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1 Introduction
1.1 Motivation

Evolutionary Game Theory (EGT) (Maynard Smith and Price, 1973) has be-
come one of the most diverse and far reaching theories in biology finding its
applications in a plethora of disciplines such as ecology, population genetics, so-
cial sciences, economics and computer science (Maynard Smith, 1982; Axelrod,
1984; Hofbauer and Sigmund, 1998; Nowak, 2006; Broom and Rychtér, 2013;
Perc and Szolnoki, 2010; Sandholm, 2010; Han et al., 2017), see also recent
reviews (Wang et al., 2016; Perc et al., 2017). For example, in economics, EGT
has been employed to make predictions in situations where traditional assump-
tions about agents’ rationality and knowledge may not be justified (Friedman,
1998; Sandholm, 2010). In computer science, EGT has been used extensively
to model dynamics and emergent behaviour in multiagent systems (Helbing
et al., 2015; Tuyls and Parsons, 2007; Han, 2013). Furthermore, EGT has pro-
vided explanations for the emergence and stability of cooperative behaviours
which is one of the most well-studied and challenging interdisciplinary prob-
lems in science (Pennisi, 2005; Hofbauer and Sigmund, 1998; Nowak, 2006).
A particularly important subclass in EGT is random evolutionary games in
which the payoff entries are random variables. They are useful to model so-
cial and biological systems in which very limited information is available, or
where the environment changes so rapidly and frequently that one cannot de-
scribe the payoffs of their inhabitants’ interactions (May, 2001; Fudenberg and
Harris, 1992; Han et al., 2012; Gross et al., 2009; Galla and Farmer, 2013).

Similar to the foundational concept of Nash equilibrium in classical game
theory (Nash, 1950), the analysis of equilibrium points is of great importance in
EGT. It provides essential understanding of complexity in a dynamical system,
such as its behavioural, cultural or biological diversity (Haigh, 1988, 1990;
Broom et al., 1997; Broom, 2003; Gokhale and Traulsen, 2010; Han et al., 2012;
Gokhale and Traulsen, 2014; Duong and Han, 2015, 2016; Broom and Rychtér,
2016). A large body of literature has analysed the number of equilibria, their
stability and attainability in concrete strategic scenarios such as the public
goods game and its variants, see for example Broom et al. (1997); Broom
(2000); Pacheco et al. (2009); Souza et al. (2009); Pena (2012); Pena et al.
(2014); Sasaki et al. (2015). However, despite their importance, equilibrium
properties in random games are far less understood with, to the best of our
knowledge, only a few recent efforts (Gokhale and Traulsen, 2010; Han et al.,
2012; Galla and Farmer, 2013; Gokhale and Traulsen, 2014; Duong and Han,
2015, 2016; Broom and Rychtér, 2016). One of the most challenging problems
in the study of equilibrium properties in random games is to characterise the
distribution of the number of equilibria (Gokhale and Traulsen, 2010; Han
et al., 2012):

What is the distribution of the number of (internal) equilibria in a d-player
random evolutionary game and how can we compute it?
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This question has been studied in the literature to some extent. For example, in
Gokhale and Traulsen (2010); Han et al. (2012); Gokhale and Traulsen (2014),
the authors studied this question with a small number of players (d < 4) and
only focused on the probability of attaining the maximal number of equilib-
rium points, i.e. pg_1, where p,, (0 < m < d — 1) is the probability that
a d-player game with two strategies has exactly m internal equilibria. These
works use a direct approach by analytically solving a polynomial equation, ex-
pressing the positivity of its zeros as domains of conditions for the coefficients
and then integrating over these domains to obtain the corresponding probabil-
ities. However, it is impossible to extend this approach to games with a large
or arbitrary number of players as in general, a polynomial of degree five or
higher is not analytically solvable (Abel, 1824). In more recent works (Duong
and Han, 2015, 2016; Duong et al., 2017a), we have established the links be-
tween random evolutionary games, random polynomial theory (Edelman and
Kostlan, 1995) and classical polynomial theory (particularly Legendre polyno-
mials), employing techniques from the latter to study the ezpected number of
internal equilibria, . More specifically, we provided closed form formulas for
E, characterised its asymptotic limits as the number of players in the game
tends to infinity and investigated the effect of correlation in the case of cor-
related payoff entries. On the one hand, F offers useful information regarding
the macroscopic, average behaviour of the number of internal equilibria a dy-
namical system might have. On the other hand, E cannot provide the level
of complexity or the number of different states of biodiversity that will occur
in the system. In these situations, details about how the number of internal
equilibrium points distributed is required. Furthermore, as F' can actually be
derived from p,, using the formula F = Zi;lo MPm, a closed form formula for
Pm would make it possible to compute E for any d, hence filling in the gap in
the literature on computing F for large d (d > 5). Therefore, it is necessary
to estimate py,.

