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A b s t r a c t — We r e vi e w o u r p r e vi o u sl y r e p o r t e d p r o g r a m mi n g
c o n s t r u c t s f o r r e v e r si bl e c o m p u ti n g w hi c h a r e b a s e d o n t h e
cl a s si c al r el a ti o n al m o d el. We n o t e t h a t, al t h o u g h m a t h e m a ti-
c all y el e g a nt, t h e d e s c ri p ti o n of p r o g r a m mi n g c o n s t r u c t s i s t o o
a b s t r a c t t o c a p t u r e t h e i m p o r t a nt c o n c e p t of p r ef e r e n c e. T o
r e m e d y t hi s w e f o r m ali s e t h e t e m p o r al o r d e r of c o nti n u a ti o n s,
gi vi n g a ri c h e r s e m a nti c s a n d yi el di n g a n e w p r o g r a m mi n g
c o n s t r u c t, w h o s e i m pl e m e nt a ti o n a n d a p pli c a ti o n a r e di s c u s s e d.

I. I nt r o d u cti o n

C o n c e pt u ali si n g c o m p ut ati o n a s a r e v e r si bl e p r o c e s s
all o w s u s t o f o r m ul at e a si m pl e m at h e m ati c al s e m a nti c s
f o r s e q u e nti al p r o g r a m mi n g a n d d e fi n e n e w p r o g r a m mi n g
c o n st r u ct s. I n p r e vi o u s w o r k [ 7], [ 9], [ 6] w e h a v e d e s c ri b e d
t h e s e d e v el o p m e nt s a n d t h e R e v e r si bl e Vi rt u al M a c hi n e
( R V M) w e u s e a s a n i m pl e m e nt ati o n pl atf o r m f o r o u r
i d e a s. O u r a p p r o a c h e x pl oit s r e v e r si bilit y t o h a n dl e b a c k-
t r a c ki n g a n d g a r b a g e c oll e cti o n. B a c kt r a c ki n g i s b a s e d
o n t h e i d e a of n o n- d et e r mi ni sti c c h oi c e b ei n g i nt e r p r et e d
a s p r o vi si o n al c h oi c e, a n d t h e u s e of g u a r d e d c o m m a n d s
w hi c h r e v e r s e e x e c uti o n w h e n all a v ail a bl e g u a r d s a r e f al s e.

I n t hi s p a p e r w e l o o k at t h e p r o bl e m of e x p r e s si n g p r ef-
e r e n c e i n c h oi c e wit hi n a f o r m al s e m a nti c s. I n o u r p r e vi o u s
w o r k, a n d i n t h e cl a s si c al s e m a nti c s of n o n- d et e r mi ni s m,
c h oi c e i s d e s c ri b e d a s a c o m m ut ati v e c o n n e cti v e, wit h
a n u n d e rl yi n g m o d el w hi c h vi e w s o p e r ati o n s a s r el ati o n s
b et w e e n b ef o r e a n d aft e r st at e s; c h oi c e i s m o d ell e d a s o n e
b ef o r e st at e b ei n g li n k e d t o t w o o r m o r e aft e r st at e s. T hi s
c o n c e pt u al m o d el i s n ot ri c h e n o u g h t o s u p p o rt a f ull
d e s c ri pti o n of p r ef e r e nti al c h oi c e.

We h a v e t w o m oti v ati o n s f o r w a nti n g a ri c h e r m o d el.
Fi r stl y, p r ef e r e n c e i s i m p o rt a nt i n p r o g r a m mi n g, e. g. f o r
e x p r e s si n g s e a r c h h e u ri sti c s. S e c o n dl y, t h e R V M h a s a
c h oi c e c o n st r u ct i m pl e m e nt e d i n s u c h a w a y t h at t h e
p r o g r a m m e r c a n k n o w w hi c h c h oi c e will b e p r ef e r r e d, i. e.
t ri e d fi r st. T h u s w e n e e d a s e m a nti c s of p r ef e r e n c e s o a s
p r o p e rl y t o d e s c ri b e o u r vi rt u al m a c hi n e.

We cl ai m t h at t h e i d e a of p r ef e r e n c e i s cl o s el y li n k e d
wit h t h at of c o nti n u ati o n s, w h e r e, b y t h e c o nti n u ati o n of
a p r o g r a m S i n v o k e d wit hi n a l a r g e r p r o g r a m T , w e m e a n
t h e e ff e ct of t h e c o d e f r o m T w hi c h i s e x e c ut e d f oll o wi n g
t h e t e r mi n ati o n of S . We s h all s k et c h a s e m a nti c s f o r t h e
t e m p o r al o r d e r of c o nti n u ati o n s ( T O C) w hi c h e n a bl e s u s
t o c a pt u r e t h e i d e a of p r ef e r e n c e i n c h oi c e. We s h all al s o s e e
h o w a n e w p r o g r a m mi n g c o n st r u ct a ri s e s f r o m o u r i d e a s,
d e s c ri b e it s i m pl e m e nt ati o n o n t h e R V M a n d ill u st r at e it s
p o s si bl e a p pli c ati o n.

II. P r eli mi n a ri e s

We di s c u s s p r o g r a m mi n g c o n st r u ct s f r o m b ot h a t h e-
o r eti c al hi g h l e v el g u a r d e d c o m m a n d l a n g u a g e, t o w hi c h
w e gi v e t h e n a m e R B 0 1 a n d f r o m R V M- F o rt h t h e p o st fi x
l a n g u a g e of t h e vi rt u al m a c hi n e t o b e u s e d a s a t a r g et f o r
c o m pil ati o n of R B 0 c o d e. We b e gi n wit h a r e vi e w of s o m e
s e m a nti c f e at u r e s of R B 0.

Wit hi n R B 0, c o m m a n d s m a y b e g u a r d e d; g → S , p r o-
n o u n c e d “ g g u a r d s S ”, will e x e c ut e t h e p r o g r a m S if t h e
c o n diti o n g i s t r u e a n d will r e v e r s e e x e c uti o n ot h e r wi s e.

