG

Fg(Fl) e MultiCut

However, there is certain issue in the approach: MultiCut does not take care of the
effect of structural contraction that LBI permits. As it turns out, this issue is just as
much unresolvable as Cut in G1i derivations without MultiCut if only a means of
local permutation (Cf. von Plato [2001] for a global permutation) is adopted.! Pym
[2002] indicates that the use of local permutation suffices for the proof of admissibility
of Cut in LBI. But it fails to take into account the following case:

T3((Ta, F); (T, F)) - H

hEF F3(F2,F)|—H
3T, ') - H

trL

Cut

Call the partial derivation II;. Then a permutation attempt:

IMHF Fg((FQ,F);(FQ,F)) FH
Iy -F [3((T2,Ty); (T, F)) - H
[3((T9,Ty); (T, T)) - H
Fg(FQ,Fl) FH

Cut

CtrL

entails the irreducibility of the cut level of the lower Cut instance (that which is just
above CtrL).

'Cf. Troelstra and Schwichtenberg [2000] for the details.
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2.1.1.2 LBI Cut Elimination Proof With BI-MultiCut

To actually prove the Cut admissibility by means of local permutation, it hence is
necessary that the effect of structural contraction be encoded into Cut:

HF I3((T2(F)*™) - H
I3(Ty(Ty)) - H

BI-MultiCut

where (I")*™ abbreviates I';I'; - - - ; I". With BI-MultiCut, II; is transformed cleanly:
~—_——
THF 3((Te, F)*?) - H
3Ty, T)F H

BI-MultiCut
An admissibility proof of Cut in LBI is then achieved.

Theorem 5 (Admissibility of Cut in LBI) Cut is admissible in LBI. There exists a cut
elimination procedure that transforms any closed LBI-derivation into a closed [LBI-

Cut /-derivation.

Proof. By induction on the cut rank and a sub-induction on the cut level. In the below,
(U, V') denotes, for LBI inference rules U and V/, that one of the premises has been just
derived with U and the other with V. “... = ...” denotes a derivation permutation
strategy where the left hand side of the “=-" is the given (partial) derivation whereas
the right hand side is the permuted (partial) derivation. I abbreviate “(I'(T";))(I"2)” by
“T"(T"1)(I"2)”, as noted in Chapter 1.

o id id .
(id,id):  EEE___FEE g = Frp
id TR
- . FFF '™ TyF)FT S —
(id, TR): — PO e = mmrer f
id 1L
‘ . FrF " TyFQ)FH
(id, 1L): 20O FH = memrE Y

y(F) (1) - H

id,AL): AR FRAR Y T(FARFH = b2
( ) 1 2 1 2 1(Fy h) Cut TR AR FH

Fl(Fl/\FQ) FH

(¢d,U): Similar. Straightforward.
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———= TR /= = TR
. IN Lo(T)ET _—
(TR, TR): ! ) |__2[_( ) Cut Lo(T) T TR
(TR,1L):
——F—— TR 1L
i+T To(T)(V) - H 1L
[ FZ(FI)(J& I;( ) cut 7 TT)(1)FH
—— 1L ——F——TR
L +-H Fay(H)F T TRorlL
2. i) PQ(Fl(n))FZT( ) cut = ML) FT or
(TR,U): Straightforward.
(LL,1L): . .
———1 1
(1) +FH I'o(Hy)(1) - H
W DO o > Toamr s Y

Pa(T1(1))(1) - Ha

(LL,U): Straightforward.
(AR,U) :
1.

D12F1|_F1 D21F1|_F2

excluding the Us already examined:

D3 : FQ((Fg(Fl VAN FQ))Xnil;Fg(Fl;FQ)) FH

Lo((Ds(FL A F2))"™) F H OtrL

D4ZF1|_F1/\F2

Lo(T3(FANFy))FH
Cut

=

Loy - H

D D
1 3 BI-MultiCut

[o(T3(Ty); T3(Fi; Fr)) H H
Lo(Ty(T); T3 (F; 1)) F H

Do(T3(0); D3(T'y; 1)) = H

Lo(T5(T)) F H

Dy

D,
Cut

CtrL

Cut

Iy ((C3(Fy A F2)) ") - HY

To((T3(Fy AN H
2((C3(F1 A Fo))*™) Cirl =

2.

I'iHFi A Fy AR

FQ(Fg(Fl A Fg)) FH

Cut

[y(T3(Ty)) - H

I Fi A Fy AR

Ly ((Ty(F1 A Fo))*") F H

BI-MultiCut

Iy(T5(I)) - H'
Io(Ts(Ih)) - H
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3. Also straightforward when U is instead a two-premise inference rule.

(VR,U) : excluding the Us already examined:

Do D3 VI
1 D : T FF; D5:F2((F3(F1\/F2))Xn)l_ﬂ CtrL
. VR T
Dy:T1FFVEF Dols(RVE)FH
u
[o(Ts(T)) - H
where [DQ : FQ((Fg(Fl V Fg))xn_l;rg(Fl)) H H] and
[D3 : To((T3(Fy V F))*" L T3(Fy)) - HJ.
=
Dy Dy BI-MultiCut
Di(i=1)  To((T3(T));Fs(F1)) - H Cut
To((T5(I)); I3(T')) = H CirL
”
Iy(Ts(Ty)) - H
2. Straightforward, otherwise.
D R,U) : excluding the Us already examined:
g y
D; D
2 - SL
L _DUTGRER Do((Ta(Ts; FiDF))*") F H CirL
Dy:T1FFLDFy F2<F4(F3;F13F2))FH Cut
u

FQ(F4(F3; Fl)) |_ H

where [D% : I's = Fy] (OI' [D% : (F3;F13F2)Xn71;F3 F Fi] in case
[['4(Ts; F1DFy) =T's; F1DF,] up to assoc. and commut.) and
[Ds : To((Py(Ts; FyDFy)) "~ Ty (Ts; Fy)) + HI.

Dy Dy BI-MultiCut
-Mua ilu
D Fo(Ty(T3;T1); Ta(T's; Fo)) = H Cut
= D; Do(Ty (5T ); Da(Ds3 s F)) B H Cut

D/
FQ(F4<F3; Fl)) |— H

Ctr L

where D’ is [Co(T4(I'3;01); T4(T'3; T T'3))-H] for i = 1 or
[FQ(F4(F3; Fl); F4(F3; Fl;rg; Fl; Fg)) = H] fori = 2, and D; 18 D% fori = 1,
or the following for i = 2.
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D, D2
3103 - Fy

BI-MultiCut

(*R,U) : excluding the Us already examined:

D3 : F((Fl(Fl * Fg))X”_l;Fl(Fl,Fg)) FH
LTy (Fy % F2)*") - H
D, D, R ((Dy (£ % F3))") CirL
Dy T, T3t Fi+ Fy Th(F«F) P H
u

([T, T)) - H

where [Dl : FQ F Fl] and [DQ : F3 F FQ]

=
D1 Dy BI-MultiCut
-Mu 10u
DQ I‘(Fl(I‘g,Fg);Fl(Fl, Fg)) |_ H Cut
D1 F(Fl(rg,rg);rl(Fl,Fg)) }— H Cut
(T (T, I'3); T (0, I'3)) - H o
-
(T (Te,I'3)) - H
2. Straightforward, otherwise.
(=R, U) : excluding the Us already examined:
Do D
o — [
1. DT, FF R FQ((F4(F37F1_*F2)) ) H CtrL
D4:F1 FFl—*FQ FQ(F4(F3,F1—*F2)) FH Cut
u

[o(Ty(Ty,T3)) F H
where [DQ : Fg = Fl] and [Dg : FQ(F4(F2); (F4(F3,F1%F2)>Xn_1) + H]

=
Dy Ds BI-MultiCut
-Mua ilu
D1 FQ(F4(F2);F4(F3,F1)) l— H Cut
Dy Lo(T4(Ty, F1);T4(T3,T)) F H Cut

[Ty (T, T3); Ty(T'3, 1)) H
[o(Ty(Ty,T3)) - H

CtrL

2. Straightforward, otherwise.

(WEL,U) : Straightforward. One contraction followed by one weakening to offset
the effect of the contraction is simply pruned.
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- X-F  FFY .,
pkp i YEY Cut iy -
TR ——F— TR Do FY
XET O =T Ty 'L
F:GFY FrY GEY XEF  GFY
FaGcry M Fvary Y TEsgrx=v 2L
O = Y F.GFY XFF  GFY
Try 'L FrGry *b FaG Aoy L
X-F  RFG X+ F:G X.FFG
TN v rva VE % oG 2R
YL EF kG X FFG XY
O A T R Y P F Yok, by WkL
XX E Y Dy X F Y D X E Y
B R —— trl tirzrerrzzeze: AL tirrrzzzzzzze: AL L
xry O XEY ' XY 2
Xy ¥y b Y Xy Xy b Y
::::::::::::::::::Dpl ::::::::::::::::DPZ
X1|_X2:>Y Xll_XQ—OY

Figure 2.1: DLg;: a BI display calculus. An inference rule with a double-dotted line is

bidirectional.

The rest:

2.1.2 DLg;

Straightforward or similar. [J

Brotherston [2012] formulates BI display calculus as found in Figure 2.1. While the
definition of a formula is carried over from Definition 24, postulated extra structural
connectives = and —o call for fresh definitions for what a DLg; structure or a DLg;

sequent! is.

'Instead of a sequent, display calculus community tends to call it a consecution. I remain indifferent
to the community-specific terminology in this thesis.
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Definition 45 (DLg; structures)

A DLy negative structure X is defined by X := F | Oy | Op, | X; X | X, X. A DLg1 positive
structure Y is defined by Y := F | X = Y | X—oY. The set of the DLy negative structures
is denoted by NMg1, and that of the DLg; positive structures by Bg;.

Lemma 10 (DL; sequents) All the sequents appearing in LBI derivations are a set
element of Byr == {XF Y[R € Npr ATY € Par ).

The last two inference rules in Figure 2.1 are commonly termed display postulates
which are the underlying proof-theoretical vehicles that set a display calculus apart

from a sequent calculus.

Example 4 (A comparison of DLg; and LBI derivations) A LBI-derivation and a

DLg:-derivation of (p1,p1—*p2);p2 O ps F ps (which is in both D and Bg:) is re-

spectively:
LBI:
- 1
id B8 er
P2 = po p2;p3 b p3
1 DL
PP P2; P2Op3 F p3 ol
(P1, P1—*D2); P2DODs = D3
DLg:
——0d ———id
P2 = po ! p3 b ps !
|_
P22OP3 = P2 = D3 DP,
: p2;p2Op3 = p3
—id DP,
p1 b pi p2 F (p22p3) = ps
—«po = p1—o((p2Dps3) = ps) L
P1—kP2 1 DP,

D1, P1—%p2 = (p2Dps) = ps
(p1, p1—*p2); P2Dps F p3

DP

It is a well-known fact that Cut’ in a display calculus is admissible so long as it satisfies
Belnap’s conditions (Cf. Belnap [1982]). To spell out the conditions, readers are gently
reminded of the fact that a proof system is a set of inference rules which are schemata.

Take VR in DLp; for example, it does not enforce that there be a unique structure “X”
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in the antecedent, and a unique “F; G” (in the premise) or a unique “F V G” (in the
conclusion) in the consequent for the inference rule to be applicable during a backward
derivation. In VR, all of the X, I’ and G are but schemata which are to be instantiated

by actual structures in 91g; and Fpr. Similar for all the other inference rules.
Definition 46 (Belnap’s conditions)

Preservation of formulas: For every inference rule available, if it is not Cut’, then
a formula schema that appears in a premise sequent is a sub-formula schema of

a formula schema that appears in the conclusion sequent.

Shape-alikeness of parameters: ' For every inference rule, if the same schema oc-

curs multiple-times, then it is instantiated by the same actual formula/structure.

Non-proliferation of parameters: For every inference rule and for every structural
schema that occurs within the conclusion of the inference rule, it occurs only

once there.

Position-alikeness of parameters: For every inference rule and for every positive
structural schema that occurs in the inference rule, if it occurs in both premise(s)
and conclusion, it does not occur as a negative structural schema; and for every
inference rule and for every negative structural schema that occurs in the infer-
ence rule, if it occurs in both premise(s) and conclusion, it does not occur as a

positive structural schema.

Display of principal constituents: For the principal (formula) of every inference rule,
if any, if it occurs in the antecedent, then it is the only one constituent in the an-
tecedent; and if it occurs in the consequent, then it is the only one constituent in

the consequent.

Closure under substitution for consequent parameters: For every inference rule
and for positive structural schemata in the inference rule, the inference rule is
closed under simultaneous substitution of arbitrary (actual) structures into the

positive structural schemata.

There is an inessential difference from the definition given by Belnap here.
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Closure under substitution for antecedent parameters: For every inference rule
which may be partially or wholly instantiated with actual structure(s) and/or

actual formula(s) such that

1. the conclusion sequent comes with some negative structure or some neg-
ative structural schema, say X, and some consequent formula or some
consequent formula schema as the principal, say F (which is a positive

formula/formula schema), and

2. in the inference rule, sequents come with negative structure(s) and/or nega-
tive structural schema(ta) in which F occurs (A) as sub-formula(s) in case
the F' in the consequent of the conclusion sequent is a formula or (B) as
sub-formula-schema(ta) in case the F' in the consequent of the conclusion

sequent is a formula schema,

simultaneous substitution of X into such occurrence(s) of F in sequents in the
inference rule results in a partial, if not wholly, instantiation of the inference

rule.

Eliminability of matching principal constituents: For every (finite or infinite)
closed derivation tree constructable in a given proof system with a set of in-
ference rules, if there are sequents in the schemata of X+ F and F + Y such that
(1) the F is the principal in the derivation, that (2) the X - F is the conclusion
of some inference rule Inf, and that (3) the F + Y is the conclusion of some

inference rule Inf,, then one of the following must hold:
1. Xis instantiated with F in the derivation.

2. Y is instantiated with F in the derivation.

3. itis possible to derive X = Y from the premise(s) of Inf, and Inf, by means
of inference rules available in the given proof system (excluding Cut’) and

XFEF ___FrY
X/ - Y/ Cut{sub

where X' and Y' are some structure schemata, but F' may be instantiated

only by a strict sub-formula of F.

55



Lemma 11 (Satisfiability of Belnap’s conditions Brotherston [2012]) DLg; satisfies

Belnap’s conditions.

Proposition 3 (Admissibility of Cut’ in DLg;) Any D € Bp; derivable in DLg; is also

derivable in [DLgr- Cut’] and vice versa.

Proof. Follows directly from Lemma 11. []

One must note, however, that Cut’ in DLg; is not identical to Cut in LBI. Naturally, ad-
missibility of Cut’ does not imply that of Cut. Although Brotherston [2012] indicates
a method to attempt a proof that DLg; Cut’ admissibility is tantamount to LBI Cut ad-
missibility, there is certain confusion concerning the difference between Cut and Cut’
in the cited reference.

To prove that Cut admissibility in LBI is implied from Cut’ admissibility in DLgy,
it must be proved that the translation be achievable not without introducing Cut’ but
without introducing Cut. And the fundamental question is whether the display pos-
tulates - if there should be any necessity that they must be used in a derivation - can
be shown Cut-free derivable. The demonstration, however, is impossible, because any
display postulates in DLg;, when they are introducing an extra structural connective =
or —o, are derivable in LBI! but not in [LBI- Cut]. What Brotherston [2012] terms a

display-normalisation:
1. X1FX2:>YWX1;X2|_Y.
2. Xll_XQ—OYWX1,X2|_Y.

can be straightforwardly shown derivable in [LBI- Cut]. On the other hand, the fol-
lowing are not proved (but also cannot be so proved) derivable in [LBI — Cut] in the

cited reference.
1. Xl;XQI_YWX1f—X2:>Y.

2. Xl,XQ FY~ Xl = XQ—OY

1'Under the following interpretation of structural connectives: = as D, —o as —*, “;” as /A, and “,”
as *, as in Brotherston [2012].
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Now the question is whether they are then admissible in DLg;, in which case every
DLg; derivation can be permuted into another DLp; derivation that does not require the
problematic sequent transitions.

However, suppose for example that we have p A (p D ¢) - ¢ to derive:

d
DL
DP
AL

prp ' g
Dy:pDgbp=gq
Dy:pipDgbyq

D:pN(pDq) kg

But because the above DLg:-derivation is the shortest possible to show that D is a

BI theorem, and because the = introduction must occur in the sequent transition of
Dy ~~ Do, it cannot be that the particular display postulate is admissible. But then,

suppose some DLgr-derivation:

Dy : XF (p1ip2) = ¢
Dy :piip2 X q

DP

Cut’ elimination does not eliminate the occurrence of D P;. The corresponding sequent

calculus derivation with LBI:

D :TF(piAp)Dg piAps(piAp2) Dagkq
P1;pa 1A s pi APl g
pr;po; I g

Cut
Cut

then still comes with Cut instances which are not implied eliminable from Cut’ elimi-
nation in DLg;.! Here X corresponds to I', and D5 corresponds to D*.

The confusion may have been induced by certain similarity in appearance between
LBI and DLg; in that both make use of left and right rules. It would not have arisen
if the appearance of the DLg; inference rules had been slightly different. For example,
suppose that we have a Hilbert-system for BI, say HBI, which comes with a MP. Had a
proposition been this, “Suppose HBI is sound and complete with respect to the Kripke
relational semantics. Since [LBI - Cut] is also sound and complete with respect to the

same semantics, and since Cut is a rule of transitivity in LBI, the MP, which is also a

'In fact, already within the cited reference it holds that the display-normal right premise sequent of
D L (in the particular presentation of LBI in the cited reference) does not match with the right premise
sequent of O L in DLgz, even with the equivalent (up to the display-normalisation) conclusion sequent
for the two inference rules.
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rule of transitivity in HBI', is admissible; that is, HBI is as expressive as [HBI - MP] as
evidenced by the fact that we can demonstrate the expressiveness equivalence of [LBI
- Cut] with LBI within LBI.”, one would have immediately noticed a problem in the

argument.

2.1.3 TBI

Galmiche et al. [2005] move away from sequent calculus into semantic tableaux to
reformulate BI more semantically. Their calculus TBI is found in Figure 2.2. The
inference rules are presented in a sequent-calculus style since there is no practical
difference if a derivation tree grows downwards (Beth [1955]; Smullyan [1995]), or
upwards in line with sequent calculus derivations. In TBI, every formula comes with
a semantic label attached to it, denoted by z (,y, z) (with or without a sub-script or a

super-script). I go through a set of definitions for the calculus first.?

Definition 47 (Semantic labels) TBI labelling structure is a 4-tuple (W', 0, ¢, <) with
W' as a set of labels representing possible worlds in an underlying BI Kripke seman-
tics, a binary function o : W' x W' — W', a neutral element ¢ and a pre-order <1 on

elements of W', satisfying, for all x,y,z € W':
1. xo0¢é = x (neutrality).

2. (xoy)oz=uxo(yoz) (associativity).

3. x oy =yox (commutativity).
4. [z < x] (reflexivity).
5. [z <y AT [y < 2] =T [z < 2] (transitivity).

6. [z <y] =1 [(xz02) < (yo2)] (monotonicity).

Definition 48 (A sub-label relation) For any two semantic labels x and y in a TBI

labelling structure, x < y iff there exists some semantic label = such that x o z = y.

'In the sense that I canbe seenas T D F.
’I use my own methodology to define notations; for that reason some may not necessarily appear
or, if they do, coincide with those that are found in Galmiche et al. [2005].
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Figure 2.2: TBI: a semantic tableaux for BI expressed in a sequent-style. Primed labels
must be new labels distinct from all the others that are already in the conclusion TBI

node.
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More about the labelling structure that it is a partially defined labelling algebra is found
in 3.1 in Galmiche et al. [2005].

Definition 49 (TBI sub-node) A TBI sub-node Q is defined by:
Q:=tF:z|fF:z|zQy
where F € Fp1 and the semantic labels x and y are an element of TBI labelling struc-

ture (that is, an element of W’).

Definition 50 (TBI node) Let “Q1,Qs, - ,Q,” for some n > 1 denote a set compris-
ing n TBI sub-nodes “Q1”, “Q2”,..., and “Q,”. Then a TBI node K is defined to be
either empty or else defined by K := Q| Q, K.

Every TBI inference rule then has one conclusion node and up to two premise nodes.

In Figure 2.2, sub-nodes of each node are vertically placed for clarity.

Definition 51 (Labels in a TBI node) Let K be a TBI node, then we denote by W,
the set of all the semantic labels that appear within K.

Definition 52 (Closable TBI node Galmiche et al. [2005]) A TBI node K is said to
be closable iff at least one of the following four conditions holds for K:

Az: 3Q1,Q2 € KIAF € Fpr r,y € Wi [Q1 =t F: o] AT [Qa = f F : y] AT [z <1 y).!
T: HQleKEIer}{.[lefT:x].

1: 3Q1,Q2 € KIAF € Fpr3r,y,2 € Wi [Q1 = fF : 2]AT[Q2 = t1 : y]AT[y < z]AT[z<z].
T: 3Q1 € K3r € W [Q1 =T : 2] AT [¢ < 2],

Definition 53 (A TBI derivation) A TBI derivation tree has as the root node two sub-

nodes f F : é and é < ¢, and is said to be closable if all the leaves of the tree are a

closable node.

Galmiche et al. [2005] indicate a method to detect a counter-model for a given initial
TBI node with two TBI sub-nodes f F : ¢ and ¢ <¢.> They (implicitly) state that TBT is

sound and complete with respect to the class of BI Kripke relational models.

'Note that <1 y does only have to be inferrable in K: if, for example, <1 z, z <<y € K, then it
follows that x <1 y. Cf. Definition 47.
The knowledge is not needed in this section and is simply omitted here.
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Proposition 4 (Soundness and completeness of TBI Galmiche et al. [2005])

For any F € Fgr and for any TBI node K with two TBI sub-nodes f F : ¢ and ¢ < ¢, if
there exists a closable derivation for K, then *T - F' is LBI-derivable (soundness). For
any LBI-derivable sequent *T + F, there exists a closable TBI derivation tree for a TBI
node K with two TBI sub-nodes f F : ¢ and é < é (completeness).

They also state decidability of BI in Galmiche et al. [2005] and that of [BI - 1] in
Galmiche and Méry [2003]. However, there are issues in their proof approaches.

To be able to conclude that BI (or [BI- 1]) is decidable, it must be shown that no
derivation trees can grow infinitely without it turning out either to be closable or to
be impossible to be closable. Galmiche and Méry [2003]; Galmiche et al. [2005] rely
upon two techniques to state that BI is decidable: liberalisation of semantic tableaux
rules and the concept of branch redundancy. The first rests upon a classical reasoning
that, positing some entity that encompasses finite and infinite worlds, one could reason
that it knows, before any construction of an initial TBI node: f F' : ¢,¢é < é, whether
F is a theorem or a non-theorem. It is implicit that the entity also knows the exact
construction of a TBI derivation tree to prove or refute F. From its perspective, any
derivation that eventually turns out closable in a finite or an infinite world has already
turned out closable. Likewise, any derivation that eventually turns out not to be clos-
able has already turned out as such. Any label assignment that may come into play in
the course of the construction may then be carried out cleverly in some way to permit
only a countable number of new labels to appear in the TBI derivation tree. Liberali-
sation of TBI rules attempts to do this by conjecturing the existence of least possible
worlds in the underlying Kripke semantics that are absolutely necessary to prove F,
which would then allow the entity to see the least labels corresponding to the least
possible worlds in the construction of a closed derivation tree. But then each new label
that f O, f— and t— introduce can be the least label for any particular principal (active
formula) of the inference rule. It then follows that at most a countable number of labels
are required in any TBI derivation process at least for closed derivation trees since TBI
by design guarantees the subformula property.

To show that nothing that a finite world cannot conclude seeps into the argument,
however, an effective identification of the leastness of labels is still not sufficient. Be-
cause it holds in general that x o z # x for all x € W’ such that = # ¢, it must be also

ascertained that the number of distinct labels by composition be bounded. Suppose the
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identification of the least labels can be indeed effectively achieved. Then the concept
of branch redundancy provides an intuitive guideline for this matter: with now only
a countable number of semantic labels at hand, even if a derivation branch grows in-
finitely, it must still become known, since TBI is sound and complete with respect to
the underlying semantics, that a given formula is either a theorem or a non-theorem.
Let us first consier BI theorems for which there always exists a closed TBI deriva-
tion tree. We assume a very clever derivation tree construction (by the said entity) for
any one of them such that it has the shortest derivation depth. From the presupposition,
we observe that any such derivation tree contains no redundant derivation steps in any
of its derivation tree branches: every derivation step in all the derivation tree branches
is absolutely necessary. In particular, there is no possibility that there appear a se-
quence of derivation steps which makes no progress and which repeats itself. But then,
if we let Dyottom, denote the root sequent of the derivation tree and also let Dy, denote
a node in the derivation tree which is the conclusion of an axiom, then for all D;,, in
the derivation tree, we can plausibly define a well-order relation on Dpyoitom ~+* Diop
such that it strictly decreases at each sequent transition. This is an easy case.
However, let us now consider a derivation tree where it must by necessity involve a
repetition of previously taken steps in at least one of its derivation tree branches. Here
we must be more wary. According to Galmiche and Méry [2003]; Galmiche et al.
[2005], this case can be also detected successfully by terminating a TBI derivation tree
construction upon a loop detection. The induction measure that they use is essentially
the length of the loop since the induction measure in Galmiche et al. [2005] is some
information that can be only found out when the loop is detected - which is really a sub-
induction under the induction on the length of the loop. Firstly for finite TBI derivation
trees, their approach certainly succeeds since the length of a loop cannot be infinitely
long. Each such loop is in fact detectable. However, this induction measure somewhat
falls short in the remaining case. Let us consider an infinite derivation branch tree
which loops with an infinite period. Let us denote by Dy, the very beginning of the
first loop (above the root of the derivation tree) and by D.,4 the end of the first loop.
Then if we construct the derivation tree branch up to D.,4, we will be still unable to
tell that Dyegir, ~» Deng was a loop. To detect it as a loop, we must see that what
follow Depd, Say Dhpeat begin ~" Dnest_end» €ssentially correspond in a one-to-one man-

ner to sequent transitions in Dpgy, ~>T Depg. Only then will we be able to terminate
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the derivation tree branch construction. Suppose, by means of showing contradiction,
that the induction measure of the loop length provides an effective method to us for
detection of the infinite loop. Then it must be that it is possible to get strictly closer to
Diext_end at €ach sequent transition. In particular it must be that there is a possibility
that the derivation tree branch construction goes past D.,4. This, however, cannot be
the case since the length of the loop is assumed infinite, and must therefore contradict
the supposition. And here we see a fundamental problem in using the length of a loop
as an inductive measure. It is not well-ordered: even if we prove all the cases up to the
cycling period of &k, we cannot apply induction hypothesis during the construction of a
derivation branch which loops with a period of & + 1 because it cannot be that the loop
of k + 1 a priori depends on loops of a shorter cycling period. Since neither Galmiche
and Méry [2003] nor Galmiche et al. [2005] takes consideration over finiteness of all
the loops, neither the decidability of [BI — 1] nor that of BI follows by the suggested
proof approach. Whether BI or even [BI - 1] is decidable is still to be found out.

2.1.4 A forward BI sequent calculus

The formal systems introduced so far are mostly for backward proof searches given
some conclusion BI sequent/formula. With LBI for instance, F' € §p; is finitely iden-
tified as a theorem iff there exists an upward finite construction of a closed derivation
tree for @, - F' € gy up to axioms.

A forward theorem proving Degtyarev [2001] on the other hand judges if a given
formula is a theorem by presupposing a Cut-free proof system (and, with it, at most
a finite set of axiom instances). If there exists a downward finite construction of a
derivation tree up to the given proof obligation, then it will finitely turn out to be a
theorem.

Of course upon a successful construction of a closed derivation tree by either of
the two approaches, the distinction quickly diminishes, since we will then know a cor-
responding construction of a closed tree from the opposite direction. And if a closed
derivation tree is not finitely constructed via forward theorem proving, neither is it
possible to show a finite derivation tree construction via backward theorem proving.
Therefore if there are merits in a study of forward theorem proving, they derive not

from that it can identify more theorems than its backward counterparts but rather from
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that they may be potentially used to gain further insights about the nature of derivation
tree construction process itself which is strongly linked to the behaviour of logic for
which the formal systems have been developed. There is currently one sequent calcu-
lus for forward reasoning for a fragment of BI without units as Donnelly et al. [2004]

present. Its extension to the full BI is yet to be seen.

2.2 Conclusion

In this chapter BI sequent-like proof systems were reviewed, some only briefly, some
more critically. I showed the proof of LBI Cut admissibility, which was stated on
occasions (Cf. Brotherston [2012]; Pym [2002]) but which was not accurately given.
For this particular contribution, readers may choose a reference to Arisaka and Qin
[2012]; however, while it supports a view that DLg; cut admissibility implies LBI cut
admissibility, this thesis does not. On this matter, it is the view stated in this chapter

that takes a precedence.
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Chapter 3

Structural Interactions, Absorption of
Structural Rules and Decidability in

BI Sequent Calculus

The outline of this chapter is as follows:

1. Development of the concept of structural layers that is used in reasoning about

LBI derivations in this thesis.

2. Development of a contraction-free BI sequent calculus aLBI, proving, through
analysis on the syntactic phenomena of the base-logic interactions, admissibili-
ties of LBI structural rules. It is also shown that [¢LBI + Cut] is as expressive as
«aLBI, and that a cut admissibility holds in [aLBI + Cut].

3. A study on the significance of the structural units posited in LBI, deriving as the

consequence a new BI sequent calculus LBIZ without those.

4. A purely syntactic study into BI decidability, to prove that a fragment of BI

without the multiplicative implication and the multiplicative unit is decidable.

3.1 Reasoning BI as BI with structural layers

In earlier syntactic works, a fine distinction between additive/multiplicative structures

is often encapsulated as a detail in coherent equivalence.

65



Definition 54 (Coherent equivalence) i< is the equivalence relation on BI structures

satisfying

~

associativity for the comma: T'1; (T2;T'3) < (I'1;T2); T's.
2. associativity for the semi-colon: ', (I'g,I'3) b (I'1, T'2), I's.
3. commutativity for the comma: T'1;T9 < T'y; T'y.
4. commutativity for the semi-colon: T'y, Ty > T9, T'y.
5. structural equivalence around the additive structural unit: T' < T'; Q.
6. structural equivalence around the multiplicative structural unit: T > T, O,,.
7. congruence: [I' > T'] =T [['1(T) s Ty (TV)].
However, an arbitrary choice of a representation of BI structures has a considerable

downside of masking the semantically natural viewpoint about them, which is to view

structures as nestings of additive and multiplicative structural layers.

Definition 55 (BI single structure) A BI single structure « is defined by:
a:=F|Qp|Dq.

Definition 56 (A BI structure in nested structural layers) An antecedent structure T’

in nested structural layers is defined by:

' = a|M|A

M = a,M|AM

M = alA|la,M |AM
A = a A | MA
A= a|M|as A | M; A

Each of the A (resp. M) substructures of I is termed an additive (resp. multiplicative)

structural layer.
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Figure 3.1: Fy, ((F3, Fy); Fa; F5), Fg € Gpr as represented in nested structural layers.

In a way, earlier works, by relying upon coherent equivalence, involuntarily relin-
quished a means of recognising the boundary between BI additives and BI multiplica-
tives (in which incidentally lies the distinct logical character of BI). An example of
a BI structure in nested structural layers is found in Figure 3.1. There are two mul-
tiplicative structural layers: “F}, Fg, A” and “F3, F,”; and one additive structural layer
“Fy; F5; My”, with A denoting “Fy; F5; M;” and M, denoting “F3, F,”. For any struc-
ture in which two structural layers nest, the structural layer holding the other structural
layer within is described as the outer structural layer of the two, while that enclosed in

the other is described as the inner structural layer.

3.2 aLBI: A Contraction-Free BI Sequent Calculus

In this section I present a new BI sequent calculus oLBI (Figure 3.2) in which no

structural rules appear. Changes are made to the following LBI inference rules:
* idipr: id,ipr Teplaces. Weakening and the following LBI-derivable rule:

Iy F H
LTy, (O To)) E H

EA,

are absorbed.
* T Rrpr: T Rorpr replaces. Weakening and E As are absorbed.
* DO Lipr: D Laipr replaces. Contraction, E Ao and also weakening are absorbed.

* —«Lipr: =L arp1s L2 a1e1, —%L3arpr and —xL4 o151 replace. Contraction is ab-
sorbed in all. EqAnts1pr is absorbed in —«Ls 4 a1p1. E A is absorbed in —L1 2 3 arp1-

Weakening is absorbed “deeply” (to be explained shortly) in —L;.
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Figure 3.2: aLBI: a BI sequent calculus with no explicit structural rules. i € {1, 2}.
* «Ripr: *R1 21p1 replace. Deep weakening absorption for *R; 4151. Absorption
of EQATLtQ LBI for *RQ alBI-

In the rest of this section, formal definitions for

1. the ‘essence’ E(T") of I’

2. the correspondence between Re;/Res and I in * Ry 41p1 and —Lq 41p1

are provided and then the main properties of aLBI, i.e. admissibility of weakening, that

of E Ao, that of both EqAnt; 1pr and EqAnts g1, that of contraction, and its equivalence
to [LBI- Cut], are incrementally proved.
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3.2.1 Essence of antecedent structures in interactions with the mul-
tiplicative unit

Co-existence of IL and MILL in LBI calls for new contraction-absorption techniques
than those found in classics (Troelstra and Schwichtenberg [2000]). Possible interfer-
ences to one structural layer from others need specifically analysed.

To illustrate the technical difficulty, EqAnts 11 for instance directly interacts with
WkLppr. When WkLpr is absorbed into the rest, the effect propagates to one direction
of EqAnty1pr, resulting in:

() - H

I'(Ty, (DOm;T2)) F H Eda

Hence absorption of Wk L;g; must involve study of FqAnt,1pr as well.
The solution I present for this particular issue is absorption of E A, together with
WkL;pr into LBI logical inference rules. What is here termed the ‘essence’ of an-

tecedent structures arises.

Definition 57 (Essence of structures)
Given a sequent D : T'(I'1) b H, E(T'y) denotes a structure T, for which the following
holds: [T(Ta)) = H] ~54, D.

E A, is derivable in LBI with EqAntsrpr and WkLigr. The following rules are en-
forced:

1. In a given derivation tree, the use of the notation E(---) in multiple sequents in

the derivation tree signifies the same BI structure.

2. E/(T") (or E1(T') or any essence that differs from E by the presence of a sub-script,
a super-script or both) in the same derivation tree does not have to be coincident
with the BI structure that the E(I") denotes.

3. To prevent inundation of many super-scripts and sub-scripts, in the cases where

no ambiguity is likely to arise such as in the following;

N(ETy; FiG) - H
FETLFAG)FH M

the essence in the conclusion is assumed to be the same antecedent structure as

the essence in the premise(s) save in what the inference rule modifies.
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Example 5 Given a aLBI-derivation:
d d

Dy : Fi; (Om; 1), FIDR) F Fy Dy 2 Fo; Fi; (Om; ), F1IDE2) - By ZD I

D : Fy; ((Om;T1), FiDFe) F Fy

the antecedent structures in D, D1 and D- can be viewed taking on the forms:
E(Fl;Flng), E(Fl;FlDFg), and E(FQ;FI;FlDFQ).

3.2.2 Correspondence between Re,/Re, and I': deep weakening ab-
sorption

Correspondence between Re;/Re; and IV in both xRy 41pr and —xLj 41 1S defined

through a binding to a corresponding LBI-derivation.

Definition 58 (Rei/Rey in xR1/-«L1) In aLBI, correspondence of premise/conclusion
sequents in xRy and Ly are defined with respect to xR/—L/W kL/Ctr L/EqAnto/E Ay
in LBI:

For Ry q1p1: Let Dy be a sequent I = F x G as the conclusion sequent of *R o151
Then the corresponding derivation of xR o1s1 Within LBI is defined to be
® -Dl W%k/VkLLBI [.Dll . R@l,R@Q FF o« G]
* Dll ~ % Ripr [DQ : Rey F]
* Dll ~7xRip1 [D3 : Res G]

in which Dy and D3 correspond to the premise sequents of xRy a1p1 (With D1 as

its conclusion sequent).

For Ly ,ipr: Let Dy be a sequent T'(I",E(T'1; F~G)) - H as the conclusion sequent
of = L1 ae1- Then the corresponding derivation of -« L1 411 Within LBI is defined
as below. T',(—) denotes T'(—; (I", E(T'1; F—+Q))) and is used for simplification.

° D1 ~CtrLipt [D/1 : FQ(F’, E(Fl; F—*G)) - H]
* Dy ~wha, [D7 1 Da(IY, (T FF=G)) = H]

° Dlll ~WkLipr [Dllll : Fa(F’, F—*G) [ H]
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* DY “irip DV Tu(Rer, Res, FG) - H]
. Dllm M L1p1 [‘D2 : R@l - F]

o D/1/// ~ o Lipt [Dg : FQ<R€2, G) = H]

in which Dy and D3 correspond to the premise sequents of - L1 411

In effect, these rules deeply internalise general weakening (WkL;pr) and, in case of
—L1, also contraction (CtrLipr), which would be otherwise explicit in LBI. Since
WkLpp: 1s general and can extend its reach to several additive structural layers of the
antecedent structure, there naturally are many Re;/Rey pairs to result through the in-
ternalised weakening process (W kLyp1).

Proposition 5 below indicates that the use of weakening rules which only act for
the outermost additive structural layer of I": W kL, for *Ry; or WkL’L2 for =L, is not

always sufficient.

Ny, F FH 'y, F FH
Fll—H W,ICLl ( 1, —*G) Wk‘L/ ( 1, —*G)

SEEL SR . ' WL,
I'yo = H F(Fl,(FQ,F—*G)) HFH F((Fl,F2)7F—*G) FH

Proposition 5 There are sequents D : T' = F which are derivable in aLBI and LBI
but not derivable in aLBI’ which is identical to aLBI except for restriction on the
internalised weakening for « Ry to WkLy and for —«L; to Wk:L’LQ.

Proof.  With po; (p1, ((p2,13); p4)) F (05 D(p1*p2))*ps for xRy, and p1, ((p2,p3); ps), (p1*
p2)—(ps—kps) b pg for —«L;. Details are left as an exercise. [

Similar LBI-derivations of other altered LBI inference rules are straightforward. Only
I'; in the conclusion sequent is discarded (in backward derivation) in —Ls 3. For =Ly,
[D : T(F~G) b H] ~cpr, [D': T(F~+G; F~G) b H] ~Eqnt,

[D" :T((Om, F~QG); F~«G) = H] to take place first internally, followed by —L.

For > L,

e [D:T(E(y; FOG)) F H] ~cyr, [D': T(E(Ty; FOG); E(Ty; FOG)) - H]
« D' w3, (D7 T(Ty; FOGEE(Ty; FOG)) - H]

« D" wsyypp [D": T(FOG;E(Ty; FOG)) F H]
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to take place firstly. Then, for the left premise sequent:
D" ~sp [Dy : E(Ty; FOG) & F]

and for the right premise sequent:
D" ~s5p [Dy : T(G;E(I'y; FDOG)) + H.

3.2.3 Weakening admissibility and £ A, admissibility

Admissibilities of weakening and F A, are both proved depth-preserving, which means,
in case of weakening, that if a sequent I'(T";) - H is derivable with derivation depth of
k,then I'(T'y; T'2) + H is derivable with derivation depth of [ such that [ < k.

Proposition 6 (LBI3 weakening admissibility) If a sequent D : T'(I';) - F' is aLBI-
derivable, then so is D' : T'(I'1;'y) & F, preserving the derivation depth.

Proof. By induction on derivation depth of II(D). If it is one, i.e. D is the conclusion
sequent of an axiom, then so is D’. For inductive cases, assume that the current propo-
sition holds for all the derivations of depth up to k. It must be now demonstrated that
it still holds for derivations of depth k£ + 1. Consider what the last inference rule is in
II(D).

1. D L: II(D) looks like:

E(C;; FOG) - F  I(G;E(Ty; FOG)) - H
T(E(Ty; FOG))F H

DL

By induction hypothesis on both of the premises, E(I';;T'y; FOG) + F and
I'(G;E(T'y;T9; FOQG)) F H are both aL.BI-derivable.!
Then sois I'(E(I'1;'y; FF D G)) + H via D L.