1.2 Summary of main results

In this paper, we address the above question by providing a closed-form for-
mula for the probability p,, (0 < m < d — 1). Our approach is based on the
links between random polynomial theory and random evolutionary game the-
ory established in our previous work (Duong and Han, 2015, 2016). That is,
an internal equilibrium in a d-player game with two strategies can be found by
solving the following polynomial equation (detailed derivation in Section 2),

S (43 1) =0 )
k=0

where 8, = Ay — By, with A, and By being random variables representing the
entries of the game payoff matrix. We now summarise the main results of this
paper. Detailed derivations and proofs will be given in subsequent sections.
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The first main result is an explicit formula for the probability distribution of
the number of internal equilibria.

Theorem 1 (The distribution of the number of internal equilibria in
a d-player two-strategy random evolutionary game) Suppose that the
coefficients {Bx} in (1) are either normally distributed, uniformly distributed
or the difference of uniformly distributed random variables. The probability
that a d-player two-strategy random evolutionary game has m, 0 < m < d—1,
internal equilibria, is given by

L=

Pm = Z Pm,2k,d—1—m—2k, (2)
k=0

where D ok, d—1—m—2k ore given in (13), (14) and (15), respectively.

This theorem, which is stated in detail in Theorem 4 in Section 3, is derived
from a more general theorem, Theorem 3, where we provide explicit formulas
for the probability py, ok,n—m—2x that a random polynomial of degree n has
m (0 < m < n) positive, 2k (0 < k < [%5™]) complex and n — 2m — 2k
negative roots. Note that results from Theorem 3 are applicable to a wider class
of general random polynomials, i.e. beyond those derived from evolutionary
random games considered in this work.

Theorem 1 is theoretically interesting and can be used to compute p,,,
0 <m < d—1 for small d. We use it to compute all the probabilities p,,, 0 <
m < d—1, for d up to 5, and compare the results with those obtained through
extensive numerical simulations (for validation). However, when d is larger
it becomes computationally expensive to compute these probabilities using
formula (2) because one needs to calculate all the probabilities p, 2k d—1—2k,
0 <k < ["5™], which are complex multiple integrals. To overcome this issue,
in Section 5, we develop our second main result, Theorem 2 below, which
offers simpler explicit estimates of p,, in terms of d and m. The main idea
in developing this result is employing the symmetry of the coefficients B.
Specifically, we consider two cases

1
Case1: P(B;>0)=P(B, <0) = 3
Case2: P(Br,>0)=caand P(Br <0)=1-—q,

for all k = 0,...,d — 1 and for some 0 < a < 1. Note here that Case 1 is
an instance of Case 2 when o = % and can be satisfied when a; and (; are
exchangeable (see Lemma 1 below). Interestingly, the symmetry of 5 allows us
to obtain a much simpler treatment. The general case allows us to move beyond
the exchangeability condition capturing the fact that different strategies might
have different payoff properties.

Theorem 2 We have the following upper-bound estimate for pp,

Pm < Z Pk,d—1, (3)

k>m
k—m even
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d—1
k
side of (3) can be computed explicitly in terms of m and d. For the general
case, it can be computed explicitly according to Theorem 7. The estimate (3)
has several useful implications, leading to explicit bounds for py_o and pg—1 as

well as the following assertions:

where pr g—1 = %%1 ifa= %, in this case the sum on the right hand

1) Ford=2:py=a?+ (1 —a)? and p; = 2a(1 — a);
2) Ford=3:p; =2a(l —a).

This theorem is a summary of Theorems 6, 7 and 8 in Section 4 that are
derived using Descartes’ rule of signs and combinatorial methods. We note
that results of the aforementioned theorems are applicable to a wider class of
random polynomials that are not necessarily from random games.

1.3 Organisation of the paper

The rest of the paper is organised as follows. In Section 2, we recall and sum-
marise the replicator dynamics for multi-player two-strategy games. The main
contributions of this paper and the detailed analysis of the main results de-
scribed above will be presented in subsequent sections. Section 3 is devoted to
the proof of Theorem 1 on the probability distribution. The proof of Theorem 2
will be given in Section 4. In Section 5 we show some numerical simulations
to demonstrate analytical results. In Section 6, further discussions are given.
Finally, Appendix 7 contains proofs of technical results from previous sections.