T h e c o m m a n d S T , p r o n o u n c e d “S c h oi c e T ” m a k e s a
p r o vi si o n al n o n- d et e r mi ni sti c c h oi c e b et w e e n t h e e x e c uti o n
of S a n d T . If e x e c uti o n r e v e r s e s b a c k t o t hi s p oi nt, t h at
c h oi c e will b e r e vi s e d a n d f o r w a r d e x e c uti o n will st a rt
a g ai n wit h t h e ot h e r o p e r ati o n n o w s el e ct e d f o r e x e c uti o n.

T h e c o n st r u ct S ♢ E r e p r e s e nt s t h e v al u e e x p r e s si o n E
w o ul d t a k e w e r e it t o b e e v al u at e d aft e r t h e e x e c uti o n of
S . It c a n b e u s e d a s a t e r m i n t h e e x p r e s si o n l a n g u a g e
of o u r e x e c ut a bl e l a n g u a g e R B 0. I n o p e r ati o n al t e r m s it
r e p r e s e nt s e x e c uti n g S , e v al u ati n g E , m a ki n g a c o p y of E
( w hi c h m a y b e a d at a st r u ct u r e of a r bit r a r y c o m pl e xit y)
a n d t h e n r e v e r si n g t h e e x e c uti o n of S . T h e r e v e r s e e x-
e c uti o n u n c o m p ut e s t h e o ri gi n al c o p y of E a n d r e v e r s e s
a n y si d e e ff e ct s c a u s e d b y t h e e x e c uti o n of S . ♢ i s a l o w
p r e c e d e n c e c o n n e cti v e, c o mi n g j u st a b o v e e q ui v al e n c e ≡

We gi v e t w o si m pl e e x a m pl e s. x: = 2 ♢ 1 0* x h a s t h e v al u e
2 0. x: = x + 1 ♢ 2* x h a s t h e v al u e 2*( x + 1) .

B e c a u s e of t h e p r e s e n c e of n o n- d et e r mi ni sti c c h oi c e
t h e r e m a y b e m o r e t h a n o n e e x e c uti o n p at h t h r o u g h S , i n
w hi c h c a s e S ♢ E c a n t a k e m ulti pl e v al u e s. T h e s et of s u c h
v al u e s i s w ritt e n { S ♢ E}. T hi s i s al s o a n all o w a bl e t e r m i n
t h e e x p r e s si o n l a n g u a g e of R B 0.

W h e n S ♢ E yi el d s m ulti pl e v al u e s w e i nt e r p r et t h e
m at h e m ati c al m e a ni n g of t h e s e u si n g t h e B u n c h T h e o r y
of E H e h n e r [ 3] a c c o r di n g t o w hi c h a b u n c h i s t h e c o nt e nt s
of a s et, e. g. t h e c o nt e nt s of t h e s et { 1, 2} i s t h e b u n c h 1, 2 .
T h e c o m m a i n t h e e x p r e s si o n 1, 2 i s a n o p e r ati o n, k n o w n
a s b u n c h u ni o n, r at h e r t h a n m e r el y s y nt a x. We d e fi n e
a g u a r d e d b u n c h e x p r e s si o n g ⇾ E a s e q u al t o E w h e n
it s g u a r d g i s t r u e a n d e q u al t o t h e e m pt y b u n c h n ull
ot h e r wi s e.

T h e t e r m S ♢ E pl a y s t w o di sti n ct r ol e s. It c a n b e a
t e r m i n t h e e xt e n d e d e x p r e s si o n l a n g u a g e of R B 0, a n d it s
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B 0 i s t h e n a m e of t h e r u n ti m e l a n g u a g e of t h e B f o r m al
d e v el o p m e nt m e t h o d, [ 1] w hi c h w e a d a p t t o r e v e r si bl e p r o g r a m s,
n a mi n g t h e m o di fi e d r u n ti m e l a n g u a g e R B 0.



f o r m al d e s c ri pti o n i s t h e b a si s of a “ p r o s p e cti v e v al u e ”
s e m a nti c s f o r t h e l a n g u a g e, si mil a r i n e x p r e s si v e p o w e r t o
p r e di c at e t r a n sf o r m e r s e m a nti c s.

We will n o w gi v e r ul e s f o r t h e v al u e s t a k e n b y t e r m s
of t h e f o r m S ♢ E o v e r t h e s y nt a cti c c o n st r u ct s of R B 0.
I n t h e f oll o wi n g, S a n d T a r e p r o g r a m s, a n d E a n d F a r e
e xt e n d e d e x p r e s si o n s, i. e e x p r e s si o n s t h at m a y t h e m s el v e s
i n cl u d e t e r m s of t h e f o r m S ♢ E . We h a v e t h e f oll o wi n g
r ul e s.

F o r s ki p . t h e p r o g r a m w hi c h d o e s n ot hi n g, w e h a v e
s ki p ♢ E ≡ E

t h e v al u e of E aft e r e x e c uti n g s ki p i s j u st it s p r e s e nt v al u e.

F o r a s si g n m e nt w e h a v e
x: = F ♢ E ≡ E[ F/ x] .

H e r e, t h e t e r m E[ F/ x] i s t h e e x p r e s si o n E r e w ritt e n wit h
F r e pl a ci n g x . F o r e x a m pl e:

x: = 2 ♢ x + 1 ≡ ( x + 1)[ 2/ x] ≡ 2 + 1
s h o wi n g t h at t h e v al u e of x + 1 aft e r e x e c uti n g x: = 2 i s 3.

F o r c h oi c e w e h a v e
S T ♢ E ≡ ( S ♢ E) , ( T ♢ E) .

T h e p r o s p e cti v e v al u e s aft e r e x e c uti n g a c h oi c e a r e t h e
b u n c h u ni o n of t h e p r o s p e cti v e v al u e s a s s o ci at e d wit h
t h e i n di vi d u al c h oi c e s. F o r e x a m pl e: x: = 1 x: = 2 ♢ x + 1 0 i s
e q ui v al e nt t o 1 1, 1 2 .