2. —L;: TI(D) looks like:

ReiFF T((Res, G); (I, E(Ty; FG))) - H
T, E(Ty: F=G) F H

4I<Ll

'T'5 is assumed to appear at any convenient position to the present proof argument. This does not
detract from the proof precision.
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For this case (and also for * /), we must additionally take into account the in-
ternalised weakening.

Suppose that “T” E'(T'y; F+G)” results from “I”,E(T';; F—+G)” through a se-
quence of induction hypothesis applications at additive structural layers in
“T",E(T'1; F—@)” on the right premise, then by induction hypothesis once more
(on the right premise), I'((Rez, G); (I, E'(T'1; F~=G)); T'y) - H.

Then I'((I'",E/(T'y; F+@G)); T'2) = H via L.

3. Other cases are simpler. [

Proposition 7 (Admissibility of £ As) If a sequent D : T'(T'y) - F is aLBI-derivable,
then so is D' : T'(E(T'1)) - F, preserving the derivation depth.

Proof. First and foremost, note that E(I";) is some structure (Cf. Definition 57): there
is no physical symbol E in the antecedent, since it is only for a notational convenience.

Proof is by induction on derivation depth of II(D). If it is one, i.e. D is the conclu-
sion sequent of an axiom, then so is D’. Inductive cases are straightforward, and left

as an exercise. [

3.2.4 Inversion lemma

The inversion lemma below is important in simplification of the subsequent discussion,
as it signifies that a given sequent D; can be normalised into a simpler sequent D,
simpler in the sense that D has a smaller sum of the sizes of the formulas' found
within D} than D, does.

Lemma 12 (Inversion lemma for aLBI) For the following sequent pairs, if the se-
quent on the left is aLBI-derivable at most with the derivation depth of k, then so is

! Definition 43 for the definition of the formula size.
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(are) the sequent(s) on the right.

I(FAG)
I(FyV Fy) F
INFD>G)F
NFxG)F

I(T)+

(T F
I'(T1;Da) -

Ty, 0m) F H,
IHFAG,
'k FOG,
I+ F—=G,

I'(F;G)+ H
bothT'(Fy) & H and T'(Fy) - H
I'(G)F H

(M) - H
bothT + Fand T+ G
I'FFG
I,FFG

Proof. By induction on the derivation depth &.

1. For a aLBI sequent I'(F' A G) F H, the base case is when it is an axiom, and the
proof is trivial. For inductive cases, assume that the statement holds true for all
the derivation depths up to k, and show that it still holds true at k£ + 1. Consider

what the last inference rule applied is.

(a) TL: The derivation ends in:

where the representation I'(I';)(T'2) is an abbreviation of (T'(

of) TL.
(b) *T L: Similar.

(c) AL: Similar, or trivial when the principal should coincide with F' A G.

T(F AG) (D) - F

TFAG)(TFFE T

(d) VL: The derivation ends in:
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I'1))(T'2) which
indicates that I'; is not a subbunch of I's nor is I's a subbunch of T';.
By induction hypothesis, I'(F;G)(9,) + F (is aLBI-derivable). Then,
I'(F;G)(T) F F (is aLBI-derivable) as required by (a forward application



T(FAG)F)FH T(FAG)(F)FH
T(FAG) V) FH

VL

By induction hypothesis, both I'(F'; G)(F1) - H and I'(F;G)(F») + H.
Then I'(F; G)(Fy vV F») - H as required via VL.

(e) D L: The derivation ends in one of the following:

EC(FAG);F, DG FEF  D(GLET(FAG);F,DG))FH
T(E(T(FAG);Fy D Gy))FH

DL

ET:F, — G FF,  T/(FAG)(GyEI; F,OG)) FH
I'(FAG)ET;; LD G))FH

DL

By induction hypothesis, both E(T'y (F; G); F1 D G1) + Fy and

I'(G1; E(T'1(F;G); FiDGh)) F H in case the former, or

I'(F;G)(Gy; E(T; F1DGh)) F H in case the latter.

Then O L (with the untouched left premise if the latter) produces the re-

quired result.

(f) *L: The derivation ends in:

P(F/\ G)(Fl,Gl) FH

*L

By induction hypothesis, I'(F'; G)(F1,G1) = H. Then, I'(F; G) (F1+xG1) - H

as required via L.

(g) —«L;: The derivation ends in one of the following, depending on the loca-
tion at which F' A G appears. In the below inference steps, we assume that
the particular formula F'AG occurs in Re;(FAG) (i € {1,2}) as the focused

substructure, but not in Re;.'

Rey = Fy T((Rey, Gh); (I, E(I1(F A G); Fi=Gh))) = H

! Note, however, that this does not preclude occurrences of F' A (3 in case it occurs multiple times
in the conclusion sequent.
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Rey B Fy T((Rey, Gh); ("(F AN G), E(T'y; Fi~Gh))) = H

Rei(FANG)F F [((Req, Gy); (T"(F NG),E(T'y; F1—~Gh))) H H

ReiF Fi T((Res(F AG),Gh); (T'(F AG),E(Dy; Fy—=G1))) - H
T(T'(F A G),E(Ty; F,=Gy)) - H

R61 F F1 F(F AN G)((Reg, Gl), (F/, E(Fl, FlﬁkGl))) FH
[(FAG)I E(Ty; F~Gy)) F H

Re H Fy [((Rea, Gh); (To(FAG)(IV E(Ty; Fr—~Gh)))) F H
T(To(F AG)(IV,E(Ty; Fi=Gh))) - H

For each, the required sequent results from induction hypothesis for the
particular occurrences of F' A G on both of the premises, and then —L; by
appropriately carrying out its internal weakening (forwardly) to recover I
(or T'(F; G)) from Rei/Rey (Cf. Definition 58).

(h) —xLy34: Similar, but simpler.
(i) AR: Similar to VL in approach but simpler.
(G) VR: Similar.

(k) D R: The derivation ends in:

F(F/\G);Fl F Gy
F(F/\G) FF DGy

DR
By induction hypothesis, I'(F; G); Fy - G1. Then, I'(F;G) + F; D G as

required via D R.

(1) *R;: The derivation ends in one of the following patterns:
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Re; F Fy Res F Gy
T'(FAG)F F Gy

R€1<F A G) R Res G4
F/(F/\G) F Fy o« Gy

Trivial for the first case. For the second case, induction hypothesis on the
left premise sequent produces Re;(F'; G) - Fy, and then *R;, appropriately
carrying out its internal weakening to recover I''(F; G) from Re; (F; G) and
Rez.

(m) xRy: Trivial.
(n) —xR: Trivial.

2. Fora aLBI sequent I'(F' vV G) - H: similar.

3. Fora aLBI sequent I'(F'«G) + H, the base case is when it is an axiom for which
a proof is trivially given. For inductive cases, assume that it holds true for all
the derivation depths up to £ and show that the same still holds for the derivation

depth of £ + 1. Consider what the last inference rule is.

(a) =L: Trivial if the principal coincides with F' x G. Otherwise, the derivation
looks like:
[(F«G)(F,G) + H
T(F+G) (G- H *F

By induction hypothesis, I'(F, G)(F1,G1) - H. Then, I'(F, G)(F1 «G1) - H

as desired via = L.

(b) The rest: Similar to the previous cases.

4. For a aLBI sequent D : I'(I'1, @,,,) - H, the base case is when it is the conclusion

sequent of an axiom.

(a) id: D : E(T'(T'y,Dm);p) F p. Then D' : E(T(T'y); p) F p is also an axiom.
(b) 1L, TR: straightforward.

(¢) T R: similar to id case.
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For inductive cases, assume that the statement holds true for all the derivation
depths up to k, and show that it still holds true at k£ 4+ 1. Consider what the last

inference rule applied is.

(a) T L: The derivation ends in one of the following:

(T, 0m)(Da) F H I'(T1(Da), D) F H
Dy, Om)(T) - H D(T1(T), Q) F H

By induction hypothesis, I'(I'1)(@,)  H for the former, or I'(T'1(0,)) H H
for the latter, is aLBI-derivable. Then sois I'(I'y)(T)F H or I'(T'1(T)) - H

via T L as required.

(b) VL: The derivation ends in one of the following:

Py, @)(F) FH Ty, 0m)(Fo) F H
LTy, Om)(FLV Fo) E H

VL

LTy (F),0m)F H — T(T1(F),0m) - H
(T (FyV Fy),Om) F H

VL

For the former, I'(T"y)(#1) = H and T'(T';)(F2) - H (induction hypothesis);
then I'(T"y ) (Fy V F3) B H via VL as required. For the latter, I'(T'y (F})) H H
and I'(I"; (F»)) F H (induction hypothesis); then I'(I'y (F; V F2)) - H via VL

as required.

(c) D L: The derivation ends in one of the following:

E(T'y; FiDF) F Fy [(Fy; E(Ty; FiDFy)) (T2, Om) F H
T(E(T: F1oF))(Ta, O - H

DL

E(T1(T2, DO ); F1DFR) = Fy - T(Fp; E(T1 (T2, O ); FADER)) F H
D(E(T (T2, On); F1DFy)) - H

DL

E(Fl; FlDFQ) + F1 F(FQ(FQ; E(Fl; FlDFQ)), @m) FH
(T (E(T'y; F1DFy)),Om) F H

OL
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For the first case, I'(Fy; E(T'y; F1 D F»))(I'2) = H (induction hypothesis); then
I'(E(T1; F1DFy))(I'2) - H via D L as required.

For the second case, E(I'1(I'2); F1DF,) - Fy and I'(E(I'y(T'); F1DFy)) H H
(induction hypothesis); then I'(E(T'1 (I'2); F1DF»)) + H via D L as required.
For the third case, induction hypothesis on the right premise sequent, then

D L to conclude.

(d) —«Lq: This case is non-trivial, and so I detail the proof. Firstly, we cover

easier cases when the derivation ends in one of the following:

ReyFF T((Res,Q); (To, E(T3(Ty, O ); F~G))) b H

[(Ty, E(Ts(Ir, On); F+G)) - H =l

Rei = F T(I'y, 0n)((Reg, G); (I'g, E(T's; FG))) = H I
T(T'1, O ) (T, E(Ty; F%G)) - H Rt

Reib By D(i((Reo, G)i (Do, E(Csi F+G))) On) FH
1

For each, induction hypothesis, if applicable, and —L; conclude. Now con-
sider more complex cases where “I'1, @,,,”” occurs in the conclusion sequent
as I'(T'y (T, D), E(T's; F~G)) = H. Less involved cases are when the in-

ternalised weakening process either retains or discards the whole “T'1, ©,,,”:

Rei(I'1,0,) F F T'((Res, G); (Ta(T1,9),E(l's; F=G))) F H
F(FQ(Fl, @m), E(Fg7 F—*G)) FH

**Ll

R€1 FEF ((Reg(F17 ) G), (FQ(Fl, ) (F3, F—*G)))
(T, D), E(Ts; F+G)) H H

—*Ll

R61 + F F((REQ, G), (FQ(Fl, @m), E(Fg, F—*G))) + H
F(FQ(Fl, @m)v E(].—‘d7 F**G)) |_ H

—>X<L1
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The first assumes that the specific “T';,@,,” does not occur in Res; the
second that it does not occur in Req; the third that it does not occur in Re;
or in Rep. Each of them is concluded via induction hypothesis and then
L.

On the other hand, if “T';, @,,” should be split among the two premises,
then we must monitor the internalised derivation process (Definition 58)
more closely. In case the internalised contraction, £ As and weakening on
[D : T(I2(Ty,Dm), E(T's; F=G)) + H] lead to [Dy : T'(T'}, Oy, F~G) +
H] where

e I’(—) abbreviates I'(—; (I'2(T'y, @), E(T'3; F~+G)))

* and the “@,,” in “T'}, @,,” is the same (modulo contraction) “®,,” in
“T't, 0 in D,

then we have the following transition in LBI-space: D ~curry D' ~pa,
D" ~3yprs (D1 T/, O, F+G) = H]. Consider possible scenarios for

the last transitions in LBI-space.

i. If Dy ~_pp; [D2: T F F]and Dy ~ gy, [Ds : (O, G) B H]: then
induction hypothesis on D3 (for both “@,,,, G” and “T'1, ©,,”) and — Lo
conclude.

ii. If D1~y [D2: O b Fland Dy ~ g, [Ds - T'(T,G) F HJ:
then D5 : (T}, G); (T'2(T1), E(T's; F~+G))) + H is aLBI-derivable (in-
duction hypothesis); D% : I'((I'2(I'1), G); (T2(T'1), E(T'3; F+Q))) - H is
then also aLBI-derivable (Proposition 6)'.

Then I'(T'y(T'1), E(T's; F~«G)) = H as required via —Ls.

iii. If (1) T} is in the form: T, T% (2) Dy ~_ury [D2 : T F F] and (3)
Dy ~ iy [Ds : T'(T%, Oy, G) B HJ: then induction hypothesis on D3
and —L; conclude.

iv. If (1) T} is in the form: T, T% (2) Dy ~_up5; [D2 : T, @y, F F and (3)
Dy ~ iy [D3 - T'(I%,G) = HJ: then induction hypothesis on both of
the premises and then —«L; conclude.

!The internalised derivation process from D into D7 explains why this holds.
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(e) —xLs: The derivation ends in one of the following:

O = F L((P2(T1, Dm), G); (T2(T'1, Om), E(I's; FG))) = H

F(FQ(Fl, @m>, E(Fg; FﬁkG)) F H

OmFF  D((Ta,G); (Do, E(T3(Ty, O ); F+G))) - H

F(FQ, E(Fg(rl, @m); F—*G)) FH

O EF1 T, 0m) (T2, G); (T, E(I's; F+G))) - H

(T, Op) (T2, E(T's; F~G)) = H

@ml—F1 F(Fl((FQ,G);(FQ,E(F3;F—*G))),@m) HH

[(T1(Te, E(T's; FxG)), D) - H

Trivial except for the first case by induction hypothesis and —Ls. For
the first case, again trivial if T'y(I'1, @,,) is not “T'1, @,,”; otherwise, if it
is “T'1, 0,7, then by induction hypothesis on the right premise sequent,
I'((Te,G); (T, E(T's; F+G))) + H is aLBI-derivable. But, then, by eye
inspection on —Lg, it is immediate that I'(I'y, E(TI's; F+G)) + H is also

aLBI-derivable, as required.

(f) The rest: similar or straightforward.

5. The rest: similar or straightforward. []

3.2.5 Admissibility of EqAnt, »

Proposition 8 (Admissibility of EgAnt; 2) EqAnt; g1 and EqAnts 11 are admissible

in aLBI. Depth preservation holds.

Proof. Follows from (1) inversion lemma showing depth-preserving admissibility of

Iy Q) FH T(Ty,0n)FH
() +FH () FH

(2) Proposition 6 showing depth-preserving admissibility of
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() - H
['(Ty;0,) F H

and (3) Proposition 7 showing depth-preserving admissibility of

() - H
Ty, Om) F H

3.2.6 Preparation for contraction admissibility in «R,/+L,

I dedicate one subsection here to fortify ourselves with a further observation about the
generation process of Re;/Res, preparing for the main proof of contraction admissibil-
ity. Following Proposition 6 and Proposition 8, an observation is made concerning the
internalised weakening (W kL;gr) within «R; and —«L;: there is no need to consider an

arbitrary Wk Ligr application in the process.

Lemma 13 (Sufficiency of incremental weakening) In an application of *R; (in back-
ward derivation) on a aLBI-derivable sequent D : T’ + F x G, if there exists a aLBI-
derivable pair of Dy and D5 such that D ~.r, Dy and D ~-.r, D», then there exists a
aLBI-derivable pair of Dy and Dy such that D ~,p. Dj and D ~,p. Dj where x|
is defined here to be xR except that its internalised weakening is carried out only with
WkLi and WkLs as stated below:

n+-H
Fl;Fgl—H

ry,I'e-H

WLy = r, Ty F |

WEkLy

Similarly, in an application of —xLi (in backward derivation) on a sequent
D : T(I",E(T'y; F+@G))) & H, it suffices to apply the following restricted weakening
rules in the internalised weakening process:

Ty, F+G) - H WhL [Ty, F+G) + H
(Do, (Iy; F=G)) - H U D(Ty;T3), F+G) - H

WkL,

P(FQ, Fg, F—*G) FH
F(FQ, (Fg; F4), F—*G) FH

WkL,
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Proof.

*R1 .

Under the assumption made, there exists a aLBI-derivable pair of D; : Re; - F
and D : Res F G from the conclusion sequent D : IV - F x G such that D ~~,p,
Dy and D ~~.g, D-. Internally (Cf. Definition 58) Re;/Res results from a finite
number of WkLypr applications on D as follows: D ~ Wk Liar [D' : Rey, Reg H
FxG]. In D', notice that the outermost structural layer of the antecedent structure
is multiplicative. If IV in D was an additive structural layer, i.e. I’ denoting
at;. .y My M, form +n > 2, m > 0 and n > 1, then a finite number
of WkLipr applications must have taken place at this additive structural layer
(which is the outermost structural layer in I'') such that (in backward derivation)
all but one multiplicative structural layer My, 1 < k < n were discarded in the
transition. But this process is also achieved via WkL;. Once the outermost
structural layer is multiplicative, it is either the case that some Re//Re}, pair can
be formed on the antecedent part for D} and D such that Re} - F and Rel, - G
are both aLBI-derivable, or not. We are done if it can be formed. Otherwise, the
current outermost multiplicative structural layer holds A(s) as its constituent(s)
whose M constituent (again only one of them) must be connected at the current
outermost multiplicative structural layer, which is achieved through WkL,. This
incremental process eventually produces the Re!/Re/, pair on the antecedent part,

provided that a situation that satisfies all the below conditions does not arise.

* forall D : Rej, Rej b F « G such that D~y - o7y D™ as the internal
weakening process within *R;, not both D} : Rej - F and D : Re; F G

are aLBI-derivable.

e there exists D™ : Rej*, Re3® = F % G such that D* ~y,,, — D* (as the
internal weakening process within *R;), and that both D}* : Rej* - F and
D3* : Res* F G are aLBI-derivable.

Suppose, by way of showing contradiction, that there exists a aLBI-derivation in

which both conditions above satisfy. Then it cannot be the case that

D* W?Wk:Ll,WkLg}
D** as D*, an immediate contradiction to the supposition. Therefore it must be

D** for the obvious reason that otherwise we would have
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—*L1 :

the case that the Re}* (for i € {1,2}) looks like ay,ag, -, am, A1, Az, -+, Ay
for m +n > 2,m > 0,n > 1 such that it does not coincide with any pos-
sible Re;. However, such a condition perforce implies by the definition of
+R; that there exists a possible D} : Rej = F (resp. D3) that looks like:
a1, 0,y AT AS - JAY F F (similarly for D3) such that, in LBI-space:
(D} : aryaz, o QAT AS, A F] i

[D* : g, a9,y A1, Ag, - -+, Ay = F] and similarly for D3 ~3,,. . D3*. But
then Proposition 6 dictates that aLBI-derivability of Di* (resp. D3*) implies

aLBI-derivability of D (resp. Dj), a direct contradiction to the supposition.

Similar. The starting point for the implicit weakening in these rules is I in
the conclusion sequent D : I'(I”, E(T'y; F+G))) - H. An application of WkL/ is
mandatory (Cf. Definition 58) in case the principal is (or will be) in an additive

structural layer connected to I';.

Corollary 1 (Maximal Rei/Res) For a alLBI-derivable sequent D : T' + F x G, if
there exists a pair of aLBI-derivable sequents D) : Re| & F and D), : Rely & G such

that D ~,gr, D} and D ~.g, D), then there exists a pair of aLBI-derivable sequents
D; : Rey - F and D5 : Rey + G such that all the following conditions satisfy.

* D ~syp, Dy (resp. D ~».r, D2) with incremental weakening (Lemma 13).

e Dy (resp. Dy) is a sequent that results from Proposition 6 on D/, (resp. Dj)'.

* there exists no D} : Rej & F (resp. D3 : Res & G) such that all the following

conditions satisfy.

— D3 (resp. D3) is a sequent that results from Proposition 6 on D, (resp. D).
— Dj & Dy (resp. D3 4 Do)

— D ~».g, D (resp. D ~+.g, D3).

! That is, there is a transition D; ~~%,,; D} in LBI-space. An application of Proposition 6 on D;
LBI
is reflexive if it only introduces “@,”s due to Proposition 8.
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Such a Re;/Res pair is called a maximal Re;/Res pair. Likewise, with an abbreviation
I'y(—) denoting T(—;(I",E(T'y;F~+@G))), for a «LBI-derivable sequent
D : T(I",E(T1; F~Q)) & H, if there exists a pair of aLBI-derivable sequents D] :
Rey b Fand D} : To(Reh, G) = H such that D ~_.1, D} and D ~~_.,, D), then there
exists a pair of aLBI-derivable sequents Dy : Rey = F and Dy : T'y(Re2, G) - H such
that the following conditions all satisfy.

* D ~_p, Dy (resp. D ~_.1, Dy) with incremental weakening (Lemma 13).
* Dy (resp. D) is a sequent that results from Proposition 6 on D (resp. D}).

* there exists no Dy : Rej - F (resp. D3 : I'o(Re3, G) = H) such that the following

conditions all satisfy.

— D3 (resp. D3) is a sequent that results from Proposition 6 on D, (resp. D).
— D} %4 Dy (resp. D 4 D).

— D ~_p, Dy (resp. D ~~_.1,, D3).

It is inferrable from Corollary 1 that neither xRy, —x Lo nor -« L3 needs embed an inter-
nalised weakening. In the rest, I assume only some maximal Re;/Res pair for «R; and

—*Ll.

3.2.7 Admissibility of contraction in aLBI
Contraction admissibility in aLBI follows.

Theorem 6 (Contraction admissibility in o LBT)
If D : T(Ty;T,) F F is aLBI-derivable, then so is D' : T'(T',) & F, preserving the
derivation depth.

Proof. By induction on the derivation depth of II(D). The base cases are when itis 1,
i.e. when D is the conclusion sequent of an axiom. To consider which axiom has been
applied, if it is TR, then it is trivial to show that if I'(I';T';) = T is aLBI-derivable,
then so 1s I'(I',) = T. Also for 1L, a single occurrence of 1 on the antecedent part of
D suffices for the 1L application, and the current theorem is trivially provable in this
case, too. For both id and T R, II(D) looks like:
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IakF

where (a, F') 1s (p, p) for id, and (D,,, T) for T R. As the antecedent is either a single
structure or its outermost structural layer, i.e. T'; o, is additive, irrespective of where T',,
in D is, if D is aLBI-derivable, then so is D’.

For inductive cases, suppose that the current theorem has been proved for any
derivation depth of up to k, it must be then demonstrated that it still holds for the
derivation depth of £ + 1. Consider what the aLBI inference rule applied last is, and,
in case of a left inference rule, consider where the active structure I'; of the inference
rule is in I'(Ty; T'y).

1. TL,and I'y is T: if it does not appear in I',, induction hypothesis on the premise

sequent concludes. Otherwise, I1(D) looks like:

Dy : T(I%(Da); T (T)) - H
D T(I(T): Te(T)) F H

where I', (T) represents I, (assumed similarly for all the remaining cases). From
aLBI inversion lemma, if D; is derivable, so is D} : T'(I,(0,); I%,(?D.)) F H. By
induction hypothesis on D}, DY : I'(I,(9Q,)) + H is also derivable. Then a
forward (assumed similarly for all the remaining cases) application of TL on
DY, i.e. DY as the premise sequent, deriving the conclusion sequent via TL at

derivation depth k£ + 1, concludes.
2. *TL, and I'y, is *T: similar to the case T.

3. AL, and T, is F; A F3: if it does not appear in T'y, induction hypothesis on the

premise sequent. Otherwise, I1(D) looks like:

Dy : TG (F1; F2); DR (B A F)) - H
D DT (7 A B);s T (Fy A Fo)) B H

AL
Dy : T(T)(Fy; F2); T (F1; F»)) B H is aLBI-derivable (inversion lemma); DY :

(T, (Fy; F»)) b H is also aLBI-derivable (induction hypothesis); then AL on DY

concludes.
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4. D L,and Ty isI'; F D G: if it does not appear in I',, then the induction hypothesis
on both of the premises concludes. If it is entirely in I',, then II(D) looks either
like:

D :EI;FOG)FF DQ
D:T(IL(EC;F> Q) I.(ET,F> Q) FH

DL
where Dy : I'(I,(G;E(I; FOQ)); I (E(I"; FO@G))) + H, or, in case T', is

E(T),); FOG, like:

D, :E(I); FOG;E(T,); FO G+ F Dy
D :T(E(T); FOG;E(T,); FOG) - H

oL

where D : I'(G; E(T',); FOG; E(T,); FOG) = H. In the former,

D, (T, (G;E(I"; FO@G)); T (G; E(I; FOG))) + H (weakening admissibility);
DY . T(I',(G;E(I; FO@))) F H (induction hypothesis); then D L on Dy and DY
concludes. In the latter, induction hypothesis on D; and on Ds followed by O L
conclude. Finally, if only a substructure of T'; is in ', with the rest spilling out

of I, then similar to the latter case.

5. xRy: TI(D) looks like:

Di:Rei HFy D5 : Res F Fy
D:T(Ty;Ta) b Fy x Fy

xRy

We show that the internalised weakening process to generate a maximal Re;/Res
pair must either weaken away one I', completely or preserve I'y; T, as a sub-
structure of Re; (or Rez). But due to the formulation of the pair (c.f. Corollary
1), such must be the case. If I'y; I',, is preserved in Re;, then induction hypothesis
on D; concludes; otherwise, it is trivial to see that only a single I', (if any) needs

to be present in D.

6. =Ly, and T, is IV, E(T'y; F—=G): if T, is not in T, then induction hypothesis on

the right premise sequent concludes. If it is in I',, II(D) looks like:
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D1 : R€1 FF DQ iy
D :D(T (I, E(Ty; F=@)): T (I" E(I'y; F=G))) - H !

where D, is:

I ((Res, G); (I, E(I'y; F=G)) ) T (I E(Dy; F=@))) = H

D : T(T,((Rea, G); (I, E(Ty; F+G))); T, ((Rea, G); (I, E(Ty; F=G)))) + H via
Proposition 6 is also aLBI-derivable. DJ : T'(T',((Rea, G); (I',E(I'y; F~@G))))
+ H via induction hypothesis. Then —«L; on D; and D} concludes. If, on the
other hand, T’ is in T',, then it is (or will be after “FE A5”s) either in 'y or in I".
But if it is in T'y, then it must be weakened away, and if it is in I”, similar to the

xR, case.

7. Other cases are similar to one of the cases already examined. []

I now justify the absorption of structural contraction in D L and —L1 2 3.

Proposition 9 (Non-admissible structural contraction) There exist sequents which
are derivable in [LBI - Cut] but not derivable in [LBI - Cut] without structural con-

traction.

Proof.  For —Lj 23, use a sequent T—py, T—(p1Dp2) - p2 and assume that every
propositional variable is distinct. Then without contraction, there are several deriva-

tions of which two sensible ones are shown below (the rest similar).

TR
1. T-(pDp) FT Pk Do

L
D : T—xpy, T—x(p1Dp2) F po

ok Fpy !
Da = p1 P2 ™ P2 S5

2. TR Da; p1Op2 - o EqAnt,L
— [

T—p T p1Op2 - P2
D = T—py, T—=(p1Dp2) F p2
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In both of the derivation trees above, one branch is open. Moreover, such holds true
when only formula-level contraction is permitted in LBI. The sequent D cannot be
derived under the given restriction. In the presence of structural contraction, however,

another construction is possible:

(D)) TI(D,)

L
(T=tp1, T=(p1 D p2)); (T—=p1, T—(p1 D p2)) - p2 Cirl
D : T—py, T=(p1 D pa) F pa2
where I1(D;) and II(D,) are:
H(Dl):
TR
T—x(p1 Dpo) F T
H(Dg):
|_ 1
pLEDp ! pézp fzp WL
TR 1 1 1, M2 2 S L

T=p =T P1;p1 D P2 po

L
p1: (T—=(p1 D p2)) F po

where all the derivation tree branches are closed upward.
For O L, with (Oy,;p1), (Dm; p1Dp2) b p2. Without structural contraction we have

(only two sensible ones are shown; the rest similar):

1.
l_ 7
D2 ™ p2 WEL
Om;p2 - p2 EA,
Dm = p1 (Dmip1), (Dmip2) 2 .
D : (D p1), (Dm;p1Op2) - p2
2.
|_
—Q)p? ]f WkL
ms P1 D2 EA2

D : (Dm:p1), (Dmi; p1Op2) F p2

In the presence of structural contraction, there is a closed derivation.
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p1Em id D2 pa id
WkL WkL
D p1; O p1 D p1; Oy p2 F po
Do P13 Oy 1OP2 F pa - L
FEA,

(D 01)5 (D 1OD2))5 (D P1)5 (D P1OP2)) F P2
D : (Dmip1), (D p1Op2) F 12

CtrL

3.2.8 Equivalence of aLBI to LBI
The following equivalence theorem of aLBI to LBI concludes this section.

Theorem 7 (Equivalence between oLBI and LBI) D : T'+ F is aLBI-derivable iff it
is [LBI- Cut/-derivable (iff it is LBI-derivable).

Proof. Into the only if direction, assume that D is aLBI-derivable, and then show that
there is a [LBI- Cut]-derivation for each oLBI derivation. But this is obvious because
each aLBI inference rule is derivable in LBI: *Rj 2 are1, =L1,2,3 4 a181> O Late1s idarsr
and T R.ip1 as stated in 3.2.2; all the other aLBI rules are identical to LBI’s.!

Into the if direction, assume that D is [LBI- Cut]-derivable, and then show that
there is a corresponding aLBI-derivation to each [LBI- Cut] derivation by induction
on the derivation depth of II;gr (D) (Il (D) denotes a [LBI- Cut]-derivation of D).

If itis 1, i.e. if D is the conclusion sequent of an axiom, I note that 1L;p; is
identical to 1L,rpr; idisr and T Rypr via idypr and resp. T R,rpr With Proposition
6 and Proposition 7; and T Rypr as identical to T R,pr. For inductive cases, assume
that the if direction holds true up to the [LBI- Cut]-derivation depth of k, then it must
be demonstrated that it still holds true for the [LBI- Cut]-derivation depth of k& + 1.
Consider what the LBT rule applied last is:

1. D Lipr: Hipr (D) looks like:

D1:I‘1|—F DQF(FhG)l—H
D:TI'(I'y; FOG) - H

D Lip:

'Note again that F Ao is [LBI- Cut]-derivable with W kL1 and EqAnto1a1.
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By induction hypothesis, both D; and D- are also aLBI-derivable. Proposition
6 on D; in aLBI-space results in D} : I';; FOG + F, and on Dy results in DY :
I'(T'y; G; FOG) F H. Then an application of D L,sr on D} and D, concludes in
aLBI-space.

. _*LLBI: HLBI (D) looks like:

D1:F1}—F DQF(G)"H
D:T(T,F«G)F H

—L1p1

By induction hypothesis, D; and Ds are also aLBI-derivable.

(a) If I'(G) 1s G, i.e. if the antecedent part of D- is a single structure (G), then
Proposition 6 on Dy results in D), : G; (I'1, F+G) = H in aLBI-space. Then
—«Lg ozpr On Dy and D) leads to D' : I'y, F—~«G + H as required. Instead of

D}, D} : G; F«G + H in case I'y iS Oy, and — Ly o1p1 instead of —«Lg o1p1.

(b) If T'(G) is TI'(I'",G), then Proposition 6 on Dy leads to
D T'(I,Q); (I'",I'1, F+Q)) - H. Then L 4151 on D; and D), leads
to D' : I'(I'",T1, F+G) b H as required. Instead of D}, D3 : I'((I', G);

(I, F+G)) F H in case I' is O,,, and —«Lg3 41 p1 instead of —«Lj 41p1-

(c) Finally, if I'(G) is I"(I';G) + H, then Proposition 6 on D, leads to
DL T/(I";G; (T'1, F~Q)) - H. Then —«Ly 411 on D; and D} leads to D' :
r'(r”; (I, F~=G)) - H as required. Instead of D}, D} : T'(I'; G; F~G)

H in case I'y is ©@,,,. Then - L4 o151 instead of =« Lo o151-
. WkLygr: Proposition 6.

. CtrLigr: Theorem 6.

. EqAnty 1p1: Proposition 8.

. EqAnts 1 Proposition 8.

. The rest: straightforward. [J
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3.3 «LBI Cut Elimination

I now prove admissibility of Cut in aLBI + Cut directly. Just as in the case of in-
tuitionistic logic, cut admissibility proof for a contraction-free BI sequent calculus is
simpler than that for LBI (which is found in Chapter 2 of this thesis). Since it has
been already proved that weakening admissibility holds preserving derivation depth,
we may simplify permutation via a context sharing cut, Cutcg, which is easily verified
derivable in aLBI + Cut:

Ih+HF Iy(F;Ty)FH

(T H

Cutcg

where I'; is shared across the premises.

Theorem 8 (Cut admissibility in «LBI) There is a cut elimination procedure to prove
admissibility of Cut directly within aLBI + Cut.

Proof. 1 show the procedure by induction on cut rank and a sub-induction on cut level,
making use of Cutcg. In this proof, (U, V') denotes, for some oLBI inference rules U
and V/, that one of the premises has been just derived with U and the other with V. In
the pairs of derivations, the first is the derivation tree to be permuted and the second

the permuted derivation tree.

(id,id):

—id ——————id
ECy;p) Fp | E'(Tg;p) Fp
Cut

E"(T9;E(T1;p)) Fp

E'(T2;E(T'1;p)) Fp id

Of course, for the above permutation to be correct, we must be able to
demonstrate the fact that the antecedent structure of the conclusion sequent
of the permuted derivation tree is E"(T'9;Ti;p) such that
[E”(T9;T1;p)] = [E”(T; E(T'1;p))] (equivalence up to associativity and com-

mutativity of binary structural connectives). But note that it only takes
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a finite number of (backward) F A, applications (Cf. Proposition 7) on
I9;E(Ty;p) F p to upward derive I'y;T'y;p = p. The implication is that,
since I'y; E(T'y; p) - p results upward from E”(T'y; E(T'1;p)) b p also in a fi-
nite number of backward E A, applications, the antecedent structure must
be in the form: E”'(T'9; T'1; p).

d id

Cut

ECp) Fp 0 ECap)ig) Fa
E"(C2(E(T1;p)):q) F g

id

E"(T2(E(T1ip))sa) F g

Other patterns for which one of the premises is an axiom sequent are straightforward.
For the rest, if the cut formula is principal only for one of the premise sequents,

then we follow the routine (Cf. Troelstra and Schwichtenberg [2000]) to permute up

the other premise sequent for which it is the principal. For example, in case we have

the derivation pattern below:

D] D2 \/L Dd : E(Fd,FljFZ) F F1 D4 : FQ(FQ. E(F57 FlDFQ)) }* H
D5 . Fl(Hl V Hg) = F13F2 Dﬁ : I—‘Q(E(Fg7 FlDFZ)) =H c

FQ(E/(F3; Fl (H1 \Y HQ))) HFH

DL

ut

where Dy : I'1(H;) F F1DF, and Dy : T'1(H2) = F1DF;, the cut formula F1DF is
not the principal on the left premise. In this case we simply apply Cut on the pairs:
(D1, Dg) and (D-, D), to conclude:

Dl D6 Cut D2 D6 Cut
u u
Ty(E"(T3;T1(H1))) F H Do(E"(s; I (H))) - H VL

FQ(E/(Pg;Fl(Hl V Hg))) FH

Of course for this particular permutation to be correct, we must be able to demonstrate
in the permuted derivation tree that E'(I's; 'y (H; V Ha)) = E"(T's) » T'1(H1 V Ha) with
* either a semi-colon or a comma (equivalence up to associativity and commutativity
of binary structural connectives), that E”(T'3;T1(H;1)) = E"(T's) » I'1(H1), and that
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E”(T's;T'1(H2)) = E™(T's) » I'1 (H2). But this is vacuous since the cut formula which is
replaced with the structure I'y (Hy) or I'1(Hs) is a formula.
Cases that remain are those for which both premises of the cut instance have the

cut formula as the principal. We go through each to conclude the proof.

(AL, AR):
D :T1 - F Dy:T1FF R D3 :Ty(F1; Fy) - H
IMEFAF, FQ(Fl/\FQ)l—HCt
To(Ty) - H v
=
Dy Ds
Dy, To(TyF)FH »
Cutcg
Do(Ty) +H
(VL,VR):

Di:TibF (€{1,2) . Da:lo(R)FH  Dy:Do(Fy)b H

I''E F1V Fy FQ(Fl\/FQ)l_H Cut VL
To(Th) F H "
=
Dy D(2or3) Cut
T, FH -
The right premise sequent is Dy if i = 1; or D3 if i = 2.
O L,DR):
D1 . Pl;Fl = F2 R D2 : E(Fg7 F13F2> - F1 D3 : FZ(FQ; E(Fg,FljFQ)) -H 5L
Dy T F FiOF, © [y(E(T's; iDF)) F H Cut
u
=
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Di Do
u
SU LN AN = Cut Dy Ds Cut
v u
T BT ¥ P Dy(Fy BTy D) F
Lo(Iy;E(T'33 1)) - H .
..... 2T EQsT)) " proposition 6

Cutcg

................................... PropOSlthn 7

................................... Theorem6
[o(E(T3;T)) F H
(*L, *Rl):
Dy:Rei - F) Dy : Rey - Fy R D3 :To(Fy, Fy) - H
I'FFyx Fy ! F?(FI*FZ)FHCt
Ty F H !
=
Di Dy o0
u
DQ FQ(Rel,FQ) |— H Cut
To(Rei, Res) F H o0
....................... PrOpOSlthn 6
(T H
(*L, *Rg):
Dy:Op+F Dy : T - Fy «R Dy : To(Fy, Fp) - H %
T, F L+ Fy ! Doy« F) P H
To(T1) F H h
=
Dy D5 Cut
u
D2 F2(@m7F2)|_H Cut
u
Iy(Dp, ) H ..
.................... PI‘OpOSlthn 8
() - H
(_*L17 _*R):
D, :T',[iFF Dy : Rey = Fy Dz :To((Reg, Fy); E(IY, (I's; Fy—=13))) = H oL
Dy Tk Fisky To(E(C, (T Fyr =) F 1

Py(E(TY, (T3 T1))) = H Cut
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D, D3

Cut
Dy To((Rey Fy)s (U EC5T1) FH
Dy To((Rep,Tv P (U, BT L)) FH -

Fg((Reg,Fl,Rel);(F/, E(F3,F1))) HH .
............................................... PropOSItlon 6

............................................... Proposition 7

............................................... Th 6
To(T, E(Ts: T1)) F H eorem
(—*LQ,—*R):
Dy Ty FibF Dy:U'E By Dy Dy(Fy (U E(Dy v =Fy)) EH
Dy: Ty - Fi—=F, Dy(TY, E(I's; Fy—=Fy)) - H o ’
DI, E(T5; 10))) - H ut
=
Dy Ds
; Cut
D1 Lo(Fy; (I, E(I3;T))) F H Cut
Dy Do((Ty, F1); (I, E(I's3;T))) - H cut
Lo((TV,Ty); (TV,E(T'3;T1))) H H .
........ e Pr0p051tlon6
Lo((IV, (I'35T1)); (TV, E(T'35 1)) = H .
........ e e e Pr0p051t10n7
Lo((I,E(T'3;T'1)); (", E(I'3;T'1))) - H
................. il S Theorem 6
FQ(F s E(F3; Fl)) |_ H
(%kLg,—*R):
_D1 : FlaFl - F2 D2 : @m = F1 D5 . FQ((F/,FQ); (Fl, E(Fd,Fl*FQ))) FH I
Di:liF FisFy (U EC =) F H 2
T (T, E(Ty: T1)) F H ut
=
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Dy Ds
D, Lo((IY, Fp); (TV,E(I'35T))) H H
D2 F2(<F/7F17F1);(F/7E(F3;F1)>) - H

Cut
F5((17, Ty, 0); (0, ECoi T F H O
............................................ PI‘OpOSlthIl 8

Cut

............................................. Proposition 6
............................................... Proposition 7
............................................... Th 6

Ty, E(T5: ) F H corem

(—>I<L4, —*R):

Dl ;F17F1FF2 R Dgi@ml_Fl D3F2(F2,F1—*F2)}_H
Dy Ty F Fi=Fp Do(F+Fy) FH

Loy - H

ﬁkLQ

ut

Dy Ds
D1 Lo(Fo; 1) F H
Cut
DQ FQ((Fl,Fl);Fl)l—H

Cut
Lo((T'y, Om);Th) F H .
........................... Proposmon 8

Cut

................... Theorem 6

Proposition 10 (Analyticity of LBI) aLBI is analytic.