2 Replicator dynamics

A fundamental model of evolutionary game theory is replicator dynamics (Tay-
lor and Jonker, 1978; Zeeman, 1980; Hofbauer and Sigmund, 1998; Schuster
and Sigmund, 1983; Nowak, 2006), describing that whenever a strategy has
a fitness larger than the average fitness of the population, it is expected to
spread. For the sake of completeness, below we derive the replicator dynamics
for multi-player two-strategy games.

Consider an infinitely large population with two strategies, A and B. Let z,
0 <z <1, be the frequency of strategy A. The frequency of strategy B is thus
(1 — x). The interaction of the individuals in the population is in randomly
selected groups of d participants, that is, they play and obtain their fitness
from d-player games. The game is defined through a (d —1)-dimensional payoff
matrix (Gokhale and Traulsen, 2010), as follows. Let Ay, (respectively, By) be
the payoff that an A-strategist (respectively, a B-strategist) obtained when
playing with a group of d — 1 players that consists of k& A-strategists. In this
paper, we consider symmetric games where the payoffs do not depend on the
ordering of the players. Asymmetric games will be studied in our forthcoming
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paper (Duong et al., 2017b). In the symmetric case, the probability that an A
strategist interacts with k& other A strategists in a group of size d — 1 is

(d; 1) 2F (1 — x)d=1k, (4)

Thus, the average payoffs of A and B are, respectively

d—1 d_1 d—1 d_1
A = ZAk ( I ) FA—z)d=k g = ZBk ( i ) 2k (1 — )1k,
k=0 k=0

The replicator equation of a d-player two-strategy game is given by (Hofbauer
and Sigmund, 1998; Sigmund, 2010; Gokhale and Traulsen, 2010)

t=x(l- Ji)(ﬂ'A — 773).
Since x = 0 and x = 1 are two trivial equilibrium points, we focus only on

internal ones, i.e. 0 < z < 1. They satisfy the condition that the fitnesses of
both strategies are the same, i.e. m4 = mp, which gives rise to

d—1
> B <dk 1) (1 —2) k=0,
k=0

where (8, = Ay — Bj. Using the transformation y = *—, with 0 < y < +oo0,
dividing the left hand side of the above equation by (1 — x)4~!

following polynomial equation for y

d—1
P =3 o () =0 5)
k=0

Note that this equation can also be derived from the definition of an evolution-
arily stable strategy (ESS), an important concept in EGT (Maynard Smith,
1982), see e.g., (Broom et al., 1997). Note however that, when moving to ran-
dom evolutionary games with more than two strategies, the conditions for ESS
are not the same as for those of stable equilibrium points of replicator dynam-
ics. As in Gokhale and Traulsen (2010); Duong and Han (2015, 2016), we are
interested in random games where A; and By (thus fi), for 0 < k < d — 1,
are random variables.

In Section 3 where we provide estimates for the number of internal equilib-
ria in a d-player two-strategy game, we will use the information on the sym-
metry of S;. The following lemma gives a necessary condition to determine
when the difference of two random variables is symmetrically distributed.

Lemma 1 (Duong et al., 2017a, Lemma 3.5) Let X and Y be two exchange-
able random variables, i.e. their joint probability distribution fx y (x,y) is sym-
metric, fxy(x,y) = fxy(y,z). Then Z = X =Y is symmetrically distributed
about 0, i.e., its probability distribution satisfies fz(z) = fz(—z). In addition,
if X andY are i.i.d then they are exchangeable.

we obtain the

For the sake of completeness, the proof of this Lemma is provided in Section
7.1.
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3 The distribution of the number of positive zeros of random
polynomials and applications to EGT

This section focuses on deriving the distribution of the number of internal
equilibria of a d-player two-strategy random evolutionary game. We recall that
an internal equilibria is a real and positive zero of the polynomial P(y) in (5).
We denote by k the number of positive zeros of this polynomial. For a given
m, 0 < m < d— 1, we need to compute the probability p,, that x = m. To
this end, we first adapt a method introduced in Zaporozhets (2006) (see also
Butez and Zeitouni (2017); Gotze et al. (2017) for its applications to other
problems) to establish a formula to compute the probability that a general
random polynomial has a given number of real and positive zeros. Then we
apply the general theory to the polynomial P.