F o r a g u a r d e d c o m m a n d w e h a v e
g → S ♢ E ≡ g ⇾ ( S ♢ E) .

H e r e t h e s y m b ol → i s a p r o g r a m g u a r d, b ei n g d e fi n e d
h e r e, a n d t h e si mil a r s y m b ol ⇾ i s t h e b u n c h g u a r d,
d e fi n e d a b o v e. T h e p r o s p e cti v e v al u e s a s s o ci at e d wit h
g → S a r e t h o s e a s s o ci at e d wit h S if g i s t r u e, ot h e r wi s e
t h e r e a r e n o s u c h v al u e s.

F o r s e q u e nti al c o m p o siti o n of p r o g r a m s w e h a v e
S; T ♢ E ≡ S ♢ T ♢ E .

N ot e t h at t o m a k e s e n s e of t h e t e r m S ♢ T ♢ E t h e di a m o n d
o p e r at o r h a s t o b e ri g ht a s s o ci ati v e, s o t h at

S ♢ T ♢ E ≡ S ♢ ( T ♢ E) .
We c a n t hi n k of t hi s a s t h e v al u e T ♢ E w o ul d t a k e w e r e
S t o b e e x e c ut e d.

T h e i nt e r a cti o n b et w e e n c h oi c e, g u a r d s, a n d s e q u e nti al
c o m p o siti o n w hi c h gi v e s u s t h e e ff e ct of b a c kt r a c ki n g i s
ill u st r at e d b y t h e f oll o wi n g si m pl e e x a m pl e. We h a v e a
c h oi c e b et w e e n a s si g ni n g 1 o r 2 t o x , f oll o w e d b y a g u a r d e d
c o m m a n d t h at r e q ui r e d x t o b e 2. If x h a s b e e n s et t o
1, t hi s c o m m a n d will c a u s e r e v e r s e e x e c uti o n, t h e ot h e r
c h oi c e will b e t a k e n, a n d t h e fi n al v al u e of x will b e 2.
We d o n ot e x pli citl y d e s c ri b e t hi s r e v e r s al of e x e c uti o n,
b ut r at h e r c h a r a ct e ri s e t h e c o nt ri b uti o n of c o m p ut ati o n
b r a n c h e s t h at a r e bl o c k e d a s b ei n g n ull.

x: = 1 x: = 2 ; x = 2 → s ki p ♢ x ≡ “ b y s e q c o m p o siti o n r ul e ”
x: = 1 x: = 2 ♢ x = 2 → s ki p ♢ x ≡ “ b y g u a r d r ul e ”
x: = 1 x: = 2 ♢ x = 2 ⇾ ( s ki p ♢ x) ≡ “ b y s ki p r ul e ”

x: = 1 x: = 2 ♢ x = 2 ⇾ x ≡ “ b y c h oi c e r ul e ”
( x: = 1 ♢ x = 2 ⇾ x) , ( x: = 2 ♢ x = 2 ⇾ x) ≡ “ b y a s si g n m e nt r ul e ”
1 = 2 ⇾ 1 , 2 = 2 ⇾ 2 ≡ “ b y d e fi niti o n of b u n c h g u a r d ”
n ull , 2 ≡ “ p r o p e rt y of b u n c h u ni o n wit h t h e e m pt y b u n c h ”
2

A n u m b e r of ot h e r c o n st r u ct s m a y b e e x p r e s s e d wit hi n
t h e p r o s p e cti v e v al u e s c h e m e, i n cl u di n g d e fi niti o n of l o c al
v a ri a bl e s, c h oi c e f r o m a s et, a n d p r o b a bili sti c c h oi c e.
S e a r c h m a y b e t e r mi n at e d o n a gi v e n c o n diti o n, a n d i n
p a rti c ul a r S ♢₁ E i s t h e fi r st r e s ult f r o m a s e a r c h. F o r a
c o m pl et e d e s c ri pti o n s e e [ 6]. T h e i m pl e m e nt ati o n of S ♢ E
a n d it s r el at e d c o n st r u ct s i s di s c u s s e d i n [ 8].

C o n diti o n al s a n d l o o p st r u ct u r e s a r e n ot f u n d a m e nt al
b uil di n g bl o c k s f o r o u r s e m a nti c s, b ut a r e r at h e r e x p r e s s e d
t h r o u g h t h e u s e of c h oi c e, g u a r d a n d s e q u e n ci n g c o m-
m a n d s. F o r e x a m pl e, f o r p r o of a n al y si s w e d e fi n e:

I F g T H E N S E L S E T E N D ≙ g → S ¬ g → T

1 2

I n d e e d t hi s i s al s o a n e x e c ut a bl e d e fi niti o n, t h o u g h n ot a n
o pti m al o n e i n o u r c u r r e nt i m pl e m e nt ati o n.

R e v e r si bilit y of t h e R V M i s i m pl e m e nt e d u si n g a hi st o r y
st a c k. W h e n t h e v al u e of a v a ri a bl e i s a s si g n e d i n f o r w a r d
e x e c uti o n, t h e o ri gi n al v al u e of t h e v a ri a bl e, t h e a d d r e s s
of t h e v a ri a bl e, a n d t h e a d d r e s s of c o d e t h at will r e st o r e
t h e o ri gi n al v al u e, a r e p u s h e d o nt o t h e hi st o r y st a c k. I n
t hi s w a y f o r w a r d e x e c uti o n c o m pil e s a si m pl e p r o g r a m
t h at will p e rf o r m t h e c o r r e s p o n di n g r e v e r s e e x e c uti o n.
P r o g r a m e x e c uti o n i s r e v e r s e d b y e x c h a n gi n g t h e hi st o r y
st a c k wit h t h e s u b r o uti n e c all st a c k ( w h e r e s u b r o uti n e
r et u r n a d d r e s s e s a r e st o r e d) a n d “ r et u r ni n g ” i nt o t h e
r o uti n e w h o s e a d d r e s s w a s l a st d e p o sit e d o n t h e hi st o r y
st a c k. E a c h of t h e c o d e f r a g m e nt s i n v o k e d i n t hi s w a y fi n d s
it s a r g u m e nt s o n t h e st a c k a n d, h a vi n g c o n s u m e d t h e m,
t e r mi n at e s wit h a r et u r n i n st r u cti o n t h at e nt e r s t h e n e xt
f r a g m e nt of r e v e r s e e x e c uti o n c o d e.