Proof. 1t suffices to demonstrate that the number of Re;/Res pairs that *R; and —«L

can generate onto the premise sequents is finitely bounded since, even if a @, should

be introduced on the left premise via a —« L3 or a —L,4, subsequent applications of the

either of the aLBI inference rules would only result in introducing the same @,,,. But

due to the generation process of the pair in each aLBI inference rule, it must be the

case. [
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ETpFp @ Tarr TFT ' ELTET
I(FG) - H r-F T+G
AR
rErG Ea M TFEAG
I'NF)FH T(G)FH I N2 VR
rFEve Fa Y TFFVE
E(CFOG) FF  D(GEC:FOG) FH LEEG
T(E(Ty; FOG)) - H = T Fo>G
I'(F,G)+ H Rab Py RebF
T(F«G)FH To, Ty FFixFy
Rey - F  T((Rey, G); (T, Ty, E(Ty; F=G))) - H LERG
[Ty, Ty, E(T'y; F~G)) - H - T+ F=G

Figure 3.3: LBIZ: a BI sequent calculus with zero occurrence of explicit structural
rules and structural units. 7 € {1, 2}.

3.4 Departure from Coherent Equivalence

In this section we study emptiness of an antecedent structure within ®g;, and develop
a new presentation for aLBI. As we just saw, aLBI comes with several inference rules
for the left multiplicative implication and the right multiplicative conjunction, which
is necessary under the present assumption of ours (Cf. Definition 54) that structural
counterparts of the zero-place logical operators be quantifiable. It holds in both LBI
and aLBI derivations that I'" be different from “T'; @,” which is also different from
“T', 0", i.e. both @, and ©,, have an entity. To identify where the many inference
rules originate, however, it is precisely in the fact that the coherent equivalence within
a BI proof system expresses the structural equivalence. By departing from it those

many rules for the mentioned two connectives are merged into one, as preferred.

3.4.1 Demerit of coherent equivalence

Coherent equivalence is an equivalence relation up to associativity, commutativity and
the structural equivalence I' =T', @,,, = I'; @,,. Earlier works on BI proof theory (apart
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from one semantic calculus by Galmiche et al. [2005]; it is, however, unsound') ap-
pear to all incorporate it into their respective proof system. Though associativity and
commutativity can harmlessly reside within a BI proof system as:
- F (T =T
IhWFHF

where I'; = I'y denotes the equivalence of I'; and I's up to associativity and commuta-

Exchange

tivity, the structural equivalences (EqAnt; 2151; Cf. Figure 1.7) cannot be so innocuous.
Unlike with Exchange above which only permutes structures, they permit an arbitrary
introduction of new structural units at any structural layers of an antecedent structure.
Further, to achieve such manipulations, there must be posited “structural” units - a fair

amount of notational cost, obscuring the intrinsic nature of the system.

3.4.2 Emergence of LBIZ

Thanks to the earlier analysis in the development of «LBI, however, we know that
neither I' = I'; @, nor I' = I', @,,, needs given any autonomy as structural rules in a
BI sequent calculus. The cumbersome variation of inference rules for the left multi-
plicative implication and the right multiplicative conjunction can be thus unified into a
single inference rule, obviating, in so doing, also structural units themselves. The new
BI sequent calculus LBIZ is found in Figure 3.3 which brings BI sequent calculus in
line with other logics’ (Cf. Definition 13 and Definition 23).

Definition 59 (Sequent calculus convention in LBIZ) For an antecedent structure in
the form: “T'1;T2”, its emptiness is identified with T, i.e. “T'1; 2" is identified with Ty
(resp. with T'y) in case T'y (resp. T'1) is empty. Likewise, for an antecedent structure in
the form: “T'1,T'y”, its emptiness is identified with *T, i.e. “T'1, 2" is identified with T,
(resp. I's) in case I's (resp. T'1) is empty.

Under the convention, R o1 for instance does not need defined in separation, since
the condition for the (backward) inference rule application is precisely when I',, I,
is identified with I';, (or I'y). To accommodate the absence of ©,, in LBIZ, we also
slightly modify the E A, inference rule as relevant in the essence.

F(Fl) FH
F(Fh (ﬂTQ Fz)) HH

EA,

'Cf. Chapter 2 of this thesis.
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T(p;G)+ H I'(F,DG; F;0G) - H

OL
TpipoG) FH 7 TRV BSG) FH -
P(AD(FBoG) FH _rGks
D(FAFR)DG) FH — 7" (oG FH ~ "
Fl;FQDGkFljFQ F(Fl,G)l_H DLD Pll_Fl*FQ F(Pl,G>|_H DL*

I'(Ty; (F1DF)DG) - H (T (FyxF) DG)FH

Figure 3.4: A set of O L rules. No implicit contraction occurs for all.

It is trivial to see that LBIZ is otherwise equivalent to «LBI, and that all the previous

results go through.

3.5 On BI Decidability: A Syntactic Observation

In this section, I consider BI decidability from a syntactic perspective, based on LBIZ.
Though LBIZ is contraction-free in the sense that an explicit structural rule of con-
traction does not appear within, the termination property is not immediately apparent
once D L and/or —L appear in a derivation. This is because contraction, though only
implicit, does occur within the two inference rules. Towards the conclusion of the BI
decision problem, I here initiate the research by showing the decidability of [BI - mul-
tiplicative implication - multiplicative unit], which is at the time of this thesis writing

the largest BI fragment that is demonstrably provable to be decided.
Definition 60 (LBIZ;) LBIZ; comprises the following LBIZ inference rules:
Axioms: id 1L TR

Other logical rules: L AR VL VR DL DR xL xR

In line with the restriction, we assume the availability of only those connectives in

LBIZ, to all the sequents appearing in a LBIZ; derivation, and term the fragment BI,se.

3.5.1 Implicit contraction elimination in LBIZ;

My intention is to prove that replacement of O L;p1z, with those in Figure 3.4 results

neither in a loss nor in a gain of expressiveness, to render LBIZ; contraction-free even
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implicitly.

3.5.1.1 Preparation

First of all, we make an observation that O L in LBIZ; does not have to be as general
as D L in LBIZ due to the absence of the multiplicative unit. It suffices to have:
I FOGHF  T(I;G)FH
[(T; FoG)F H

D Lip1z,

Lemma 14 (Inversion) Along with LBIZ inversion which inherits a«LBI inversion, the
following holds in LBIZ,: if I'(FDG) & H is LBIZ -derivable at most with the deriva-
tion depth of k, then so is T'(G) - H.

Proof. For a aLBI sequent I'(F' O G) - H, the base case is when it is an axiom, in
which case the proof is trivial. For inductive cases, assume that it holds true for the
derivation depths up to k, and show that it still holds true at the derivation depth of

k -+ 1. Consider what the last inference rule is.

1. D Lipiz,: If the principal coincides with the F' O G, then it is trivial via D Lyip1z, -

Otherwise, the derivation ends in either of the two below:

FI<F D) G);Fl D) Gl F Fy FQ(F/(F D) G),Gl) FH
FQ(FI(F D) G);Fl D) Gl) FH

D Ligrz,

FQ;FlDG]FFl F(FDG)(FQ,G1>|_H
F(F D) G)(F27F1 D) Gl) FH

D Ligrz,

Induction hypothesis on both of the premises in case the former, or on the right

premise, and then D L;p1z, to conclude.

2. The rest: Similar to the consideration taken in the proof of the aLBI inversion

lemma. [
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Lemma 15 (LBIZ; weakening and contraction admissibility) Both weakening and
contraction (Ctr Ligr and Wk Lyg1) are admissible in LBI1Z,.

Proof. Trivial for weakening admissibility (Cf. Proposition 6). Theorem 6 for con-
traction admissibility apart from the case of left additive implication which is handled
with Lemma 14. [

Proposition 11 (Equivalence) For a given LBIZ, sequent D : T' - H, it is LBIZ;-
derivable (with O Lyig1z, ) iff it is [LBIZ - =L - —«+R - *T L - *T R]-derivable.

Proof. There is only one that differs in the absence of the multiplicative unit and the
multiplicative implication between LBIZ; and the subset of LBIZ, namely O L. Hence
we only need prove that D L in the one is derivable in the other. Proof is by induction
on derivation depth into both directions. Into the if direction, we need to show that
D Liprz With the restriction is derivable in LBIZ;. By induction hypothesis, we have
both Dy : T'1; FOG + F and Dy : I'(G;T'1; FOG) = H derivable in LBIZ;. By D Lig1z,
on D; and D, we then have D’ : T'(T'y; FOG; FOG) b H derivable in LBIZ;. A conclu-
sion is via Lemma 15. Similar for the only if direction via the admissible weakening

and contraction in the restricted LBIZ to BIpage. [J

With this, we simply assume O Liprz, as the left additive implication rule in LBIZ;,
dropping the subscript hereafter.

For the main result to follow, two more concepts are needed: (1) sequent weights;
and (3) irreducible LBIZ; sequents. Readers may find it useful to refer back to 1.1.2 of

this thesis, which is a pre-requisite for the current discussion.

Definition 61 (Sequent weights) Given a sequent D : T' - H, its weight is defined to
be the sum of the formula weight of all the formulas in D. The formula weight of a
formula F, £ weight(F), is defined as follows:

o fweight(F)=2ifF e {T,1,p}.
o f weight(F) = f weight(F})(1 + f weight(Fy)) if F € {F1 A Fy, F} x Fb}.

o f weight(F) =1+ f_weight(F}) + f_weight([h) if F = F1 V Fb.
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o f weight(F) =1+ f_weight(F))f weight(Fy) if FF = F1DF5.

Definition 62 (Irreducible LBIZ, sequents)
An antecedent structure T' in LBIZ; is said to be irreducible if it contains as its sub-

structure none of the following:
1. p;pDG
2. TOG
3.1
4. Hy N\ Hy
5. HiV Hy
6. Hy x H,.

A LBIZ, sequent D :T' & F is said to be irreducible if T is irreducible.

Lemma 16 (Normalisation) Any LBIZ; sequent D which is not irreducible can be

reduced into a set of irreducible sequents such that D be derivable iff they are.

Proof.  Basically follows from LBIZ inversion which inherits the aLBI inversion
lemma, and Lemma 14. A sequent with a 1 in the antecedent part is immediately in-

consistent' and derivable. [

3.5.1.2 TImplicit contraction elimination for > L,, and D L.,

I now show that any O L;prz, application on “pD>G” can be deferred until “p; pDG”
appears as a sub-structure in the antecedent part. Such also is the case for (F} « F5)DF3

under a set of conditions.

'Here, by a sequent I' = F' being inconsistent, I mean that I" - 1 is derivable.
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Lemma 17 Any LBIZ,-derivable irreducible sequent D : T' - H has a closed deriva-
tion in which the principal of the last rule applied is neither p>G (on the antecedent
part of D), nor (Fy x F5)DG if not all of the following conditions satisfy:

i [D : F(Fl; (Fl * FQ)DG) [ H] ~SL [Dl 3 (Fl * FQ)DG F o« FQ]
M D1 %R [DQ : R61 F Fl]
b D1 %R [Dg : R€2 F FQ]

* D5 and D3 (and hence also D1 ) are both LB1Z,-derivable.

Proof. By contradiction. As in Dyckhoff [1992] (Cf. Chapter 1 of this thesis), we
assume that inference rules to apply in the leftmost branch were cleverly chosen so that
the derivation length between D and the conclusion sequent of an axiom in the leftmost
branch is shortest.! Suppose, by way of showing contradiction, that there cannot exist
any other shorter derivations of D than the ones ending in O L with the principal of a
formula in the form either pOG, or (F; x F5)DG (under the condition that not all the
four conditions satisfy). Then II(D), a derivation of D, looks like:

D3 D4 Inf .
Dy Iy, FoGF Py ™ Dy T(T:G)FH
D : F(Fl;FwDG) FH

where Fr; is p if the principal is “pDG”; or is “Fy = Fy” if it is “(Fy * F5)DG”. As D is

— L

irreducible, so is D; which, therefore, cannot be the conclusion sequent of an axiom. If
Fy7 is p, then the consequent formula of D; can be active only for an axiom. Likewise,
due to the given condition, if F77 is F} = F, in Dy, its consequent part cannot be active
for Inf. Therefore, Inf is known to be D L. Moreover, as the leftmost branch is
supposed shortest, the principal for Inf must be from among those constituents residing
in the same additive structural layer as the F77;DG. Furthermore, that the leftmost
branch is shortest has to dictate that the principal for Inf is in neither of the following
forms: “p;DG;”, or “(Fj1 * Fj2) DG, for some propositional variable p;, some Fj * F)js
(satisfying the same condition as stated) and some formula G, or G;.

These points taken into account, D, D1, Do, D3 and Dy are actually seen taking the

following forms for some other formula F':

I'This, incidentally, is a classical proof. I leave a constructive proof open.
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* D:I(I'y; FOG'; FiiDG) - H
e D1 :I';; FOG'; FrpDG &+ Fryp
* Dy:I'(I'1; FOG';G)F H

e Dy : Ty FoG: FyoGF F
* Dy: TG, FriDG F Fry

But, then, this perforce implies the existence of an alternative derivation IT'(D) which

results by permuting I1(D):

: Dy D). T(T;G;G)+ H I
Ds P(Pl; G,; F77DG) FH -
D DL

D), can be shown derivable from D; via Lemma 14. A direct contradiction to the sup-

position has been drawn, for the leftmost branch in IT'(D) is shorter. [J

From Lemma 17 follows an observation.

Lemma 18 In LBIZ,, D L/ as below is admissible.

D1:F1;(F1*F2)DG|—F1*F2 DQF(Fl,G)l_H DLI
D:T(Ty; (FL* FBy)oG) F H .

Proof. Any application of D L with (F} = F»)DG as its principal can be deferred until
all the four conditions hoisted in Lemma 17 are satisfied. Under the assumption, there
exists a pair of sequent transitions via xR from the left premise sequent D; of the D L/,
into Dy and D3 such that (1) Dy ~».g Do ; (2) D1 ~.g D3 ; and (3) both Dy and D5 are
LBIZ,-derivable. Then, because in D; the outermost structural layer of the antecedent
for which (F; x F») DG 1s a constituent is not a multiplicative structural layer, nor can it
be (F} * F5) DG (otherwise D 1s not LBIZ;-derivable), it must be an additive structural
layer, and moreover, it must be such that there exists at least one multiplicative struc-

tural layer as its constituent (because the four conditions in Lemma 17 are assumed
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satisfied). By the way a maximal Re;/Res pair is formed, it cannot be the case that
two constituents of the outermost additive structural layer be retained simultaneously.
And so there could be only one from among the M constituents which is to remain
after a sequence of the internalised weakening so that the result be a multiplicative
structural layer to appear at the outermost structural layer. But (F; « F»)DF3 is not a

multiplicative structural layer. [

Proposition 12 Replacement of O Lip1z, with those in Figure 3.4 is sound and com-

plete.

Proof. One direction: to assume inference rules in Figure 3.4 and to show correspond-
ing derivations with D L;p1z,, 1s trivial. Into the other direction, proof is by induction
on sequent weight. We consider what the actual instance F' is in the principal F'DG,
and turn to Lemma 17 and Lemma 18, for D Ly, and D L,. D L is straightforward.
If F =1, F D G is a useless construct in the antecedent. Cf. Lemma 5 for the other

cases. [J

A decidability result follows.
Theorem 9 (Decidability of BI,.s.) BIyv.se is decidable.

Proof. For all the LBIZ,; inference rules, the sequent weight defined strictly decreases
from any conclusion sequent into premise sequent(s). Furthermore, every sequent to
appear during a derivation is finite (and so the weight of any sequent to appear during

a derivation is also finite). [

3.6 Conclusion

Here is a summary of the contributions in the present chapter.

1. Delivery of aLBI as a structural-rule-free BI sequent calculus.
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2. A direct proof of admissibility of Cut within [aLBI+ Cut].

3. Development of a sequent calculus convention to align BI proof theory with
other logics’ in the manner emptiness of a structure in a sequent is treated. Many
varieties in the two aLBI multiplicative inference rules, the left multiplicative

implication and the right multiplicative conjunction, were unified into LBIZ.

4. A purely syntactic proof of BI,s, decidability, which, at the time of this writing,
is the largest decidable fragment of the logic BI which actually comes with a

proof.!

This chapter was motivated broadly by the two objectives: the one, the analysis of in-
teractions between structural inference rules and logical inference rules in BI sequent
calculi; the other, derivation of a purely syntactic decidability result for BI,,s.. Both
concluded successfully.

To begin with, a new BI sequent calculus aLBI was presented, which concluded a
long standing open research problem of absorption of the LBI structural rules into the
logical rules, in particular of contraction and of the structural equivalences hindering
scalable backward proof searches. The goal was attained through analysis of the way
they behave in LBI derivations. Weakening, contraction and the structural equivalence
around the units, i.e. all the LBI structural rules, were all found depth-preserving ad-
missible in aLBI. To the best of my knowledge, none of them were closely analysed
in earlier work, let alone the simultaneous solution.

Though fairly remote, a work by Donnelly et al. [2004] is related closest nonethe-
less for weakening absorption which succeeded in absorption of the effect into the
other inference rules within their forward sequent calculus for a unit-less subset of BI.
The approach of theirs, however, comes with certain shortage in that the said effect
of weakening is absorbed not only into logical inference rules, but spills out also into
another structural rule of contraction that lingers on. Defeated to an extent is their in-
tention of structural weakening elimination, because, as a matter of fact, it still occurs

through the new structural rule, though now bearing a different label. Another issue to

'If one is permitted to restrict the occurrences of the multiplicative unit or those of the multiplicative
implication only to those subformula positions which do not need incur structural contraction, one
may artificially derive a larger decidable fragment. This restriction itself, however, would impose an
expensive restriction on what form a BI formula can fit in, and therefore impracticable.
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ensue from coupling the two structural inference rules is amplification of the difficulty
in analysing the behaviour of contraction.

For the remaining two LBI structural inference rules, there existed no known sen-
sible results. They manifest as sources of non-termination in earlier BI proof systems
such as LBI and DLp; (Cf. Chapter 1 and Chapter 2); it is very hard to actually prove
that an invalid BI formula is underivable in those systems.

Of these, contraction absorption seems to have remained a particularly hard prob-

lem, and the reasons that I consider added to the complexity are the following:

1. that practically any structure, not just formulas, may duplicate in BI sequent

calculus.

2. that a sound understanding of interactions between weakening and the structural

equivalence is a prerequisite for a successful contraction analysis.

3. that a sound understanding of both the interactions between additive and multi-
plicative structural layers and the behaviour of weakening are the prerequisites

for a successful contraction analysis.

To pierce the layered complexity, this chapter presented two key ideas: the essence
of structures, and deep weakening absorption which led to the discovery of the con-
cept of maximal Re;/Res pairs. The former provided a satisfactory clue to the second
difficulty cited above, and the latter to the third difficulty. Interactions between the
structural rules were analysed and, as a result, the effect of contraction was for the first
time fully decoupled from that of weakening and the structural equivalence, leading to
a concise and natural proof of the contraction admissibility as exhibited. A direct cut
elimination procedure was then laid down for [aLBI+ Cut].

The technical inquiry into the nature of BI proof systems was farther forged ahead
with evaluation of the significance of the coherent equivalence - a common wisdom, as
has been, in BI proof theory. Owing largely to the aLBI delivery, an insight nonethe-
less dawned on: the notational complexity around the BI units in LBI germinates from
incorporation of the structural equivalence (which is one of the conditions of the coher-
ent equivalence) into the proof system. By shedding off the extrinsic legacy, the core
of aLBI was successfully extracted into LBIZ with zero structural rules and structural

units.
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It was then used to prove decidability of BI;.s. (a fragment of BI without the mul-
tiplicative unit and the multiplicative implication), purely syntactically. The viewpoint
of a structure as a nesting of structural layers provided a clue (Cf. Lemma 18) to ex-
tend the Dyckhoff’s method (Cf. Chapter 1) beyond propositional intuitionistic logic,
to constitute a proof of BI... decidability. To the best of my knowledge, it is the
largest BI fragment that has ever been given an actual decidability proof. A BI,se

decision procedure is found in Chapter 5 as a side contribution of the chapter.
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Chapter 4

Defining BBI Sequent Calculi

The outline of this chapter is as follows:

1.

4.1

Development of adequate conventions for a BBI sequent calculus, and analysis

of BBI semantics and its implication on syntax.

. Formalisation of a BBI sequent calculus LBBI, with proofs of its soundness and

completeness.

. Development of another BBI sequent calculus oLBBI,, which results from ab-

sorbing structural rules of LBBI,,.

Adaptation of the sequent calculi to separation logic.

. Identification of a conservative cut eliminable fragment of [¢LBBI,+ Cut].

. Comparisons of the BBI sequent calculi with earlier BBI proof systems.

Preparations with Fundamental Notations

A BBI sequent calculus requires a new syntactic convention that captures a logical

combination of classical logic and a variant of multiplicative intuitionistic linear logic

with the non-intuitionistic T (Cf. Chapter 1). Since there are no BBI sequent calculi

known at present, I begin by providing intuition, introducing only so many fundamen-

tal notations as sufficient to get us started on this topic. To reflect the effect of the law
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of the excluded middle, we shall strictly distinguish negative structures from positive

ones.

Definition 63 A negative BBI structure I is defined by:

[ = F|M|A

M = FM|AM

M = F|A|EM|AM
A = F;AN|MA

A = F|M|F;A|M;A

Each of the A (resp. M) sub-structures of T is termed a negative additive (resp. multi-

plicative) structural layer.
Definition 64 A positive BBI structure A is defined by: A := F | A; A.

The set of T that the above grammar generates is denoted by 91 and that of A by ‘B.

Property 6 (Associativity and commutativity)
The following properties hold within t and *B3:

1. (T1,l2), T3 =T1,(2,T3).

2. (FisTo);Ty =Ty (M3 Ty).

3. T, =T9, .

4. T1;Ty=To;T.

5. (A1 A9); Az = Aq; (Ag; Ag).
6. A1; Ay = Ag; A

Negative structures are represented in nested structural layers as in BI proof theory (Cf.

Chapter 3). Positive structures are represented in list.
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4.1.1 Exponent-less LBBI, sequents

To cement the basic, we for now limit our attention to the sequents in the following set
¢:={[-A|[l € N AT[A € P]}. The notation “I'(I';)” is used (just as in BI proof
theory Cf. Chapter 1) to specify which part of an antecedent structure is currently being
accessed via an inference rule, stating that 'y occurs as a sub-structure of '(I';). That
is, informally, '(—) represents a negative structure with a “hole” which is filled with
1 like (). For a formal definition (albeit for Gg1) of a context, readers are referred
back to Chapter 1.

For the correspondence between structures and formulas, I define the following

interpretation of (exponent-less) sequents.

Definition 65 (Interpretation of a positive structure) Interpretation of a positive

structure is a function - : 3 — Fppr recursively defined as follows:

e F = F.

* A Ay — AV A,
Definition 66 (Interpretation of a negative structure) Interpretation of a negative
structure is a function -5 : U — Fep1 recursively defined as follows:

e 'y — F.

* [T, = Ty A Tap)

b Fl, rga — (ha *&8)

4.2 LBBI,: BBI Sequent Calculus

In this section, three major technical difficulties concerning the development of a BBI
sequent calculus are discussed. The first one arises from the fact that negation normal
form of a BBI formula (via De Morgan and other laws in Boolean algebra for reduction)
is not always knowable unlike classical logic. The second one comes from collapsing

of BBI multiplicative conjuncts. And the third one from the non-intuitionistic *T. A
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BBI sequent calculus LBBI, is developed by heeding these. For the exact order of the
materials to appear in this section, a discussion on the partial negation normal form
and a development of sequent calculus conventions precede the others. The collapsing
of multiplicative conjuncts and the impact of the non-intuitionistic multiplicative unit
will then be analysed with reference to corresponding LBBI, inference rules. The role

of the falsity within BBI sequent calculi will be also mentioned.

4.2.1 On the partial negation normalisation
Let us suppose:
1. We have a sequent D : (Fy; FoDF3), Fy F F5 such that D € €.

2. It holds that VIV € NDVm € W.jm = (FiA(Fy D F3)) * Fy] =1 [m = F3] (Cf.
Definition 65 and Definition 66).

3. We have a sequent calculus which is sound and complete with respect to BBI

Kripke non-deterministic semantics (Cf. Chapter 1).

Then there should exist a closed derivation tree for D constructable in the supposed
proof system.

Now suppose we know that it is F5,D F3 that becomes the principal. Also recall the
inference rule D L in classical logic sequent calculus such as Glc (Cf. Chapter 1):

U A, U:As - @
U; A1DA @

D Lgic

for some A;, As € For and some U, & € S¢. By sheer syntactic speculation on
D Lgic, then, we could have the following backward derivation of D with F»D F3 as the
principal:
Dy : 1, Fy - F5; Fy (F1; F3), Fy = F3
D : (Fl; FQDFg),F4 ~ F5

which transfers F, onto the consequent (looked from conclusion to premises). This,
however, does not reflect the BBI base-logic interactions property onto syntax. To elu-
cidate, by the set of current suppositions, Dy should be universally valid, i.e. YW €
ND Vm € W.[m = Fy * Fy] =t [m |= F5 v Fy]. But an error is immediately noticed by
recalling that [m |= F vV G] < [m |= F] V! [m = G]: suppose that some possible world
m forces F x Fy, then D, says that the same possible world is used for judgement of F;
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and F», which cannot be generally appropriate. More informally, the problem that this
bottom-up derivation step has is that F; is somehow connected additively to F5, or to
“F1, Fy” interchangeably, whereas it is “F}” to which it should be additively connected.
Solution To respect the property of multiplicative capturing of additive compo-
nents, therefore, an additive implication must be resolved at the additive structural
layer of whom it is a constituent. However, recall that classical logic exhibits symme-
try. Instead of O Lgi., a one-sided inference rule works just as well:
U A D1 H1 U:As 1
U: A DA 1

!
D Lgi.

We may therefore consider an alternative derivation of D:

D3 : ((F1; F2D1), Fy); Fs D11 ((F1; F3), Fy); Fs D11
D : ((Fl;FQDFg),F4);F5 O1k1

as semantics dictates (Cf. Chapter 1). A solution to the multiplicative capturing of

additive components was successfully given. Since we have
e [(F1 A Fy)D1] ~ [(F1D1) V (FyD1)).t!
* [(F1V F)D1] ~ [(F1D1) A (F»D1)).
* [(F1DFy)D1] ~ [F1 A (F3D1)).
e [1D1]~T.
« [To1]~1.

we can define a set of inference rules to deal with formulas in the form: F'>1, in case
F is in one of the forms: {T,1, Fi A Fy, F1 V Fy, F1 D Fb}.

Syntactic issue We must, however, consider the possibility that F» be in one of
the forms: {*T, F} % Fy, F1—F5}, for which no pseudo De Morgan equivalence is (yet)
defined. The above solution of ours then do not automatically reduce a formula in the
form: G D 1 into its (pseudo) negation normal form. Though somehow extrinsic, it is

also non-aesthetic to have to state those formulas with the tailing “> 1”.

'Equivalence via De Morgan and duality.
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4.2.1.1 Refinement of LBBI, sequents

To handle the slight syntactic inconvenience, we now extend the earlier notion of se-

quents in order to have a tidier syntactic representation.

Definition 67 (Negative structure with exponents) By [" we denote a LBBI, negative
structure with exponents which is defined by:

I o= F%|M*|A%

M o= FAMA A M

M = F|A|FAM2 A%, MA
A = FLAT | MY AT

A = FIM|F5AT | M AT

All the sub-structures T'1 of [ are associated with some positive structure A € 3 which
is termed the exponent (of the sub-structure it is associated to). The set of T is denoted
by . Also we define a function log : A — B such that log [ is the exponent associated
tofll.

Just as in Definition 63, each of the A (resp. M) sub-structures is termed a (negative)
additive (resp. multiplicative) structural layer. For presentational convenience, we also

use the equivalent notation, T'2, to explicitly state log (= A) of I".

Example 6

For a negative structure with exponents: (FlAl , FQA2)A3 , the following hold:
* log FlAl = A
* log FQA2 = Ao.
. log(FlAl,FQAQ)A3 = As.

Property 7 (Associativity and commutativity) The following associativity and com-
mutativity hold within 2:

1. (T1,05),T3=104,(5,T3).

2. (T509); T3 =115 (o;T3).
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3. [Fl, My = [rg, .

4. [Fl; [rg = [rg; |]—1.

Definition of LBBI, sequents now follows.

Definition 68 (LBBI, sequents) A LBBI, sequent is defined to be a set element of
Oppr = {[F FA | [I]— € Ql] /\T [A € SB]}

4.2.1.2 Interpretation of exponents and relation between ¢ and Dgp;

It is clear that ¢ and Dgp; are essentially the same by the following interpretation of
I e

Definition 69 (Interpretation of an exponentiated negative structure)
Interpretation of an exponentiated negative structure is a function _ : 20 — Fpp1 recur-

sively defined as follows:
e F1 L F.

o If A #1, then F® — (F' A (AD1)).

(Ff: T3t — (LT ATH).

© (CLT)" — (I #TH).

If Ay #1, then (T, TH') — (T A (A1D1)) +T9).

IFA; # L and if By # 1, then (T, T52)1 — (T} A (&) 5 1))+ (T3 A (B © 1))).

IfA+#1,thenT® - TYA(AD1).

We have the following result concerning the relation between € and Dgp;.
Lemma 19 (Isomorphism) ©gpr and € are isomorphic.

Proof. Obvious by Definition 65, Definition 66, Definition 69, De Morgan and duality.
O

I end this sub-sub-section 4.2.1.2 with a concluding remark on the derivation of
D : (Fl; FQDF:),), Fy F F5, which looked like:
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D3 . ((Fl,FQ D) ]].),F4),F5 D) ]]_ }_ :ﬂ_ ((F17F3)7F4)7F5 D) :ﬂ_ l_ ]]_
D : ((Fl,FQ D) F3)7F4);F5 D1k1

By mapping each sequent in € in the derivation into Dggr, we gain:

Dy: (FP2 F)Bs 1 D :((F;F),F)BF1
D N ((Fl, F23F3)7F4)F5 l_ ]]_

4.2.1.3 Conventions for BBI sequent calculi
Sequent calculus conventions are now formally introduced for LBBI,,.

Definition 70 (BBI equivalences) “=,,;” is the equivalence relation on exponenti-

ated negative structures satisfying:
1. If A\ = Ay (up to assoc. and commut.), then T™1 =, TA2,
2. Ty =02 (up to assoc. and commut.; Cf. Property 7).
3. IfT1 S Toand T (1) € Oppr, then T (I'1) =ant T(T2).
“=pos” i the equivalence relation on positive structures satisfying:
1. Ay = As (up to assoc. and commut.).

2. A1 =05 A
“<ant” 1S the equivalence relation on exponentiated negative structures satisfying:
1. Ty =04 (up to assoc. and commut. as in Property 7).

2. If Ay =<pos Ao, then A <, TA2,

3. (TH THA < TA.

A

(D1, T2 =, T(A1382),

5. If[Fl =ant 12 and [F(I]'l) € ®gp1, then [F([Fl) =ant ﬂ—([rg)

For a close syntax-semantic correspondence, it is more useful to be able to focus on an
antecedent sub-structure which is at least as large as an additive structural layer (pro-
vided there is any structural layer) rather than some of its constituents. This is because
all the constituents of an additive structural layer are judged by the same possible world

in the underlying BBI Kripke non-deterministic semantics.
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Definition 71 (Layer focus) Given an antecedent structure T (I'1) of which 'y is a

sub-structure, we denote by returns(I' (1)) the following:

o itis Ty with Ty =an (T1;T3)> if there exists a structure T3 such that:

(a) s is a sub-structure of T (I'1).
(b) there exists no sub-structure T4 of T (['1) such that (I o; [F4)A/ is a sub-structure
of T(Ty).

(c) (the 'y that occurs in [y is the same as the focused sub-structure Iy of T'([1).)

e itis 1, otherwise.

Definition 72 (Sequent calculus convention) Notational conventions for BBI sequent

calculi are set forth as follows:

1

2.

T abbreviates T2.

Al;AQ)) F 1 where

T{T{) - {Ay} abbreviates H’(Fg

returnA(I]’(I‘gAl%Aﬂ)) _ F(lAqu).

In a LBBI, sequent, emptiness of an exponentiated negative structure in “'1;[2”
is identified with T, i.e. “T 1;T 2" is identified with T, (resp. 1) in case Ty (resp.
[2) is empty.

In a LBBI, sequent, emptiness of an exponentiated negative structure in “I'1,[2”
is identified with 'T, i.e. “I'1,0 9" is identified with [y (resp. [1) in case 1 (resp.
o) is empty.

In a LBBI, sequent, emptiness of a positive structure in “Ay1; A" is identified
with 1, 1.e. “A1;As” is identified with Ay (resp. A1) in case Ay (resp. As) is
empty.

LBBI, is found in Figure 4.1.

4.2.2 On the collapse of multiplicative conjuncts

Under the BBI Kripke non-deterministic semantics, collapsing of multiplicative con-

juncts (which is nominally considered a special distribution in the rest) is permitted. I

first introduce the notion of the relative structural distance.
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a1
M{}F{A )} "

FrF &%

My Py - {A} T{Dy; Py {A}

[F{Fl, F1 V Fg} = {Al}

M{T} F{A; Fi} T{Ty; Fo} F{A}

F{Fl, FljFQ} F {Al}

VL

DL

MEF (ENF=0)

I]_{Fl, F1 A FQ} " {Al}

AL

T{Ty; (F, F2)} E{A}

T{Ty; Fy + B} F {A} *L

M{T'y; G {A} (Feg)
M{Ty; F+G} F {A}

_*L*T

HUse -y

T{r{, 152, F<G} F {As)

- {A P} T{T:} F{A; o}

[T{Fl} }_ {Ah Fl A F2}

TR T{T'1} - {A;Gh}
[r{rl} F {AU Fyx G1}

*R*T

' FR+FE (ENF =0

—+R
I8 E B +F !

M} F{A;GY (FeE)
[F{Fl} = {Al;F—*G}

T{ g F A
T{I'} - {A; F}

ﬁkR*‘r

Wk R

M{I} - {A; F P
M{Ih} F{AG F}

CtrR

T{T} - {A; As}
F{IP, (T;T2)22 ) - {A}

TWEL

M3 E{AGFY T{Te F} - {Aq}
[F{Fl, Pg} l_ {Al AQ}

T{Fl} }_ {AhFl,FQ}
[T{Fl} }_ {AhFl V F2}

VR

' eF T9FG

*R
R rTe !

[F{Fl, Fl} F {AI, FQ}

DR
[F{Fl} }7 {Al,FlDFQ}

M{r} = {A
T{Ty; o} F {A}

Wk L

T{Ty;Ty; o} F {A}
T{ly;To} - {A}

Ctr L

{1} F {A1;SA(F1 x Fy) %« Sy(G1 x Go)}

Cut

[F{Fl} }— {Al; Fl * G1;FQ * Gz}

T{(Ts T, (TsT) %2} F {A

[r{ﬁ;rl} F {A1;A2} TCtrk

= is a set of BBI formulas such that VF € Z.[F - *T] AT [T - F).

Figure 4.1: LBBI,: a sequent calculus for BBI. Definition 72 for calculus conventions.
Definition 73 (Relative structural distance) Relative structural distance between a

structure [ (["1) and its focused sub-structure [y, denoted by str_dist(['(—)), is defined

as follows:
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e itisOif “T(—) Sant — -
* itis str_dist(I'e(—)) + 1 if the set of conditions below are satisfied:

1. there exists some Ty and some A such that T (—) =g (T2(—); T2,

2. there exists no pair of T') and T's(—) such that T's(—) =ant I's(—); T'Y.
* itis str_dist(['2(—)) + 1 if the set of conditions below are satisfied:

1. there exists some Ty and some A such that T(—) =g (T2(—), 7).

2. there exists no pair of ') and Us(—) such that To(—) =ant [3(—), 7.
The special distributivity holds between the multiplicative conjunction and the additive
disjunction.

Lemma 20 Let dR,other denote the following rule:

T{} E{AG (FLAF) % (G V Ga)}
T{T1} = {Ay; P+ Gy By + G}

dRanother

Then it is locally sound with respect to the BBI Kripke non-deterministic semantics, 1.e.

it holds that if [F(I‘&A“(FIAFQ)*(GIVGQ))) D 1 is universally valid, then so is
[F(FgAl;F1*Gl;F2*G2)) 51

Proof. In Appendix A. [

To illustrate how dR..other acts in a BBI sequent calculus, let us replace dR with

dRnother in LBBI,. Let us call the alternative proof system LBBI, .

Example 7 Let D € Dggr be p,q = (p* (r O q)); (px ). Then it is LBBI, -derivable:

rEr Ax

prp ™ prp A);L WDV};
pEpAD A g-(ros)vr
*R[
P (pAp) x((r2s)Vr)
dRanother

pigb(px(r>s))(pxr)
Also, let D' € Dggr be (T(p*(qDJl));((lel)*(DJl))’p)(q\/r)*p s
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QEgr rEgr

pl—pr qFqVr R pl—pr reqVr VR
({ay.p)o o F {1y @7y
{1277 F {45 1) L)@ o1y 2
T V(o1 (M) (Ao}

{Thp) = {(pVv(pD1)*((gD>1)A(r>1))}
{Thp) @ {(p* (¢ > 1); (P2 1)+ (r 1))}
(The second derivation can be shortened by brining the derivation step of xR; below

dRanother

xR« and dR; this particular derivation tree is simply to illustrate the use of «x R- when
it does not take as the principal a formula in the exponent of the outermost antecedent

structure.)

LBBI, achieves nearly the same effect with dR as LBBI,” with dR,other. In fact,
for soundness and completeness, it does not really matter which is used. However,

LBBI,’  is unfortunately non-analytic even without Cut due to the interactions between
AR ,other and CtrR.

Proposition 13 (Non-analyticity of LBBI,’)
dRunother and CtrR lead to non-analyticity, i.e. infinite introduction of distinct new

constructs, in LBBI,,".

Proof. Let D € Dggr be H  Fy « Gy. Then there exists a derivation tree such as
the following (arbitrarily chosen for the sake of illustration; note that associativity and
commutativity as defined earlier are freely available) in which the introduction of new

constructs is unbounded:

HE F1 * Gl; (F1 V Gl) * (G1 A\ Fl), ((F1 V Gl) N Fl) * ((G1 A\ Fl) V Gl)
HE Fy o+ Gy (F1V G * (GrA R (FUY Gy x (G A B Fox Gy
HE F1 *Gl;(Fl \/Gl) * <G1 /\Fl)
Hl—Fl*Gl;Fl*Gl;Fl*Gl
H"Fl*Gl;Fl*Gl

dRanother
CtrR

dRanother
CtrR

i

The given example derivation tree in Proposition 13 introduces (looked backward)
a new construct (F; V G1) * (G1 A F) in the first dR,,other application and another
new construct ((£1 V G1) A F1) = ((G1 A F1) V Gy) in the second dRgponer application.
Since CtrR and dRgpother are available in [LBBI,’ - Cut], this infinite process cannot

be prevented from occurring.
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4.2.2.1 Ensuring analyticity with d? through synthesising operators

We nonetheless notice with a knowledge of laws in Boolean algebra that satisfiability
of (F1 VG1)AF; (resp. (G1AF1)VGh) coincides with that of F; (resp. G1). Hence if the
process of synthesising two multiplicative conjuncts is systematically carried out, then
starting with a finite number of multiplicative conjuncts in an exponent, there could re-
sult only a finite number of multiplicative conjuncts even in the presence of CtrR. We
achieve this by internally processing the premise sequent of dRy,other farther, draw-
ing ideas from the Boolean algebra, resulting in dR as we see in Figure 4.1. For this

purpose, first we define BBI literals and an equivalence relation =.

Definition 74 (BBI literals) A BBI literal f,(g,h) is defined by the following gram-
mar: f:=p|T|FDF|FxF|F~F.