3.1 The distribution of the number of positive zeros of a random polynomial
Consider a general random polynomial

P(t) =&t" + &t 7+ bt + & (6)
We use the following notations for the elementary symmetric polynomials

Uo(yla"'ayn) :17
O'l(ylw"ayn):yl_"“-'i_ynv
02(Y1s- - Yn) = Y1Y2 + o F Yn—1Yn, (7)

On-1(Y1s-- yUn) =Y1Y2 -« - Yn—1+ ...+ Y2Ys ... Yn,
Un(yla---ayn) =Y1---Yn,

and denote by

A(yla"'vyn) = H |y7 7yj| (8)

1<i<j<n

the Vandermonde determinant.

Theorem 3 Assume that the random variables £y, &1, . .., &, have a joint den-
sity p(ag, . ..,an). Let 0 <m < d—1and 0 < k < |57 ]. The probability
Dm,2k,n—m—2k that P has m positive, 2k complex and n—m — 2k negative zeros
is given by

2k:
Pm,2kn—m—2k = / / / / /
m'k'(n —m — 2k)! :L Ri—7"—2k le_ [O’ﬂ-]k R

r1...replaog, ... a0,)|a"Aldaday ... dagdry ... drpdey .. deg_og, (9)
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where
| ,rkem’“,rke_ia’“), (10)

s TN eIk, (11)

_ T —
0 = O'j(l'l,. ey p—2k,T1€E 1,7’16
A=Az, ..., Tp_ok,r1€" ", TN
As consequences,

(1) The probability that P has m positive zeros is

n

7]
E Pm 2k,n—m—2k-
k=0

(2) In particular, the probability that P has the maximal number of positive
2€T08 18

2k "
pn—M/i/Rp(aao,...,aanHa Aldadzy ... dx,,

where

L
Pm =

0j =0j(T1,...,2n), A=A(z1,...,25).

Proof The reference (Zaporozhets, 2006, Theorem 1) provides a formula to
compute the probability that the polynomial P has n — 2k real and 2k com-
plex roots. In the present paper, we need to distinguish between positive and
negative real zeros. We now sketch and adapt the proof of Theorem 1 of Za-
porozhets (2006) to obtain the formula (9) for the probability that the poly-
nomial P has m positive, 2k complex and n —m — 2k negative roots. Consider
a (n 4 1)-dimensional vector space V of polynomials of the form

Q(t) = aot" + art™™ ' + ...+ an_1t + an,
and a measure p on this space defined as the integral of the differential form
dQ = plag,...,an)dag A ... A day,. (12)

Our goal is to find p(Vy 2x) where V,, o is the set of polynomials having m
positive, 2k complex and n — m — 2k negative roots. Let Q) € Vj, 2x. Denote
all zeros of @ as

(16 —iQ
21 =T1,+-s2n—2k = Tn_2k, Zn—2k+1 =T1€ ', Zn_ 242 = T'1€ P
Zn—1 — rkelakv Zn = Tk,eiwék/a
where
0< 2y, ..y Zm <00; —00 < Typglye-es T2k < 0; 0<ry,. .., 1 < 0O0;
0<ay,...,a <.

To find p(Vy, 2k) we need to integrate the differential form (12) over the set
Vin,2k- The key idea in the proof of Theorem 1 Zaporozhets (2006) is to make a
change of coordinates (ag,...,an) > (A, T1, .y T2k 1y« Thy Oy -+ 5 Ak,
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with @ = ag, and find d@ in the new coordinates. The derivation of the fol-
lowing formula is carried out in detail in Zaporozhets (2006):

k i —ix Tog —ia
dQ =2%ry ... rgpla,aoy (21, ..., Tpok, 1€ r1e” "M L et e 'R,
(%o —i (%o —ila
e (T, .y Ty_og, r1E" M e Y L e’ e )
n e —ix e —ix
X |a"A((x1, ..., Tp_ok, 1€ rre” M L et e )|

XdAdri A ... ANdxp_op Ndri A ... Ndry ANdag A ... Adog A da.

Now we integrate this equation over all polynomials () that have m positive
zeros, n — m — 2k negative zeros and k complex zeros in the upper half-
plane. Since there are m! permutations of the positive zeros, (n — m — 2k)!
permutations of the negative zeros, and k! permutations of the complex zeros,
after integrating each polynomial in the left-hand side will occur m!k!(n—m —
2k)! times. Hence the integral of the left-hand side is equal to m!k!(n — m —
2k)! i 2k, n—m—2k- The integral on the right-hand side equals

2k/ / / / /7“1...rkp(aao,...,aan)|a”A\dada1...dak
id RM-mo2k RE J[o,x)* JR

d’l“l N drkdxl N d.%'n,y€7

hence the assertion (9) follows.