III. C h oi c e, P r ef e r e n c e, a n d C o nti n u ati o n s

We a r e i nt e r e st e d i n t w o w a y s i n w hi c h t h e c h a r a ct e ri-
s ati o n of c h oi c e gi v e n a b o v e i s t o s o m e e xt e nt i n a d e q u at e.
Fi r stl y, alt h o u g h it all o w s u s t o e x p r e s s a p r o vi si o n al
c h oi c e, it d o e s n ot p e r mit u s t o f o r m all y st at e w hi c h
c h oi c e s h o ul d b e t ri e d fi r st. S e c o n dl y, t h e s a m e s e m a nti c s
of c h oi c e i s u s e d wit hi n t h e B d e v el o p m e nt m et h o d at
a s p e ci fi c ati o n l e v el t o e x p r e s s “i m pl e m e nt e r’ s c h oi c e ”.
T h at i s, t h e c h oi c e s a n i m pl e m e nt e r i s f r e e t o m a k e w hil st
k e e pi n g wit hi n t h e b ri ef of a s p e ci fi c ati o n. We c a n ill u s-
t r at e t h e di ff e r e n c e b et w e e n p r o vi si o n al a n d i m pl e m e nt e r’ s
c h oi c e u si n g t h e K ni g ht’ s T o u r c h e s s p r o bl e m, i n w hi c h
a p r o g r a m m u st fi n d a s e q u e n c e of m o v e s w hi c h t a k e a
k ni g ht t o e a c h s q u a r e of a c h e s s b o a r d, vi siti n g e a c h o nl y
o n c e. T h e s p e ci fi c ati o n of t h e p r o g r a m d o e s n ot t ell u s
w hi c h p a rti c ul a r t o u r will b e c h o s e n, a n d w e s h o ul d b e
s ati s fi e d wit h a n y r e s ult t h at i s a v ali d t o u r. T h at i s
i m pl e m e nt e r’ s c h oi c e. D u ri n g e x e c uti o n of t h e p r o g r a m,
p r o vi si o n al c h oi c e s a r e m a d e f o r m o vi n g t h e k ni g ht, a n d if
a p a rti c ul a r c h oi c e l e a d s t o a n i m p a s s e, it will b e r e vi s e d.
C o v e ri n g t h e t w o c h oi c e s b y t h e s a m e s e m a nti c s i s n ot
c o m pl et el y u n m a n a g e a bl e, b ut n e e d s c a r ef ul o r g a ni s ati o n



of t h e s oft w a r e d e v el o p m e nt p r o c e s s, si n c e di s c a r di n g a
p o s si bl e i m pl e m e nt e r’ s c h oi c e ( e. g. r e pl a ci n g S T b y S
d u ri n g t h e p r o g r a m d e si g n p r o c e s s) still l e a v e s u s wit h a
s ol uti o n, b ut di s c a r di n g a p o s si bl e p r o vi si o n al c h oi c e m a y
r e s ult i n all s ol uti o n s b ei n g l o st. A f ull di s c u s si o n i s gi v e n
i n [ 1 1].

A. Fr o m r e c o r di n g s et s of r e s ult s t o r e c o r di n g a t e m p o r all y
o r d e r e d s e q u e n c e

Wit h t h e ai m s of e st a bli s hi n g a f o r m al d e v el o p m e nt
m et h o d f o r r e v e r si bl e c o m p ut ati o n a n d e x pl oiti n g r e-
v e r si bilit y t o p r o vi d e b a c kt r a c ki n g wit hi n t h e r u n ti m e
l a n g u a g e of t h at m et h o d, w e s e e k a s e m a nti c s t h at c a n
e x p r e s s p r ef e r e n c e a n d di sti n g ui s h c h oi c e s m a d e d u ri n g t h e
d e si g n p r o c e s s f r o m t h o s e m a d e d u ri n g p r o g r a m e x e c uti o n.

I n e ff e ct, w e a r e l o o ki n g f o r a ri c h e r a n d m o r e di s c ri mi-
n ati n g s e m a nti c s t h a n t h at p r o vi d e d b y p r o s p e cti v e v al u e s.
I n t hi s r e g a r d, w e r e c all t h at, t hi n ki n g of S ♢ E a s a t e r m
i n a n e x e c ut a bl e l a n g u a g e, w e a r e di s c a r di n g i nf o r m ati o n
a b o ut t h e o r d e r i n w hi c h r e s ult s a r e r e c o r d e d d u ri n g it s
e v al u ati o n. T hi s o r d e r c o ul d b e r et ai n e d if w e r e c o r d e d
t h e r e s ult s a s a s e q u e n c e. T o s e e h o w t hi s i s a c hi e v e d o n
t h e R V M a n d i n R B 0 w e fi r st l o o k at t h e t r a n sl ati o n i nt o
R V M- F o rt h of t h e t e r m { S ♢ E}.

F o r a n y R B 0 p r o g r a m S o r e x p r e s si o n E l et ⟦ S ⟧ o r ⟦ E ⟧
r e s p e cti v el y b e it s t r a n sl ati o n i nt o R V M F o rt h. L et ⟦ E ⟧ T

b e t h e R V M F o rt h e x p r e s si o n gi vi n g t h e t y p e of E . T h e n
w e h a v e t h e f oll o wi n g t r a n sl ati o n s c h e m a f o r a n y t e r m { S
♢ E} .

⟦{ S ♢ E} ⟧ = ⟦ E ⟧ T { < R U N ⟦ S ⟧ ⟦ E ⟧ R U N > }
F o r e x a m pl e { x: = 1 x: = 2 ♢ x + 1 0 } w o ul d t r a n sl at e t o: 2

I N T { < R U N
< C H OI C E 1 t o x [] 2 t o x C H OI C E >
x 1 0 +

R U N > }

T h e r e s ult of e v al u ati n g t hi s t e r m will b e t h e i nt e g e r s et
{ 1 1, 1 2}. Wit hi n t h e F o rt h c o d e, e a c h t o k e n i n t h e a b o v e
c o d e i s a s s o ci at e d wit h a n o p e r ati o n, a s f oll o w s.