Definition 75 (Equivalence relation =) We define a binary relation = as one that sat-

isfies the following:

1. fA(gAh)=(fAg)Ah (associativity 1).
2. fV(gVh)=(fVg)Vh (associativity 2).
3. fANg=gAf(commutativity 1).
4. £V g=gV f(commutativity 2).
5. FA(gVR) = (fAg)V (fAh) (distributivity ).
6. fV(gAR) = (fVg)A(fVh) (distributivity 2).
7. fAf = f (identity 1).
8. fVv f= f(identity 2).
9. £V (fAg)= f (absorption 1).

10. fA(fVg)= f (absorption 2).

11. 1V f = f.

12. 1A f=1.
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13. TVf=T.
4. TAf= T

Based on the above knowledge, we let dRyggr,,:

[F{Fl} = {Al;SA(Fl X Fg) * S\/(Gl X Gg)}
[F{Fl} ~ {Al; F1 * Gl;FQ * GQ}

perform certain normalisation operations on the premise.

dR

Definition 76 (Synthesis operators)
The conjunctive synthesis operator Sy : §eer X Jepr — Jeer IS a function that takes
two BBI formulas F and G and returns a BBI conjunctive normal form of F' N\ G such
that (1) it be the least modulo = and that (2) all the BBI literals in the BBI conjunctive
normal form occur as a sub-formula of at least either F or G.

The disjunctive synthesis operator Sy, : §ssr X Sser — Jsp1 IS a function that takes
two BBI formulas F and G and returns a BBI disjunctive normal form of F vV G such
that (1) it be the least modulo = and that (2) all the BBI literals in the BBI disjunctive

normal form occur as a sub-formula of at least either F or G.
The normalisation ensures a nice property.
Proposition 14 (Analyticity) dR and CtrR do not lead to non-analyticity in LBBI,,.

Proof. With a finite number of BBI literals to synthesise through dR and CtrR, no
clause of either the BBI disjunctive or the BBI conjunctive normal form can contain an
infinite number of BBI literals. The number of clauses is necessarily finite in the BBI

disjunctive/conjunctive normal form. [J

Moreover, the operations can be syntactically carried out, by comparing the formu-
las to be synthesised, say F, with all the possible BBI conjunctive (disjunctive) normal
forms, say G, --- , Gy (k is necessarily finite), to test if there is a match. The process

can be conducted in some sequent calculus for classical logic.

4.2.3 On direct and indirect cut formulas

The availability of dR has an implication on Cut. Suppose that we have a LBBI,-

derivation:
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Tiqk g1
TrqgqgD1
pEDp TFqV(gD1)
Dy:pkpx(gV(gD1) :
Dy:pbpxgpx(gD1) Dy:px(¢gD1)F1
pEpxq

DR
VR
*R*‘r

Ax

Cut

The Cut instance introduces a cut formula of p % (¢ O 1) (a direct cut formula) on D,
and D-. If we carefully examine the derivation, however, there is actually another cut
formula indirectly introduced through a synthesis of the direct cut formula with a for-
mula which existed prior to the backward Cut application. In the above derivation, it
ispx*(qV (¢ D 1)) as appearing in Ds. It is a cut formula since it could not have existed
if not for the Cut application introducing the direct cut formula. Hence, comparing the
left branch with D5 to which only the direct cut formula is introduced, we notice that
the indirect cut formula has been forgotten being introduced into D, resulting in an in-
tention mismatch on the part of Cut between the two derivation branches of its. This is
not in keeping with our intention (i.e. with our understanding about Cut) and certainly
not desirable for cut admissibility analysis since the intention mismatch would inflict
on a successful elimination of Cut. In a more general scenario than the very simple
example given above, it is rather difficult to know how many indirect cut formulas a
direct formula would introduce over the course of a derivation. Practically, there are
two conceivable solutions to the intention mismatch: one that modifies the direct cut
formula on the right premise of a Cut instance in case it should be, in the left deriva-
tion branch, used to introduce an indirect cut formula - a try-and-amend approach. The
second that I adopt in this thesis is to not permit introduction of indirect cut formulas,
since any such formulas can be directly introduced, precluding any potential intention

mismatches. Under this strategy, the above derivation becomes:

Dy:pkpxq H Dy:HF1
pEP*q

Cut

where the direct cut formulais H = (p*x (¢ D 1))V (p*(¢V (¢ D 1))) (or H = (p* (¢ D
1))V (p*(qV (¢ D1))) without a loss of generality).
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4.2.4 Significance of the multiplicative unit

Significance of the multiplicative unit in BBI proof theory has not been paid so much
attention. Unlike a general consensus that the multiplicative base logic of BBI is the
same as that of BI, there is a crucial difference in that *T in BBI does not behave intu-
itionistically but Boolean.

For a closer syntax-semantics correspondence, I regard *T explicitly as a Boolean
component, which leads to dedicated inference rules around *T. To sharply recognise
the BBI formulas that are semantically indistinguishable from *T, LBBI,, defines a set
= which holds certain class of BBI formulas. They are termed BBI multiplicative the-

orems.

Definition 77 (Multiplicative theorems) A multiplicative theorem is defined to be a
BBI formula F iff VW € ND.([e = F] AT (Ym € W.[m # ¢] =T =T[m = F])).

Definition 78 (Collector) The LBBI -collector = is a set of BBI formulas such that
for all F that it holds, both F' - "T and T = F are LBBI,-derivable.

Intuitively, = can hold all the multiplicative theorems in an event where LBBI,, is com-
plete with respect to the BBI Kripke non-deterministic semantics.

We now go through relevant LBBI, inference rules. First, although contraction is
generally understood to be unavailable in a multiplicative context, the Boolean *T se-
mantics strongly determines satisfiability of other formulas additively connected to it
(F is said to be additively connected to *T iff it is a constituent of the same additive
structural layer as *T is) with respect to ¢, and so we have *TCt¢rL. Second, although
the multiplicative implication F;—Fj is generally understood to be intuitionistic, the
Boolean semantics for *T makes an exception: if F} is in Z, then the behaviour of F} is
no longer distinguishable from *T. We therefore have -« R+ and —L- which do not act
intuitionistically. Additionally, we have another inference rule xR for multiplicative
conjuncts.

By having syntax that closely matches with the underlying semantics, we for in-
stance have a very natural derivation of T A F' O F x F, eliciting no surprise:

o AX o AX
FFF FFF

IEREYOL A P Y b e

1

(T T F), (T, T, F) R Fx F
T T FF F«F TCtrL
TTAFFFxF
TETAR)S(FF) -0
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4.2.5 On the treatment of falsity

The role that the falsity “1” undertakes in BBI sequent calculus must be studied closely.
It holds in BBI that if 7' D 1 is universally valid, then neither F' nor F A G, nor F x G
is satisfiable. An observation follows.

Lemma 21 (Bottom lemma) If YW € NDVm € W.—[m |= ['y], then YW € NDV¥m €
W.m |= (1) D 1] for an arbitrary T (—) (but such that T (I') € ).

Proof. In Appendix B. [J

1,5 (Figure 4.1) results based on Lemma 21. We now also know that the following
Cut is derivable with 1, in LBBI,,:

Dy :T{T}HA{F; A} I{Te; F} F{As} Cut
[F{Pl;l“g} |— {Al; AQ}

where [I—{Fl} F {F, Al} M Dl.

I call a special case where ['(—) = — as the intuitionistic Cut that can exhibit

certain multiplicity:
'Y EF (TR (D F)A9) 4 F 1
F((Dy; D) AEA) 4 (D T BA)) 4 - 1
where (1) returny (I'(T'5e)4) = 'S for some T4 and (2) '(T'1)(T's) ... (T%) (for some
I'y,...,Iy) abbreviates (... ((I'(I'1))(T'2)) .. .)(Tk).

Cut”®

Lemma 22 Cut” is derivable in LBBI,,

Proof. Straightforward. []

4.3 Main Properties of LBBI,

In this section main properties of LBBI,: soundness and completeness, are proved. For

the soundness proof, the result below around Vv (and dually A) is made use of.

Lemma 23 (Equivalence for V)
VW € ND.(Vm € W.[m = T(F)] VI [m = T(B)]) < (Ym e W.m = T(Fy vV ).
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Proof. In Appendix C. [J

Theorem 10 (Soundness of LBBL,) [f ' I 1 is LBBI,-derivable, then T2 O 1 (or
T D A) is universally valid.

Proof. By induction on the derivation depth. Mostly straightforward. Note that [m =
2 > 1] &t (fm = I] = [m | A]), as expected. Trivial for Ax. For inductive cases,
assume that the current theorem holds true for all the LBBI, derivations of derivation
depth up to k, and show that it still holds true for LBBI,, derivations of derivation depth

k + 1. Consider what the last inference rule applied is.

1,s: by induction hypothesis, we have Ffl D 1 as a universally valid BBI formula.

Then immediate via Bottom lemma.
AL: “;” in antecedent is the structural proxy of A. Vacuous.
VL: Lemma 23.
«xL: “)” in the antecedent part is the structural proxy of *. Vacuous.
DL: similar to “VL”. Lemma 23.
—xL+: trivial by the definition of a multiplicative theorem.

—«Lr: no essential difference from BI —L (Cf. literature Brotherston [2009]; Pym
[2002]). Straightforward.

AR: similar to VL. Note [(F1 A Fy) D 1] ~ [(F} D 1) V (F2 D 1)] (equivalence via De
Morgan). Lemma 23.

VR: “;” 1n a positive structure is the structural proxy of “V”. Vacuous.

«R+«: formally a sub-induction on the relative structural distance str_dist(l'(—)).
The straightforward proof is nonetheless omitted except I note that e satisfies £

due to induction hypothesis on the left premise.

*Rr:  no essential difference from BI %K.
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O R:

—Ry:

—*R*T:

WEkL:

WER:

CtrL:

CtrR

a sub-induction on relative structural distance. Straightforward by definition of

the Kripke semantics for “2” for the base case. For inductive cases, Lemma 23.

By induction hypothesis, we have:
VW € NDVYm € W.(3myi,ma € W.Jm € my o ma] Al [my = I AT [ma | F]) =1
m = G].
We must now show that YIW € ND Vm/, my,me € W.[m' = T] =T (jmy | F] -1
([m2 € m' o ma] =T [ma = G])).
Here assume arbitrary mg, my, me € W such that [m, = T A [my = F] AT [m,. €
mg o my). If the assumption is not self-contradictory in itself, we must be able to

show that [m. |= G] from the hypotheses, which holds true trivially.
Trivial by the definition of a multiplicative theorem.
straightforward.

straightforward.

straightforward.

: straightforward.

dR: Lemma 20 and Definition 76.

TWEkL: straightforward.

TCtrL: asub-induction on the relative structural distance str_dist(['(—)). For base

cases of the sub-induction, VIW € NDVm € W

1. if Imy, ma.[m € my o ma] AT [my |2 (°T;T1)22] AT [mg |= (T;T1)22], then it
must hold that m; = ms = € = m and, by induction hypothesis of the main
induction, also that [m = Aq].

2. otherwise, (—=f(Imi,ma.[m € my o mo] At [my = (T;T1)22) Al [my =
(T;T1)22])) =1 ([m1 # €] AT [mg # €]). Then m cannot be e. Then m

cannot force (*T;T';)22.

Then straightforward. Proofs for inductive cases follow the approaches in Lemma

23, though simpler.
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Cut: a sub-induction on str_dist(['(—)). Base case is trivial. For inductive cases,
1. if T(=) =au (I'(=);T))? such that str dist(I'(—=)) = [ and that
str_dist(l(—)) =1+ 1, then YW € ND:

(@) if vm € Waim [ I}, then by Bottom lemma, we have
vm € W.—i[m | (I'((T1; o) 2122); T A,

(b) otherwise, by induction hypothesis of the sub-induction and that of
the main induction, we have either —[m = (I'(I';; T'o)2142; 1), or

[m = A] as required.

2. if T(=) =an ("(=),[})?" such that str dist(I’(—)) = [ and that
str_dist([(—)) = [+ 1: also the proof approaches as we saw in Lemma 23

work.

Theorem 11 (Completeness of LBBI,)) Any universally valid BBI formula F € Fgg1
is derivable in LBBI,, i.e. T¥' -1 (or T+ F).

Proof. 1t suffices to show that each Hilbert inference rule (Cf. Figure 1.8) is derivable
in LBBI,,. Proof is by induction on the derivation depth in the BBI Hilbert system.

F>(GOF):

FrF 47

T, F;GFF
T, FFGOF
TEFFDO(GDF)

WkL
DR
DR

(FO(GDH))D((FOG)D(FoH)):  Also straightforward.
FDOF Vv G: Also straightforward.

(FOH)D((GDH)D(F VvV GDH)):
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7ALE 714.’17 ——~ AXx —— AX
FFF HrH GraG HrH
Freg " e Y gr e M e
F.FoHF H - G.GOHF H -
T, F FoH,GoHFH VH T.G.FoH,GoHFH VFE
TFVGEOIGOHEH VL
T.FoH,GOHF FVGHOH »
T FoH F (GoH)>(FV GoH) ~ B
T+ (FoH)>(GoH)>(FV GoH)) =
FANG D F: straightforward.
F>(GDF ANG): straightforward.
1DF: straightforward.
F>OT: straightforward.
((FD>1)D>1) D F: straightforward.
FO(TxF):
—— = AX
FHF
TFT M T.FRF *WR’“L
TFFT«F o i
TEEFS(T+F) ~
(T« F)DF":
—— = Ax
FHF
T,F+F TWEL
pr——
TxFEHF
T, TxFFHF W];L
TET*FoF -
MP:
— Ax ——~ Ax
FFF GFG@
Fre.c VEE R oRa WEL
T+ oG F,FoGF G -
TFF FrG Cut
Cut

THG
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D1:F1|_G1 DQZFQI‘GQ

Fl,FQ l— G1 *GQ *RI
Fl*Fgl—Gl*GQ *
T;Fl*FQ |‘G1*G2 WL
DR

TF (F1 * FQ)D(Gl * Gg)

Cf. MP for the remaining derivation tree construction for both Dy and Ds.

—k1
1. GisnotinZ=:
Gra ™ Erm A
Fr i ™ G+H GF H WkL’
{FLGME{F} " (GHF),GRH
T Fo(G—H) (F>(G=H), F),GF H -
FGFH Cut
F+«GrH *
T;F*GI—HW%
TFF«GoH ~
2. Gisin =.
—Ax
HrH
GFT *’I’,HFHZI—W]CL
HGFH *L“t
Frr ™ GHGFH T
({F}L.G)"H{F} " (G=H;F),GFH
Tk Fo(G—+H) (F>(G=H), F),GF H
FGFH Cut
FxGFH*
TG ik
TFE«GoOH ~
—k9
1. GisnotinZ=:
FrEE Gra »
FGFF*G HEH
FGFE«GH VH H;(F,G)I—HWIZL
TrF+«GoH F«GoH;(F,.G) H -
FGFH Cut
FI G+H *"WQ,L
T;FFG—=H R
TF Fo(GwH) =

2. GisinZ=:
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FET ) - (1) CE ) A - {1y o

Mo (& PO F (1A 8

HelAl FST(F*Gr;...; Fy *+ Gy) RezAz FS™(Fy*Gy;...; Fpx Gy)
H‘{[(FgA/§F1*G1§~~~%Fk*Gk))} - {]l}

*RI

TESHE Gy  FexGy)  T{E(DE Ol Gey L fs—(F « Gy B+ Gy))
[r{[(FgAl;Fl*G‘l;.”;Fk*Gk))} - {]].}

*R*T

r&f=R) p g (2nF =0)

—-«R
F{ECET )} (1) '

ReMEF (ENF=0) T{(Res?, G); (M2 T5" E((Ty; F=G)23))} F {A"}
T{T%e, T E((Ty; F~G)29)} - {A'}

**L[

T{(T;T)% (T: T2} - {A}
M{T; Iy - {A}

TCtrL

Figure 4.2: A set of aLBBI, inference rules to replace corresponding LBBI, inference
rules with.

Ax
TFG FFF
«Re ——— Ax
FFrFsG ' HFH
FrE«G.H kR JﬂFkHqu
THF«GoH F+GOHFFH -
FFH b
FPG*H_ﬁiL
TFEGH
TF Fo(G=H) ~

4.4 A Variant of LBBI,: Absorption of Structural Rules

In this section, a variant of LBBI,: aLBBI,, is presented by adapting the earlier method-
ology within BI proof theory. This sequent calculus is both weakening-free and
distribution-free in the sense of not permitting their phenomena to occur in any struc-

tural rules within oLBBI,,. It is also partially contraction-free in that the phenomenon
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of CtrL does not occur in any structural rules.

aLBBI, derives from modifying the following inference rules in LBBI,,.

o Ax LBBIp: Spht into four rules: idaLBBIpa ]lLaLBBIpv TRaLBBIp and *TRQLBBIP . ]]-ps LBBI,»
WkLyigpr, and Wk Rpggr, are absorbed into these. In addition, *TWkL is absorbed

into idaLBBIp and *TRQLBBIP.

* «Rripp1,: *PRjaLsI, replaces. 1psieBr,» dRiser,» WkLippr,, WkRypp1,,
TWkLygs1,, and Ctr Rygsr, are absorbed.

* «Re 11, *[T aLeBI, replaces. dRype1,, TWkLigp1,, WkLigp1,, WkRypgr, and

Ctr Rygpr,, are absorbed.

. _*RILBBIP: —*RIQLBBIP replaces. :H-ps LBBI,>» CtTRLBBIp and *TWkZLLBBIp are ab—

sorbed.

o [t LBBIp: Ly QLBBI, replaces. WkLLBBIp’ WkRLBBIp’ *TWkLLBBIp and CtTLLBBIp
are absorbed.

TCtrLiger,: *T CtrLavesr, replaces. CtrRygpr, 18 absorbed.
These rules are found in Figure 4.2.

Definition 79 (aLBBI,) aLBBI, comprises the following inference rules.
Axioms: id TR 1L TR
Other logical rules: NL AR VL VR DL DR xL
xR *Req Ry —*«Rq —L; —Ls
Structural rule: TCtrL

each of which is identical to a corresponding inference rule in LBBI, unless otherwise
stated earlier (underlined in this definition for clarity). Collector = holds a set of BBI

multiplicative theorems which are «LBBI,-derivable.

The rest of this section exhibits main properties of «LBBI,: admissibility of 1, 1gs1,;
that of dR; that of "TWkLgsr,, WkLigsr, and WkRygsr,; aLBBI, inversion lemma;
admissibility of C'trLigsr, and CtrRLBBIpl; and the equivalence of aLBBI,, to [LBBI,-
Cut]. The presentation style is kept closely aligned to that in Chapter 3 for ease of

'Note for C tr Ryppr, that its phenomenon still occurs in the structural rule *T C'tr L.
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comparisons between LBIZ and aLBBI,. My hope is that such juxtapositions be an aid
for further study into the intrinsic characters of structural interactions (i.e. syntactic
phenomena of the base logic interactions) within those specific combined logics.

The essence of BBI structures; synthesis operators S*(---) and S™(---); and the
correspondence between Re! / Re®? in the premise sequent(s) and negative structures

in the conclusion sequent are first defined.

4.4.1 Essence, synthesis and Rre{'/Res? pair
4.4.1.1 Essence of negative structures

As in BI proof theory (Cf. Chapter 3), 'TWEkL is not totally disjoint from WkL. The

concept of the ‘essence’ introduced back then is adjusted here for BBI.

Definition 80 (Essence of structures) An essence of a negative structure I, € 2 is a

negative structure E(I',) € U, satisfying the following for some context T (—):
© [DT(E(T)) F 1) iy, [P0 T(Ta) 1)

* Both D and D’ are an element of Dgp;.

4.4.1.2 On the synthesis operators and the Refl / RezAQ pair

As dR is no longer available in aLLBBI,,, what it achieves must be made possible within
aLBBI, logical inference rules. Further, it is noticeable that not only dR but CtrR is
unavailable in the calculus. The LBBI, synthesis operators need adjusted adequately,

taking into account the effects of C'trR and dR upon them.

Definition 81 (aLBBI, synthesis operators)
Let D denote [F{I‘fl} F{F * G- ; Fy, x Gy} for k > 1 such that D € Dgpr. Let

D ~~gn D' denote the following transition on D:

o DM_)*

A
{CtrRipg1y, ,dRissr, } [D” : [r{rl 1} + {Hl * HQ; AI}]

* A
« D Wk Ruger, [D': T{T'T'} F {H; * Hy}]

such that CtrRyggr1, in D ~* D" applies only to those F; x G; (1 < i < k) and/or any

formula in the form F, x G that dRygp1, in the same transition may produce, that (2)
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dRypg1, takes place on those formulas, and that (3) all the F; x G; are synthesised at
least once. Then the pair (ST(FyxGy;- -+ ; FpxGy),S™ (F1*Gy; - ; FpxGy)) is defined
to be either (Hy, Hy) or (Ha, Hy).

The RelAl / ReQA2 pair is also defined through a binding of xR; and —L; to a corre-

sponding LBBI,-derivation.

Definition 82 (Ref' /Re5? in xR; /L) In aLBBI,, correspondence of premise and
conclusion sequents in xRy and Ly are defined with respect to *Ry/—L;/ TWkL
JWkL/WkR/CtrL/CtrR/dR/1,, in LBBI,:

For *«Rjq1ep1,:
Let Dy : I]’{[E(FEA/;FI*G“”' Gk )\ 1 (1) be the conclusion sequent of the infer-
ence rule. Let F,, denote F1xG1;- - - ; Fi, * Gy. Then the corresponding derivation
of *Rjavee1, within LBBI,, is defined to be

* D ik, D TTE ) {F))]

« Df~p (D} TR+ Fy]

1ps LB,

DY ~s gy [DY TR = STH(E,) % S™(Fy)]

A A _
* Dll” W?WkRLBBIp)WkLLBBIp} [Dim : R€1 17R62 s S+(Fm) *S (Fx)]
¢ D,1/” ~7%Rige1,, [‘DQ : fielAI -St (Fw)]

¢ Dllm "~ % Rugg1), [D3 : R62A2 + S_(FJE)]

Do and D3 correspond to the premise sequents of *Rjqiss1, (With Dy as its con-

clusion sequent).

For Ly qrpp1,:
Let Dy : T{I'5e, FbA", E((Ty; F+G)23)} = {A'} as the conclusion sequent of the
inference rule. Then the corresponding derivation of —«Lj o1, Within LBBI,, is
defined as below.

* Di ~CirLus, (D} T{(T5e, T E((Dg; F+G)29));
(T2, T2 E((Ty; F~G)23))} F {A'}]

o D} iy [DY: T{(T0e, T, (Dg; F+G)29);
(T2e T2 E((Ty; F+G)24))} F {A}]
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* A A
e DY Wk Rusory Wk Lusor, } (DY : T{(ReT", Re3?, F+G);
A
(T2, Ty, E((Ty; F+G)2))} - {A}]
* Dllll W‘*LILBBIP [DQ : RelAl - F]

« DV (D3 : T{(Re5?, G)y(I2e, T, E(I'y; F+G))} F {A)]

—+L 1gp1

Do and D3 correspond to the premise sequents of —Lg aies1, (With Dy as its

conclusion sequent).

As we saw in Chapter 3, these rules internalise LBBI, backward derivation steps.
Derivations of other new inference rules within LBBI,, are similar and straightforward

except possibly for xR o1ppr, Whose LBBI-binding is:

* Let F, denote F} x Gy;--- ; F x Gy, let D denote the conclusion sequent of the
inference rule, i.e. D : T{ET{*))} - {1}. Also let A, denote log E(T{*"*)).

o D e [D THEDEH) BT - {A,)
% A1;F,
o« D st (D7 T{TGECE PN (AL B A )]
© D" gy D" T{TEC )Y (A ST(FL) *S™(F); A )]

o DI ¥

wrwery [0 T{ECSEE) (S (Fy) + S (Fy) )

« D e (Do T SHE)
o« DM s R [DS . I]—{[E(FgAqu))} - {S_(Fx)}]

where D, and D3 correspond to the premise sequents of the aLBBI, inference rule.
The essence of structures does not appear in additive inference rules (axioms ex-
cluded) unlike BI (Cf. LBIZ in Chapter 3).

4.4.2 Main results

Main results about aLBBI,, are proved in the following order: admissibility of 1,; that
of WkL, WkR and "TWkL; aLBBI, inversion lemma; admissibility of C'trL, Ctr R and
dR; equivalence of aLBBI, to [LBBI,- Cut]. Most of the results (in this subsection)
are dependent on earlier results (in this subsection). Admissibility results are depth-

preserving.
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4.4.2.1 Admissibility of 1,

The effect of 1, ss1, is taken into account in the set of aLBBI,, inference rules.

Proposition 15 (Admissibility of 1,) If a sequent D : T® 1 is aLBBI,-derivable,
then so is T{I'} - {A}, preserving the derivation depth.

Proof. By induction on derivation depth of II(D). For the base cases, we note that
id,1L, TR and "T R all absorb the effect of 1,, within. But then inductive cases are
trivial. []

4.4.2.2 Admissibility of weakening

Proposition 16 (Admissibility of TWEkL )
If a sequent D : T{I'1} F {A1} is aLBBI-derivable, then so is D’ : T{ESY)} - {1},

preserving the derivation depth.

Proof. In Appendix D. [J

Proposition 17 (Admissibility of additive weakening)
If a sequent D : T{I'1} + {A:} is aLBBI,-derivable, then so is D' : T{I';;T'2}
{Ay; Ay}, preserving the derivation depth.

Proof. In Appendix E. [

4.4.2.3 Inversion lemma
The following depth-preserving inversion lemma holds in «LBBI,,.

Lemma 24 (Inversion lemma for aLBBI,) For the following sequent pairs, if the se-
quent shown on the left is aLBBI,-derivable at most with the derivation depth of k,
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then the sequent(s) shown on the right are also aLBBI,-derivable, preserving deriva-

tion depth.
TFAG)F1 , T(F;G)F1 4.1
T(FVE)FL , bothT(F)F1

and T (Fy) -1 (4.2)

T{T'; FOGE{A} , bothT{l'1} F {A;F}
and T{T'1; G} F {A} (4.3)
FF+«G)F1 , T(F,G) 1 4.4)
[(F+G)F1(FeE) , [(G)F1(FeEx) 4.5)

T{T1} - {A;FAGYH , bothT{T1} F{A;F}
and T{T'1} - {A;G} (4.6)
ML} {AFVGY |, T{I} F{A F; G} @.7)
M{Iy} - {AFOG) , T{Iy;F} - {AG) 4.8)
T{l1} - {A; F«GHF € E) , T{T1} F {A;G}F € 5) 4.9)

Proof. In Appendix F. [J

4.4.2.4 Admissibility of contraction

Definition 83 (Incremental weakening for xR;/—L;) Incremental internal weak-
ening for « Ry makes use only of the following weakening rule in the internalised weak-
ening process:
M,Ts F Fy % Fy
I, (To; D)2 b Fy % By

Wk

Similarly, incremental internal weakening for —L; makes use only of the following
weakening rules in the internal weakening process:

T{rf, F=G} - {A'}
{1, (Dy; F=G)23) F {A'}

/
1
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I]—{Irh FQ, F—*G} l_ {Al}
I{l, (T;3)%2, F+G} F {A}

Wk

Lemma 25 (Maximal RelAl/RezA2) Let F, denote (Fy «G1;-- - ; F, « Gy,) for some k >
1, then for a aLBBI,-derivable sequent D : [F{[E(FgA“F”))} F {1}, if there exists a pair
of aLBBI,-derivable sequents D/ : Reﬁ/1 + ST (F,) and D} : Reﬁ/2 + S™(Fy) such that
D ~s.gr, D} and D ~+.gr, Ds, then there exists a pair of aLBBI,-derivable sequents
Dy : Re v ST(F,) and Dy : Re5? v S™(F,) such that all the following conditions
satisfy.

* D ~~.g, Di (resp. D ~».r, D3) with incremental weakening (Definition 83).
e Dy (resp. Dy) is a sequent that results from Proposition 17 on D', (resp. D}).!

* there exists no D7 : Refﬁ + St (Fy) (resp. D} : Re?ﬁ F S™(Fy)) such that all the

following conditions satisfy.
— Dy (resp. D3) is a sequent that results from Proposition 17 on D, (resp.
D).

- RelA1 Hant Refﬁ (resp. ReQAQ Hant Re@?).

— D ~»,g, Dy (resp. D ~+.gr, D3).
Such a Re®' /Re5? pair is called a maximal Re /Re5? pair. Likewise, with T' denot-
ing (T2, FbAb, E((To; F—+G)23))L, if there exists a pair of aLBBI,-derivable sequents
D} : Reb' - F and D)y : T{(Rey?,G);T'}) - {A'} such that (1) F is not in S, that (2)
D ~»_.1, D} and that (3) D ~_.,, D5, then there exists a pair of aLBBI,-derivable

sequents Dy : Re® + F and Dy : T{(Re5?,G);T"} v {A'} such that the following

conditions all satisfy.
* D ~~_p, Dy (resp. D ~_.1,, D) with incremental internal weakening.

* D (resp. Ds) is a sequent that results from Proposition 17 on D (resp. D}).

IThat is, there is a transition D; ~~* D/ in LBBI,,-space with LBBI,-additive-weakening applica-
tions.
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o there exists no D7 : Refj F F (resp. D5 : T{(Refé, G);T'} = {A’}) such that the

following conditions all satisfy.

— Dy (resp. D3) is a sequent that results from Proposition 17 on Dy (resp.
D).
— Repd an Rei (resp. T((Rep?, @) T)Y) Zane T(((Rep?, G);T)™)).

— D~ Dy (resp. D ~~_.1, D3).

Proof. In Appendix G. [

Proposition 18 (oLBBI, contraction admissibility) If a sequent D : T{I';T'9; T2} F
{A1;H; H} is aLBBI,-derivable, then so is D' : T{I';;I'2} - {Ay; H}, preserving the
derivation depth.!

Proof. In Appendix H. [

Proposition 19 (Admissibility of dR) Ifa sequent T{T'1} - {A1; SA(F1 x F2)*Sy (G x
G2)} is aLBBI,-derivable, then so is T{T'1} = {A; F1 x G1; Fy * G2}, preserving the
derivation depth.

Proof. By induction on derivation depth of II(D). Trivial for the base cases. Also
trivial for all the left inference rules by induction hypothesis on the premise sequents.
For the right inference rules, neither F; « G; nor F, x G2 can become the principal for
any inference rules other than xR; or xR+. But these rules already absorb the effect

within. Induction hypothesis for the rest. [

'Tt may appear more rigorous if the statement is divided into two cases, i.e. into the left additive
contraction and the right additive contraction (with the proof via a simultaneous induction). However,
as the depth-preserving additive weakening admissibility has been proved, they can be handled at once
without a loss of generality.
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4.4.2.5 Equivalence of aLBBI, to LBBI, - Cut

For the proof, we make use of the formula depth along with derivation depth.

Definition 84 (Formula depth) The depth of a formula F, £ _depth(F), is defined as
follows. Itis 1 if F = {1, T,"T,p}, is max(f_depth(Fy),f depth(Fy))+1if F = F| - F;
for - € {A,V, D, %, —=}.

Proposition 20 (Equivalence of «LBBI, with LBBI - Cut)
D : T = 1 is aLBBI,-derivable with the collector Eq1pp1, containing all the BBI mul-
tiplicative theorems derivable in aLBBI, iff it is [LBBI,- CutJ-derivable with the col-

lector Epppr, containing all the BBI multiplicative theorems derivable in LBBI,- Cut.

Proof. In Appendix 1. [

4.5 Adaptation to Separation Logic

Thanks to a theoretical result by Larchey-Wendling and Galmiche [2012], adaptation
of BBI sequent calculi into separation logic sequent calculi come into an easy reach.
One characteristic semantic difference exists in the condition of disjointness in the
composition of elements of Heap, however; in the heap semantics, a composition of
two elements is defined only if there is no overlap between them. To capture the

condition, I define the following axiom:

]]‘()’UE’I‘ a;
Exy — Exs, Ex, — Exs F A ap

The soundness of 1,,c,4p 15 immediate. Then a sound separation logic sequent calcu-
lus results by adding it to LBBI, such that (1) the resultant calculus takes separation
logic formulas instead of BBI formulas and that (2) structures to appear in the calculus
comprise separation logic formulas instead of BBI formulas.

Similar holds true for «LBBI,, in that to use it for separation logic, it suffices to add

to it the following inference rule:
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]]-overlap

U—([E((EZL':L — EfL‘g, Pl)Al), E((El’l — El’g, FQ)AQ)) Fa1

in addition to the same two changes in the case of LBBI,. Soundness of the resultant
separation logic calculus is again immediate due to the relation between BBI semantics

and separation logic semantics (Cf. Chapter 1).

4.6 On Cut Eliminations

Whether Cut is admissible in [aLBBI,+ Cut] (which is equivalent to whether it is
admissible in LBBI,) is, however, not very straightforward, particularly around —R;.
Nonetheless, cut elimination succeeds for a conservative fragment of [«LBBI,+ Cut]:
[aLBBI, + Cut|~, with the following changes:

1. —=«R+: use instead:

I P FF,
Fl }_ Fl—*FQ; Al

—*R[

2. *R+: use instead:

THE  T{ECP DY {Gy)
F{E@P )} - {1}

* R

3. xR;: use instead:

Re® FF,  ReS? Gy
F{ETPE )Y - {1}

*R[

4. The following collector = is used for [aLBBI, + Cut]: = holds BBI multiplica-
tive theorems that are [«LBBI, + Cut|~ derivable.

Proposition 21 (Cut elimination procedure) Cut is admissible in [aLBBI, + Cut]|™.

Proof. Found in Appendix J. [J
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Figure 4.3: DLgp;: a display calculus for BBI by Brotherston [2012]. DPy, DP,, DP;3,
DP, and D P; are commonly termed display postulates.

4.7 Conclusion and Related Work

Here is a summary of contributions in this chapter:

1. Development of BBI sequent calculus conventions and BBI sequent calculi through

analysis on the implication of the underlying semantics onto syntax.

2. Identification of a conservative Cut-eliminable class of BBI sequent calculi with

the first detailed cut elimination procedure known so far as a foothold for further

research into this direction.

4.7.1 Related work

Known results related closest are ones by Brotherston [2012]; Park et al. [2013]. Broth-

erston introduced a BBI display calculus DLgpy, as shown in Figure 4.3.
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Definition 85 (DLgp; structures) A DLggr negative structure X and a Dlgpr positive
structure Y are mutually defined by the following grammars:
R:=F|Dq| Om | KX | K K| Y.
Y:i=F|Qq|Y;Y | X | X—oV.
The set of DLggr negative structures is denoted by Npy,,., whereas that of DLgg1 positive

structures by Popr,.

Definition 86 (DLgp; sequents) The set of DLggr sequents is defined by:
QDLBBI = {X Y ‘ [X € mDLBBI] /\T [Y € quLBBI]}'

— and £ are both primitive in DLgg, but I treat —F as an abbreviation of F' D 1, and £X
(resp. fY) as an abbreviation of X = 1 (resp. Y = 1) where = 1 is what represents .
Cut’ is admissible in DLgg; (Cf. Brotherston [2012]). Introduction of both # and —o in a
backward proof search must be allowed, however. To show that an upward introduction
of 4 is necessary, p; p O ¢ - ¢ may be used. To show that an upward introduction of —o
is necessary, p, p—+q b ¢ may be used.

For a more scalable proof search, some de-displaying seems to have proved useful
(Cf. Goré et al. [2009]). Park et al. [2013] borrowed the idea of nested sequents (Cf.
Kashima [1994]) and envisaged an optimisation of DLggr into Sgzr by the following

main modifications:

1. The presence of —o on the consequent is not permitted in Sggr, which can only

appear on the antecedent. The following DLgg; derivations:

i (Ry—o(Fy;- -+ 5 Fy)) F Qg

DP,
X F ﬁﬂ(XQ—O(Fl; s ;Fk))§®a EAlR
Kok i (Ke—o(Fyi- i ) [
Ky b Ry—o(Fy;- -+ Fy) DA, 4

Ly, Ko b Fryeo - Fy
are compiled as one step derivation in Sgg::

Xl;(XZ'_@a)<<®a'_Fl;"';Fk>>|_®a
Xy, Ko b= Fyye o 5 Fy,

TCs

One characteristic of the calculus Sgpy is that nesting of sequents within a se-
quent is permitted, as clear from the above derivation step. (X2 - 0,) < O, F

Fy;- - ; F, > corresponds to f(Xo—o(FY;- - - ; F)) in the first derivation.
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2. No explicit use of DL;_4 occurs in a Sggr derivation.

Since several DLggr derivation steps are identified redundant (as shown above) within
Sge1, proof searches in Sgpr are always simpler than in DLgg; (except in trivial cases)”
(a quotation from Park et al. [2013]).

To make an observation on cut admissibility and analyticity, they state that Sgpy is
sound and complete with respect to the underlying BBI semantics, and that Cut” (a
rule of transitivity in Sggr) in the proof system is admissible. A few remarks could be
useful, nonetheless. First for analyticity, introductions of a Sgpr structural connective
internalising both —o and f are still permitted to occur in Sgzr, Which, in conjunction
with available contractions, leads to an infinite introduction of new distinct constructs.
Again the new structural connective (- - - ) < --- > can be shown neither admissible nor
implied eliminable from admissibility of Cut”. The use of multiplicative-implication-
like display-like postulates to simulate not only the multiplicative implication but also
the semantic peculiarity of the multiplicative conjunction and of the multiplicative unit

makes the identification of maximally analytical BBI fragment a taxing process.

Proposition 22 (Couplings of multiplicative connectives in DLgp; and Sgpr)
The structural connective for the multiplicative implication available within DLgg; and
Sge1 IS expressive enough to simulate the semantics of the multiplicative conjunction

and that of the multiplicative unit.

Proof. For the multiplicative conjunction, use the following DLgp; sequent Park et al.

[2013]: pF (p*q); (p * —q). Its DLggr-derivation is:

TEg i
Goior e WhL
—m a9 _«pp,DP}
Om; g - g .
OmifgE g pkp iR
P, (Om;fg) - p* —q WER

P, (D 8q) = (p* q); (p* —q) (DP,. DP,, DP,. DP;}
D t(p—o((p*q); (p*—q))) Fq pk

P (D d(p—o((p* q); (p* =q))) Fp*q WER
D, (D t(p—o((p* q); (p* q)))) = (p* q); (p* —q) (DP,. DP,. DP,)}
D - p—((p * @); (p * —q)) v
Dm,p = (p*q); (p*q)
pH(p*q);(p*—q)

» id
*R

DP;
EA,L
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The use of D P; is necessary to derive the given sequent, even though there appears no
— within the sequent.
For the multiplicative unit, use the following sequent: @,,;p F p * p. Its DLgpr-

derivation is as follows:

ipt-tp
(D 80), (Om; p) & p * p; ip
Dpipbp D 8((Dm;p)—o(p * p;p)) F p
(D 8((Dr; p)—0(p * p; £1))), (D3 p) - p * p; 0
Dy (Dm;p) & p = p; ip
Om;p b p*p;ip
DOm;pEpxp

{WkKL,WkR, EA;L}
Pisas
(+R,WkR)}

{DP, 45, CtrR}

EA,L
{DPQ, DP3, Ct’f‘L}

The use of D P is again necessary to derive the given sequent despite the absense of

— in the sequent. [

For the Sgpr cut elimination which is stated holding in Park et al. [2013], it may be
indeed holding; its proof may not, however, follow from (1) equivalence of Sgpr to
DLggr and (2) Cut’ admissibility in DLggr: Spsr does not satisfy Belnap’s conditions
(Cf. Belnap [1982]) and Cut” is not the same as Cut’ in DLgg;.

In Park et al. [2013], it is also shown how to absorb contraction inference rules in
the calculus into the other logical inference rules to derive a variant CSgp; for a more ef-
ficient proof search than possible within Sgr. The absorption spills out into structural

rules, nonetheless, and elimination of structural contraction remains a future work.