3.2 The distribution of the number of internal equilibria

Next we apply Theorem 3 to compute the probability that a random evolu-
tionary game has m, 0 < m < d — 1, internal equilibria. We derive formulas
for the three most common cases (Han et al., 2012):

Cl) {B;,0 <j <d—1} are i.i.d. standard normally distributed,
C2) {B;} arei.i.d. uniformly distributed with the common distribution f;(z) =

31-11(@)
5 d[—1,1] )
C3) {Ax} and {By} are i.i.d. uniformly distributed with the common distri-

bution f;(z) = %11[71,1] (z).

The main result of this section is the following theorem (cf. Theorem 2).

Theorem 4 The probability that a d-player two-strategy random evolutionary
game has m (0 <m <d—1) internal equilibria is

[ =5 ]

Pm = E Pm,2k,d—1—m—2k,
k=0

where P, 2k,d—1—-m—2k 5 given below for each of the cases above:
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- For the case C1)

Pm,2k,d—1—m—2k
d
_ 2k 5
T okl d—1 —m — _

mlkl(d —1—m — 2k)! 4 H

A SR

(Z ‘”) Aday ... dagdry .. .drgdzy .. .dzg_i_ok, (13)

i=0 "¢
. o d-1
where o5, fori=20,...,d—1, and A are given in (10)~(11) and 6; = e
- For the case C2)

2k+1—d
Pm2k,d—1—-m—2k = / / / /
m Rd 1—2k—m Rk [0,7]

dm!k! (d—1—m — 2k)!

d
TR (min {|51/02|}> Aday ... dagdry .. .drpdey .. degoq1—op.  (14)

- For the case C3)

T e b
—Qk'Hd 152 m JRATIT2Rm JRE 0, 7]k

Pm,2k,d—1—-m—2k =
" " mlk!(d — 1 —

Tk H\Uﬂz

(mm{|5 /01|}) Adal...dakdrl...drk

d1‘1 . dJCd_l_Qk. (15)

In particular, the probability that a d-player two-strategy random evolution-
ary game has the mazimal number of internal equilibria is:

1) for the case C1)

d

IC)

Pd—1 = =1 o 400, o) da . drgg (16)
-4 d R{!

2) for the case C2)

217d / ( . {| / |}>d (1 )
Pl = ————— min {|9;/0; Adxy ... dxg_q; 7
- d! H(zi:()lé R(Ji:l ' -
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3) for the case C3)

o 2(=1) T, i Ko 2d—i
Pd—1 = MW/R"I*J[[()'U”Z;(_D 2d—i(mm{|5i/ai|}> A

=0 "J +
dIl e dl‘d_l. (18)
Note that in formulas (16)-(18) above

O'jZO'j(J}l,...,J?d_l), A:A(xl,...,xd_l)

Proof 1) Since {8;,0 < j < d—1} are i.i.d. standard normally distributed, the
joint distribution p(yo, ..., y4—1) of {(d; 1) B8;,0<ji<d- 1} is given by

1 1 d—1 2

DY - Y1) = <d— 1> P _52#
=)

d d—1
(2m)2 Hz‘:O i

i

1 1+,
= T exp {—*y C y},
(2m)%|C|2 2
where y = [yo y1 ... %4—1]’ and C is the covariance matrix

d—1\ (d—-1
o-(7)(5 )0

Therefore,

1 a? T A1
plaog,...,a04-1) = ——exp| ——0" C 0|, 19
( ) (2m)%|C]2 ( 2 ) 1

where o = [0g 01 ... 04_1]T. Using the following formula for moments of a
normal distribution,

/R\ac|”exp(—ax2) dr = nfl ,

we compute

2 r(4) 241 (4)
/ la|*~t exp (— %UTC_l 0'> da = 2 = 2 e
R

(wc—w)g (cTC-10)*
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Applying Theorem 3 to the polynomial P given in (5) and using the above
identity we obtain

Pm,2k,d—1—m—2k

S Y N W Y
- omlkl(d —1—m—2k)! Jry Jra-1-2eom Jre Jio e Jr

r1...rpplaco,. .., aad,1)|a|d_1A dadoy ... dogdry .. .drpdxy ... deg_1—ok

e s 0 oo o
= d 1 22I'( 5
mlkl(d — 1 —m — 2k)! (2m)z|C|z (2) m Jri-r=2emm Jre Jjo,xk

—d
2

r1...Tk (a'TC_la')