I N T pl a c e s a s et o n t h e st a c k w hi c h h a s t h e s a m e t y p e
a s t h e r e s ult. I N T i s t h e e m pt y s et of i nt e g e r s a n d a ct s a s
a t e m pl at e f o r t h e r e s ult s et.

{ r e m o v e s t h e s et I N T f r o m t h e st a c k a n d o p e n s a s et
c o n st r u cti o n f o r a s et of t h e s a m e t y p e.

< R U N h a s n o e ff e ct d u ri n g f o r w a r d e x e c uti o n, b ut
c o n v e rt s r e v e r s e e x e c uti o n f r o m wit hi n S t o f o r w a r d
e x e c uti o n b e y o n d t h e c o r r e s p o n di n g R U N > . N ot e t h at if
r e v e r s e e x e c uti o n g et s b a c k t o t hi s p oi nt f r o m wit hi n S all
p o s si bl e e x e c uti o n p at h s t h r o u g h S h a v e b e e n e x pl o r e d.

< C H OI C E p ri m e s t h e hi st o r y st a c k wit h t h e a d d r e s s
of t h e s e c o n d c h oi c e a n d a n o p e r ati o n t h at will r e s u m e
f o r w a r d e x e c uti o n at t hi s a d d r e s s.

[] s e p a r at e s c h oi c e s i n t h e c h oi c e c o n st r u ct. C o d e i s
c o m pil e d t o s ki p o v e r t h e r e st of t h e c h oi c e c o n st r u ct.
We r e t h e r e t o b e m o r e t h a n o n e r e m ai ni n g c h oi c e, t h e

2 We h a v e o mi t t e d t r a n sl a ti o n s c h e m a s f o r c h oi c e, a s si g n m e nt a n d
a ri t h m e ti c.

hi st o r y st a c k w o ul d al s o b e p ri m e d at t hi s p oi nt s o t h at
r e v e r s e e x e c uti o n c a u s e d f o r w a r d e x e c uti o n t o r e s u m e at
t h e f oll o wi n g c h oi c e.

C H OI C E > m a r k s t h e e n d of t h e c h oi c e st r u ct u r e. C o d e
f o r e a c h c h oi c e, ot h e r t h a n t h e l a st, i s t e r mi n at e d b y
a b r a n c h t o t hi s p oi nt, a n d t h e F o rt h c o m pil e r, w hi c h
o p e r at e s i n a si n gl e p a s s, r e s ol v e s t h e s e b r a n c h e s at t hi s
p oi nt.

R U N > a d d s a c o p y of t h e v al u e of E t o t h e s et
u n d e r c o n st r u cti o n (t h e o ri gi n al v al u e f o u n d f o r E will b e
u n c o m p ut e d b y r e v e r s e e x e c uti o n) a n d r e v e r s e s e x e c uti o n
s o t h at a n y f u rt h e r r e s ult s c a n b e f o u n d. C o nt r ol will
b e p a s s e d b e y o n d t hi s p oi nt w h e n r e v e r s e e x e c uti o n
e v e nt u all y s u c c e e d s i n g etti n g b a c k t o < R U N , i n di c ati n g
t h e r e a r e n o m o r e p r o vi si o n al c h oi c e s t o b e e x pl o r e d.

} t e r mi n at e s t h e s et c o n st r u cti o n, l e a vi n g ( a p oi nt e r t o)
t h e fi n al v al u e of t h e s et o n t h e st a c k.

T o c o n si d e r h o w t hi s s c h e m a mi g ht b e a m e n d e d s o t h at
t h e r e s ult s g e n e r at e d b y S a r e r e c o r d e d a s a s e q u e n c e, w e
l o o k fi r st at t h e R V M- F o rt h e x p r e s si o n of s et e xt e n si o n
a n d s e q u e n c e e xt e n si o n. I n t h e p o st fi x n ot ati o n of R V M-
F o rt h t h e s et e xt e n si o n { 1 0, 2 0} i s w ritt e n a s:

I N T { 1 0 , 2 0 , }

T h e c o m m a i n t hi s c o d e i s a n o p e r ati o n r at h e r t h a n
s y nt a x. It c o n s u m e s t h e t o p st a c k v al u e a n d a d d s it t o
t h e s et u n d e r c o n st r u cti o n. T hi s i s w h y w e h a v e a c o m m a
aft e r t h e 2 0.

A s e q u e n c e wit h t h e s e s a m e el e m e nt s a n d wit h 1 0
o c c u r ri n g b ef o r e 2 0 i s w ritt e n a s:

I N T [ 1 0 , 2 0 , ]

T h e c o m m a i n t hi s s e q u e n c e e xt e n si o n e x p r e s si o n i s a n
o p e r ati o n w hi c h c o n s u m e s t h e t o p st a c k it e m a n d a p p e n d s
it t o t h e s e q u e n c e u n d e r c o n st r u cti o n. T h e c o m m a s f o r
s et a n d s e q u e n c e c o n st r u cti o n a r e di ff e r e nt o p e r ati o n s,
r e c o g ni s e d a s s u c h b y t h e F o rt h c o m pil e r s etti n g a di ff e r e nt
“ c o nt e xt ” at t h e st a rt of s et o r s e q u e n c e e xt e n si o n e x p r e s-
si o n s, r e s ulti n g i n t h e s e a r c h f o r F o rt h “ w o r d s ” (t o k e n s)
b ei n g m a d e o n a di ff e r e nt s e q u e n c e of w o r d-li st s.