4.7.2 Conclusion

In this chapter, a groundwork was taken towards a delivery of a BBI sequent calculus.
Great cares were taken to ensure a closer semantic-syntax correspondence than previ-
ously envisaged such as by Brotherston [2012]; Park et al. [2013]. A sound and ana-
lytic BBI proof system «LBBI, was derived, which aimed for a complementary study
to theirs towards a mutual goal of an efficient BBI theorem proving. Instead of starting
analysis on the highly expressive mechanism with display postulates, taming their ex-

pressiveness wherever redundancies are witnessed (Park et al. [2013]), I began a search
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for analytic fragments of BBI proof systems, carrying out a semantic examination pri-
marily on the following: (1) a partial distributivity between the additive-multiplicative
base-logics and (2) the significance of the non-intuitionistic multiplicative unit in Logic
BBI which is more commonly considered as a part of the multiplicative intuitionistic
linear logic (which behaves intuitionistically). If we consider the work by Park et al.
[2013] as a top-down approach, the approach taken in this chapter is then bottom-up.
For (1), it was reported that a multiplicative conjunct (F; * Fy) may exhibit certain
coupling effect with other multiplicative conjuncts. This phenomenon was treated in
the special distributivity rule dR. Consideration over its implication upon analyticity
and Cut was then taken. One advantage of LBBI, over DLggr and Sggr draws from the
absence of certain inconvenience in Brotherston [2012]; Park et al. [2013] where the
semantic peculiarity of the multiplicative conjunction and of the multiplicative unit has
to be simulated with the multiplicative implication (—o, (---) < --- >; Cf. Proposi-
tion 22). LBBI, will be able to handle the fragment of BBI without the multiplicative
implication by simply dropping the inference rules for the connective, to contrast. For
the multiplicative unit, LBBI, strictly treats it as a Boolean component with dedicated
inference rules. Further studies into semantics-syntax correspondences, | here believe,
should unfold a more precise picture about how the multiplicative unit behaves within
BBI sequent calculus. From LBBI,, a variant aL.BBI, was derived that absorbed the
effects of LBBI, structural rules (partial absorption for contraction). Admissibility of
Cut was then stated for a conservative aLBBI, with a cut elimination procedure. It
is hoped that these BBI sequent calculi become the starting point for a set of work to
follow into bottom-up BBI sequent calculus derivation, just as DLggr was for Sggr. The
technique that Ciabattoni et al. [2008] showed in order to extract structural inference

rules from Cut may be one useful approach to consider.
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Chapter 5
Phased Sequent Calculus

Complex analysis is often anticipated for expressive logics, as we saw in the previous
chapters. For instance, in Chapter 3 as part of LBIZ development, deep absorption of
LBI weakening into LBI logical inference rules was proposed, which did what was
required of in the proof of contraction admissibility. Nevertheless, the Re;/Res pair
i1s somewhat mystified, since it may not be any substructure but rather a collection of
some substructures that occur in the conclusion sequent. Further, the internalisation
of a number of LBI operations within a LBIZ logical rule does not fail to obscure the
manner by which base logic interactions take place, nor does it bespeak the rationale
behind in a perspicuous manner. But the farther we step away from those logics, the
more apparent becomes the following more fundamental inquiry: “First of all, how
were intuitionistic logic and multiplicative intuitionistic linear logic combined?” LBIZ
retains almost no trace of the origin of the logical combination. From the inference
rules of LBIZ, it cannot be made entirely certain, either, if BI is the combined logic of
the base logics or a combined logic of the two. In this chapter, I consider a general
problem of formulation of a combined logic within sequent calculus, which gives rise
to the concept of phased sequent calculus as one that allows development of a manner
in which base-logics interact, of the origin of the logical combination itself.
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5.1 Phased Sequent Calculus: Sequent Calculus to De-

rive Logical Combinations

Phased sequent calculus is a sequent calculus that externally observes a set of base log-
ics. Put in another way, it is a sequent calculus as a meta sequent calculus. Base logics
of a combined logic form base components in phased sequent calculus of the combined
logic. Those base components each have their own derivability relation so that, if we
have a combined logic of two base logics, one of the base components has a derivabil-
ity relation -, while the other has a derivability relation 5. This first consideration is
akin to the one found in Schechter [2011] or else in Cruz-fillipe and Sernadas [2005]
to physically isolate base logics. This achieves the intended effect of mine where none
of the base components can be conscious of any others. In fact there is a physical
separation between any two of them. Apart from the base components, there can -
though does not have to - be meta-base-component components called communication
components. Each communication component, defined over two base components,
can observe both components in a particular manner, and in the particular observa-
tion is a particular logical combination. I say “particular” because exactly what the
observation is remains unknown until it is determined. This achieves the intended
effect of mine that base logics combine when they are recognised at once somehow.
Therefore, unlike orthodox sequent calculi, the phased sequent calculus consists of
two basic building-blocks: two or more base components and zero or more communi-
cation components. As a fundamental principle of the formalism, a base component
does not spontaneously communicate with other base components (as stated above).
Suppose that we are conscious of two propositional logics' £4 = £(P,C4,Inf,) and
£p = £(P, Cp, Infp) with propositional variables P, logical connectives C4 and respec-
tively Cp, and a set of inference rules Inf4 and respectively Infz. A phased sequent
calculus for a combined logic £ of £4 and £p with two base components representa-
tive of £4 and £ but without a communication component will, as another principle
of the formalism, recognise all the formulas built from propositional variables and
CalJCp. Inferences on formulas themselves, however, can take place only within a

base component, which implies, in the absence of communication facilitated between

'Tt does not matter if a logic is propositional or otherwise, nor does it matter if the number of logics
to be combined is two or greater; but I only talk about two propositional logics here to provide intuition.

149



the two, that, while a set of formulas in £~ becomes generally larger than that recog-
nised in £4 or in £, what £4 (resp. £5) may handle are only those connectives that it
recognises. This is defined to be the most basic combined logic derivable from £4 and
£p within the phased sequent calculus that respects the two said fundamental princi-
ples, which we represent as £o = £(P, C4 |J Cp, Inf 4, Infz, (), the third and the fourth
defining available inference rules to each base component. This maps to a psycho-
logical state of ours where we do not systematically know links between £4 and £p,
though somehow conscious of them. As we direct more attention to combination itself,
however, £ may gradually mould into an agreeable logic to us with fair properties,
into a stand-alone logic, when an interaction principle, i.e. the meaning of ‘combina-
tion” of £4 and £p, is agreed upon that thenceforth acts as a bridge over £4 and £5. In
phased sequent calculus, it is built as a set of inference rules: Inf,., 5. A more general
definition of £ now derives: £ = £(P, C4 | Cp, Inf4, Infp, Infs., ).

We could also take the following viewpoint about the phased sequent calculus:
base components represent small worlds that are self-functional but unaware of the
world outside themselves, whereas communication components act as mediators (or
interpreters) on behalf of the small worlds. By the strength of mediation the mediators
exercise, the small worlds become more glued or more detached (with respect to cer-
tain criteria that allow us to measure the detachedness).

The phased sequent calculus permits us to freely set those mediators as the roots of
distinct logical characteristics of a combined logic, i.e. the semantics of ‘combination’
itself.!

Let us consider our specific example of combining BI,,s. additive sub-logic and
BI,ase multiplicative sub-logic in order to enforce intuition of the previous paragraphs.
A general (in our sense of respecting the two properties) representation of a combined
logic of BIp,se additive sub-logic and BI,s, multiplicative sub-logic is:
L(P,{T,1,A,V, D, x}, Infgr,, Infz;,, Infs) where:

Tn case of a dissent to the use of the term ‘semantics’, I reckon there in fact is conceivable a
correspondence of some semantics to derivations a set of inference rules may construct. By considering
derivations within a proof system, I reckon we are studying the semantic characteristics at a higher-
level than at the level of individual models. Note, however, that phased sequent calculus allows some
interesting enterprise: provided we first know semantics, it can view any logic £ as a combined logic of
a restricted £ with a set of particular models and a restricted £ with a set of all the other conceivable
models which are connected through mediation of an appropriate mediator.
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o Infg;, = {idl, xL, xR, Cutl}
e Intg;, = {idz, 1L, TR,AL, VL, Dip,T,AV,D,%} L,AR,VR,D R, Cutg}

in which id; and id; are respectively:

id —d
pkEp ! Tipkp 7

and both Cut; and Cut, are appropriate inference rules that reflect transitivity (Cutiprz,
in this specific case of ours), while all the rest of inference rules are exactly from LBIZ;.
Now, let us suppose Infs to be empty. This represents an immature form of combination
of the two that are more fairly said to have been confounded (perhaps amid confusion
on the part of one who works on the two logics) than calculatingly combined. The
resultant combined logic, whose name shall remain anonymous, does not lack in any
inconvenience. It recognises all the BI;.s, formulas; and yet it exhibits knowledge ei-
ther of {idy, L, *R, Cut;} (Inf;) or of {ide, 1L, TR,AL,VL,D.. L,AR,VR,D R,Cuts}
(Infy) but not of both; a somewhat fashionable state of a logic. Let us suppose a for-
mula: (((p1 Ap2) *ps) Aps) D (p1 * ps). If it so happens that the anonymous combined
logic that we just conjured up exhibits knowledge of Inf;, we are immediately struck
by this feeling that we be quite unable to do anything with the given formula. It may,
equally probably, exhibit knowledge of Inf; on the other hand, in which case may be
drawn the following derivation:
((p1 A p2) * p3);pa = p1*ps

((p1 Ap2) *p3) Aps = p1*ps
F (((p1 A p2) * p3) Apa) D (p1*ps3)

DR

although it does not present much prospect from there on.

It seems, in the context of phased sequent calculus, that what is not knowable in a
small world becomes an unknown predicate to it: the given formula would contain the
following unknown predicate 771 ((((p1 A p2) * p3) A pa) DO (p1 * p3)) if the combined
logic exhibits knowledge of Inf;, or else it would the following unknown predicates
7?79((p1 Ap2) *ps3) and ??3(p1 x p3). These predicates cannot be knowable in a respective
small world (either the case), and reasoning comes to an abrupt halt upon exhausting

the other derivation options.!

' Nonetheless, they still exist in the anonymous logic as what ordinarily appear to be pointless
existences!
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By positing a mediator with an adequate strength of mediation, however, the clumsy
motley can turn into a logic which may be perceived to be more interesting to a wider
audience. With an adequate mediation, the combination becomes BI,,s. in Which the
supposed formula is recognised as a theorem. But the mediator in our present spe-
cific case is none other than Infs, which is a formalisation of what it means by a logic
combination of the base logics. Phased sequent calculus is then a fairly general proof-
theoretical framework that allows the sense of logical combination to be studied: it
assumes no premeditated logical combination (apart from the two mentioned condi-
tions), which is determined not in the way that we see agreeable to some understanding
that we may entertain about what it should mean by ‘combination’, but in accordance
with the definition of communication components (the mediators), which may on some

occasion afford us precisely what to us is an ideal combination or may simply not.

5.2 PBI: A Specific Calculus for BI;

A thorough investigation into the mechanism of ‘combination’ given multiple logics
within the proposed formalism is, however, too large to be even marginally exhausted
in a single chapter of a thesis. Such being my present foreboding, it is kept, for theory,
an introductory note to phased sequent calculus with a specific example of BIy,s.,
and for application, a supplementary material to Chapter 3 of this thesis providing a
decision procedure for the BI fragment.

To begin, a set of definitions for BIy,s, are (re-)constructed. The definition for

BI,.s formulas is the same, but listed here as a reminder.

Definition 87 (BI,,s. formulas) A BI,.. formula F (,G, H) is defined by:
F:=p|T|1|FAF|FVF|F>F|FxF.

By §g1,... we denote the set of the Bly.se formulas that this grammar generates.

Definition 88 (Structures) A Bl,... structure I is defined by:
=AM M:=F| Ay, ,Anm A=F| My M,
—_— —_———

m>2 n>2
By Ggs,,.. we denote the set of the structures that this grammar generates. Each A

(resp. M) is termed an additive (resp. a multiplicative) structural layer.
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Associativity and commutativity hold within §gr,,.. and Ggs,,.. as noted in 1.1.4 (for

BI), but re-listed here also for a reminder:

Property 8 (Associativity and commutativity)

1. Fiy N(Fy NF3) = (F1 A Fy) A Fs.

2. FiV (FyVF) = (FVF)V Fi.

3. Fyx (Fyx F3) = (Fy % Fy) % F.

4. Fi NFy = Fo AN FY.

5. iV Fy,=FV F.

6. Fi x Iy = Iy« FY.

7. T'1;(Ty;T'g) = (I'1; T2); Ts.

8. Ty, (Ty,I'3) = (I',Tg), T's.

9. I'1; Ty =Ty Ty,

10. T1,Ty =T, T.

In defining contexts, note that a phased sequent calculus poses a mediator (or media-
tors) observing base-logic interactions which the small worlds (or base components)

themselves cannot observe. The following definition reflects the viewpoint of our spe-

cific BIy.s. mediator.

Definition 89 (Depth-aware contexts and structures) S, and SLy contexts of de-

gree i > 0 are defined inductively:
° 0Q1(—) = —M-
e 10y(—) := —4,T (for some T € Gpy,,_, ).

o G2 (=) = (®IQ(=);T1),T (for some Ty, € Ggy,,..; assumed similarly in

the rest) such that Ty is not empty.
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o GOy (=) := (B, (=);T1), . such that Ty is not empty.

e 10y(—) := —pi; T such that T is not empty.
o G20, (—) = (®)Qy(=),T1); T such that T is not empty.
o G (=) = (*+VQ (=), I'1); T such that T is not empty.

where a —y or a — 4 denotes that only a M and respectively a A may replace the hole.
“Q; fori > 0 and j € {1,2} then denotes a Blyase structure with an associated SL;
context of degree i such that there exists at least one focusable sub-strucure. Given

some “Q;(T), we say that T is focused.

Example 8

1. If °Q1 = (((p1;p2), F3);pa), Fr, then the entire “(((p1;p2), Fs3);pa), F5” can be

focused, but not any others.
2. there cannot be any °Qy such that °Qy = (((p1;p2), F3); pa), Fs.
3. there cannot be any 'Q such that *Qy = (((p1;p2), F3); pa), Fs.

4. If'Qy = (((p1;p2), F3); pa), F5, then the entire “((p1;p2), F3);ps” and the entire

“F5” can be focused, but not any others.

5. 1If2Q1 = (((p1;p2), F3); pa), F5, then the entire “(p1;p2), F3” can be focused, but

not any others.
6. there cannot be any *Qy such that Qs = (((p1;p2), F3); pa), Fs.
7. there cannot be any 3 such that 3Qy = (((p1;p2), F3); pa), F5.

8 If 3Q9 = (((p1;p2), F3); pa), Fs, then the entire “py;po” and the entire “Fs” can

be focused, but not any others.

9. If *Q1 = (((p1; p2), F3);p4), Fs, then the entire “p,” and the entire “py” can be

focused, but not any others.
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10. there cannot be any Qs with i > 4 such that *Qs = (((p1;p2), F3); p4a), Fs.

11. there cannot be any *Qy with i > 5 such that *Qy = (((p1;p2), F3); pa), Fs.

Lemma 26 For all T € Gy, if there exists some *)Q; fori > 0 and j € {1,2} such
that %)Q; = T (up to assoc. and commut. as in Property 8), there exists no 3+)Q;
such that ®+1)Q; =T.

Definition 90 (PBI Sequents)
The set Dy, of SL, sequents is defined by:
Dsry = {0 F1 F|[i > 0] AT € Gpryyo] AT [F € Forpase) -
The set ©gsr., of SLy sequents is defined by:
Dsr, = {1 Qo ko F | [i > 0] AT [[Q € Gp1,., .| AT [F € T, }-
The set ©pp1 of PBI sequents is then defined by Dppr := D51, U DsL,-

It trivially holds that Dy, (Dsr, = 0. PBI is found in Figure 5.1.

Definition 91 (PBI) PBI comprises two non-communication components and one com-

munication component (a mediator).

e SL rules (base):
SLiid *L xR

* Interaction rules (mediator):
Transfer | =#Lock| VLock] 1Peel| Revert|
Transfer T *Lock T VLock?T 1Peel! Revert?

e SLo rules (base):
SLyid 1L TR AL VL OSLptavo. AR VR DR

I denote the set of interaction rules by Inf;. Those in [--- ] in PBI inference rules
are side conditions (and not premise sequents) that must satisfy when the particular

inference rules apply.

All the logical inference rules in PBI, apart from the difference in the nature of con-
texts, behave in the same way as those corresponding ones in BIy.g.. Significance of

interaction rules are detailed in 5.3.
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———— SLid
U Fip T

iy by H, o 2Q b H,

kO, ((T), F,G) -y H
FO (D), F+G) i H

[T, =7Q and T, = 20|

OQl(FmFb) F Hy x Hy

*

I H O[O, =°Q IOy H [0y =00
LRl Psh 2 Transfer T 22 GL: d Transfer |
00y H 0 - H
kQu b H [FQp = BH0Q kQo by H  [FQ, = (H+DQ)
Ll [ 2 Revert 1 22 [ ] Revert |
*DQy by H DOy H
0 (T,) Fi 1 00, (T,) F2 1
B TOTTT B BCAOO LS B,
QQ(Fa; Fb) '72 H Ql(Fu,Fb) '*1 H
(k+1)Ql |_1 Ha vV Hb [(k‘+1)Ql — kQQ} VLock T

kQy o H, Vv H,

*k+2Q) -y H, V H,

[(k+2)£22 — (k+1)Ql]

VLock |

DO, -, H, V H,

091 }_1 Hu * Hb [091 =pr0](1§22)]

j2QQ "2 Hl * H,. [jQQQ = lel]

- *Lock T - xLock |
JQQ }_2 Ha*Hb Jlgl '_1 H[*HT
— SLyjd ——— S
2Q,(T;p) F2 p 2 Iy o T T M(T51) 2 H 1L
"(Ta; F3G) by H N "ML F) by H o Fy(Dg;G) o H L
k’Qg(Fa;F/\ G)Fy H k&lg(Fa;F VG)F H
kQZ(Fa§p; F) FQ H kQ?(FMG) F2 H 5L
Fy(TapipD F) by H ~ 7 Pl TOG) FH ~
kQQ(Fa; F.O(F,DF.))Fs H S kQZ(Fa; (F,DF);(F,DF,))F H S
A v

kQQ(Fa; (Fa A F[,) D Fc) Fg H

(T D F)F F, D Fy

kQQ(Fa; (Fa \Y Fb) D Fc) '*2 H

kQQ(Fa; Fc) "2 H

kQQ(Fa; (Fa D) Fb) D) FC) Fo H

jQ2 "2 Fa * Fb [.7'92 = F,J

kQQ(FM(Fa*Fb)DFC) o H

OQQ(F Fu) Fg Fb [JQQ = F] SR
iQy by F, O F ‘

DN
kQ2(Fa§Fc) Fo H 5L
IQy by Fy iIQ b By

Iy by F,AF N

Figure 5.1: PBI: a phased sequent calculus defining BIy.s.. j € {0, 1} with or without

a sub-script. k£ > 0.
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Definition 92 (PBI conventions)

1. Given a PBI sequent with some antecedent (sub-) structure in the form: “I'1;T2”,

'y or Ty may be empty. Its emptiness is identified with a T

2. Given a PBI sequent, for an antecedent structure in the form: “T'1,T's”, neither
I'y nor T'y can be empty. The notation: “(I')”, is used to explicitly denote that T’

which is enclosed in “(---)” may be empty.

Example 9 «L is (backward) applicable to a PBI sequent F x G 1 H even if there
are no other surrounding structures. xR does not (backward) apply to a PBI sequent

D : F, v H, x Hy since there is only one formula in the antecedent.

The function proj applies in the process of a backward derivation step of «Lock 1. In the
context of a PBI derivation, it acts as an incremental weakening as we saw in Chapter
3.

Definition 93 (Projection) Let M denote either a formula in the form: Hy x Hy or
a structure in the form: “T'1,T9”. Let proj, .., : ©sr, — Ssr, be a partial function
defined by: proj,,.;;(°Qe(M;T2)) = °Qq(M). Then a partial function proj : Ssr, —
Sgsr, is defined as follows:

* proj("Qa(T15T2)) = projyn; ("Q2(T'1; T2)).

e proj(!Q2) = °Qy(T') where T is a Blyase Structure that derives from applying
Pr0j,.i 10 one or more focusable sub-structures of ‘o (assume that each of
them is a S Lo structure with the 0-th context degree).

The following example shows how proj works.

Example 10 Let p; * po, (p3; (pa, ps)) be a S Ly antecedent structure of the context de-
gree 1. Then the output of proj((p1 * p2, (ps; (p4,ps)))) is either of the below;

* p1* p2, (p3; (p4,ps)) (When proj,,.;, applies on py * p2)

I'This identification is only relevant in the left premise sequent of D L, when I', is empty in the
conclusion sequent.
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* p1*p2, pa, s (When it applies on ps; (pa, ps) and when it applies both on p3; (pa, ps)

and on py * p2)
each of which is a S Ly antecedent structure of the O-th context.
And the following example clarifies why it is a partial function.

Example 11 Let py D p2,p3 D ps be another S Ly antecedent structure of the context
degree 1. Then proj(p1 D p2,ps D p4) is undefined. Let py D pa,p3 D pa Fa ps * pe be
a S Ly sequent with the context degree of 1. Then xLock 1 cannot apply on the sequent

since the side condition cannot be satisfied.

The expressiveness of PBI is to be subsequently shown equivalent to LBIZ;’s. A char-
acterisation of semantics more faithful to the underlying principle of the phased se-

quent calculus is a fruitful future work.

5.3 Base-Logic Interactions within PBI

The set of PBI sequents is a union of Dy, and ®gz, with an empty intersection (Cf.
Definition 90). In the context of a backward derivation tree construction, i.e. backward
theorem-proving, then, we know a priori that no SL; (resp. SLs) rules apply to any
D € Dgy, (resp. D € Dgr,,). I term by phase what imposes such a condition on PBI
sequents, to emphasise the syntactic viewpoint about a small world (or a base compo-
nent). A phase can be of SLs or of SL;. All the SL; (resp. SL2) sequents are in a SL;
(resp. SLs) phase. Interactions between the two phases, i.e. phase switches, cannot
be achieved within the base components, which must be facilitated by the mediator.
A PBI phase switch (looked from conclusion to premise(s)) from a SL; phase into a
S Lo phase is induced via Transfer |,Revert |,1Peel |,*Lock | and VLock |, while
that from a SL, phase into a SL; phase is induced via Transfer 1,Revert T, 1Peel 1
,*Lock 1 and VLock 1.

5.3.1 Interactions as a set of transitions

Since a mediator is an interpretation superimposed on the two phases, it is possible to

entirely characterise its actions in a state diagram, as shown in Figure 5.2, abstracting
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tl,x] ) YA V7T
r1 rl

ot ri

tH LT x4 t1,1]
thv 1 vl vt Vi
Tkl rt rd rt

Figure 5.2: A state diagram of PBI base-logic interactions characterised by PBI in-
teraction rules, shown up to the 4th contexts (to continue farther, if possible at all,
in the same pattern thereupon). State labels indicate the context-degree and their
sub-scripts either of the small worlds SL; which 1 represents or SL, which 2 does.
Following short-hand labels for PBI interaction rules are used in the state diagram:
Transfer | +— t |,Revert | — r |,1Peel | — 1 |, VLock | — V |, xLock | +> * |,

Transfer T+t T,Revert T+ r 1,1Peel T +— 1 1, VLock T+ V 1, xLock 1 +— x 1.

away logical inference steps to take place in each phase. The implication is that, when
we intend to derive a combined logic, a particular manner of logical combination can
be proof-theoretically developed and analysed by working on the abstract model. This
can aid, given some base logics, an adequate derivation of a combined logic befitting a
particular application.

5.3.2 Types of PBI phase switches

From the perspective of a logical combination engineering, it is useful that we classify

interaction rules by types and grasp the senses of logical combination in effect.

5.3.2.1 Phase switches by transfer

Phase switches by transfer: Transfer 1,Transfer |,Revert 1,Revert |, represent
natural transitions from one phase to another, adjusting the context-degree adequately.
Transfer 1, Transfer | never decrease the context-degree, whereas Revert 1,Revert |

always do.

Example 12 An example with (p1 V p2) * ps F1 (p1 V p2) * p3, logical connectives

accessible in a sequent are highlighted in red:
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SLyid SLyid

P12 o D2 Fa pa
P12 p1Vp2 D2 2 p1Vp2
p1Vp2 Fa p1Vps
p1Vpa i piVops p3 1 p3
1V p2,ps 1 (p1V p2)*ps
*
(1 V p2)#ps 1 (01 V p2)*p3
(p1V p2) * p3 o (p1 V p2) * p3

VL

Transfer |

SLyid
*R

Transfer 1

Another example with p1; (p2, p3) F1 p1:

SLyid

: -
p1; (P2, p3) b2 m1 Revert |

P1; (p27p3) F1 ;1

5.3.2.2 Phase switches by peeling

A phase switch can also be induced via a peeling operation which discards, i.e. peels,
structural layers of a sequent in the current phase. A peeling operation of the mediator
intends to identify formula(s)/structure(s) which the mediator supposes is buried in a
structure inaccessible in the current phase with the current context-degree. In PBI,
there are two peeling rules: 1Peel | and 1Peel 1 with the intention of locating 1 which

may be hidden in an inner structural layer.

Example 13 An example of peelings with pi, (p2 A (p3 * (p4a A 1))) b1 pa; those logical
connectives accessible are highlighted in red:

1L

o e
P4 2 AL

AL o 1

3, (A A1) 1
p3x(pa A1) 1 1

P2 (p3* (pa A1) o 1
pa/A(ps * (pa A1) o 1
P1, (P2 A (p3 % (pa A 1)) b1 po

1Peel |

*

1Peel 1

1Peel |

5.3.2.3 Phase switches by locking

Lockings are a mode of communication that facilitates a greater flexibility in the way
phases interact. Within PBI, they are the most complex phase switches. While the
intention of a locking is - to the extent that it tries to collect sufficient information
by digging deeper into inner structural layers - similar to that by peeling, there is

also a difference in that it does not in general reveal an inner structural layer as the
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outermost one, which would happen if with peeling. Instead, a phase shift by locking
lets the intention of the mediator (to collect sufficient information for some locked
formula that requires them) carried over to the next phase, along with adjustment of

the context-degree.

Example 14 An example of PBI derivation of p1, ((p2 * p3);pa) F1 (p5D(p1 * p2)) * p3
involving xLock 1 and xLock |, in the below derivation those logical connectives ac-

cessible are highlighted in red:

SLyid SLyid

*R
xLock T
xLock |
Transfer 1

pihim P2 1 p2
P1, P2 1 prape

P53 (P1,p2) F2 p1* P2

Ds; (p1,p2) 1 pripe

P53 (D1, 2) F2 D1 * po

P1, P2 P2 psO(p1 * pa) Transfer | SLuid

p1,02 105 D (p1* p2) P31 p3

P1, D2, P3 1 (ps D (p1* p2))*ps *h

p1,p2¥p3 1 (ps D (p1 * p2))*ps3

p1, (P2 * p3;pa) Fo (ps D (1 * p2)) * ps

P1, (P2 % p3;pa) F1 (ps D (p1 * p2))*p3

* [

xLock 1
xLock |

As the above derivation illustrates, xLock 1| dig out multiplicative components in
order to apply *R.

Another example of PBI derivation of p1; ((p2*p3)Vpa)*ps 2 (p2xp3*ps)V (pa*ps)
involving VLock 1 and VLock |, those logical connectives accessible are highlighted

in red:

—_— SLyid —— SLyid — SLyid
P2%p3 1 paxp3 ps k1 ps *Rl Pa b1 pa ! Ps F1ps *Rl
((pz*pw;)s F)1 lzjz*ps;*ps +Lock ;(74,;;5 §1Fp4*p5 *Lock 1
01; ((p2 * p3), p * D3 % P, 5 (D4, * Ps
P1; (P2 *P3),P5) T2 P2 * P3 * Ps +Lock | P1;(Pa;P5) T2 P4 * P +Lock |

P1; (P4, Ps) 1 paxps
P1; (p4 po) Fo P4 * ps

p1; (P2 * p3), ps) 1 Pa*psps
p1; ((p2 * ps), 5) Fo pa * ps * ps

Transfer 1

Transfer 1

vV
o F / ) F - D
p1; (P2 * p3), ps) Fa (P2 * 3 * ps)V (pa * ps) Revert | P1; (P4, ps) Fa (P2 * p3 * ps)V (pa * ps) Revert |
p1; (P2 % p3),p5) F1 (P2 % D3 % ps) V (Pa * ps5) Revert 1 P13 (P4, p5) F1 (P2 % p3 * ps) V (pa * ps) Revert 1
P1; (P2 * p3),ps) Fa (p2 % 3 * ps) V (P * ps) P1; (P4, p5) Fa (P2 %P3 * ps) V (pa * ps) VL

p1; (P2 * p3)Vpa),p5) Fa (P2 % p3 * ps) V (pa * ps)

VLock |
p1; (P2 % p3) V pa),ps) 1 (p2 % p3 % ps) V (p4 * [)5)
; H 5
P13 (P2 % P3) V pa)*ps 1 (D2 * p3 * ps) V (pa * ps) \/LockT
P1; (P2 % p3) V pa) * ps5 o (D2 * p3 * ps) V(s *p5)

161



As the above derivation illustrates, VLock 1] let the sense of intuitionistic \V to extend

to all the structural layers.

In the above example only one disjunction in the antecedent part was required to be first
handled before the VR. In general, however, there could be more than one disjunctions
in the antecedent that must be solved. The mediator may need fine-tune the context-
degree via Revert 1 so that all the required VL for the VR can take place without an

omission.

5.4 Equivalence of PBI with LBIZ,

I now show that PBI is as expressive as LBIZ;. One direction is trivial with the follow-

ing bottom lemma.

Lemma 27 (Bottom lemma) Let ¢ be some positive integer and let T'(1) + F denote

some LBIZ,-derivable Bly,s. Sequent. Then

* I'(1) - G is also LBIZ,-derivable for an arbitrary G € §p1,,..-

IfT(1) =T1(1);--- Ty, thenT1(1);--- ;s = F forany 0 < s < t is also LBIZ;-

derivable.

IfT(1) =T4(0), - , Ty, thenT1(1),--- ,Ts = F forany 0 < s < t is also LBIZ;-

derivable.
e I'(1);Ty;--- ;T4 - Fis also LBIZy-derivable.

e I'(1),I'y,--- , Ty - Fis also LBIZ,-derivable.

Proof. Straightforward. []
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5.4.1 LBIZ, is not less expressive than PBI

Proposition 23 If*Q; ; F € ©pp; with k > 0 and i € {1,2} is derivable in PBI, then
[+ F(€ Dpr,,.,) with T = *Q; is LBIZ,-derivable.

Proof. 1Tt suffices to show that each PBI inference rule is derivable in LBIZ;. Trivial

for all the non-interaction rules. Consider now the remaining inference rules:
1. Transfer 1, Transfer |,Revert 1,Revert |: implicit in LBIZ;.
2. 1Peel 1,1Peel |: Lemma 27.
3. VLock T, VLock J: implicit in LBIZ;.

4. xLock T,xLock |: xLock | is implicit in LBIZ;. To the projection in *Lock T,

weakening (which is admissible in LBIZ;) corresponds. []

5.4.2 PBI is not less expressive than LBIZ;

Some observations about LBIZ; derivations precede the main result.

5.4.2.1 Preparations

The following sub-structural layer relation is used in the rest.

Definition 94 (Sub-structural layer relation) We define a relation < on two struc-
tures s € Ggr,,.. and t € Ggy,,., such that: s <t iff s is a sub-structural layer of t. By

s < t we denote that s is a strict sub-structural layer of t.

Example 15 Lef py; (p2, (ps; pa)) be a LBIZ; structure. Then we have the following to
hold:

1. p1 < (p1; (p2, (P3;p4)))-
2. (p2, (p3ipa)) < (p1; (p2, (P3:p4)))-

3. pa < (p1; (P2, (p3; pa)))-
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4. (p3;pa) < (p1; (D2, (P33 p4)))-
5. p3 =< (p1; (P2, (p3;pa)))-
0. pa < (p1; (P2, (P3; Pa)))-
7. p2 < (p2; (p3:pa))-
8. (p3;pa) < (P2, (p3;pa))-
9. p3 < (p2, (p3;pa))-
10. py < (p2, (p3; p4))-
11. p3 < (p3;pa)-
12. py < (p3; pa)-

To reason about structural layers in the course of a backward derivation, meta-notations

as references to structural layers and their transitions are additionally defined.

Definition 95 (Names) We define by T := {1,172, , 74, T, - - } the set of names.

Definition 96 (Named structures/sequents)

A structure T' € Gpy,,., is said to be named iff, for every structural layer s such that
s X T, there exists a distinct name 7, that refers to s (1.e. a name used always refers to
one structural layer). A sequent D € Dgr,, . is said to be named iff the antecedent part

of D is named.

I conveniently use the standard terminologies in computer science: *75 to denote s and

&s to denote 7, if 7, is the name that refers to s.

Definition 97 (Transitions on named sequents) Let D : T' = F be a named LBIZ,
sequent. Let sp denote a structural layer within a particular sequent D. Let fresh :
Gg1y... X ¥ — {T,F} be a predicate such that, for some named Bly,se structure I' and
some name 1, fresh(l', 1) iff T is not a name already used for some structural layer
in T. Then we define transitions on the names of D in D ~py D' (D' is also a named

sequent) as follows for each non-axiom Inf available in LBIZ:
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1. AR,V R: the antecedent of D' is the same named Bly,g structure as that of D.
2. D R: D and D' look like T+ F| D Fy and respectively T'; Fy - Fb.

(a) if T is a M with at least two constituents, then T'; Fy is a named Bly,ge
structure such that T in D' is the same named By, Structure as in D, that
fresh(T', 1), and that *t = (T'; F) pr.

(b) otherwise, if T is a A, then for all spr < (T'; F1)pr:

I i]([SD/ = (Fl;Fl)D/], then [&SD/ = &FD].
ii. otherwise, if sp: is the particular Fy in D', then fresh(I'p,7) and
[&Fl D = ’T].
iii. otherwise, [spr = (*(&sp/))p] (That is to say, informally, that apart
from the outermost structural layer in the antecedent of D', all the

names are simply carried over fromT'p to T'p.
D

such that, for all two distinct names 1, and > shared between D and D' if
*ip < *Tap, then *m1pr < *mop. (That is to say, informally, that all the
structural layers in D' are equivalent up to commut. and assoc. to those in
D.)

3. xR: For the internalised weakening Wky and Wky:

I'-F
Fl,FQ}_F

[Ty b F
Flv (F27 F3) = F

WkL, WkL,

we have;

* [D:T;Ty b F] ~wyg, [D': T B F: all the names in D are preserved
in D' except that, if 'y is not empty, then (1) the name 7, such that 7, =
&(T'1;T2)p and (2) all the names used for T's p, are absent in D'.

d [D : Fl,(rg;rg) F F] MW ko [D/ : I, 9 F F] all the names in D are
preserved in D' except that, if T's is not empty, then (1) the name 7, such

that 7, = &(T'3;T'3)p and (2) all the names used for T's p, are absent in D'.

With the above preparation, suppose that the internalised weakening produces
D, : Ty, Ty & FixFy, then D' looks like T'; = F; fori € {1,2}. Then the antecedent

part of D' is the same named structure T'; as in D,,.
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4. AL: D and D' look like T'(F AN G) = H and respectively T'(F;G) - H. Let 1 and
5 be two names such that [1) # 7] Al fresh(T(FAG), 1) AT fresh(T(FAG), 7).
Then for all spr < T(F;G)pr:

(a) if spr is the focused F, then [&spr = 11].
(b) otherwise, if sp: is the focused G, then [&spr = T2).
(c) otherwise, [spr = ((*(&sp’))D)rep) Where t,¢p, is the structural layer that

results from replacing, in a structural layer t (X I'(F' A G)), the particular
occurrence of F' A\ G (if any) as the focused part of T'(F A G) with F; G.

such that, for every two distinct names 7, and T, shared between D and D', if

*Tap < *TbD» then *Tapr < *TbD“

5. VL: D and D' look like T'(Fy V F») = H and respectively T'(F;) - H fori € {1,2}.
Then for all spr < I'(F;), [spr = ((*(&sp’))D)rep] Where t,cp is the structural
layer that results from replacing, in a structural layer t, the particular occurence
of F1 V F» (if any) as the focused part of I'(Fy V Fy) with F;.

6. xL: D and D' look like T'(F « G) b H and respectively I'(F,G) - H. Let 7 and
9 be two names such that [ty # o] AT fresh(I'(F + G), 1) AT fresh(I'(F % G), 7).
Then for all spr < T'(F,G):

(a) if spr is the focused F in I'(F,G), then &spr = 7.
(b) otherwise, if spi is the focused G in I'(F, G), then &spr = 1o.

(c) otherwise, [spr = ((*(&sp’))D)rep] Where t,ep, is the structural layer which
results from replacing, in a structural layer t, the particular F * G (if any)

as occurring in the focused part of I'(F = G).

such that, for every two distinct names 1, and 1, shared between D and D', if

*TaD =< *TbD; then *TaD’ < *TbD’-

7. D Ly 1 ay° D looks like T'(F) = H and D' looks like T'(F') = H where F and F'

for each inference rule are:

(a) p;p D> Gandp;G (D Lp).
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(b) TOGand G (D L).

(c) (F1 VAN FQ) D Gand Fi D (F2 D) G) (D L/\).
Then for all spr < T'(F'):

(a) if sp is the focused G, then &sp is &(p DO G)p, &(T D G)p or
&((F1 AN F) D G)p (for the focused formula) depending on which infer-

ence rule,

(b) otherwise, [spr = ((*(&spr))D)rep] Where t,cp is the structural layer that
results from replacing, in a structural layer t, the particularp > G, T O G
or (F1 A\ Fy) D G) (if any) as occurring in the focused part of D with G, G,
or F1 O (F» D G)

such that, for every two distinct names 7, and T, shared between D and D', if

*TaD < Tb D) then *To D =Ty pr.

. D Ly: D looks like T'((Fy V F») D G) - H and D' like T'(Fy D G; F» D G) + H.
Let T and 15 be two names such that [1; # 7] AT fresh(T((Fy V Fy) D G), ) Al
fresh(F((Fl V FQ) D G),Tg). Thenfor all spr < F(Fl DGy, D G)D/.'

(a) if spr is the focused F; O G fori € {1,2}, then [&sp = Ti],

(b) otherwise, [spr = ((*(&sp’))D)rep] Where t,ep is the structural layer that
results from replacing, in a structural layer t, the particular (F} V F3) D G

(if any) as occurring in the focused part of D with Fy D G; F» D G,

such that, for every two distinct names 7, and 7, shared between D and D', if

*ToD =< *To D, then *TaD’ < *TbD’-

. D L~: D looks like T'(T'y; (F1 D F») D G) + H. D' looks like T(T'1;G) & H ifit is
the right premise sequent of the inference rule, or like I'1; F, D G+ Fy D Fy if it
is the left premise sequent of the inference rule. Assume without loss of generality
that T'v; (Fy D F3) D G is an additive structural layer in T'(T'y; (F1 D F») D G),
then for all spr < T'(I'1; G) pr (if the right premise) or for all spr < (T'1; Fo D G)pr
(if the left premise):
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(a) if sp is the focused G (if the right premise) or is the focused F» > G
(if the left premise), then [&sp = &((F1 D Fz) D G)p] for the focused
(F1 D) Fg) > Gin D.