_ ok r(s) / / / /
mlkl(d—1—m =2k)! (r)(c|z Jryp Jri-1-2-m Jre Jjo s

4
2

Aday . ..dagdry .. .drigdzy ... dxg_1_ok

... Tk (O'chlo') Aday . ..dagdry ... drdxy ... deg_1—ok,

which is the desired equality (13) by definition of C and o
2) Now since {;} are i.i.d. uniformly distributed with the common distri-
bution f;(z) = %]1[,171] (x), the joint distribution p(yo,. .., yd—1) of

{(d;1)5j70<j<d—1}

is given by
1 d—1

p(yOa v aydfl) = mle;ol[_éhéi](yo’ . 7yd,1) where 57, = ( i ) .
Therefore,

1

plaoo,...,a04-1) = mlx;}[—&,m(aﬂo, ,a0q-1).

Since ]lxg;)l[f&’gi](aao,...,aad_l) = 1 if and only if ao; € [—6;,0;] for all
1=0,...,d—1, ie., if and only if

d—1
ac () [-16:/ail,16:/o:]] = [fie{omiréil}{|5¢/0i|},i€{0mi1(1171}{|5i/cr,;|}],
i=0

we have (for simplicity of notation, in the subsequent computations we shorten
min by min)

w0a_y) = m, if a€ [—min{|6;/0o;|}, min{|6;/0:|}],
’ - 0, otherwise.
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Therefore,

min {6; /0| }
2dH (51 —min{\&/a”}

1 . d
- m(mmﬂ@/aﬂ}) .
i=0 01

Similarly as in the normal case, using this identity and applying Theorem 3
we obtain

Pm,2k,d—1—m—2k

:m'k'(d—l—m 2k)! /m/Rdlzk m/Rk/[O,,]k/

.. plaoy,...,a0q— 1)|a|d "Adaday ...dagdry .. .dridzy ... deg_1—o

2k:+1 d
T dml kN (d—1—m— 2k) [0 6 /R/R ~1-2- m/Rk /[Ow]k

1...Tk (min{\éi/m\}) Adaday ... dogdry ... drpdzy ... deg—1—2k.

3) Now we assume that A; and B; are i.i.d. uniformly distributed with the
common distribution y(z) = 11[_; y)(z). Since B; = A; — Bj, its probability
density is given by

+o00
7a() = / F@) @+ ) dy = (1— |21y (2).

The probability density of 0;5; is

\xl

%(x):l(l—;')ﬂ[ 1) (2/05) = L—s;.5,] (),

0;

and the joint distribution p(yo,...,ya—1) of {9;5;,0 < j < d —1} is given by

d—1
Y
p(y07' . 'aydfl) = H %1 d— 1[ 84,0 ]<y07 v 7yd71>‘
j=0
Therefore
d—1
|ac|
placo,...,a04-1) = H lexj;ol[%i,&](aao’ e, Q0g—1)-
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We compute

/|a|d_lp(aao,...,aad_1)da
R
/ ot TL6, ~ laos) d

B H;l 016? 7min{|6'/ai\} j=0
m1n{|5 /(71|}
= %/ d 1 H 5 —a‘O'J
[T 5]2‘ 0
_ d |O—]‘ qd-1
B H H( |UJ‘)

_ |0“ : min{\5i/0i|} e
:2(—1)d1:[6—;_2(71) Ki/o a? 1" da
_ |UJ‘

i

where Kz = 02-((50/|00|7 [N ,5d,1/‘0d,1‘) for i = 0, PN ,d.
Therefore,

mm{\é /o’l|}

(min{\ai/ai\})QH,

Pm,2k,d—1—m—2k

2k
o mlk!l(d — 1 —m — 2k)! /T /Rd12km /R’jr /[o,w]k »/R

r1...17,plaoy, .. aad 1)|a|d*1A daday ... dogdry .. .drpdxy ... dzg_1_9k

L [y —
Comlkl(d—1—m— 2k'Hd o 0% Jryp Jra-1-2e=m Jri Jjom

Lo Tk 1:[ o] Z(_n
j=0 i=0

fi : (min{|57;/ai|}) _ZAdal ...dagdry ... dry,

dl‘l PN dxd_l_gk.
Corollary 1 The expected numbers of internal equilibria and stable internal

equilibria, E(d) and SE(d), respectively, of a d-player two-strategy game, are

given by
=
MPrn s SE(d) = 3 Z MPm.

m=0 m=0

d—1

Note that this formula for E(d) is applicable for non-normal distributions,
which is in contrast to the method used in previous works (Duong and Han,
2015, 2016) that can only be used for normal distributions. The second part,
i.e. the formula for the expected number of stable equilibrium points, was
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obtained based on the following property of stable equilibria in multi-player
two-strategy evolutionary games, as shown in (Han et al., 2012, Theorem 3):
SE(d) = % (d).