I n t hi s s pi rit w e d e fi n e, wit hi n t h e c o nt e xt of s e q u e n c e
e xt e n si o n, t h e o p e r ati o n s < R U N a n d R U N > , si mil a r t o
t h o s e u s e d f o r s et e xt e n si o n s b ut o p e r ati n g t o c o n st r u ct
a s e q u e n c e of all v al u e s p r o d u c e d b y a n e x h a u sti v e
e x pl o r ati o n of S .

F o r a n y p o st fi x p r o g r a m ℱ , l e a vi n g a si n gl e v al u e of
p o st fi x t y p e T ,

T [ < R U N ℱ R U N > ]

will l e a v e t h e s e q u e n c e of p o s si bl e v al u e s g e n e r at e d b y ℱ
b y f oll o wi n g di ff e r e nt c h oi c e s. T h e s e q u e n c e will c o nt ai n
r e p e at e d v al u e s a n d t h e v al u e s it r e c o r d s will b e h el d
i n t h e o r d e r i n w hi c h t h e y a r e g e n e r at e d. T h e r a n g e of
t h e r e c o r d e d s e q u e n c e will b e p r e ci s el y t h e s et of v al u e s
g e n e r at e d b y
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B. G u a r d e d c o m m a n d l a n g u a g e s e m a nti c s f o r a l a n g u a g e
wit h p r ef e r e nti al a n d i m pl e m e nt e r’ s c h oi c e

We n o w i nt r o d u c e a g u a r d e d c o m m a n d l a n g u a g e st r u c-
t u r e t o e x pl oit t h e R V M- F o rt h s e q u e n c e d e s c ri pti o n s
d e s c ri b e d i n t h e p r e vi o u s s e cti o n. We t h e n p r o vi d e a
t r a n sl ati o n s c h e m a f r o m g u a r d e d c o m m a n d l a n g u a g e t o
R V M- F o rt h t o s h o w h o w t h e t w o d e s c ri pti o n s a r e r el at e d.

T h e c h oi c e c o n n e cti v e w hi c h w e h a v e u s e d i n o u r
g u a r d e d c o m m a n d l a n g u a g e s o f a r will n o l o n g e r b e a
p ri miti v e of t h e l a n g u a g e. It will b e r e pl a c e d, f o r t h e
m o m e nt, b y t w o di ff e r e nt s y m b ol s. S ▻ T will e x p r e s s
p r ef e r e nti al c h oi c e, r e p r e s e nti n g a c o m m a n d t h at will
fi r st t r y S a n d l at e r t r y T if t h e c h oi c e of S d o e s n ot
l e a d t o a s ol uti o n. S ⊓ T will r e p r e s e nt i m pl e m e nt e r’ s
c h oi c e, u s e d i n s p e ci fi c ati o n s t o e x p r e s s a b st r a cti o n a n d
u s e d i n t h e s e m a nti c s of c o d e w h e r e s o m e d et ail s of
i m pl e m e nt ati o n h a v e b e e n l eft t o t h e c o m pil e r w rit e r. We
al s o gi v e a n u n b o u n d e d v e r si o n of i m pl e m e nt e r’ s c h oi c e.
v a r v • S i nt r o d u c e s a l o c al v a ri a bl e v w hi c h c a n n o n-
d et e r mi ni sti c all y t a k e a n y v al u e f r o m it s t y p e a n d m a y
b e u s e d i n S , t h o u g h n ot i n E . R at h e r s u r p ri si n gl y, t hi s
c o n st r u ct h a s a u s e i n d e s c ri bi n g i m pl e m e nt ati o n s; if v i s
a s si g n e d a n e w v al u e wit hi n S b ef o r e b ei n g u s e d i n a n y
e x p r e s si o n, t h e e ff e ct of t h e n o n- d et e r mi ni s m i s r e m o v e d,
a n d t h e r e s ulti n g d e s c ri pti o n s e r v e s u s a s a s e m a nti c s f o r
l o c al v a ri a bl e s.

F o r a n y s e q u e n c e e x p r e s si o n E a n d p r o g r a m S w e d e fi n e
t h e “ n a bl a t e r m ” S ∇ E o v e r t h e s y nt a cti c st r u ct u r e of
t h e l a n g u a g e a s f oll o w s:

T h e r ul e f o r s ki p i s:
s ki p ∇ E ≡ E .

F o r e x a m pl e s ki p ∇ ⟨ x⟩ ≡ ⟨ x⟩ .

F o r a s si g n m e nt, r e c alli n g t h at E[ F/ x] r e p r e s e nt s a r e w rit e
of e x p r e s si o n E wit h e x p r e s si o n F r e pl a ci n g x

x : = F ∇ E ≡ E[ F/ x]
F o r e x a m pl e x: = x + 1 ∇ ⟨ x⟩ ≡ ⟨ x + 1⟩

F o r a g u a r d e d c o m m a n d, g → S , t h e r e s ult of g → S
∇ E will b e S ∇ E if g i s t r u e, a n d ot h e r wi s e will b e
a n e m pt y s e q u e n c e, i n di c ati n g t h at t h e r e a r e n o p o s si bl e
c o nti n u ati o n s.

g → S ∇ E ≡ g ⇾ ( S ∇ E), ¬ g ⇾ ⟨⟩
F o r e x a m pl e x = 1 → s ki p ∇ ⟨ x⟩ ≡ x = 1 ⇾ ⟨ x⟩, x ≠ 1 ⇾ ⟨⟩ .
N ot e t h at a k e y di ff e r e n c e b et w e e n t h e P V s e m a nti c s of
S ♢ E a n d t h e T O C s e m a nti c s of S ∇ E i s t h at i n P V
s e m a nti c s i nf e a si bilit y l e a d s t o a n e m pt y b u n c h of aft e r
st at e s, a n d i n T O C s e m a nti c s i nf e a si bilit y l e a d s t o a n
e m pt y s e q u e n c e of c o nti n u ati o n s.

F o r p r ef e r e nti al c h oi c e w e c a pt u r e t h e i d e a of p r ef e r e n c e
t h r o u g h t h e o r d e r gi v e n t o t h e p o s si bl e c o nti n u ati o n s.