(b) otherwise, [spr = ((*(&sp’))D)rep] Where t,ep is the structural layer that
results from replacing, in a structural layer t, the particular (F; D F») D G
(if any) as occurring in the focused part of D with G (if the right premise)
or with Fy D G (if the left premise);

such that, for every two distinct names 7, and t, shared between D and D', if

*Tap < *TbD» then *Tapr < *TbD"

10. D L.: D looks like T'(T'1; (Fy * F5) D G) = H. D’ looks like T'(T'1;G) = H if it
is the right premise sequent of the inference rule, or like T'y & Fy x F, if it is the
left premise sequent of the inference rule. Assume without loss of generality that
the focused I'1; (Fy x F3) D G is an additive structural layer in D, then for all
spr X T'(T'y; G) pr (if the right premise) or for all sp < T'1 pr (if the left premise):

(a) if spr is the focused G (if the right premise), then [&sp = &((Fy * F») D
G)p)] for the focused (Fy x F») D G in D,

(b) otherwise, [spr = ((*(&sp’))D)rep] Where tyep is the structural layer that
results from replacing, in a structural layer t, the particular (Fy x F5) O G
(if any) as occurring in the focused part of D with G (if the right premise)

or with emptiness (if the left premise);

such that, for every distinct names 1, and T, shared between D and D', if *1,p <

*TbD; then *TGD’ < *TbD’-

5.4.2.2 LBIZ; permutation properties

Lemma 28 (Permutation of additive inference rules) Let D : I' = F be a named
LBIZ, sequent. Then, for any transition D W;’;zfs D’ with a set of inference rules Infs
that includes all the left inference rules but no right inference rules, and for any two
additive structural layers *m1 and *1o such that *m1 < *mo =< T, it holds that if an

additive inference rule Inf € Infs applies at *, there exists a transition D ~~7, .
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Dy ~mf Dy~ D' such that no additive inference rules apply at *t in the transition
Dy W;ﬂfs D'

Proof. Assume, without loss of generality, that a name, once introduced, will never
be introduced anew later in a transition. First prove for a specific case where *r is the
outermost additive structural layer in T', i.e. either *, = T" or there exists a structural
layer u such that [u = T] AT (Vo/ < T.[*r, < /] =T [/ = u]). Suppose that no
additive inference rules apply at *7», then the condition vacuously holds. Suppose that
no additive inference rules apply at *7 in Dj, ~+},. D', then again vacuous. Otherwise,
we would originally have the following transition: D ~+f « D¢ ~>nt Dg ~1pps De ~>Int?
Dy~ D' such that Inf” is the first additive left inference rule that applies at *7» in
Dy ~fots De ~*mg D ~1ngs D' Proof is then by induction on the number of additive
inference rules that apply at *, in the transition: D, ~>mp Df ~+, D'. Base case was
just exhibited (i.e. no such Inf’). For inductive cases of the sub-induction, assume that
the present case holds true for all the cases where the total number of additive inference
rules that apply at *r» are [ or less, and prove that it still holds true for a total number

of [ + 1. Consider which additive left inference rule Inf” is:

1. AL: Then the principal for Inf’ is in the form: H; A Hs in the antecedent part of
D.. But we have inversion lemma that replaces H; A Hy with Hy; Ho in LBIZ;.
Now because we have *r; < *m» < T in D, *r» must be in the form: H; A Hy; T
such that *7; < I"". Then it is immediate that the inversion can apply prior to Inf:
we achieve the effect through AL. There now remain only / additive inference

rules to apply at *7o in Dy ~=1 s D'
2. VL: Similar.
3. D LgpToavy: Similar.

4. O L5 ,y: if Dy is the right premise sequent of O Ly , with D, as its conclusion
sequent, then reasoning is similar to the AL case. Otherwise, if Dy is the left
premise sequent of D> L .y, then firstly notice that Inf cannot be > L5 ,;,
since the derivation step would bring *7; at the outermost structural layer in the
antecedent part, i.e. there could no longer be any additive structural layer « in

the antecedent part such that *7; < w. Though fairly obvious with an informal
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means, we nevertheless complete the present sub-proof by sub-induction on the
length £ of the transition D, W{Cnfs D.. If it is 0, then the original transition looks
like: D~} De ~>mt Dg ~>mp D¢~ D' The order of Inf and Inf” can be
then swapped: D ~{ g Do~y Dz ~>mt Dy ~+1pe D’ such that there remain
only [ additive inference rules to apply at *m5 in Dy ~+j ¢ D'.

For inductive cases of the sub-induction, assume that D ~j ¢ D¢ ~>nt Dg Wiﬁnfs
D¢ ~pp Dy~ D' can be permuted into D ~»f e D1 ~opup Do ~>1oee D3 ~>ng
Dy ~~1 .4 D' such that there remain only [ additive inference rules to apply at *7,
in Dy~ D', and show that such permutation is bound to be successful also
for D ~jues De ~tnt Dd ~fags Dar ~(int,etnts) De ~me Dy ~ogs D' Consider
what Inf, is in the transition Dy ~>ms, D.. If Inf, applies at some constituent
of a multiplicative structural layer with two or more constituents, then almost

vacuous. Otherwise:

(a) AL: then, at whichever additive structural layer u (< *72) it applies, we have
the following permuted transition: D ~{ D¢ ~>mt Dg ”"fnfs Dy ~pp
Dy ~mt, Dy ~iyps D'

(b) VL: similar.

(€) D Lyt avy: similar.

(d) D L5, then, Dy cannot be the left premise sequent of the inference rule

since it applies at u < *75. But then similar.

(e) *L: similar.

Hence, in each of the cases above, induction hypothesis of the sub-induction

concludes.

Then the present case concludes by induction hypothesis of the main induction.

For a general case where *7, is some additive structural layer which is not neces-
sarily the outermost, the proof approach is similar to the above specific case (which
acts as the base case). [

Permutability of multiplicative inference rules is proved in a similar but by far sim-

pler manner.
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Lemma 29 (Permutation of multiplicative inference rules)

Let D : T+ F be a named LB1Z, sequent. Then, for any transition D W;;fs D’ with a
set of inference rules Infs that includes all the left inference rules but no right inference
rules, and for any two multiplicative structural layers *1 and *19 such that *1; < *19 <
T, it holds that if <L applies at *1, there exists a transition D ~p,« Do ~>.p, Dy ~* D'

such that L does not apply at *1, in the transition Dy ~7,. D'.

Proof. Assume, without loss of generality, that a name, once introduced, will never
be introduced anew later in a transition. Because multiplicative unit is not present in
BIpase, any multiplicative structural layer in the form: “T',,T',” can neither be T', nor
be I';,. And because no multiplicative implication is present in BI,s, @ multiplicative
structural layer, once generated, cannot reduce in the number of constituents without
a «R which, by the way, is not in Infs. It holds for all BIy,s. formulas in the form
G1 * Go(= T') that *1; £ G1 * Go. Then due to the assumption that *r; < *m, < T, we
simply bring all the =L to apply at *m» before any =L at *r; by LBIZ; inversion. [

Definition 98 (Permutation-inversion normal LBIZ; derivations)

A permutation-inversion normal LB1Z, derivation is a LB1Z, derivation such that

1. for all transitions D ~~,« D1 for a set of inference rules which includes all the
LBIZ, left inference rules but no LB1Z, right inference rules, (assuming without
loss of generality that (1) D is named and that (2) a name, once introduced, will
never be introduced anew later), it holds that for any two additive structural
layers *11 and *19 such that *11 < *1o, any additive left inference rules to apply

at *o applies before any left inference rules to apply at *ri.

2. for all transitions D ~~,. D1 for a set of inference rules which includes all the
LBIZ, left inference rules but no LB1Z, right inference rules, (assuming without
loss of generality that (1) D is named and that (2) a name, once introduced, will
never introduced anew later), it holds that for any two multiplicative structural
layers *m1 and *75 such that *m1 < *7o, any =L to apply at *1o applies before any

xL to apply at *1y.
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3. AR,D R apply as soon as any one of them becomes applicable. This rule has a
higher priority than the following two.

4. VR, xR apply as soon as either of them becomes applicable preserving deriv-

ability upwards. This rule has a higher priority than the last rule.

5. *L,NL,VL,D Lya v} apply as soon as any one of them becomes applicable.

5.4.2.3 Main results

The second part of the equivalence proof now follows.

Proposition 24 If D : T' + F € Dgy,,_, is LBIZ,-derivable, then *Q; ; F(€ Dpp1) is
PBI-derivable for any k > 0 (such that there exists, in the antecedent of D, at least one

focusable structure with the k-th context degree) and *; = T.!

Proof.  The proof is most general with & = 0, due to the availability of Revert 1
and Revert |. Hence, it suffices to prove only the case. Without loss of generality,
assume II(D) to be permutation-inversion normal. Also we do not consider unneces-
sarily longer derivations than necessary where an axiom is involved: if some axiom(s)
and some non-axiom are both applicable to a sequent D’ preserving derivability up-
wards, it is (one of the) axiom(s) that applies. Proof is by induction on the derivation
depth of II(D) and a sub-induction on sequent weight (Cf. Definition 61). For base

cases, consider which axiom has applied.

1. id: 1If the antecedent part is a formula, namely a propositional variable, apply
SLyid or SLyid depending on the value of i. Otherwise, apply SLaid possibly
with the help of Transfer |.

2. 1L: Then there exists at least one 1 in the antecedent part of D which becomes
active for 1L (in LBIZ;). Then one such 1 can be revealed by (a sequence of)
1Peel f,1Peel |. Then possibly with the aid of Transfer |, 1L (in PBI) con-

cludes.

3. TR: trivial with TR (in PBI) possibly with the aid of Transfer |.

'Readers are kindly reminded that, for any k& > 0, the value of ¢ is always determined.
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For inductive cases, assume that the current proposition holds true for all the

permutation-normal derivations of D with the derivation depth not greater than j and

show that it still holds true for permutation-normal derivations of derivation depth j+1.

Consider what the last LBIZ; inference rule applied is:

1.

2.

AR: apply AR (in PBI; similarly for the rest) possibly with the help of Transfer |.
D R: apply D R possibly with the help of Transfer |
VR: apply VR possibly with the help of Transfer |.

xR: LBIZ, incremental weakening is achieved via xLock 1 and *Lock | (possibly

with the help of Transfer 7). Then apply *R.

AL: say that the principal is F, A Fy. If the LBIZ; inference rule applies at the
outermost additive structural layer (in the antecedent part of the LBIZ; sequent),
then AL concludes, possibly with the help of Transfer | to focus the particular
occurrence of the principal. If it does not apply at the outermost additive struc-
tural layer, then consider what form the consequent formula of the sequent is

n:

(a) p: by the stated assumption at the beginning of the present proposition,
neither id nor 1L is applicable to the sequent. Then there exists at least one
multiplicative structural layer. Suppose that we have, in T, o (> 1) outer-
most multiplicative structural layers: uy, - - - ,u,. Since II(D) is permutation-
inversion normalised, D cannot be derived unless there is some
u; = A, Ajforl <i<oand2 <Ilsuchthat A, F 1,1 <m <],
is LBIZ;-derivable. If the principal does not occur in A,,, then vacuous;

induction hypothesis of the sub-induction concludes, otherwise.
(b) 1: similar.

(c) Hi V Hj: by the definition of a permutation-inversion normal derivation,
VR does not apply either because the antecedent part is inconsistent,' or be-
cause some V L(s) must be first handled. For the former, a similar approach

to the previous sub-cases holds. For the latter, we have Transfer |,Revert |,

By an antecedent structure I" being inconsistent, I mean that I - 1 is derivable.
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VLock |, Transfer 1,Revert 1, VLock 1 to focus relevant structural layers.

Then apply AL on the principal Fi, A F;.

(d) Hix* Hs: by the definition of a permutation-inversion normal derivation, xR
does not apply either because the antecedent part is inconsistent or because
inner structural layers must be first processed and incremental weakening
must be then applied to conjoin relevant inner multiplicative structural lay-
ers at the outermost multiplicative structural layer. Straightforward in case
it is inconsistent. Otherwise, if AL must apply on F, A F}, in order that D
be LBIZ;-derivable, then the outermost additive structural layer of D must
- because by the stated assumption F, A F} is not a constituent of the out-
ermost additive structural layer - look like M;;--- ; M, for 2 < m such
that there exist at least two of the constituents, say M, and Mz for which
it holds either that [(F, A F},) < M,] or that [(F, A F,) < Mg|. But then
the constituent which does not hold F, A F}, as a sub-structure is irrelevant
to the LBIZ;-derivability of D due to Lemma 13 and Corollary 1. By ad-
missibility of weakening in LBIZ,, then, we simply weaken the irrelevant

structure, thereupon applies induction hypothesis of the sub-induction.
6. VL: similar.
7. All variations of O L: similar.

8. *L: similar with one difference that we be looking at multiplicative structural

layers instead.

Induction hypothesis of the main induction concludes. []

Theorem 12 (Equivalence of PBI with LBIZ,) PBI is as expressive as LBIZ;.

Proof. Follows from Proposition 23 and Proposition 24. []
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5.5 A BIy,s Decision Procedure with PBI

In this section I present one decision procedure, exhibiting a basic proof search method-
ology in phased sequent calculus. The emphasis is not on efficiency.

The termination argument is made rather intuitive and simple thanks to the physical
separation between the base components rendering feasible a compositional approach.
In fact, there is little difficulty involved in the proof of a finite derivation growth in
each individual phase, since SL; derives from propositional intuitionistic logic and
S Ly from a fragment of propositional multiplicative intuitionistic linear logic, each of
which is decidable (and is hence terminating). Therefore, if we succeed in finding a
proof search tactic that eliminates infinite transitions between states in Figure 5.2, then
the desired result follows due to (1) the finiteness of a derivation within every phase

and (2) the finiteness of interaction transitions.

5.5.1 Preparations

For convenience, a phase in a PBI derivation tree is differentiated from later (when
the derivation tree is looked backwards) phases with, for instance, a monotonously
increasing super-script of a positive integer n: SL} — SLiT — SLIH2 — SLO+3 ...
or SL} — SL™' — SL3™ — SL*3... depending on the initial phase of the given

conclusion sequent D € Dpp;. I first state an inversion lemma.

Definition 99 (Phase depth)
A phase depth of a PBI sequent D € Dppz, 1.6. phase_depth(D), is defined to be a
relative derivation depth with respect to the particular phase in which it is, with the

following inductive definition.

e itis 1 if (1) D is the conclusion sequent of a SLy or S Ly axiom or if (2) there
exists a transition D ~~ D' such that [D € Dgr, | AT [D' € D, ] or [D € D, AT
[D' € D, |-

* it is phase_depth(D’) + 1 if there exits a transition D ~-p,; D' for some one-
premised S Ly (resp. SLs) inference rule Inf and some D' € Dgy, (resp. D' €
DsLy)-
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e it is 1 + maz(phase_depth(D’), phase depth(D")) if there exist transitions
D ~spe D' and D ~~pyy D" such that Inf is a two-premised SLy (resp. SLo) in-

ference rule and that D', D" € ©gy, (resp. D', D" € Dgy,) are the two premise

sequents.

Lemma 30 (PBI inversion lemma) In the following pairs of PBI sequents, if the se-

quent shown on the left is PBI-derivable within the phase depth i, then so is (are) the
sequent(s) shown on the right. k > 0 and j € {0,1}.

PO (D), F+xG) 1 H (), F,G) - H (5.1)
(T FAG) Fo H FW(T,F;G) by H (5.2)

(T FVG) o H both *Qy(T; F) o H
and *Qy(T;G) o H (5.3)
"u(Tsp D Fip) ko H "Qy(T;p; F) ko H (5.4)
FQo(T; T D F) g H FQo(; F) by H (5.5)
(T (FuANFy) DF) by H W, F, D (Fy, D F.)) ko H (5.6)
k(T (FuV Fy) D F) by H (T (Fy D F); (Fy D F)) ko H - (5.7)
(T (Fa D Fy) DE) ko H FL(T; F) by H (5.8)
Qo (T (Fu % Fy) D Fo) o H Qo (T3 F) F (5.9)
IQy by FAG both'Q Fy Fand Q5 G (5.10)
I FO G 009(T; F) ko G ([0 =T7)) (5.11)

Proof. Induction hypothesis on the total number of phases to appear in the derivation
of the PBI sequent and a sub-induction on the phase depth. Standard, otherwise. Cf.

Lemma 1, Lemma 7, Lemma 12 and Lemma 14. [

As usual, all the axioms and fully invertible inference rules are safe to apply at any

point during a derivation.

Definition 100 (Safe/unsafe rules) We define safe and unsafe inference rules for all
PBI inference rules Inf ¢ Inf.

Safe rules: SLiid, SLoid, 1L, L, TR,AL,VL,D L{p7-|-7/\7\/}, AR, D R.
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Unsafe rules: +R,D L ., VR.

5.5.2 Detailing the intention of the mediator

I now detail the intention of the mediator in order to finitely restrict the use of inter-
action rules. To simplify the discussion, we may assume some ‘initial’ PBI sequent
(though not at all any necessity other than for simplification) of 0-th context degree
(Cf. Proposition 24). Without loss of generality, we may also assume that every infer-
ence rule applicable in a phase while preserving derivability upwards applies before an
interaction rule is called.

Thus setting up premises for reasoning, we recall that each interaction rule reflects
certain intention of the mediator. For example, 1Peel 1 and 1Peel | both suppose
that the antecedent is inconsistent! at inner structural layer(s) and (upward) discard,
on the supposition, the outermost structural layer but one that holds the suspected
structural layer. By this, we learn that the intention of the mediator relays along the
derivation upwards, possibly resulting in a chain of 1Peel | and 1Peel 1. The partic-
ular derivation of the premise sequent closes only if what the mediator supposed turns
out to be correct: that the antecedent is inconsistent and that structures to be peeled
away are irrelevant to identification of the inconsistency. If it is inaccurate, then the
derivation can fail and another guess may be made. There then would be no need for
Transfer 1, Transfer |,Revert 1,Revert | once a guess is made. Then, there cannot
be an infinite phase switching to be initiated via 1Peel | or 1Peel 7.

A similar observation holds true also for *Lock 1] and VLock 1. First, in the case
of xLock, the intention of the mediator is such that a consequent formula in the form:
H, x Hy be only locked via xLock | in a S Ly phase, which is released via *Lock 7:
there is a handshake between xLock | and xLock 1. Second, in the case of VLock, it is
VLock 1 that locks a consequent formula in the form: H;V Hs into a S L, phase. The in-
tention of the mediator continues to be effective in the S'L; phase, which shifts phases,
upon completion of applications of required *Ls, into the next S L, phase, such that
all the v Ls that must apply before VR on the particular H; vV Hs be processed. While
the intention is effective, there is no need for Transfer 1, Transfer |, *Lock T, xLock |

(Revert T may still apply, as it is possible that some additive structural layer is or

By the antecedent I of a sequent I' = F' being inconsistent, I mean that I" = 1 is derivable.
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becomes, for example, a formula in the form: G; * G3).! Once the mediator judges
(which may be accurate or inaccurate) that all the VL that must be treated have been
treated, VR applies in a S L, with the help of Revert 1,Revert | to bring the degree of
the context to 0 or 1 (depending on whether the outermost structural layer is additive
or multiplicative).

Finally for Transfer 1 and Transfer |, their intention is to switch phases so that
what are unknown in the current phase be passed to the other phase which recognises

them, and that a progress in derivation be consequently made.

5.5.3 Main results

Observations were made about the intention of the mediator in the previous sub-
section, which is reflected within the algorithm § below. All the safe rules may apply
unconditionally and in any order, whereas unsafe rules and transfer rules are generally

non-deterministic because of a choice involved in:
» whether the rule should apply at all (derivability may not be upward preserved).
* how to project when *Lock 1 applies.

* how to divide constituents of the outermost multiplicative structural layer (as the

outermost structural layer) in two upon x*R.
» which applicable inference rule should apply.

These need taken into account during a proof search by means of an information
record, allowing a potential backtrack (all the relevant information such as the values

of pointers and so on are to be recorded).

Algorithm §:
Input: a sequent °Q; F; F' € Dpg; with i set either 1 or 2 appropriately.
Output: true or false.
(Remark: curr keeps track of the sequent to be processed. A Boolean variable

modified indicates that in the current phase there applied at least one logical

I'G1 * G5 as the only one constituent of a focusable additive structural layer with the context
degree of k is, in a SL; phase, a constituent of a multiplicative structural layer focusable not with the
(k + 1)th-degree context but with the (k — 1)th-degree context.
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inference rule. Its initial value is true. A string variable Interact records a

label of certain interaction rule. The last two are used to prevent an infinite

switching of phases.)

init: set a pointer curr to refer to the root PBI sequent °¢); ; F. Set modified

to true. Set Interact to “irrelevant”.

Lq: if *curr € gy, go to Lgy,, .
Lsr,: // In a SL; phase

1.

If a safe rule Inf is applicable to *curr, take the following derivation step:

*curr ~pe D'. Setmodified to true. Set curr to refer to D'. Go to Lgy,, .

. If the consequent part of *curr is a 1 and if 1Peel | is applicable at all, then

record a backtrack point and take the following derivation step:
*curr ~gpee1; D’. Set Interact to “irrelevant”. Set modified to false.

Set curr to refer to D’. Go to L.

. If the consequent part of *curr is in the form: H; x Hs and if

Inf € {xR,1Peel |,xLock |} is applicable at all, then record a backtrack
point and take the following derivation step: *curr ~»p D’ where D’
is the only premise or the right premise in case Inf is *R. If Inf is xR,
set modified to true, and store the left premise sequent and the value
of Interact for a future processing. If Inf is *Lock |, set Interact to
“sLock |”. If Inf is 1Peel |, set Interact to “irrelevant”. Set modified to

false. Set curr to refer to D’. Go to L.

. If the consequent part of *curr is in the form: H; V Hs, and if Interact

is “VLock 17, then apply VLock | if possible at all: *curr ~»yrocx) D’. Set
curr to refer to D’. Set modified to false. Goto L;.

. If Interact is not “VLock 1 and if the context-degree is 1, then take the

following derivation step: *curr ~»gevert; D’. Set modified to false. Set

curr to refer to D’. Set Interact to “irrelevant”. Go to L.

. If modified and if Inf € {Transfer |,1Peel |} is applicable at all, then

record a backtrack point and apply Inf: *curr ~»p,¢ D’. Set Interact to

“irrelevant”. Set modified to false. Set curr to refer to D’. Go to L.

. Goto Lg.

179



Lgp,: // Ina SL, phase

8. If a safe rule Inf is applicable to *curr, take the following derivation step:
*curr ~~pe D’ where D’ is the only or the right premise sequent of Inf. In
case Inf generates two premise sequents, store the left premise sequent and
the value of Interact for a future processing. Setmodified to true. Set

curr to refer to D’. Go to Lgg,.

9. If there exists a formula in the form: (H; D Hy) D Hs or (Hy x Hy) D Hj
as a constituent of a focusable structural layer, then first record a backtrack
point and make a judgement as to whether, upon application of > L~ or
O L, on the formula, the left premise sequent is PBI-derivable. If it is
judged not to be the case, then delete the backtrack point just recorded and
do nothing; otherwise, take the following derivation step on the particular
formula: *curr ~»~;. D’ or *curr ~»~z, D’ where D’ is the right premise
sequent of the inference rule. Store the left premise sequent and the value
“irrelevant” for a future processing. Set modified to true. Set curr to
refer to D'. Go to Lgg,,.

10. If the consequent part of *curr is a 1, and if 1Peel 1 is applicable at
all, then record a backtrack point and take the following derivation step:
*curr ~»pee1t D’. Set Interact to “irrelevant”. Set modified to false.

Set curr to refer to D’. Go to L;.

11. If the consequent part of *curr is in the form H; * Hy and if Interact
is “«Lock |7, and if *Lock 1 is applicable, then record a backtrack point
and take the following derivation step: *curr ~», okt D’. Set modified to

false. Set Interact to “irrelevant”. Set curr to refer to D’. Go to L.

12. If there exists at least one formula that is in the form H; x H» as the only con-
stituent of some focusable (necessarily antecedent) structural layer, then
apply Inf € {Transfer 1,Revert 1} (depending on the current context de-
gree): *curr ~»p D'.! Set modified to false. Set curr to refer to D'. If

Inf is Transfer 1, then set Interact to “irrelevant”. Go to L.

"What this does is to decrement the context degree by 1 or transfer from 0 to 0.
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13. If Interact is “VLock 1 and if either VLock 1, VR or Revert 1 is applica-
ble, then record a backtrack point and then

(a) either VLock T,

(b) or, possibly with a sequence of Revert 1,Revert | to first decrease
the context degree down either to 0 or 1 depending on the outermost
structural layer, VR,

to have the derivation step: *curr ~p¢ D’. Set curr to refer to D’. If the
first option, set modified to false. If the second option, set modified to

true, and set Interact to “irrelevant”. Go to L.

14. If the consequent part of *curr is in the form H; V Hs, and if Interact
is not “VLock 17, and if Inf € {1Peel 1, VLock T,VR} is applicable, then
record a backtrack point, and apply *curr ~»pe D’. If Inf is VR, then set
modified to true; otherwise set it to false. If Inf is VLock 1, then set
Interact to “VLock 17; otherwise set it to “irrelevant”. Set curr to refer to
D'.GotoL;.

15. If modified then apply Inf € {Transfer f,Revert 1} if possible at all:
*curr ~nr D’. Set modified to false. Set Interact to “irrelevant”. Set

curr to refer to D’'. Go to L.

Lg: //No more rules to apply to curr: backtrack or move to an unattempted

branch.

16. If *curr is the conclusion sequent of an axiom, then if there is a stored
unexamined left premise sequent, then set curr to refer to the sequent, set
modified to true, set Interact to the stored string value, and go to Ly;

otherwise, return true.

17. If *curr is not the conclusion sequent of an axiom, then backtrack to the
nearest backtracking point recorded. If there is another unexamined option
at the backtrack point, take some decision that has not yet been made, revert
the values of Interact and modified to those at the backtrack point, set

curr appropriately, and go to Lj; otherwise, return false.

The termination proof of the above algorithm is given in a compositional manner.
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Lemma 31 Each SL,/SLs phase terminates.

Proof.  For each SL;/SLs inference rule, the weight of the premise sequent(s) is
strictly smaller than that of the conclusion sequent. There can be at most a finite num-

ber of non-deterministic choices involved in the unsafe SL;/S Lo inference rule. []

Lemma 32 There are no infinite switchings between the two phases via interaction

rules.

Proof.  If any logical inference rule applies backward, the sequent weight always
decreases (Cf. Lemma 31). It hence suffices to show that we cannot have an infinite
transition D ~y. D’. But if either 1Peel 1 or 1Peel | applies backward, then the se-
quent weight always decreases. So we only need to show that D ~nfy\ {1Peelt 1Peel |} D’
cannot be infinite. But if *xLock | applies backward, then the next transition is, since
we attempt to have such an infinite transition, always induced by *Lock 1 (Cf. Lgr,, of
the algorithm). By the definition of projection in the rule, however, some antecedent
structure is weakened away, i.e. the sequent weight decreases, or there is at least one
formula in the form H; * Ho in the antecedent which becomes accessible in the next
S L, phase. Meanwhile, xLock 1 can never apply unless Interact is “xLock |”. There-
fore we only need to show that D ~Taf,\ {1Peelt 1Peel |, Lockl,sLockl} D’ cannot be infinite.

Now, if VLock 1 applies backward, since we attempt to have such an infinite tran-
sition, the next derivation step is determined to be VLock | into the next SLs, phase.
Possible steps are 12 (Transfer 1 cannot apply as the context degree is by now at least
2) and 13 of the algorithm. But if 12 is taken, then there is at least one formula in the
form: H; = H, accessible in the antecedent in the next SL; phase; and if 13 is taken,
the context degree increases and this sequence simply repeats, which must imply, since
any PBI sequent is finite and there is at most a finite number of structural layers, that,
at some point, context-degree can no longer increase via VLock T, VLock |. Hence we
in fact only need to show that D ~>{.¢ \ (1pee14 1pee1 | Lock] <Lockt,VLockt,viock)} 1 CANNOL
be infinite.

Next, if Transfer 1 applies, then, since we attempt to have such an infinite transi-
tion, we find that neither Transfer | nor Revert | is possible in the shifted S L, phase.

If Transfer | applies, since we attempt to have such an infinite transition, the only
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possible step in the shifted S' L, phase is 12. But if 12 is taken, then there exists at least
one accessible formula in the form H; = H, in the next S L, phase. Therefore we now

only need to show that D ~~ D’ cannot be infinite.

?RevertT,Reverti}
To conclude the present proof, we simply observe that context-degree cannot keep

decreasing since every PBI sequent is finite. []

Theorem 13 (BIy,s. decision procedure) The algorithm § terminates. It is a Blyase

decision procedure.

Proof. Termination follows from Lemma 31 and Lemma 32. Proof of the second
obligation follows as below. We go through each step in ¢ for the proof of the second

obligation.

1. If a phase is of S L1, safe S L; inference rules, i.e. S L, axioms and =L can apply.
This step ensures recognition of axioms and normalisation (up to inversion) of a

given SL; sequent into a normalised SL; sequent.

2. For a normalised SL; sequent, if the consequent part is a 1, the sequent is not
PBI-derivable unless its antecedent is inconsistent. This step covers all the pos-
sibilities of a structure to keep in the antecedent. To show that this step omits
nothing, we need to consider the cases where the context degree is greater than
or equal to 1, in which 1Peel | does not apply due to the mismatch on the
context-degree. If it is 1, however, it is impossible, given the algorithm steps,
that modified be false. Then Transfer | is bound to apply at the step 6 to pass
the computation to the next SL, phase of 0-th context degree, as required. For
other greater values of the context degree k& > 2, § never allows, in the course of
a proof search, that the context-degree be & if the consequent were a 1. There-
fore we must show that such sequents are redundant in derivations of PBI from
which j; derived. However, we know that the context-degree can only increase
above 2 via VLock 1. According to the intention of the mediator as detailed in the
previous sub-section, the interaction rule is called because antecedent formula(s)
in the form: H; V H, must first be processed such that derivability be preserved

upwards. However, according to the intention, it is the case that, once those such
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antecedent formula(s) have been successfully processed, then the context-degree

must revert to either 0 or 1 for an application of VR, to offset the potency of the

intention.

3. For a normalised S'L; sequent, if the consequent part is in the form: H; x Hj:

(a)

(b)

(©)

if the context-degree is 0, then possibilies that could be thought of are (1)
«R 1s applicable straight ahead, preserving derivability, (2) the antecedent
is inconsistent, and (3) incremental weakening must take place in order that
«R become applicable. (And of course an additional possibility that none

of these are applicable.) This step covers all.

if itis 1, then possibilities that could be thought of is that incremental weak-
ening must take place in order that xR become applicable. This step covers
all.

there is no need for consideration to arise for all the other greater context-

degrees.

4. For a normalised S L, sequent, if the consequent part is in the form: H; vV Hs:

(a)

(b)

the context-degree is O: then it was not locked in the previous SL, phase
into the current phase. So it is either that such previous S L, phase does not
exist, i.e. the current phase is the first phase, or that it was revealed via a xR
application. Either of the cases, it is impossible, given § , that modified be
false. Step 6, if possible at all, is taken, skipping this step and also step 5,

as required.

it is 1: if the previous S L, phase has locked the consequent formula with
VLock 1 into the current S'L; phase, then by the intention of the mediator
effective in the current phase, VLock | is the only one that may apply,
which is taken care of in this step. Otherwise, the consequent formula
must be in this form because the current phase is the first phase and/or
because *R applied in the current phase to reveal it on the consequent.
Either way, if it is possible at all, Revert | must apply to swith phases
into the next S L, phase, and the question is whether, in such a case where

Revert | must apply, § in fact allows the rule to apply. But in both of the
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possibilities, Interact is assumed not to be “VLock 17, which then satisfies
the conditions of the step 5, as required.

(c) itis greater: then it must be the case that there exists at least one preceding
phase to the current one and that the previous phase switch was induced by
VLock 1. Then by the intention of the interaction rule, only VLock | needs

considered if possible at all, which is taken care of in this step.

5. For anormalised S L; sequent whose consequent is not in the form: 1, H; x H; or
Hy Vv H,, and for which the context-degree is 1, if any PBI inference rule should
apply, it is Revert | only. This step always applies the interaction rule where

applicable.

6. For a normalised SL; sequent whose consequent is not in the form: 1, H; x Ho

or H; V Hs, and for which the context-degree is not 1:

(a) the context-degree is O: then, if any PBI inference rule is applicable at all,
it is some interaction rule. The antecedent may be inconsistent in which
case 1Peel | applies, or Transfer | applies if, just as it is the intention of
the interaction rule, any progress should be possible by the phase switch.
Now the question is whether § facilitates such. The first case is taken care
of in this step. For Transfer |, ¢ permits the rule only if modified is true.
Therefore it does not apply if the current sequent is the premise sequent of
Transfer 7 that switched the previous phase into the current phase. (The
other interaction rules cannot be applicable under the current set of condi-
tions.) Now consider if such should detract from expressiveness. Suppose
that Transfer | were necessary on the sequent, then in the next S'Ls phase,
the context-degree must be 0, since that for the conclusion sequent of the
last Transfer 1 is 0, which means that there is only one formula in the
antecedent of the sequent. But then, since the Transfer 1 must have - due
to the intention of the interaction rule - applied because no more progress
was possible in the previous S L, phase, and since no progress was made in
the switched S L, phase either, it is known that there would be no progress
in the next S L, phase. Therefore it is rather immediate that the sequent

cannot be PBI-derivable. This step is skipped into step 7 that treats the
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situation.

(b) it is greater than or equal to 2: by the earlier reasoning, this case is redun-
dant.

7. For a normalised S, sequent whose consequent is not in the form: 1, H; x Ho
or H; V Hs, and for which the context-degree is not 1, and if 1Peel | should
apply at all, then derivability would not be preserved upwards, and further, that
no progress would be possible if Transfer | should apply, then there can be
applicable no PBI inference rule - since the use of Revert | is constrained - on
the sequent. Such a situation is taken care of in this step. This concludes our

reasoning for a S'L; phase.

8. In a SL, phase, all the safe S L, PBI inference rules can apply in any order to

accessible structures, as can be achieved in this step.

9. If a formula in the form: (H; D Hy) D Hs or (Hy * Hy) D Hs 1s accessible, then
D L+ or, respectively, D L, applies, provided that the derivability preserves up-
wards for the left premise sequent of the inference rule. Note that in such a case
the context degree of the left premise sequent goes below 2 (0 or 1, depending
on the appearance of the antecedent part of the sequent) with certain intention of
the mediator that might have been carried over from the previous phase(s) also
getting offset. The decision as to whether to apply those inference rules needs

taken on a non-deterministic basis, which is taken care of in this step.

10. For a S L, sequent which is normalised and for which, if eithera > L ora > L,
(if possible at all) applies, derivability upwards will not preserve, and for which

a 1 is the consequent formula:

(a) the context-degree is O: if the antecedent part is inconsistent, then 1Peel 1
applies, as taken care of in this step. If not, then if any progress is possible
at all in the next SL; phase, Transfer 1 applies to induce a phase switch;
otherwise, the sequent is PBI-underivable. No conditions of any step satisfy
but steps 15 and 17 in f , which fulfills what it must."

'In case it is PBI-derivable, the step 15 instead of the step 17 may be taken. This, however, only
leads to that, in the next S'L; phase, no progress would be possible, and consequently that modified
would remain false to go to step 7, as required.
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(b) itis 1: then the antecedent is inconsistent, or there is at least one formula in
the form H; * Hy which is accessible in the Oth-degree context if in a S 1,
phase, in which case Revert 1 should be called such that 1Peel | or xL be
subsequently applied. The latter is taken care of at step 12 which is the only
step with satisfiable conditions given the current set of assumptions. For the
former, if modified, then the step 15 is the only step with satisfiable con-
ditions. § does not permit any step to be taken if modified is false. The
question is whether such restriction should not detract from completeness.
Since the current context degree is supposed to be 1, the current sequent
must be the premise sequent of Transfer | (with the conclusion sequent of
the context-degree 0).! But if Transfer | had applied, 1Peel | could have
applied, and so the previous decision was wrong, which, however, would

be corrected eventually through backtracking.

(c) itis greater: redundant, since the context formula is not in the form: H; Vv
Hs.

11. For a normalised S Ly sequent such that, if either a > L~ or a O L, should
apply (if applicable at all), then derivability does not preserve upwards for the
left premise sequent, and for which it holds that a formula in the form H; x Hs is
the consequent formula and also that it was locked in the previous phase into the
current phase via xLock |, then, by the intention of the interaction rule, there is
- if possible at all - only one interaction rule, namely *Lock 1 which may apply

on the sequent. The process is taken care of in this step.

12. For a normalised S L sequent such that, if either a > L or a D, should apply
(if applicable at all), then derivability upwards does not preserve for the left
premise sequent, that its consequent formula is not a 1, and that the intention of
the mediator to probe sufficient information for a consequent formula H, x H is
not in effect, then if there exists at least one formula in the form H, = H, which
is accessible in SL; with the context-degree one smaller (if the current context
degree is greater than or equal to 1) or O (if it is O already), then Revert 1 or

Transfer 1 can meaningfully apply, which is taken care of in this step.

I Revert | is not adequate since the consequent formula is not in the form: Hy V Hs. Cf. the
sub-case 2 of the current proof to see why it is not adequate.
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13.

14.

15.

For a normalised SLs sequent such that, if either a > L~ or a D L, should
apply (if applicable at all), then derivability does not preserve upwards for the
left premise sequent, if it is VLock | that induced the previous phase switch
with the intention of the mediator of probing some antecedent formula(s) in the
form H, v H, presently in effect, then the context-degree in the current phase
is at least 2, or greater. If there is no antecedent formulas in the form H. x Hy
which are accessible in SL; with the context-degree one smaller (if the current
context-degree is greater than or equal to 1) or O (if it is 0 already), then we need
consider if those antecedent formula(s) in the form H, V H;, had been already
processed. If so, the intention of the mediator in effect may be offset through
xR (preceding which is a sequence of Revert 1 and Revert |); otherwise, the
intention is carried over (if possible at all) to the next S, phase via VLock 1.

Both are taken care of in this step.

For a normalised S L, sequent such that, if either a O L- or a D L, should apply,
then derivability does not preserve upwards for the left premise of the inference
rule(s), if there are no antecedent formulas in the form H.* H, accessible in S L
with the context-degree one smaller or 0, and if the consequent formula is in the
form H, v H,, and also if the intention of the mediator to probe some antecedent

formula(s) in the form H, \V Hy, is not in effect, then there are a few possibilities.

(a) the context-degree is O: if the antecedent is inconsistent, then 1Peel 1 ap-
plies, as possible in this step. If the consequent formula can be outright
processed via VR, this step can again execute the process. If it needs locked
into the next S'L; phase, then VLock 1 should apply, which this step allows.
The last two eliminate a need for Transfer 1 with the particular consequent

formula, to conclude that nothing is omitted in this sub-case.

(b) it is 1: by the set of conditions here, if any PBI inference rule should be

applicable, it is VR or VLock 1, which is possible in this step.

(c) itis greater: there is no need to consider this case since the intention of the
mediator to search for antecedent formula(s) in the form: H, \VV Hj is not in
effect.

For a normalised S L5 sequent such that (1) if either a > L~ or a D L, should
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16.

17.

apply, then derivability does not preserve upwards for the left premise of the
inference rule(s), that (2) the consequent formula is not in the form 1, H; * Ho
or Hi V Hy, and that (3) there are no antecedent formulas in the form H. x Hy
accessible in SL; with the context-degree one smaller or O, then if any PBI
inference rule should apply, it is either Transfer 1 or Revert 1. In case there
preceeded some logical inference rules, or in case the current phase is the first
phase, then this step allows either of them to apply (if applicable). The question
that remains is whether nothing is omitted by the decision to not apply either
in the other cases. But, due to the thrid condition set at the beginning of this
sub-case, there is no formula in the form H, « H, that may become accessible by

the phase switch, which prevents any progress in the next S L, phase.

Derivations continue for each open branch. This step concludes the proof in
case all the non-deterministic guesses were made in such a way not to blemish

upward derivability.

¢ allows backtracking to cover all the possibile non-deterministic choices.

For the complexity of the algorithm, I only conjecture that the brute-force approach

with backtracks makes ¢ exponentially complex. More detailed studies into computa-

tional complexity are better opportuned once the decidability of BI is concluded. It is

not immediate whether BI,s. has any applications.

5.6 Conclusion

The present chapter exhibited the following:

1.

2.

3.

[llustration of the concept of phased sequent calculus as one that can be used to

engineer a particular sense of logical combination.

A working example of phased sequent calculus PBI for BI,,s. With the abstract

state diagram capturing base-logic interactions in effect.

A decision procedure for the fragment.
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As was purported, the concept of the phased sequent calculus was introduced as one
that proof-theoretically asks what it means by a logical combination. The effective-
ness of such inquisition hinges solely on a delicate effort to not combine logics, since
the moment we combine them, a particular sense of logical combination is already in
effect, which then wipes off any hope of studying the particular logical combination
altogether (because it is then a definition, an axiom, which cannot be questioned), a
rather unwanted event. It is hence a critical requirement that a platform to study log-
ical combinations be able to express physical separation of the base logics. Phased
sequent calculus, to my knowledge, is one that has come to the ‘zero’ closest within
sequent calculus, in so doing without rendering it a mere adjunction of two base logics
since the second principle of phased sequent calculus (Cf. 5.1) must still hold even for
the most basic phased sequent calculus of given base logics. For a demonstration of
the basic mechanisms of the platform, BIy.s. as found decidable in Chapter 3 was for-
mulated. As one practical merit of the physical separation, it becomes easier to study
the manner in which base logics interact within a combined logic, which led to the
delivery of a BIy,s. decision procedure in a compositional manner.