Remark 1 In Theorem 4 for the case (C1), the assumption that §;’s are stan-
dard normal distributions, i.e. having variance 1, is just for simplicity. Suppose
that B’s are normal distributions with mean 0 and variance n?. We show that
the probability p,,, for 0 < m < d— 1, does not depend on 7. In this case, the
formula for p is given by (19) but with C being replaced by n?C. To indicate
its dependence on 7, we write p,. We use a change of variable a = na. Then

adilpn(aao, .., a04-1) da

1 ~9 d—1 0_2
=pd-tgd-t 1-1 exp —% 7]2 nda

d—1 - — [(d—1

ot (1) = ()
J
1 ~9 d—1 0_2
=gi ! 11 exp —% 7Jz da
vt (1) = ()
J

= adilpl(&Oby s aaad—1)7

from which we deduce that p,, does not depend on 7. Similarly for the other
cases, the uniform interval can be 5-[—a, o] for some a > 0.

For illustration of the application of Theorem 4, the following examples
show explicit calculations for d = 3 and 4 for the case of normal distributions,
i.e. (C1). Further numerical results for d = 5 and also for other distributions,
i.e. (C2) and (C3), are provided in Figure 1. The integrals in these examples
were computed using Mathematica.

3.3 Examples for d = 3,4

Ezample 1 (Three-player two-strategy games: d = 3)
1) One internal equilibria: p; = p1,9,1. We have

m=1,k=0,00=1, 01 =1+ 22,00 = 1122, A = |22 — 21|,
) = 1
N (1+ 2223 + 1 (21 + 39)2) 3/2

|£L’2 — x1|.

Substituting these values into (13) we obtain the probability that a three-
player two-strategy evolutionary game has 1 internal equilibria

1 1
P= s /R+ /;L (1+ 2323 + & (z1 + 32)2) 3/2

|J]2 - .’131| dl‘l dajg = 0.5.
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2) Two internal equilibria: ps = p2 0. We have

m=2, k=0,00=1, o01=a1+ 22,00 =122, A = |22 — 21/,
1
1+ 2222 4 1 (21 + 22) 2) 3/2

|xo — x1].

q(00,01,02) = (
The probability that a three-player two-strategy evolutionary game has 2
internal equilibria is

1 1
87 R2 (1+ 2223 + L (21 +2,)2)3/2

D2 |we — x1| dzy dre =~ 0.134148.

(20)
3) No internal equilibria: the probability that a three-player two-strategy evo-

lutionary game has no internal equilibria is pg = 1 —p; —p2 ~1—0.5 —
0.134148 = 0.365852.

Ezample 2 (Four-player two-strategy games: d = 4)
1) One internal equilibria: p; = p1 0,2 + p1,2,0-

We first compute pj 2. In this case,

m=1, k=0, oo=1, o01=2x1+ T2+ 23,02 =2122+ T1T3 + T223,

AZ ‘.732 —331‘ |l‘3 —$1| ‘xg —.132|.

Substituting these into (13) we get

1 2 2 —2
Pros = s / / / <1+ (x1 + 22 + x3) n (x129 + 123 + T2X3) —|—(J:1x2x3)2>
187 R_JR_JR, 9 9

X |xe — x1||x3 — 21| |23 — 22| dX1 dXo drg =~ 0.223128.

Next we compute p1 2. In this case,

m = 1, k= 1, agp = 1,
o =o1(xy, e, re” ") =z + e’ f e =y 4 21 cos(ay),

o1 peT M) = gy (r1e™ 4 e 412 = 2217 cos(ay) + 13,

o9 = o9(x1,T1€
o3 = o3(w1, 1€ r1eT ) = 2907,
A= Azy,rie'™ rie ") = [re' — ml|rie " — a||rie™ — e

= |r% — 2x1ry cos(aq) + xf|\27‘1 sin(ay)|.

Substituting these into (13) yields

2 + 21 cos 2 (2 cos 2)2 -2
D120 = 972/ / / r (1—|- (21 r1 cos(ay)) +( 1T (a1) +77) —|—(x17"%)2)
™ Jr,y J[o,x] JRy

9 9
x |r2 — 2z cos(aq) + 23||2r; sin(aq)| derdridaida =~ 0.260348.
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Therefore, we obtain that

PL=proz+proo A 0.223128 + 0.260348 = 0.483476.