S ▻ T ∇ E ≡ ( S ∇ E) ⁀( T ∇ E)
F o r e x a m pl e x: = 1 ▻ x: = 2 ∇ ⟨ x⟩ ≡ ⟨ 1⟩ ⁀⟨ 2⟩ ≡ ⟨ 1, 2⟩

I m pl e m e nt e r’ s c h oi c e i s r e p r e s e nt e d a s a b u n c h of p o s si bl e
s e q u e n c e s.

S ⊓ T ∇ E ≡ ( S ∇ E),( T ∇ E)
F o r e x a m pl e x: = 1 ⊓ x: = 2 ∇ ⟨ x⟩ ≡ ⟨ 1⟩,⟨ 2⟩ N ot e, h o w e v e r,
t h at i m pl e m e nt e r’ s c h oi c e i s a s p e ci fi c ati o n c o n st r u ct,
s u p p o s e d t o b e r e m o v e d f r o m a p r o g r a m d u ri n g t h e
d e v el o p m e nt p r o c e s s. N a bl a t e r m s wit h n o n- d et e r mi ni sti c
c h oi c e a r e n ot e x e c ut a bl e.

F o r s e q u e nti al c o m p o siti o n, a n d n oti n g t h at ∇ a s s o ci at e s
t o t h e ri g ht:

S ; T ∇ E ≡ S ∇ T ∇ E
F o r e x a m pl e x: = 1; x: = x + 1 ∇ ⟨ x⟩ ≡ x: = 1 ∇ ⟨ x + 1⟩ ≡ ⟨ 2⟩

U n b o u n d e d i m pl e m e nt e r’ s c h oi c e yi el d s a ( p o s si bl y i n fi-
nit e) b u n c h of c o nti n u ati o n s.

v a r v • S ∇ E ≡ ∮ v • ( S ∇ E)
H e r e w e h a v e t h e r e st ri cti o n t h at v m u st n ot o c c u r f r e e
i n E . T hi s r e st ri cti o n i s n ot i m p o s e d b y t h e f o r m of
t h e d e fi niti o n, si n c e a s f a r a s t h e b u n c h c o m p r e h e n si o n
e x p r e s si o n i s c o n c e r n e d, E i s wit hi n t h e s c o p e of v .
H o w e v e r, it b e c o m e s cl e a r w h e n w e c o n si d e r t h at t h e ai m
of t h e s e r ul e s i s t o d e s c ri b e all p r o g r a m s i n o u r l a n g u a g e
b y gi vi n g t h ei r T O C e ff e ct o v e r t h e s y nt a cti c c o n st r u ct s
of t h e el e m e nt al s e m a nti c c o m p o n e nt s of t h e l a n g u a g e
( w h e r e w e n ot e t h at c o n diti o n al st at e m e nt s a n d l o o p s a r e
c o m p o sit e c o n st r u ct s). T h u s i n t hi s r ul e w e a r e d e s c ri bi n g
t h e T O C e ff e ct of t h e l a n g u a g e c o n st r u ct v a r v • S .

We h a v e o mitt e d f r o m t h e s e r ul e s t h e p u r el y s p e ci fi c a-
ti o n c o n st r u ct of p r e c o n diti o n, gi vi n g t h e r ul e f o r w h e n a
p r o g r a m S c a n b e u s e d, si n c e it s i n cl u si o n w o ul d r e q ui r e
a d diti o n al b u n c h t h e o r y c o n c e pt s.

Wit h t h e s e r ul e s w e c a n s h o w t h at:
x: = 1 0 ▻ x: = 2 0 ∇ ⟨ x⟩ ≡ ⟨ 1 0, 2 0⟩

a n d
x: = 1 0 ▻ x: = 2 0 ; x = 2 0 → s ki p ∇ ⟨ x⟩ ≡ ⟨ 2 0⟩

I n t h e s e c o n d e x a m pl e, t h e p r ef e r r e d c h oi c e i s x: = 1 0 .
T hi s s u b s e q u e ntl y l e a d s t o a n i m p a s s a bl e g u a r d, c a u si n g
t h e c h oi c e t o b e r e vi s e d. We c a n t hi n k of S ∇ ⟨ x⟩ a s
r e p r e s e nti n g t h e s e q u e n c e of v al u e s of x w hi c h p r o g r a m
S will o ff e r s t o f oll o wi n g c o d e w h e n f o r c e d t o b a c kt r a c k
f r o m s u c c e e di n g c o d e. We c a n al s o t hi n k of it a s a t e r m
i n a n e xt e n d e d e x p r e s si o n l a n g u a g e w hi c h will yi el d t h at
s e q u e n c e of v al u e s.

A p e r c e pti v e r e vi e w e r a s k e d w h y p r ef e r e nti al c h oi c e
s o m eti m e s o nl y a cti v at e s it s l e s s p r ef e r r e d o pti o n w h e n
f o r c e d t o b a c kt r a c k f r o m t h e fi r st, a n d s o m eti m e s e x e c ut e d
b ot h o pti o n s. T h e a n s w e r li e s i n t h e p r e vi o u s p a r a g r a p h
- all c h oi c e s wit hi n S a r e a cti v at e d w h e r e it o c c u r s i n t h e
t e r m S ∇ E .

I V. E x a m pl e p r o g r a m s a n d t h ei r R V M t r a n sl ati o n s

We gi v e t h r e e e x a m pl e s p r o g r a m s w hi c h e x pl oit p r ef e r-
e nti al c h oi c e a n d n a bl a t e r m s, al o n g wit h t h ei r t r a n sl ati o n s
i nt o F o rt h.

We fi r st gi v e a s c h e m a f o r t r a n sl ati n g t h e R B 0 t e r m S
∇ ⟨ E⟩ .

We a g ai n u s e t h e b r a c k et s ⟦ .. ⟧
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into RVM-Forth, and we represent the postfix expression
giving the type of E as ⟦E⟧T .The translation is given by:

⟦S ∇ ⟨E⟩⟧ ≡ ⟦E⟧T [ <RUN ⟦S⟧ ⟦E⟧ RUN> ]
Note that although nabla terms are formally defined

for any sequence expression, non-unit sequences occur
only within semantic analysis, so are not candidates for
translation to RVM code.