Several work are related. A modern logical combination methodology was pio-
neered by Gabbay [1996], known as Fibring, which continues to reign in the field of
combined logics as a vital concept. Phased sequent calculus shares the fundamental
idea with his work, of defining a combined logic by defining the sense of logical com-
bination, which is expressed primarily in his fifth agenda: “Program 5. Study possible
natural interactions between the logics ... which are meaningful . ..conditional logics
...and so on.” Even though the fifth agenda of Gabbay’s appears to have so far gained
comparatively low popularity in the post-Gabbay Fibring work, in considering one ex-
treme vision that computer science advances: what actually work, whatever they are,
are virtuous, it is this fifth agenda that I here believe will become a central focus in
future work in combined logics.

The more refined modulated Fibring by Caleiro et al. [2005] which extends Gab-
bay’s Fibring to a wide range of logics also relates to phased sequent calculus. Via a
categorical treatment, it addresses the following collapsing problem: combining two
logics, the one semantically collapses into the other. With the modulated Fibring,
one can obtain a non-collapsing result if (s)he so wishes to avoid the phenomenon.

For more empirical working non-collapsing examples, there are some earlier works,
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including BI, such as found in Moortgat [1997]; O’Hearn and Pym [1999] where com-
ponents of a logic are strongly differentiated from those of the other(s) via indexing' for
a tighter structural control, a familiar idea within sub-structural logics Dosén [1993].
In the context of combining the strongly differentiated logics (such as implicit in the
“most basic logical combination” in the phased sequent calculus sense), if they are to
exhibit any interactions, then there must be certain entities that encompass them, re-
sulting in the concept of Bridges in Caleiro et al. [2005] and the mediators in phased
sequent calculus.

Concerning the collapsing of logics, which forms one theme also in Schechter
[2011], the principle of phased sequent calculus implies that, insofar as it is possi-
ble for us to imagine two smaller disjoint worlds (of a world) in one of which a logic
A and in the other of which a logic B remain potent, and insofar as it is possible for
us to perceive the two smaller worlds - that is, the concurrent logical processes - at
once, the moment we indeed conceive them, there would already occur a combination
of the base logics within the reflection of ours in which neither is collapsing. As to
whether logics ought or ought not collapse upon combination therefore, the question
can be answered in the affirmative (that it ought to collapse) only if the sense of a log-
ical combination of the base logics one entertains in his/her mind should dictate that it
be so, and in the negative only if it be otherwise.

Phased sequent calculus relates to the Schechter’s (where he exhibits a logical com-
bination methodology of Juxtaposition) in that phased sequent calculus and Juxtapo-
sition are both non-Hilbert platforms. His juxtaposed consequence relations present
certain similarity to the intuition behind phased sequent calculus. But there are at the
same time differences. Semantically, for example, he seeks after a philosophically
natural model, the class of coherent juxtaposed models as he terms. Suppose a com-
bined logic with two base logics for instance, then in a coherent juxtaposed model
(c.j.m hereafter) for the combined logic essentially reside two models, one for each
small world representative of A and respectively B. In the c.j.m it holds that, for every
possible formula constructable in the combined logic from the available propositional
variables and the logical connectives, it has a designated semantic value in the small
world representative of A iff it does in the other small world representative of B. As

the semantics then dictates, there should exist no unrecognised formula in either of the

[Tt

IBI, as we saw, uses “;” and *,” which can be alternatively represented as “,;” and “,;” with indexes.
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small worlds unless it is unrecognised in the both, in turn dictating that combined log-
ics of the following sort: £(?P, €, Infy, Inf,, () with some connectives € is not generally
expressible under Juxtaposed semantics.! By contrast, phased sequent calculus does
not preclude the possibility that what is perceptible may form a part of knowledge in a
small world even though it is not (yet) registered as such in the others.

Finally, there are a few work related to Fibring in sequent calculus such as by
Coniglio [2007]; Cruz-fillipe and Sernadas [2005]. Coniglio [2007] considers a prob-
lem of recovering a logic by fibring its fragments in sequent calculus. It turned out
that it was not generally possible to achieve the recovery since fibring may not pre-
serve meta-property such as (if we consider intuitionistic logic) “A; B = C implies
A B D C”. Coniglio [2007] then considers meta-fibring which is a particular combi-
nation paradigm that preserves those meta-properties, achieving the recovery. Collaps-
ing of logics, however, occur more prominently with meta-fibring than with fibring.
Cruz-fillipe and Sernadas [2005] describes a general idea to achieve Fibring in sequent
calculus using categorical notations. Just as in phased sequent calculus, their approach
keeps logics separate. Unlike phased sequent calculus, however, phase switches are
not described in terms of derivations but in terms of transference functions that map
formulas that belong to a base logic in terms of formulas that belong to another base
logic. In the PBI case above, phase switches by transfer are easily achievable in their
paradigm. Any phase switches which do not carry intention to the next phase can be
also captured easily. However, it is not clear how phase switches by peeling which
propagate the intention of the mediator through can be concisely expressed in their
methodology or if it is expressible, much less the more intricate phase switches by
locking. Phased sequent calculus can simulate the idea of Cruz-fillipe and Sernadas
[2005] within, but the converse is not very obvious.

To conclude, compared with the so far mentioned work, I focused more on the
engineering aspect of logical combinations, having application of combined logics in
mind. Sequent calculus was then a natural and timely choice. To engineer a suitable
sense of combination, the abstract methodology of state diagrams was proposed for an
efficient development and analysis of logical combinations themselves. It is my hope

that phased sequent calculus and Fibring will mutually forge ahead the program of

"Let us call back into our mind the anonymous logic as we saw earlier in this chapter and the
unknown predicates.
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producing adequate reasoning platforms tailored to specific applications.
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Chapter 6

Thesis Conclusion

Under the theme of studying base-logic interactions of combined logics within sequent
calculus, both specialisation with BI (Chapter 3) and BBI (Chapter 4), and generalisa-
tion with phased sequent calculus (Chapter 5) were covered. Critical assessments of
earlier work were also presented for BI (Chapter 2).

Achievements as seen in Chapter 3 and Chapter 4 illustrate a general need for dedi-
cated theoretical frameworks to adequately reason about what makes a combined logic
distinct from either of the base logics. With the specific combined logics of BI and
BBI, we observed that there could exist parts (namely the mutually extended parts)
which should be better expressed not within the philosophy of base logics but within
that of a combined logic of which they are a constituent. The importance of a close
study of semantics was stressed particularly in Chapter 4 for BBI. This line of research
to pursue a tight syntax-semantics correspondence should be a worthwhile for an effi-
cient theorem-proving.

It is also important that we establish a solid proof-theoretical framework in which
a particular sense of logical combination can be engineered. With the delivery of
phased sequent calculus, I presently believe that we at last gained a platform which
is application-oriented, and which, also in consultation with the accumulated knowl-
edge of combined logics within philosophy, will promote derivations of appropriate

combined logics befitting applications with a calculated logical combination in place.
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6.1 Summaries of Contributions in Earlier Chapters

I now state what have been covered.

6.1.1 BI proof theory (Chapter 2, Chapter 3 and Chapter 5)

1.

Critical reviews of earlier results in BI proof theory, identifying apparent issues
in the earlier proofs of BI decidability and of cut elimination in BI sequent cal-

culus.

. An official proof of admissibility of Cut in LBI.

Delivery of aLBI and LBIZ without any structural rules which hitherto hindered

scalable proof searches within BI sequent calculus.

. Cut admissibility proof within [aLBI + Cut], which also vacuously extends to

[LBIZ + Cut].

. Proof of decidability of BI,,s., Which is a BI fragment without the multiplica-

tive implication and the multiplicative unit, and a decision procedure for the

fragment.

. Emphasis of the importance of regarding BI as BI than as an extension of either

intuitionistic logic or of multiplicative intuitionistic linear logic, i.e. the empha-
sis that the mutually extended parts in a combined logic may no longer possess

a logical characteristic as exemplified in its base logics.

6.1.2 BBI proof theory (Chapter 4)

1.

2.

Delivery of BBI sequent calculi that exhibit a closer syntax-semantic correspon-

dence than previously envisaged.

Identification of a cut-eliminable class of BBI sequent calculi.
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6.1.3 General studies into logical combinations (Chapter 5)

1. Development of the concept of phased sequent calculus in which a sense of log-
ical combination of base logics as defined by mediator(s) can be developed and

analysed.

2. Proposal of abstract state diagrams to keep track of the intention of mediators to

engineer logical combinations constructively.

6.2 Future Work

There are several work around Logic BI and Logic BBI that extend the results of this

thesis.
1. Purely syntactic proof of decidability/undecidability of the full BI.

2. Proof/refutation of an earlier conjecture by Brotherston [2012] and Park et al.

[2013] that there does not exist an analytic BBI sequent calculus.

3. Development of a semantically natural sound separation logic sequent calcu-
lus with user-defined inductive predicates to be competent against the currently

prominent separation logic theorem provers.
Also, there are a few work that may be of interest to BI and BBI communities.
1. Certification of proofs.

2. Development of BBI semantics in which the multiplicative unit behaves intu-
itionistically, so that dedicated inference rules around the multiplicative unit for

the current BBI semantics become unsound.
3. Investigation into decidable BBI fragments.

For phased sequent calculus, there are a number of future work conceivable. Here |
only mention one of them that has a moderate degree of importance. Study of Cut in
phased sequent calculus will be important. In the case of BIy.se, it sufficed to have
PBI as presented in Chapter 5, as it was shown equivalent to a Cut-free BI;,s, sequent

calculus LBIZ;. There would be only a superficial merit if we considered Cut in PBI,
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since we, speaking on a reasonable ground, know the answer. In a more general con-
text, however, it is important that we consider the following: whether Cut, a rule of

transitivity should only belong to base components or also to mediators.
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Appendix A - Proof of Lemma 20

By induction on str_ dist(I'(—)). If ['(—) = —, then YW € NDVm € W
1. if =f[m = LAl], then vacuous.

2. otherwise, [m [= (F1 A Fp) * (G1 V Gg)] <1
Imy, ma € W.lm € my oma] AT [my = Fy A Fo] AT [mag = Gy V Gy 1
Imy, ma € W.lm € myoma]AT[my | Fi]AT[my | Fo]AT(Ime = G1]VIi[ms = Ga))
it
Imi,ma € W.m € my o mo] AT ([my = Fi] AT [ma = G1)) VI ([my = Fo] AT
[m2 = Ga])) =T
(Ami,me € Wim € my o mo] Al [my = F1] A [me = G1])) VI (3my,me €
W.Im € my oma] AT [my |= Fa] AT [ma = Ga)), as required.

For inductive cases, assume the current lemma holds true forall 0 < str_dist(I'(—)) <1,

and show that it still holds true for str_dist(I'(—)) =1+ 1.

1. T(—) is in the form: (T'(—);T})® such that str_dist(I'(—)) = [ and that
str.dist(['(—)) =1+ 1. Then YW € NDVm € W:

(a) if =f[m =T} A (A D 1)], then vacuous.

(b) otherwise, it holds that:

VYW € NDVm € W.[m = F/(FgAl?(Fl/\Fb)*(Gl\/GQ))) 51 ot
[m = F/(I‘\gAl;(FIAFQ)*(Gl\/GQ)))

D 1], by induction hypothesis.

2. [(—) is in the form: (I'(—),I})? such that str dist(I’(—)) = ! and that
strdist([(—)) =1+ 1. Then VIW € NDVm € W:

(a) if —f[m = A D 1], then vacuous.
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(b) otherwise, we show that —[m = (I7(T{AHFNHENVE2)) fpyy ot
~tim e (r(ifEEGE=G))y m) By case studies. For simplification,

we denote [(D{*HAPIHENVED, by 1 ang p(p{AFeC (62D y

I’ Now vYm/ € W.:

conc*

i. if [m’ =T, ], then vacuous.

ii. otherwise, if =f[m’ =17, T1](«7
Vmi,mg € W.my | [1] =1 ([m' € myoma] =T =T[my = Torel)-
If =f[m’ =17, ] AT [m' = T, then by induction hypothesis we have

pre

Vmy,mg € W[ml ’: [rl] —T ([m/ €myo mQ] —T _'T[m2 ): [r/cons]) ol

—f[m’ =T, ], as required. OJ

200



Appendix B - Proof of Lemma 21

Proof is by induction on str_dist(I'(—)).

1. T'(—) = —: immediate.

2. For inductive cases, assume that the current lemma holds true for all I'(T';) for

which 0 < str_dist(['(—)) < [. Then we must show that it still holds true for
strdist(l(—)) =1+ 1.

(a)

(b)

I(—) is in the form: (I"(—);T)* such that str dist(I'(—)) = [ and that
strdist(l'(—)) = [ + 1. By induction hypothesis, it holds that VIV ¢
ND Vm € W.=f[m |= TV(T1)]. Then it is immediate, by the logical equiva-

lence around 1, that VIW € ND Vm € W,ﬁT[m = M] ot im =
(1) D 1], as required.

I'(—) is in the form: (T7(—),T})* such that str dist(I’(—)) = [ and that
strdist(l'(—)) = [ + 1. By induction hypothesis, it holds that YW €
ND Vm € W.=f[m |= ["([1)]. Then, again by the logical equivalence around

1, it follows that VIV € NDVm € W.—T[m |= (I'(['1), T))*] <7 [m =T (T1) D

1], as required. [
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Appendix C - Proof of Lemma 23

Proof is by induction on the relative structural distance str_dist(I'(—)).

1. if strdist([(—)) = —, then vacuous by the semantics of V in the BBI Kripke

non-deterministic semantics.

2. otherwise, if I'(—) =an (I'(—);T%)? such that str dist(I'(—)) = k and that
strdist(l'(—)) = k + 1, then VIV € ND.(Vm € W.[m = T'(Fy V F»)]) <t (vm €
W.Im = I (F1)] VI [m | T(F3)]) by induction hypothesis. But then VIV € ND:

(a) for the obligation of (Y’ € W-[m’ [= (I'(F1): T1)*] Vi {m’ = (I'(Fy): 1))
=T (vm” e W.[m" |= (I'(FL V F); T4

i. if [m’ E T}] =T [m’ |= Al, then vacuous.
ii. otherwise, induction hypothesis concludes.

(b) Similarly for the other direction.

3. otherwise, if I'(—) =un (I'(—),T7)? such that str dist(I’(—)) = k and that
strdist(l'(—)) = k + 1, then VIV € ND.(Vm € W.[m = ["(Fy V I))]) <t (vm €
W.Im = [ (F1)] VI [m |= [(F)]) by induction hypothesis. But then VIV € ND:

(a) for the obligation of (Vm/ € W.[m/ |= (I"(Fy), )2 Vi [m! = (T(F),T)2])
=T (vm" e W.im" |= (T'(Fy V F), T1)A]):

i. if [m’ = A D 1], then vacuous.

ii. otherwise, note first that we have:
[m' = (T'(F), )] VT ! | (T(F2), 1)1 7
Imy, ma.fm’ € my oma] AT ((Jmq |= T(FY)] AT [me = [Lll])
VIi([ma B T(E)] AT [me 1Y) <
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Imy, ma.[m’ € my o mo] AT [my |2 T/ (FLV F)] AT [mg = T] 1
[m’ | (I'(Fy V F2), ). Hence, as far as such m/ (those that satisfy

A) as m" are concerned, we are done. But there cannot be any other m,,
as m” which does not satisfy (I"(F; V F3), I]"l)A, and which, even de-
spite that, satisfies either (I”(Fy),["))? or (T"(Fy), )%, as, otherwise,

such would contradict the previous (vacuous) sub-proof.

(b) Similarly for the other direction.  [J
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Appendix D - Proof of Proposition 16

By induction on derivation depth of TI(D). If it is 1, then D is the conclusion sequent
of an axiom. id and T R both absorb TW kL. Neither 1L nor T R requires any but 1 or
respectively T. For inductive cases, assume that the current proposition holds true for
all the aLLBBI,-derivations of derivation depth up to k and prove that it still holds true
for aLBBI,-derivations of derivation depth £ 4 1. Consider what the last inference rule
applied is in TI( D).

1. AL: II(D) looks like:

D1 . lr{Fl;Fl;FQ} F {Al}
D: [F{Fl;Fl VAN F2} H {Al}

AL

By induction hypothesis,

D} : T{E((I'y; Fy; F»)»1)} + {1} is aLBBI-derivable. But then the result follows
via (a forward application of) AL. Note that we are only interested in reaching
the proof of the current proposition; specifically, we are not applying *TW kL to
split the focused Fi; F» such as into (Fy, ("T;1'1)); (Fy, (T; '2)) to make it unable
to apply AL (that is, to make it unable to have F; A Fy).

2. D L: II(D) looks like:

D, : [F{Fl}:|— {A; Fi} Dy T{I'y Fg} F{A}
D :T{T'y; DR} F{A}

DL

Apply a sub-induction on the number of (new) (*T;T%)%is that [E(F%A“Fl)) has

introduced. If zero, then vacuous. Now suppose that the current case holds for

up to [ new introductions of (*T; %)% structures (i = 1,--- ,1), then we have:
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DY TECP™) 1 Dy T(E(T; FB)®) k1
D" T(E(Ty; FiDF)™) 1

DL

We must now show that it still holds when we introduce one more structure

(T P;+1) 41,
(a) Forany Di : [(("T; T}, )21, E(C)) - 1 such that Df ~yyer, DY, the

(b)

(c)

(d)

(e)

same introduction of  (T;I, )%+ into D} results in

I+1
Dy T((°T; Ty, )%+, E((T1; F»)21)) F 1. By induction hypothesis of the
sub-induction, we then have

D* : T((T; T, )2 E((Ty; FiDFp) A1) k- 1.

But by induction hypothesis of the main induction, both D} and D} are

aLBBI,-derivable. So is D*.

For any D : T((("T; I, )2+, E(IT#7))49) I 1 such that Ag; Az = Ay (up
to assoc. and commut. of *;”), the same introduction of the new structure
into DY results in:

Dy T(((T;Ty, )R+, E((Dy; F»)22))23) F 1. By induction hypothesis of
the sub-induction, we then have:

D* : T(((T3 T, ), E((Dy; Fi 0 F) 22))%9) F 1.

But by induction hypothesis of the main induction, both D7 and D3, and

consequently also D* are aLBBI -derivable.

For any Dj : [(((°T; T, )%, E(I£2))@s)) |- 1 such that Ag; Ay = Ay,
the same introduction into DY leads to:

Dy T(((T5Typ,) 6, E(Ty; Fp)22)89) 1.

By induction hypothesis of the sub-induction, we then have;
D* - T(((T3 Ty, )2+ E(Dy; FyDFp)A2)R8) b 1,

Induction hypothesis of the main induction then concludes.

For any D7 : T(E((("T; T}, )21, TE#F)) F/(T59))) F 1 for Ag; Ag = A,
and I'y; I's = I'y, the same introduction into DY leads to:

Db T(E(((T; Ty y) ke, (Dg; F) 22 ), E/(D59))) - 1.

Induction hypothesis of the sub-induction and of the main-induction then

conclude.

The other variations: similar.
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3. The other additive inference rules: simpler.

4. All the multiplicative inference rules except for —«L« and —«R-: the effect is
absorbed. For —xL;, because the essence is multiplicatively connected to the
surrounding negative structures (I's*« and/or FbAb), whether those are made an
essence (or essences) does not affect the inference rule. Cf. the internalised

weakening process within —L; as defined earlier.

5. =R« II(D) looks like:

D, . T{I1} + {A:1;G} (F'eE)
D T{T1} F {A; F=G}

Trivial via induction hypothesis as nothing changes in this derivation step but the

principal.
6. —L+: similar.

7. TCtrL: II(D) looks like:

D1 . I]—{(*T;Fl)Al, (*T, F1>A1} l_ {Al}
D :T{T;I1} F{A}

TCtrL

Vacuous to prove that D is derivable from D;, which the current assumption
(i.e. the above derivation) precisely shows. To prove a general case where D’ :
T{E((T;T1)21)} F {1} where E((°T;T1)21) =an (E'(°T), (°T; E(T'1))A1), by in-
duction hypothesis we have D/ : T(E'("T), {("T; E(T'y))2t, (T; E(T'y)1 ) F {A}
aLBBI,-derivable. Then T CtrL concludes. [J
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Appendix E - Proof of Proposition 17

By induction on derivation depth of TI(D). If it is 1, then D is the conclusion sequent
of an axiom. id and T R both absorb TW kL. Neither 1L nor T R requires any but 1 or
respectively T. For inductive cases, assume that the current proposition holds true for
all the aLLBBI,-derivations of derivation depth up to k and prove that it still holds true
for aLBBI,-derivations of derivation depth £ 4 1. Consider what the last inference rule
applied is in TI( D).

1. AL: II(D) looks like:

D1 . lr{Fl;Fl;FQ} F {Al}
D: [F{Fl;Fl VAN F2} H {Al}

AL

By induction hypothesis,

D} : T{E((I'y; Fy; F»)»1)} + {1} is aLBBI-derivable. But then the result follows
via (a forward application of) AL. Note that we are only interested in reaching
the proof of the current proposition; specifically, we are not applying *TW kL to
split the focused Fi; F» such as into (Fy, ("T;1'1)); (Fy, (T; '2)) to make it unable
to apply AL (that is, to make it unable to have F; A Fy).

2. D L: II(D) looks like:

D, : [F{Fl}:|— {A; Fi} Dy T{I'y Fg} F{A}
D :T{T'y; DR} F{A}

DL

Apply a sub-induction on the number of (new) (*T;T%)%is that [E(F%A“Fl)) has

introduced. If zero, then vacuous. Now suppose that the current case holds for

up to [ new introductions of (*T; %)% structures (i = 1,--- ,1), then we have:
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DY TECP™) 1 Dy T(E(T; FB)®) k1
D" T(E(Ty; FiDF)™) 1

DL

We must now show that it still holds when we introduce one more structure

(T P;+1) 41,
(a) Forany Di : [(("T; T}, )21, E(C)) - 1 such that Df ~yyer, DY, the

(b)

(c)

(d)

(e)

same introduction of  (T;I, )%+ into D} results in

I+1
Dy T((°T; Ty, )%+, E((T1; F»)21)) F 1. By induction hypothesis of the
sub-induction, we then have

D* : T((T; T, )2 E((Ty; FiDFp) A1) k- 1.

But by induction hypothesis of the main induction, both D} and D} are

aLBBI,-derivable. So is D*.

For any D : T((("T; I, )2+, E(IT#7))49) I 1 such that Ag; Az = Ay (up
to assoc. and commut. of *;”), the same introduction of the new structure
into DY results in:

Dy T(((T;Ty, )R+, E((Dy; F»)22))23) F 1. By induction hypothesis of
the sub-induction, we then have:

D* : T(((T3 T, ), E((Dy; Fi 0 F) 22))%9) F 1.

But by induction hypothesis of the main induction, both D7 and D3, and

consequently also D* are aLBBI -derivable.

For any Dj : [(((°T; T, )%, E(I£2))@s)) |- 1 such that Ag; Ay = Ay,
the same introduction into DY leads to:

Dy T(((T5Typ,) 6, E(Ty; Fp)22)89) 1.

By induction hypothesis of the sub-induction, we then have;
D* - T(((T3 Ty, )2+ E(Dy; FyDFp)A2)R8) b 1,

Induction hypothesis of the main induction then concludes.

For any D7 : T(E((("T; T}, )21, TE#F)) F/(T59))) F 1 for Ag; Ag = A,
and I'y; I's = I'y, the same introduction into DY leads to:

Db T(E(((T; Ty y) ke, (Dg; F) 22 ), E/(D59))) - 1.

Induction hypothesis of the sub-induction and of the main-induction then

conclude.

The other variations: similar.
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3. The other additive inference rules: simpler.

4. All the multiplicative inference rules except for —«L« and —«R-: the effect is
absorbed. For —xL;, because the essence is multiplicatively connected to the
surrounding negative structures (I's*« and/or FbAb), whether those are made an
essence (or essences) does not affect the inference rule. Cf. the internalised

weakening process within —L; as defined earlier.

5. =R« II(D) looks like:

D, . T{I1} + {A:1;G} (F'eE)
D T{T1} F {A; F=G}

Trivial via induction hypothesis as nothing changes in this derivation step but the

principal.
6. —L+: similar.

7. TCtrL: II(D) looks like:

D1 . I]—{(*T;Fl)Al, (*T, F1>A1} l_ {Al}
D :T{T;I1} F{A}

TCtrL

Vacuous to prove that D is derivable from D;, which the current assumption
(i.e. the above derivation) precisely shows. To prove a general case where D’ :
T{E((T;T1)21)} F {1} where E((°T;T1)21) =an (E'(°T), (°T; E(T'1))A1), by in-
duction hypothesis we have D/ : T(E'("T), {("T; E(T'y))2t, (T; E(T'y)1 ) F {A}
aLBBI,-derivable. Then T CtrL concludes. [J
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Appendix F - Proof of Lemma 24

By induction on the derivation depth of a sequent. First consider easier ones (4.6) -
(4.8). (4.1) - (4.4) are slightly more difficult around *R; (and —Lj). (4.5) and (4.9) are

trivial.

{1} - {A; F AG}: base cases are when it is the conclusion sequent of an axiom.
Trivially both I'{I';} - {Ay; F'} and [{I';} - {A; G} are axioms. For inductive
cases, assume that this case holds true for all the derivations of derivation depth
up to k, and prove that it still holds true at derivation depth k + 1. Consider what
the last inference rule applied is. Note that there is almost no relation between
symbols across distinct derivations except what matter (I';, A; and FAG). Same

symbols may be re-used, lest we should witness a flooding of sub/super-scripts.!

1. AL: the derivation then looks either like:

D1 . H_{Fll;Hl;Hg} |— {Al;F/\G}
I]—{Fll;Hl A HQ} = {Al;F/\ G}

or like:

Dy : [F{F'(U—1);H1;H2} FH{A}

T{(C(Ty): By A Ho) - (A
where logl'; = Ay; F' A G, or like:
D5 :T(T){T; Hy; Ho} H {A"} N

[F([Fl){F’;Hl A HQ} F {A/}

T do not reiterate this notice in the rest.
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where logl; = A; FFAG.

For the first, by induction hypothesis on Dy, both I'{I'"; Hy; Ha} F {Aq; F'}
and I'{I"; Hy; Ho} F {A1; G} are aLBBI,-derivable. Then both I'{I"; H; A
Hy} = {A1; F}and I'{I"; H; A Ho} F {A1; G} are aLBBI,-derivable via AL
(forward; I do not reiterate in the rest).

For the second, by induction hypothesis on Dy,  both
U{T'(T'1); Hy; Hy} = {A’} with logl'; = Ay F and [{I([1); Hy; Ho} -
{A’} with log 1 = A;; G are aLBBI,-derivable. AL concludes.

The last is similar to the second case.

. AR: trivial in case the principal of the inference rule coincides with the
“F' A G”. Otherwise the derivation looks either like:

Dy H{I} F{AGFAGH} Do : T F{AFAGH
T{T\} F{A} F AG; Hy A Hy} 4

or like:

Ds : U_(U_’){F;} F{A; Hi} Dy: [F([F’){Fi} F{A'; Ho}
T({T ) = {A Hy A Ha}

where logl’ = A; FAG.

For the first, by induction hypothesis on Dy, both D} : I'{I'1} - {A}; F; H1}
and DY : T{I'1} = {A]; G; H} are aLBBI -derivable. Meanwhile by induc-
tion hypothesis on Dy, both D} : T{T'1} - {A}; F;Ho} and DY : T{I'1} +
{A;G; Hy} are aLBBI,-derivable. Then D' : I'{I'1} - {A;F; Hi A Hy}
and D" : T{I'1} - {A]; G; Hi A\ Hy} are aLBBI,-derivable via AR.

Similar for the second.

AR

. VL: similar, straightforward.
. VR: similar, straightforward.
. D L: the derivation then looks like:

Dy T{I'} E{AL FAG Hy} Dy : T{I';; Ho} F {A; FF A G} 5
F{ly; HiDHy} = {A FAGY

L

Hence similar to AR case, i.e. induction hypothesis on both premises and a

forward application of O L for both. The other cases are trivial.
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6.
7.
8.

10.
11.

12.

13.
14.

D R: straightforward.
«L: straightforward.

*R;: derivation then looks like:

D11R81Aa|_5+(F1*G1;"' ,E*Gl) DQIRGQAb}_Si(Fl*GH“' 7E*Gl)

/. s . *R[
[r{[E(FgA ,Fl*Gl,-»-,Fl*GZ,F/\G))} - {]l}

Then in forward derivation with D; and Ds, if neither RelA“ nor ReQAb re-
tains FAG, do a forward weakening with F or G instead of FAG; otherwise,

inversion lemma and a forward application of *R;.

xR« Let F; denote F1*Gy; - - ; FjxG) and let A, denote log [E(F%FAG;A“F”)).

The derivation looks like:

Dy:TESHE)  Dy: T{E(T{ OS5 1 (s—(F,)})
lr{lE(FgF/\G;AUFm))} F1

*R*T

Induction hypothesis on D5 and a forward application of « R+ conclude.
—Ly: straightforward. Cf. xR;.

- R: derivation then looks like:

FgF/\G;Al;Fl—*FQ)’FI - F2

A —kLr
lr{lE(FgF/\G,Al,Fl—*Fg))} l_ {]]_}

Induction hypothesis on the premise and then a forward application of —«R;

conclude.

- R+ derivation then looks like:

Dy :T{I} F{AG FAG Hy} (Hi€E)
D T{l} = {A; FAG; Hi—~Hy}

—*R*T

Inversion on F' A G and then a forward application of —R-r.
L straightforward.

TCtrL: straightforward.

({T1} - {A;; FVG}: similar.
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{1} F{A;; FOG}: similar.

({1} - {A; F«G} (F € 2): similar. The focused F'—G does not become the prin-
cipal for —«R; since F is in the collector.

Now consider the rest.

I{I'y; FAG}FE{A1}: trivial for the base cases. For inductive cases, assume that this
case holds true for all the derivations of derivation depth up to £ and show that
it still holds true at derivation depth k + 1. Consider what the last inference rule

applied is.

1. AL: trivial if the principal of the inference rule coincides with the “F' A G”.

Otherwise the derivation looks like:

Dy : T{T"}; Hy; Hos F NG F {Aq}
[F{F’I,Hl AN Hos F' A G} [ {Al}

By induction hypothesis on Dy, D} : T{I'}; Hi; Ha; F; G} = {A1}is aLBBI,-

derivable; a forward application of AL (on “H;; Hy”) then concludes. The

other cases are trivial.

2. AR: the derivation then looks like:

D, :T{l; FAG}F{A}; Hi} D,y . T{Tl}; F AG} F {A}; Hp} R
{0y F AGYF (A} Hy A Hy) :

By induction hypothesis both on D; and Do,
Ds : T{T"}; F;G} - {A}; H1} and
Dy : T{I'}; F; G} F {Al; Ha} are both aLBBI,-derivable. Then a forward

application of AR concludes. The other cases are trivial.

3. VL: the derivation then looks like:

[{T FAG HV Hy) F (A v

By induction hypothesis on both D; and Do,
D3 . T{T"}; F;G; H1} - {A1} and
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® N Bk

9.

Dy : T{I'}; F;G; Ha} = {A1} are both aLBBI,-derivable. Then a forward
application of VL concludes. The other cases are trivial.

VR: straightforward.
D L: straightforward.
D R: straightforward.
«L: straightforward.

xRy: Let H, denote I} x G1;--- ; F; » G;. Then the derivation looks either
like:

Dy : Re® +S*(H,)  Dy: Res® FS™(H,)
F((Ty; FAG)AO{EI A} F {1}

*R[

or like:

Dy : (Rey(F A é))Aa -St(H,)  Dy: ReQA”'I— S—(H,)
T{E((I"((T1; F A G)A1)) @50} = {1}

*R[

or like:

D; : Refﬂ'l— S*(H,)  Dg: (Rey(F A :G))Ab FS(H,)
T{E((T((T1; F A G)21)) @5} = {1}

*R[
or like:
D;: Ref +S*(H,)  Ds: Res® S (H,)

T{E((T((T1; F A G)S))E5) ) {1}

The focused “F A G” in a premise sequent is assumed coincident with the

*R[

focused “F' A G” in the conclusion sequent.

For the first case, through (forward) internalised weakening with “F'; G”
instead of F' A G.

For the second and the third cases, induction hypothesis on the premise se-
quent in which F' A G occurs, and then a forward application of «R;. The

last case is similar to the first case.

xR similar.
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10. —L;: similar.
11. —xL+: vacuous.
12. —=«Ry: similar.
13. —=«Rs: vacuous.

14. *TCtrL: straightforward.
({Ty; Fy VvV Fy} F {A1}: straightforward.
{Ty; FOG} - {A;}: mostly straightforward, but we consider one case.

1. D L: if the principal of the inference rule coincides with the “F>G”, then

trivial. Otherwise, the derivation looks either like:

H{T"; FOG; HiOHy} = {Aq} L

or like:

Dy:T((Ty: F o> QMDY F {ALHY Dy T((Ty: F 5 G)YMIY: Hy) - {A) .
F((Ty; FoGY AT HiSHa) - (A} -

or like:

Dy T{I"((I'; F D:G)A‘)} F{A H}  Dg:T{I"((T; F D:G)Al); Hy} - {A}
T{I"((Ty; FOG)AY); HiDHy} F {A"}

DL

For the first, by induction hypothesis on D; and D,, both

D} :T{T} F {Ay; F; H,} and

Dy T{I'; Ha} - {Ar; F}

are oLBBI,-derivable. Furthermore, both D} : I'{T'};G} + {A;; H,} and
DYy : T{I'};G;Hy} = {A:} are aLBBI,-derivable. > L then concludes.

Similar for the rest.

[{T'1; F« G} F{A}: straightforward.
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M{T'; F+G} - {A1} (F € E): straightforward. The focused F'—G does not become

the principal for —«L; since F'is in the collector. []
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Appendix G - Proof of Lemma 25

I prove that the incremental weakening is sufficient. Then the rest follows as a trivial

corollary.

*R[ :

Under the assumption made, there exists a aLBBI,-derivable pair of D; :
RelAl + ST(F;) and Dy : R€2A2 F S™(F,) from the conclusion sequent D :
I]—{[E(FEA/;FZ))} ~ {1} such that D ~s.,g, Dy and D ~.g, D,. Internally
RelAllReQA2 results from a finite number of WkLigpr, and WEkRygsr, applica-
tions on D as follows: D ~7; oy oy (D TR F ] ~gyn [D7 TR
S*(Fa) % S™(Fo)] Wk ioges, Whiians, [0 ReD, Re5? - ST(F,) *S™(F,)]. In
D" in case neither RelAl nor R62A2 1s empty, then the outermost structural layer
of the antecedent structure is multiplicative. If I'®" in D” was an additive struc-
tural layer, i.e. T2 denotes (F;...; F; ML ...; MDA form +n > 2,m > 0
and n > 1, then a finite number of WkLygpr, and Wk Rpgpr, applications must
have taken place at this additive structural layer (which is the outermost struc-
tural layer in I'®") such that (in backward derivation) all but one multiplicative
structural layer M%, 1 < k < n were discarded in the transition. But this pro-
cess is also achieved via Wk, leading to a sequent M} = ST(F;) xS~ (F,). Once
the outermost structural layer is multiplicative, it is either the case that some
Reﬁ/llRe@lQ pair can be formed on the antecedent part for D} and D/, such that
Reﬁ/1 + St (F,) and Re?l2 = S~ (F;) are both aLLBBI,-derivable, or not. We are
done if it can be formed. Otherwise, the current outermost multiplicative struc-
tural layer holds A(s) as its constituent(s) whose M constituent (again only one
of them) must be connected at the current outermost multiplicative structural
layer, which is achieved also through Wk. This incremental process eventually

produces the Reﬁ1 /Re§2 pair on the antecedent part, provided that a situation
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L :

that satisfies all the below conditions does not arise.

* there exists D* : ReﬁI,Reéﬁ F St (F,) * S (F,) such that

D"~} D* as the internal weakening process within «R;.

« not both D : Retl - S*(F,) and D} : Reb? + S=(F,) are aLBBI,-

derivable.
* there exists D** Reﬁ*,Reﬁkz* F ST(F,) * S™(F;) such that
* * k% 1 M 1 1
D* ~ (W kLusory Wk Russr, } D** (as the internal weakening process within

*R[).

e both Di* : Retl + S*(F,) and D5* : Rep? + S™(F,) are aLBBI,-
derivable.

* D7 (resp. D7) is a sequent that results from additive weakening admissi-
bility on D7* (resp. D3*), i.e. there exists in LBBI,-space the following

derivation (i € {1, 2}):

k%
(2

D*

7

{A finite number of Wk Lyggr,, Wk Rigg1, applications}

Suppose, by way of showing contradiction, that there exists a «LBBI,-derivation
in which all the five conditions above satisfy. Then additive weakening admissi-
bility dictates that aLBBI,-derivability of Dj* (resp. D3*) 1implies

aLBBI,-derivability of D} (resp. D3), a direct contradiction to the supposition.

Similar. The starting point is T2« T>**, (T'y; F-+G)23 in the conclusion sequent
D : T{(T%e, 190 (Tg; F+G)23);T"}  {A’}. An application of Wk, is manda-

tory in case either Az or I'; is not empty. [
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Appendix H - Proof of Proposition 18

By induction on the derivation depth of II(D). We assume maximal pairs for «xR;/—L;
(Cf. Lemma 25). Base cases when D is the conclusion sequent of an axiom are trivial.
For inductive cases, assume that the current proposition holds true for all the deriva-
tions of derivation depth up to k& and show that it still holds true at derivation depth
k + 1. Consider what the aLBBI, inference rule last applied is by cases on where ¢:
the active negative (¢,,) or positive (¢,) formula, is in ['{I';; T's;T'2} or respectively in
{A; H; H}.

AL and ¢, is Fy A Fy: if ¢,, does not appear in Iy, induction hypothesis on the premise
sequent. Otherwise II(D) looks like:

Dy : T((Dy; To{Ts; Fu; By} To((Ds; Fy A Fp)2"))AuH)) = TA7Y
T((Ty; To{Ts; Fy A Fo}; To((Ds; Fy A Fy)A))AuHH)) - LAY

AL

D} : T{T1;To((Ds; Fr; F2)2'); To((T's; Fi; Fo)A)} F {Ay; H; H} is aLBBI,, deriv-
able (inversion lemma); then also DY : [{I'y;To((T's; F1; Fo)2)} F {Aq; HY (in-

duction hypothesis); then a forward application of AL concludes.

AR and ¢, is F} A Fy:  if ¢, is not H, induction hypothesis on both of the premises.

Otherwise:

Dy :T{Ty;T9; Tot H {Ay; F1; Fy A By} Dy : T{[y;T9; o} H {Ay; Fo; Fi A Fo}
U—{Fl, PQFQ} l_ {Al, F1 A FQ;Fl A Fg}

AR

Then both Dll : [F{Fl; FQ;FQ} F {Al; Fl; Fl} and
Dé : [F{Fl; F2; FQ} F {Al; FQ; FQ} are aLBBIp—derivable;
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D/ll : [F{Fl;l“g} F {Al;Fl} and
Dy : T{I';;T'2} F {Ay; F>} are also aLBBI,-derivable (induction hypothesis);

then a forward application of AR on D} and D concludes.

VL and ¢, is F1 V Fy: similar, straightforward. I say simply straightforward to also

mean a similar case in the rest.
VR and ¢, is Fy v F5:  straightforward.

D L and ¢, is F1DF,: if it does not appear in I'y, then induction hypothesis on both
of the premises. Otherwise I1(D) looks like:

Dl D’Q
; — —D
T((Dy; To{Ty; FiDEy ) Ty((Ds; FyDFy)A"))AuHH) - TA7)

L

where

Dy : T((Ty;To{T3}; Do ((Dg; F1DFy)A" ) AuHH)) - LAYy} and

Dy : T((T1;To{Ts; Fy}; To((T3; F1DFy) A" ) (AuHiH)y - fA/],

Then

Dy T{T'; Da((T) ) To((T5)2 )} - {Ay; H; HY and

DY T{Dy;To((Ts; F2)?'); Ta((Ts; F2)2)} F {Ay; H; H} are aLBBI,-derivable
(inversion lemma);

D T{l';To((3)23 1)} + {Ay; H} and

DY T{Ty; To((T'3; F2)2)} - {Ay; HY

are also aLBBI,-derivable (induction hypothesis); a forward application of > L

then concludes.

DR and ¢, is F1DF, : if ¢, it not H, then induction hypothesis. Otherwise, II(D)
looks like:

D1 : H—{Fl,FQ,FQ,Fl} |_ {A17F2,F13F2}
[[_{Fl,r27r2} |_ {Al,FlDFQ, FlDFQ}

Then D} : T{I'1;To;To; Fi; F1} = {Ay; Fy; Fo} is aLBBI,-derivable (inversion
lemma). Then D} : [{T'1;T9; F1} F {Ay; F>} is also aLBBI,-derivable (induction

hypothesis); a forward application of O R then concludes.
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«xL and ¢, is F1 x F»: If ¢, does not appear in I'y, then induction hypothesis. Other-
wise II(D) looks like:

Dy : T((Dy; To{Ds; (Fy, Fo) }; To((Ts; Fy + Fp)A))Autsf))y B LA}
T((Ty; To{T; Fy % Fo}i To((Da; Fy % F)2)) @) = {A7}

*L

Then

DY < T(Cy; Do ((Tas (Fy, F2) 2 )i To((Dss (Fy, F2)) ™)) - { Ay Hy H}

is aLBBI,-derivable (inversion lemma);

Dy : T{T'y; Ta((T3; (Fy, F2))2)} F {Ar; H}

is also aLBBI,-derivable (induction hypothesis); a forward application of *L

then concludes.

«Rr and ¢, is F} « Gi: For this case and =R+, synthesis operations may be taking
place on several formulas in the form: F; x F;;. Let us call those that are used in
the process of synthesising S*(---) xS~ (---) active for the inference rule. If ¢,
is not active, then induction hypothesis. Otherwise, supposing that GG, denotes
Fy % Gy;--- s Fy + Gy, TI(D) looks like:

Dy : Ref +SH(G,) Dy : Re5 FS™(Gy)
D . IT{Fl,FQ,FQ} " {AlyFl * Gl;Fl * Gl}

*R[

where ['((T'y; Tg; T)AufrGuriG)y o /(T 1*60))) Let us consider
the internalised transitions for this «LBBI,, inference rule:

D Wff*TWk;L,nps} D" FéAS;FI*Gl) F Gy] ~syn

(D" T b s (G, )45 (Gy)] vy (D RePe, Res™ b ST(G,)+S™(Gy)).
At the internal state of D", if neither Re2= nor Re5? is empty, then by the def-
inition of a maximal Ref“ / ReQAb pair, the duplicated F; * G; must have been
(upward) weakened away in the internal transition D” ~~ D". For the same rea-
son, if F3A3 Sant L9;T9; T4 (for some I'y), then at least one of the I'y must have
been (upward) weakened away, to conclude.

On the other hand, if either Re®** or Re5" is empty and the other is FéAmFl*Gl),
then we replace the derivation by «R; with that by *R«, then induction hypoth-

esis and then a forward application of xR+ to conclude. Note, in this case, that
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from the applicability of «R; we know that the context of the antecedent of the
right premise sequent can be got rid of without blemishing the upward derivabil-

ity via admissibilities of 1,5 g1, and “TWkLiggr,,.
«R+ and ¢, is F} « G1:  Induction hypothesis and a forward application of *R-r.

Ly and ¢,, is (12, T3 E((T; F1+F3)2<))24:  if ¢, does not appear in Iy, then in-
duction hypothesis. If it is in 'y, then II(D) looks like:

where

Dy : T{T; Ta(((Rep, Fp); (T4, T E((Tes Fy—Fy)2<)))A");
To((Te, Ty E((Te; Fy~Fp)A)A")} - {Ay; H; H}

and

D T{y Dy(DRe, T, E((Des FyF2)))A");

Do((T5e, T3, E(Des Fy+F2))A")} = {A; H; HY.

Then

Dy T{Ty; Ta(((Rege, Fa); (T4, T E((De; FyFy)Ae)))A");
Ta(((Reg*, Fa); (T, Ty E((De; Fi—+F3)A)A"))} - {Ar; H; H}

is aLLBBI,-derivable (additive weakening admissibility);
Dy : T{T1;Ta(((Rep”, Fo); (Tae, Ty E((Tes Fu—+Fo)2)))A")} H{A1; H}
is also aLLBBI-derivable (induction hypothesis); a forward application of —«L;

then concludes.
If, on the other hand, I'; is in ¢,,, then

1. ifitis not in Iy, nor in I'y, nor in I, after the internalised backward *TW kL,

then the “T"y; I'y” must have been multiplicatively weakened away. Simpler
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than the above case.

2. ifitis in T, after the multiplicative weakening, then the internalised back-

ward additive weakening must weaken away the “T'y; I's”. Again simpler.

3. ifitisin I', (or in I'y) after both of the weakening processes, then similar

to xR case.

—«Ry and ¢, is F;—«F5: If ¢, is not H, then induction hypothesis. Otherwise, CtrR is

absorbed in this inference rule.

—~«L+ and ¢, is F;—«F,: By the applicability of the inference rule, F; is in the collec-
tor =. Inversion lemma, induction hypothesis and then a forward application of

— L+ conclude.
R and ¢, is F;—-F,: straightforward.

TCtrL: the effect of CtrR is absorbed in this inference rule. Induction hypothesis
(and a forward application of *TCtrL) conclude.
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Appendix I - Proof of Proposition 20

Proof is by induction on derivation depth of II(D) into both directions. But first we
prove the following ground case: D’ : I - 1 is aLBBI,-derivable with an empty collec-
tor =’ iff it is [LBBI,- Cut] derivable with ='.

Into the only if direction, assume that D’ is aLBBI-derivable with =’, then show
that there is a [LBBI, - Cut]-derivation for each aLBBI, derivation with the same
empty collector. Modified rules are derivable in LBBI,, as stated in 4.4.1. All the
other aLBBI,, inference rules are identical to a corresponding LBBI,, inference rule. No
derivations with =’ involve either — L+ or — R« derivation steps.

Into the if direction, assume that D’ is [LBBI - Cut]-derivable, then show that there
is a aLBBI,-derivation for each, using ='.

If derivation depth of TI(D’) is 1, i.e. if D’ is the conclusion sequent of an axiom,
we need to show that ' - F'is aLBBI -derivable for F' € §gp:r. Hence a sub-induction
on f_depth(F). Ifitis 1, i.e. if it is a propositional variable p, T, 1 or *T, then id, TR, 1L
or respectively T R.

For inductive cases of the sub-induction, assume that it holds true for all formulas
of formula depth up to k. We must now show that it still holds true for all the formulas

F € §gpr of formula depth & + 1.

1. F=F A Fy:

DliFl}_Fl DQIFQI‘FQ
RN TR oy s N = o
Fl;Fgl_Fl/\Fz
AT AT,

Wk L
AR

AL

Induction hypothesis on both Dy and D, and then appropriate «LBBI,, forward

derivation steps to reach the conclusion sequent in aLBBI,,-space.
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2. F = FyV Fy: straightforward.

3. F = F1DF,: straightforward.

4. F:Fl*F2:
DliFl}_Fl D2:F2|_F2
*R[
Fl,FQ I_Fl*FQ
P« FisF, ©
5. F:Fl—*FQI

Fi = F; FE Fy
Fl_*F27F1 F F2
Fl—*F2 l_ FlﬁkFg

—>I<L[
R

to conclude.

For inductive cases, assume that the current proposition into the if direction holds

true for [LBBI,- Cut]-derivations of derivation depth up to k, then show that it still

hol

1S.

Tpst
AL:
VL:
AR:

VR:

ds true at derivation depth of £+ 1. Consider what the last [LBBI - Cut] rule applied

Proposition 15.

same inference rule in aLBBI,,.
same.

same.

same.

O L: same.

O R: same.

xL:

same.

*Rp LBBI, * HLBBIp (D) looks like:
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D :T™MEF Dy:TH2FFy
P T82 - Fy o+ Fy

xRy LBBI,

By induction hypothesis, both D; and D are also aLBBI,-derivable. But then it
is straightforward to show that D is also aLBBI,-derivable by a forward applica-

tion of *R[ aLBBIp-

*Rer 1ppr,: Ilssr, (D) looks like:

Dli*-'.—FFl DQW{Fl}F{AI,FQ}

* R LBBI,

Both D; and D, are aLBBI,-derivable (induction hypothesis); Dy : I[{I'1} F
{A1; Fy; Fy * Fy} is also alLBBI,-derivable (induction hypothesis and weakening
admissibility); then a forward application of xR« o.ps1, concludes.

—Rjippr,: similar, straightforward.

—*R*T LBBIp: same.

~Lriper,: Iliesr, (D) looks like:

Dy :T™EF Dy :T{I52, G} F{A}
D :[{I, 122 F«G} + {A}

L LBBI,

Both D; and D, are aLBBI,-derivable. Straightforward by Proposition 17.
—« L+ 1ppr,: same.
WkLyigpr,: Proposition 17.
WkRygpr,: Proposition 17.
CtrLigsr,: Proposition 18.

CtrRyppr,: Proposition 18.
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TWkLigpr,: Proposition 16.
TCtrLigsr,: With Proposition 17.
dRyppr,: Proposition 19.

To conclude the proof, we must show that =11, = Ereer,. For this, we note that nei-
ther [LBBI, — Cut] nor oLBBI, introduces a new distinct formula in the form F;—«F,
in the course of a backward derivation. Meanwhile, all the sub-formulas at any given
point of a backward derivation in [LBBI,- Cut] or aLBBI, derivation tree must com-
prise sub-formulas up to synthesis operations of the conclusion of the derivation tree.
Also the synthesis operations do not modify formulas in the form F; —F5. These mean
in particular that if F; in the form F; —F5 is a sub-formula of a given sequent such that
Fy is in the collector in use, then F; needs shown [LBBI,- Cut] (or «LBBI,) derivable
(by the definition of a collector). However, the test (to show that both F; + *T and
T + F are derivable) does not involve a question of whether F;—F; is already in the
collector. That is, there exists a partial pre-order on the tests themselves whose base

case is the ground case as we saw earlier. [J
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Appendix J - Proof of Proposition 21

Proof is by induction on cut rank and a sub-induction on cut level. Here, (U, V') denotes,
for some [aLBBI, + Cut|~ inference rules U and V, that one of the premises has been
just derived with U and the other with V. In the following, the first derivation is the
original derivation tree, and the second derivation a permuted derivation tree of the
original derivation tree.

Throughout, I make use of the following derivable Cut:

M} F{AGF}  T{((F;T:T2)%2) ") - {Ag}
T{T; T Do} B {A; Ag}

BBI-MultiCut

where I'*" denotes I, --- , .
——

n

(id,id):

d d
Hp D {pAd e s} o
T{T2; s p} B {As; A p}

F{ToTip) b (Audap)

Incidentally we analyse in case an essence appears (where the cut formula
is active for id on both of the premises). First and foremost, we recall
that the significance of an essence is only notational. Hence, its presence
causes a difference from the above permutation if the left premise sequent
T{E((p; 1) @A)} F {log E((p; T'1)®A1))} is in the form:

P} {(p; A})} where:

* AT) S TE(( T #20)).
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o T} #ant I'y; p for some I'Y.

The left sequent of the Cut is then: I"{I"}} + {p; A]}. But then the con-
text for the right premise sequent is also I'(—). This implies that the right
premise sequent is at least in the form: I"{p; T4} F {A4} (for some I'y and
Ay) such that [B. T7((p; T4)2*) Sant T(E((p; T2)®32)))]. Applying Cut, we
derive I"{T's; T4} F {As; Ay}, If Ay =g p; A) (for some Al; similarly in
the rest), then we have that [7((I'g; T)2824%) =, [(E((T's; p)25)) by
B. Otherwise, we again have that

I'((T3;T)3980)) = T(E(Tg; p)@o#)) by A and B.

y .
T{Ty;p} F {p; A} ' {2 p5q} F {q: Az} éut
[r{r2§rl;p§Q} = {Q§A1§ AQ}

I{T; Ty psa) B {ag; A As} id
(a) If an essence is required in one of the premise sequents for the id:
trivial if it is the left premise sequent since the conclusion sequent of
Cut would then look like: I"{T's; ¢} - {As; ¢}. If it is the right premise
sequent, then the negative structure whose exponent holds the p is in
the conclusion sequent of the Cut, which implies that the conclusion
sequent is in the form: ["(E((Ty; p)®44))) F 1.
(b) If an essence is required in both of the premise sequents and if the
sequents are not in the form considered so far:
i. if the left premise sequent is in the form
Ty (p; T (To{T%})) F {p; A"} such that log I (T #4") = A,:
A. if the right premise sequent is in the form
Ci(p; T (Ta(p; ¢; 5 (T3{T'5'})))) F {q; A%'}: then the conclusion
sequent would be:
i (p T (TG T TY (005) - {@: A} such that
logla(---) = Ag; A”. But then, since id applies on the right
premise sequent, it also applies on the conclusion sequent.
B. if it is in the form
U1 {p; T (To((p; ¢; T4)22"))} + {g; A¥}: then the conclusion se-
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quent would be:
T {p T (Ta((q: 753 T5)B5547))} F {g; A} Again id applies
on this sequent because it does on the right premise sequent.

C. the rest: similar.

ii. if the left premise sequent is in the form
T {I((p;T2)?2)} F {p; A”}: then almost symmetrical to the pre-

vious case study.

3. The rest (; if the cut formula is not the principal in either of the premise

sequents): trivial.

(1d,1L):

trivial if the cut formula is not 1. Otherwise, similar to (id, id).

(id, TR):

trivial if the cut formula is not T. Otherwise similar to (id, id) case.

(id, TR):
straightforward.

(id,VL):

1.

. Dy : [r{p; 1—‘2§F1} F {A2} Ds: [r{p; FQ;F2} F {A2}
id
Dy - T{T'y;p} F {Ay; p} T{p;To; F1 V I} F {As} Cut

T{T1;p; Tos Fi V Fo b F {A1; Ag}

VL

Dy Dy Cut Dy Ds Cut
[r{rl;p§ F2;F1} - {A1;A2} [F{FMZ?; FQ;FQ} + {A1;A2} VL
T{Ty;p; Do Fy vV Fo} F{A; Ag}

Dy CpiDy(ofpi L i) F {As} Dy T Ni(Co{mi T b)) F {2}
Dy :T(p;Ti(To{p; Tas Fy V BY)) F {As} v

Dy T (p; Ti(T2{T3})) F {p; A} id Dy
F(p;T1(To{Ts3; Ty F1 V Fo})) F {A; Ag}

Cut
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Ds Dy Cut Dy Dy Cut
T (p; Fl(ﬂ_Q{F3§F4§F1})) + {A§A2} I (p; Fl(IFQ{FS; Ly F2})) + {A§A2} vL
F(p; Ti(To{Ts; Tus Fy V Fo})) B {A; Ag}

3.

» Dy - T{p;T's; Fi} F {As} Ds : T{p;T's; Fo} F {As} VI

Dy T{T((p; T2)2)} + {p; A} ! T{p;Ts; F1 V F5} F {As}

Cut
T{Ts; Fy v Fo; Th((p; T2)2)} E {A; As}

=
D, D, D, Ds
A Cut A Cut
[F{Fg; Fr; [rl((P; FQ) 1)} + {A; AQ} [F{P:%; Fy; [rl((P; Fz) 2)} + {A; AQ} VI
T{Ts; By V Fo; Ti((p; Da)20) )+ {A; Ay}

4,
DQ . U—{Fg,Fl} F {Ag} D3 . U—{FQ,FQ} F {Ag} VL
D4 : [F{FQFl V FQ} = {AQ}
Dy :T{Tisp} E {p;s F1 V Fo; Ay} id D, Cut
T{Ty;p; Pa} = {p; Ar; Ao}
=
id
F{Ty;p;Ta} = {p; Av; Ag}

5.

Let I,(—) denote (p; T; T4((T's; —)2"))22 for this case. Assume n > 2.

Dy : U—{[FI(FI), (l]—w(Fl vV Fg))xn*l} F {Ag} D5 : [F{[Fx(FZL (U_m(Fl vV Fg))xn*l} F {Ag}
T{(Fa(F1V F2))"} E {As}
Dy :T{T.(F1V Fy)} F{As}

VL

TCtrL

Dy : [r{[r1((105 Fz)Aa)} F {P%Al} id Dy cu
T{T1((p; T2)22); T5 Ta((Ts; 1V Fo)A) ) {Ar; A}

t

=
We derive the following first by inversion lemma and BBI-MultiCut.
Dy Dy T{(To(F1))"} - {Aq}
D {1 ((p; T2)2); T3 Ta(T; F1) X))} - {413 A}

BBI-MultiCut

Dy Dy T{(l.(F2)) "} F {As}
D : T{(T1((p; T2)22); T; Tu((Ts; F2)2)) } = {A1; Ag}

BBI-MultiCut
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The permutation is then:
Ds  Ds v
T{T (0 T2)); T Ta((Tos ALV F)™) ) E (A Ao}
6. The rest: straightforward.

L

(id,VR):
1.
Dy :T{1} = {Fy; Fy; Ay p} VR id
M{C} = {F vV Fay; Ay p} Dy : T{Ty;p} = {p; Az} Cut
T{Co; T} F {p; Ao F1 V F; Av}
=

Dy Dy Cut
H—{Pnrz} - {p; A2;Fl;F2;A1} VR
I{l1; 0o} F o{p; Ags F1 V Fy; Av}

2. The rest: straightforward.

(id, ANL), (id, AR), (id,D L), (id, D R):
straightforward.

(id, L)z
similar to (id, AL).

(Zda *R1)7 (Zdv *R*T>7 (Zda *RI):
straightforward, we will go through these ((U, xR;),

(U, «R-) and (U, «Ry)) later for more involved cases.
(id, —>I<R><<T):
1.
Dy T{T1} F {Aq; Fo;p}(FL € )

d
Ds : T{T'1} = {Ay; Fi=Fy;p} Dy - T{T'y;p} F {As} z?ut
[I—{Fl, FQ} + {Al, AQ, Fl—*FQ}

—*R*T

232



where T'((o; p)22) =ant Ta(E((Ip;p)»4P))) for some context [ 4(---),
and some essence construct: E((I'g; p)(24P)),

=
D, D,
T{T;To} F {A1; Ag; Fr}(Fy € 2)
T{l; Do} F {A; Ag; Fi—Fy}

2. The rest: straightforward.

Cut
— R

(Zd, %kL[):

there are a few sub-cases, but we will examine later with more involved cases.

(Zd, —k L ) :
straightforward.

(¢d, TCtrL):
taken care of in BBI-MultiCut.

(TR, TR):
straightforward.
(TR,1L):
1.
TR 1L
M{T}F{T;Ay;1} I{To;1} - {A} e
T{T; Taf = {A Ay T}
=
TR
T{T; Do} F {Ag; Ay T
2.
1L TR
M1} F{A;T) T{Ty; T} F {As} Cut
M{I; T} F {A Ag}
=

1L
[F{FQ;FQ;ﬂ} - {Al;Az}

3. The rest: straightforward.

(TR, TR):
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MrdFasTy ' AT AL Y
u

T{Ly; Do T {5 Ag; A}

=
2.
T T E{T: A 10 T Ty {1 A IR
=

[F{Fﬁ ﬂ—;F2} k- {T; Ag; A1} T

3. The rest: straightforward.

(TR,AL):
1.
R Dy : T{Dy; T; Fy; Fo} F {Aq} A
Dy {1} {T; AL} T{To; T; F1 A By} = {As} Cut
[I—{FQ, Fl, F1 A Fg} }_ {Al, AQ}
=

Dy Dy Cut
[F{F2;F1;F1;F2} - {Al;AQ} AL
[F{FQ, Fl; Fl A FQ} l_ {Ala AQ}

2. The rest: since the first case is almost identical to (id, VL) (in fact simpler

because AL is a single-premise rule), I omit reiterating the cut elimination

procedure for the remaining cases.

(TR,AR),(TR,VL),(TR,D L),(TR,D> R),(TR,*L),(T,*Ry) :
straightforward.

(TR, *R), (TR, ~R;), (TR, ~«R;),(TR, =R), (TR, —Ly) :

straightforward, more involved cases later.

( TR , =k L T ) :
straightforward.
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(TR, TCtrL):
taken care of in BBI-MultiCut.

(1L, 1L):
1L 1L
{1} F {1 A} M{Ty; 1} F {Ax} Cut
[F{F2;F1;]1} - {A13A2}
=
1L
M{To; T 1} F {A Ag}
(LL, TR):
1.
st} (AeTh Y T T (1A
[r{rz;Fl;]l} - {ﬂ—SAz;Al} ur
=
[F{F2;F1; ]1} - {ﬂ—Q Ag; Al} 1L
2.
M T (TAct) " T T - (A o
[F{F2;F1;?|—} + {*—|—§A1§A2} ue
=

I{Ty; Ty T3 = {5 A Ao} TR

(LL,{AL,AR,VL,VR,D> L,D R,«L,*Ry,*Re, Ry, «Re, Ly, - L }):
straightforward.

(LL, TCtrL):
taken care of in BBI-MultiCut.
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(TR, TR):
straightforward.

(TR, the rest):
straightforward. Cf. id cases.

(AL,AL):
straightforward.!
(AL, AR):
1.
D1 . H_{Fl} " {FI,AI} D2 . H_{Fl} l_ {FQ,Al} A D3 : [F{FQ,Fl,FQ} }_ {AQ} /\L
U_{Fl} F{Fl/\FQ,Al} T{FQ,Fl/\FQ} F{AQ} Cut
T{FQ,Fl} l_ {Al,AQ}
=

Dy Ds Cut
D, T{Ty; Iy Fo} F {Ag; Ay} Cut
{0y {A; A Ay}

...... [I—{I‘l,FQ} I—{Al,Ag} {(CtrL),(CtrR)}

Recall that additive contraction is admissible in aLBBI,. A dotted line

indicates that the conclusion is derivable with not a greater derivation depth

than the premise sequent is.

2. For this case, let [,(—) denote (T'y; T; —)22.

Dy : T{(T(Fy A F))" L T (Fu; Fo)} F {Ay)
D5 : ﬂ—{(lrm<F1 A FQ))XTL} l_ {Ag}
D6 N T{F%*—r,Fl /\ FQ} l_ {AQ}

AL
TCtrL

Dl . I]—{Fl} l_ {FlaAl} D2 N [r{Fl} |_ {FQ, Al} /\R
D4Z H_{Fl}F{Fl/\FQ,Al} D6
T{T2; T; T} = {A; Ag}

Cut

=

'In fact, additive cases are all similar to classical logic cases up to BBI-MultiCut and the surround-
ing context.
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Dy Dy :T{(l.(F1; F2))*"} F {As}
D, I{.(Ty; Fo)} F {A1; As} Cut
T{T. (DT} F {Ay Ap Ay} .
T A AT {(CtrL),(CtrR)}

where Df, derives from D3 via inversion lemma.

BBI-MultiCut

3. The rest: straightforward.

(AL,VL):

straightforward.

(AL,VR):
Let ,(—) denote (T'y;*T; —; Hy V Ha)?2.

1.
DQ . H—{(H_I(Fl /\ F2))><n71, H_I(F17F2)} }_ {AQ} /\L
D, :T{T'1} - {Hy; Hy; Ay} VR Dy T{(T(F1 A F2)) "} = {Aq} TOtL
r
D3 N [F{Fl} l_ {Hl \/ HQ, Al} H—{Fx(Fl /\ Fg)} |_ {AQ} Cut
I{Ty; ;T Fr A o} B {A1; Ag}
=

Dy Dy :T{((T'e; T3 o Fo; Hy V Hp) )"} = {Ag}
”—{Fz; T 1y Fg Fz} + {A1§ A2}
T{To; T;T'; FA A Fo} F {Ag; Ay}

D), derives from D via inversion lemma.

BBI-MultiCut

AL

2. Let[T,(—) denote (I'y;*T; —)22.

Dy s T{(Tu(Fy A F)) ™1 To(Fis o)} - {Ag)

Dy o T{T } = {Hy; Hos F1 A Fo; A} T{(T.(Fy A F))*"} F{Ag} CirL
Dy T{T1) F {Fh Vv Hy B A By Ay} VT Dy (T (R AR (B} Y
{00 T5 Ty} - {Ay; Hy V Hy; A} Gu

AL

=
Dy Dy

[F{F2; ﬂ—ﬂjl} - {Al; Hy; Hy; A2}

[{To; " T5Th b B {Ay; Hi V Ha; Ag}

3. The rest: straightforward.

Cut
VR

(AL,D L):
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Dy : T{T'y; G} F {Ag; Hi} Dy : T{I'y; G5 Ho} F {As}
Dy : [F{Fg, G, HlDHQ} [ {AQ}

DL

D1 H_{FhFl,FQ}F{G,Al} A
[{To;Ty; Fy A Fyy HOHy F {Ag; Ay} 0

t

Permutation is straightforward by Cut(D;, Dy) and Cut(D;, Ds).

2. The rest: straightforward, that is, all the answers can be found in the pat-

terns previously studied.

(AL,D R):
Let I',(—) denote (I'y; *T; Hy D Ha; —)A2.

1.

D2 . ﬂ—{([rl(Fl A Fg))xn_l, [Fm(Fl, Fg)} I_ {AQ} /\L

Dy T{Ty; Hi} = {Ha; Ay} SR Dy : T{(T.(F1 A F3)) " E {As} TOtL
-
T{To; Ty Fy A Fo} F {A1; As} B
We saw a similar pattern before.
2. The rest: straightforward.

(AL, *L):
1.

Dy i T{Ty; Fi; Fo} = {Hy x Hy; Ay} Dy : T{Dy; (Hy, Hy)} F {As}

[{Ty; By A By} b {H; * Hy Ay} L p.- [{Ty; Hy + Hy} F {Ag) gut
[r{].—‘g,].—‘hFl A\ FQ} l_ {Al,AQ}

Dy Ds Cut
T{To; T'1; F1; Fo} - {Aq; Az}
T{To;T1; F1 A Fo} = {Ag; Ao} M
2. Similar when *T CtrL applies on the right premise sequent, up to the use
of BBI-MultiCut.
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3. The rest: straightforward.

(AL, *Rp):
Let T,(—) denote (I'y; *T; Hy % Hy; —)2.

1.
D3 . r{(lrw(Fl A\ Fg))xnil, TZ(FI, Fg)} l_ {AQ} /\L
Dy:Re®™ F Hy  Dy: Rey? + H, R T{(T.(FL A F))*") F {Ay} O
I T
Dy : T{I™Y - {Hy + Hy} T{LL.(FL A Fy)Y F{Ay} cut

T{Ty; T Ty Fy A Fo} = {Ar; A}
We saw this pattern before. Note that it does not matter what the essence
for the +R; is, and consequently what the Re{e /ReQAb pair is, since the

permutation concludes with intuitionistic ‘Cut’s.
2. The rest: straightforward.

(/\L, *R*T):

similar.

(/\L, {ﬁkR[, —*R*T, ﬁkL[, ﬁkL*T}):

straightforward.

(AL, TCtrL):
taken care of in BBI-MultiCut.

(AR, \R):
1.
D3 . [F{FQ,Fl AN FQ} l_ {Ag,Hl} D4 . [F{Fg,Fl AN FQ} l_ {AQ,HQ} /\R
D6 . H—{FQ,Fl VAN FQ} [ {AQ,Hl AN HQ}
Dy T{D ) {F; A Do T{I ) {Fy; Ay} AR
D5 . [F{Fl} [ {Fl A\ FQ;Al} D6 Cut

[r{l—‘l, FQ} |_ {Ala Ag, Hl A HQ}
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D5 D3 D5 D4

Cut
H—{FQ,Fl} I_ {A27H17A1} b ”—{FQ,F } I_ {A27H27A }

T{To;T1} F {A1; Ag; Hy A Ho}
2. The rest: straightforward.

(AR,{VL,VR,D> L,D R}):

straightforward.
(AR, +L):

1.

g T{T }I—{Fl/\F%A}

D3 : T{T'y; Fy A Fy; (Hy, Hy)} = {Ay}
D4 [r{FQ,Fl/\FQ,Hl*HQ}l_{AQ}
[F{Fg,Fl,Hl * HQ} l_ {Al,AQ}

* L
Cut

Dy  Ds
H_{F21 Fla (Hla HQ)} |_ {Ah A?} %
[F{Fg,Fl,Hl * HQ} [ {AhAQ}

Dl:u—{rl}'_{Flv 1*H2;A} [r{r}l_{FQ,Hl*HQ,A}
W{Fl}l_{Fl/\F%Hl*H%A}

Dy : T{T'y; (Hy, Hy)} = {Ag} N
D5 D4 . [F{Fg, H1 * HQ} + {AQ} Cut
[r{].—‘z, Fl} [ {Al, AQ; F1 AN FQ}

D1 D4 D2 D4

{To; Ty} F {Al,FhAQ} {Ty; T} {AhFQ,AQ}

T{To; 1} F {Aq; F1 A Fy; As}
3. The rest: straightforward.

(AR, {*Ry,«Re, =Ry, —«Rs}):
straightforward.

(AR, —Lyp):
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Let I'(—) denote T'((To(—), T, E((Ts; Hy —Hz)23))24).

Ds D,
—
Dg - T((To{Fy A Fa; Do}, Tt E((Da; Hy—+Hy)?9))) F {As}

Ly

D1 : [r’{l"l} F {AlyFl} DQ : [r’{Fl} - {AhFQ}
(I {T}, FbAb, E((Ts; Hy—=Hy)?3)2) = {Ay; Fy A By} Dg
F((Ta{T; Tud, T3 E((Ta; Hy+Hz)20))24) b {Ag; At}

Cut

=
D, Dg - T'{Fy; Fo; o} - {Ag}
Dy T((TafTas Fos Ty}, Ty E((Ts; Hy—Hy)29))24) = {Ag; Ag}
F((To{To; Tys Ty}, T3 E((Ta; Hy—Ha)22))20) F {Ar; Ay Ag}

R L AR L EE LR EEREE (CtrL)(CtrR)
[r(([ra{rg, Fl};Fb b, E(Fg, Hl—*Hz)AS)A‘l) l_ {Ala AQ}

Cut

2. The rest: straightforward.

(AR, =L+t )2
straightforward.

(AR, TCtrL):
taken care of in BBI-MultiCut.

(VL,VL):

straightforward.
(VL,VR):

1.

DQ . H_{FQ,Fl} l_ {AQ} D3 N [F{FQ,FQ} |_ {AQ} v
D4 : [F{Fg,Fl V FQ} l_ {AQ}

L

D1 N [r{l—‘l} |_ {Fl,FQ,Al}
VR
[F{Fl}l—{Fl\/Fg,Al} D4
H—{FQ,Fl} l_ {AhAQ}

Cut
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Dy Dy Cut
Ds ”—{F2;F1} + {Al;F2;A2}

Cut
T{Ty; Ty To} = {A; Ag; Ag}
...................................... (Ctr L) (Ctr R)
[{Ty; T} = {Ar; Ag} t J
2. The rest: straightforward.
(VL,{D L,D R,*L,*Ry,*Re, Ry, s« R, =Ly, =L+ })2
straightforward.
(VL,"TCtrL):
taken care of in BBI-MultiCut.
(VR,VR):
straightforward.
(VR, the rest):
straightforward.
(ODL,DL):
straightforward.
(ODL,DR):
1.
D1 N [F{Fl,Fl} l_ {FQ, Al} 5 D2 N [F{FQ} l_ {Ag, Fl} D3 N [F{FQ, FQ} l_ {AQ} 5 L
U—{Fl} }_ {FlDFQ; Al} [F{FQ, FlDFQ} l_ {AQ} Cut
[F{Fg, Fl} }_ {Al, AQ}
=
Ds Dy Cut
[r{rl;FQ} - {Al; Ay; Fz} Ds Cut
[{;T9; Ty H{A; Ay A
...{..}.’...2.’. 5 2} . { ST 2} {(CtrL) (Ctr R)}

[F{Fl, FQ} l_ {Ah AQ}
2. The rest: straightforward.
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(D L, the rest):
straightforward.

(D R,DR):
straightforward.

(D R, the rest):

straightforward.
(xL,*L):
straightforward.
(xL,*Rp)s
1.
Dy:Re® +F,  Dy:ReS b Fy § Dy : T{Ty; (F1, F2)} - {Ag}
[F{Fl} l_ {AbFl*FQ} ! W{F%Fl*FQ} }_{AQ} Cut
T{FQ, Fl} l_ {Ah AQ}
=

D, Dy oy
D, T{Ty; (Ref“, Fy)} E{A} c
T{T2; (Ref, Rey®)} F {As}

..................................... Wk L) (WkR

t

It does not so much matter what Ref / ReQAb pair is or what [E(F(AA,;F”F”)
such that I (IE(F;A/;F”FQ))) Soant I]‘(I‘gA“Fl*FZ)) is for this proof to go through.

2. The rest: straightforward.
(*L, *R»«T):

1.
D1 Iﬂ_l_Fl DQ : W{Fl}F{AhFl*Gl,Gl}

D3 : T{Ty; (F1,G1)} = {Ax}

*L
D4 . [F{Fg, F1 * Gl} F {AQ} Cut
[r{l—‘l, FQ} |_ {Al, Ag}

*R
[F{Fl}l— {Al;Fl*Gl} T

243



D2 D4 Dl D3

Cut Cut
[F{Fl, FQ} H {Al, AQ; Gl} b [F{FQ, Gl} H {Ag} Czt
[r{rl;r2§r2} + {Al; Ag; A2}
...................................... (Ctr L) (Ctr R)
H—{Fl, FQ} = {Al, AQ} { }
2. The rest: straightforward.
(*L, {—*R[, —*R*‘r, —*L], —*L*‘r}):
straightforward.
(xL, TCtrL):
taken care of in BBI-MultiCut.
(*R[, *R[):
1. If the cut formula does not occur in Re5* or in Refd;
Dy :Re™ - F,  Dy:ReS - Fy . Ds:Refet+ H,  D,:ReSi+ H,y P
Ds : T{T1} F {A1; Fy = B} L TP B {AsH s}
u

[F{FQQIH} - {Al;A2;H1 * Hz}
=
D; Dy
T{To; Ty} F {A; Ag; Hy % Hy}

*R[

If the cut formula occurs either in Re5* or in Re4 then assume Res to be

holding it with no loss of generality. The permutation will be then;
Dy Dj:Rey<(F, Fy) - H,

D, Rege(Rep, Fy) - H,

X X X Cut
Re3c(R€1a,R62b)l_H]_ D4

[F{Fl, FQ} l_ {Ab AQ, Hl * HQ}
In the internalised weakening for the «R; application (looked from premise

to conclusion), I'; is recovered from “Re%, Reg™”.

Cut

*R[

2. The rest: straightforward.

(*Ry, the rest):

straightforward.
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(>l< R, xR ) :
straightforward.

(¥R, the rest):
straightforward.

(ﬁkR I, —+R [) H
straightforward.

(—*R[, ﬁkL[):

1.

Dy:RefeFF (FENE=0)  Dg:T(((Rey?, Fy); (T2, Tpt {Te; FiF5}))™) F {As} s
Ds : T((T2, T2 (T Fi+Fy})™) - {As) !

D T8 R FF (FLNE=0)

=«
Dy T((T2 T2 (T, 120 b {F—=Fy Ay} Ds -
u
(T4, Ty {Te; To})24) F {A0; Ag)
=
e e, {(WKL) (WkR)}
Dy T(((Rey?, Fy); (PR, Ty, {To}))) b {F)—+Fy; Ag} Dy
D, T(((Rey, {Fa}); (T4, T}, (Tg; Tp)A2i80)))80) - {1} c
t
Dy T(((Rep?, TP, Fy); (DR, Ty, (T Tp)(A2if)))A0) 1 1 Cut )
F{(Re5™ T Ref); (D8 T3 (T Ty)259)] - (A }
........ { (82161>(“b12))}{4} {(Wk L) (WkR) (T Wk L)}
A A (N (P i) (A E T S
.................................................................................. tr
T{TRe Ty, (T To) A28} 1= {Ag}
2.
Dy:Ref* P (ENF =0)  Ds:T(((Rey?, Fy); (TAe, T3 E((T;Ty; Fi=Fy)4%)))A) F 1 I
kL

Dyt T((P2, Ty (T Ty; Fy—F3)29))2) 1
Dg : (D2, Ty E((T; Tys Fy—=Fy)22))%) 1

TCtrL

Dy T8 B - F (ENF =0) R
I

Dy T((T2, 150 T {0 })2) F {F+Fy; Ay} Ds
F((T2e, Tpt, Ta{T; T T 1)) F {A1; Ay}

Cut

where the following hold.
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(@) E((T;Ty; F1—+F)23) st Ta((T; T p; Fi—+F2)24).
(b) E'(("T; Tas Fi—xF)2%) Sane Ta((((T; T s Fi—Fy)Ra)Xn)Aa),

=

Dj : T(((Rey?, Fo); (P, Ty, Ua{Di})™) F {Fi+Fy At} Dy

v o - BBI-MultiCut
D, T(((Rex, Fo); (TG, Ty Ta{T: T'p; 11 1)2) F {Ag; Ay}

Cut

Dy T((Res*, A TP (T8 T Fa{TiTpi 1)) F (A}

F(((Repe, Rey®, TT); (T2, Ty T o{T; T T4 1)) F {A; A
(((61’62’1)’(“”’A{’Bl}))){lA} (Wk L) (Wk R) (T Wk L)

where
D* i T(((T4e, Ty T o((T; D Ty)Auiad)); (DR T3 T4 {T; Tp; T1 1)) F
{A1; Ayl

3. Letl, denote I o(("T;T; Fi—+Fy)24).
Dy Ret, T Fy (FNE=0)  Ds:T(((Rey?, Fo, T (T2, Ty, (TXm)A4))2) 1
F((T2e, Ty, (TXm)A4)A) -1
Ds:T(T2 T8 [, F1

**L]

TCtrL

Dy T8 R FFE, (ENF =0) R
Dy T((T2, T2 T T )2 F {F=Fy A} Dy
F((T2, T, TA{T; T T2 F {A Au}

Cut

where 0 < m+1<n-—1.
=
We have:
D,
D! T8+ Fy~«F,

Ry

We then have:
D, D,
Dg : Repe, T 4((T; T Ty)(A580) - |y

BBI-MultiCut

D,  Ds
Dz : T(((Rep, Fa, Ta((T; Ts Ty)@ri8a)); (TR T, T (T3 T Ty) (A840)))A0) - 1

BBI-MultiCut*

by recalling the multiplicity in the intuitionistic Cut. Then;
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D, D

Cut
Dy T(((Re3* T8 A Ca((T: D D) &S (e, T Fa((T D D) S80S F 1 o
T((Rep*, T3, Rey, (Ta((Ts D T) 82 0)) ) (T, T Pa((Ti T D)) ke

(T2, T, Ta((T;To Ty)Anda)))de) - 1
where WEL, WkR, TWEkL € Infs.

4. The rest: straightforward.

(HkR I, _*L*T) H
straightforward. The principal for either of the premise sequents of the particular

Cut instance cannot become the principal for the other.

(=R, TCtrL):
taken care of in BBI-MultiCut.

(—*R*T, —*L*T):

1.
D1 N [r{l—‘l} '7 {Al,FQ} (Fl € E) DQ . T{F%FQ} '7 {AQ} (Fl S E)
D3 : [r{l—‘l} [ {Al.Fl‘*FQ} D4 : T{F%Fl‘*FQ} [ {AQ} Cut
[F{FI,FQ} l_ {Al,AQ}
=

Dy D; Cut
[r{Fl, FQ} l_ {Al; AQ}

2. The rest: straightforward.

(=Rer, TCtrL):
taken care of in BBI- MultiCut.
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(—xLy, the rest):

straightforward.

(= L+, the rest):

straightforward.

The rest: straightforward. [J

Note that, in case the principal of either of the Cut premise sequents does not reside
in the same additive structural layer as the cut formula, permutation is very simple
(via inversion lemma and depth-preserving weakening admissibilities if needed). For

example, we may have the following derivation:

Di:ThF DI} F{AG R xGuGi} oo Dy:Ret™ - Hy  Dy:Rey" - Hy

*R
T{Ty} F {A; Fy « Gy} T{To} F {Ay; Hy % Hy} !

[r{F17FA} I {Al;AA}

Cut

where [7((T'g)(A2:H1xH2))y = T((T4; Fy * G1)®4) with the condition that I"(—) #gn
I'(—), which simply permutes into;

D3 Dy
[r{l"l, PA} l_ {Al, AA}

*R[
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