A. A simple backtracking parser
Our first example program is a backtracking parser for a

simple language of expressions containing only identifiers
and addition and multiply symbols. We use preference to
express precedence. The text to be parsed is taken from the
input stream. Id, Otimes and Oplus attempt to parse an
identifier, a multiply symbol and an addition symbol from
the input stream. If this is possible they update the input
stream pointer, otherwise they enter reverse execution.

We assume an input stream variable instream accessed
as an array, and an input stream pointer i Also a set
id_set containing the set of characters used as the valid
identifiers for our language.

Here are the RB0 definitions

Id ≙ instream(i) ∈ id_set → i:=i+1
Oplus ≙ instream(i) = '+' → i:=i+1
Otimes ≙ instraim(i) = '*' → i:=i+1

These are translated to RVM-Forth as

: Id instream i + C@ id-set IN --> i 1+ to i ;
: Oplus instream i + C@ [CHAR] + = --> i 1+ to i ;
: Otimes instream i + C@ [CHAR] * = --> i 1+ to i ;

We now consider the parsing operations T and E T
parses expressions that contain no addition symbols, and
E is the complete expression parser. Their RB0 definitions
are.
T ≙ (Id ; Otimes ; T) ▻ Id
E ≙ (T ; Oplus ; E) ▻ T

These translate to the RVM-Forth as

: T <CHOICE Id Otimes RECURSE [] Id CHOICE> ;
: E <CHOICE T Oplus RECURSE [] T CHOICE> ;

B. Calculation of a probability distribution
As an example of a program that uses a nabla term,

consider the calculation of frequencies of possible scores
obtained by summing the values of three dice. We have an
initialisation to record the scores associated with each of
the 6³ possible outcomes as a sequence, and an operation
to interrogate the sequence and tell us the number of
entries in the sequence that correspond to a given score.
We assume a constant die equal to the set 1..6 and a
variable scores which will record the sequence of possible
scores resulting from the 6³ possible outcomes that can
arise from throwing three dice. The initialisation code is:

var x₁, x₂, x₃ • scores := (x₁ :∈ die; x₂ :∈ die; x₃ :∈ die ∇

⟨x₁+x₂+x₃⟩)
This translates to the following Forth operation, which

it is convenient to name Init (the initialisation of an RB0
“abstract machine” being anonymous.)

: Init ( -- ) (: :)
NULL VALUE x1 NULL VALUE x2 NULL VALUE x3
INT [ <RUN
DIECHOICE to x1DIECHOICE to x2 DIECHOICE to x3
x1 x2 + x3 +
RUN> ] to scores ;

Or, with optimisation, to

: Init ( -- )
INT [ <RUN
DIE CHOICE DIE CHOICE + DIE CHOICE +
RUN> ] to scores ;
The scores sequence is held as a function which maps

each position in the sequence to its value. The frequency
of a particular score is found by range restricting this
function to the required score, and taking the cardinality
of the resulting set. ▷ represents range restriction.

f ← freq(n) ≙ f := card(scores ▷ n)
This translates to the following definition in the RVM

: freq ( n -- f ) (: n :) scores INT { n , } ▷ CARD ;

C. Checking for redundant paths in backtracking search
A more general application of nabla terms is to check

backtracking searches for redundant paths to solutions,
that is to ensure they have only one way of finding each
result. That will indeed be the case if

card({S ♢ E}) = card(S ∇ ⟨E⟩)

V. Related Work
A 1973 paper of M Zelkowitz [10] is the first commu-

nication to propose reversible execution as a means of
controlling backtracking. Zelkowitz added a RETRACE
command to PL1 allowing execution to reverse a given
number of steps or until a certain condition was met. The
feature is illustrated with a tree walking algorithm.

In “A Generalization of Dijkstra’s Calculus” [5] Nelson
discusses backtracking and clairvoyant choice, equivalent
to the provisional choice of our PV semantics but analysed
using weakest pre-conditions. He also introduces a form of
biased choice S ⊞ T which will choose S unless there is no
feasible path through S (no path not blocked by a false
guard) in which case it chooses T. This construct differs
from our preferential choice in that it is not concerned with
what happens after S has terminated - it cannot revise
its preference after backtracking from the continuation of
S. Nelson uses his biased choice in the specification of a
simple parsing algorithm, similar to our example but not
executable. The first researcher to suggest that guards and
choice rather than conditionals and loop statements were
the fundamental building blocks of a sequential language
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was R Hehner, in an unpublished but well known technical
report, the history of which is given in [4]. Henry Baker
[2] mentions a number of ways of exploiting reversibility
that are related to this work, including speculative and
subjunctive computation. Note that we can consider the
term S ♢ E in a subjunctive sense as the values E might
take were the computation S to be performed.

VI. Conclusions and Future Work

We propose a reversible virtual machine, the RVM,
as a target platform for compiling reversible guarded
command languages. For discussion purposes we adapt
B0, the implementation level language of the B Method,
to give RB0, a reversible guarded command language used
as a vehicle for our discussions.

In this paper we add a preferential choice operator and
a new programming construct that records the sequence
of values an expression can take following a computation,
recorded in the order they will be offered to the compu-
tation’s continuation. This new programming structure, a
nabla Term, is described and illustrated by a program that
calculates a probability distribution. The semantic rules
for nabla Terms give us the required formal description
for preferential choice, whose use is illustrated by a simple
backtracking parser.

Future work includes both theoretical and practical
investigations. Since we now have two semantics, based
on prospective values and the temporal order of continu-
ations, there is an obvious obligation to prove these are
consistent. For use of TOC semantics in program refine-
ment, we need to develop a theory of proof obligations in
the style of the B-Method, and which tell us what needs to
be proved to show an implementation is consistent with
its specification, which may be described at a far more
abstract (and non-executable) level.

Ongoing practical work includes the development of
a compiler for a variant of the theoretical high level
guarded command language RB0. This language will
include terms of the form S♢E and S∇E within its syntax
of extended expressions.
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