2) Two internal equilibria: ps = p29.1

m=2, k=0, oo=1, o01=x1+T2+T3, 02=T1T2+ T1T3 + T273,

g3 = T1X223, A = |£L’2 — CL’1| ‘.’Eg — .’E1| |£C3 — (L’2|.

The probability that a four-player two-strategy evolutionary game has 2 in-
ternal equilibria is

1 2 2 —2
by = . / / / <1+ (1‘1 + X2 +I3) +(331l‘2 + 173 —|—.r2$3) —|—($1$21‘3)2>
R, JR, JR_

187 9 9
X |xg — x| |x3 — 21| |v3 — T2| dxy dxa dxs =~ 0.223128. (21)

3) Three internal equilibria: ps = p3 0.0

m=3, k=0, o9p=1, o1 =z1+x2+2x3, 09=2T122+ 123+ T2x3,

o3 = 1223, A = |x9 — 21| |x3 — 21| |T3 — 22|

The probability that a four-player two-strategy evolutionary game has 3 in-
ternal equilibria is

—2
P3 + (1‘13?2933)2)

. 1 / (1 n (xl + 22 + 333)2 " (l‘lxg + x123 + 1‘21‘3)2
5472 Jgs 9 9

X|zy — x| |x3 — 21| |23 — 22| d2y dXe ds =~ 0.0165236.

4) No internal equilibria: the probability that a four-player two-strategy evo-
lutionary game has no internal equilibria is: pg = 1 —p1 —ps —p3 ~ 1 —
0.483476 — 0.223128 — 0.0165236 = 0.276872.

4 Universal estimates for p,,

In Section 3, we have derived closed-form formulas for the probability distri-
butions p,, (0 < m < d — 1) of the number of internal equilibria. However, it
is computationally expensive to compute these probabilities since it involves
complex multiple-dimensional integrals. In this section, using Descartes’ rule
of signs and combinatorial techniques, we provide universal estimates for p,.
Descartes’ rule of signs is a technique for determining an upper bound on the
number of positive real roots of a polynomial in terms of the number of sign
changes in the sequence formed by its coefficients. This rule has been applied
to random polynomials before in the literature (Bloch and Pdlya, 1932); how-
ever this paper only obtained estimates for the expected number of zeros of a
random polynomial.
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Theorem 5 (Descartes’ rule of signs, see e.g., (Curtiss, 1918)) Con-
sider a polynomial of degree n, p(x) = ap,x™ + ...+ ag with a, # 0. Let v be
the number of variations in the sign of the coefficients an,an—1,...,a0 and ny
be the number of real positive zeros. Then (v —ny) is an even non-negative
integer.

We recall that an internal equilibrium of a d-player two-strategy game is a
positive root of the polynomial P given in (5). We will apply Descartes’ rule
of signs to find an upper bound for the probability that a random polynomial
has a certain number of positive roots. This is a problem that is of interest
in its own right and may have applications elsewhere; therefore we will first
study this problem for a general random polynomial of the form

p(y) =Y ay", (22)
k=0

and then apply it to the polynomial P. It turns out that the symmetry of {ay }
will be the key: the asymmetric case requires completely different treatment
from the symmetric one.

4.1 Estimates of p,,: symmetric case

We first consider the case where the coefficients {a} in (22) are symmetrically
distributed. The main result of this section will be Theorem 6 that provides
several upper and lower bounds for the probability that a d-player two strat-
egy game has m internal equilibria. Before stating Theorem 6, we need the
following auxiliary lemmas.

Proposition 1 Suppose that the coefficients ar,0 < k < n in the polyno-
mial (22) are i.4.d. and symmetrically distributed. Let py ,,0 < k < n, be the
probability that the sequence of coefficients (ag, . .. ,an) has k changes of signs.

Then )
n

Proof See Appendix 7.2.

The next two lemmas on the sum of binomial coefficients will be used later
on.

Lemma 2 Let 0 < k < n be positive integers. Then it holds that
n n—k
n)y 1 n ok (n—1

RGN |

k =0
n n 1 n—~k n n 1

—— _(_1\k -

> ()-315 () - (i)
Jj=k
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where it is understood that <§L> =0 if j < 0. In particular, for k=0, we get
)= C =27 24
> (5)-2 () 2

Proof See Appendix 7.3.

The following lemma provides estimates on the sum of the first k& binomial
coeflicients.

Lemma 3 Let n and 0 < k < n be positive integers. We have the following
estimates (MacWilliams and Sloane, 1977, Lemma 8 and Corollary 9, Chapter
10) and (Gottlieb et al., 2012)

ey " (n ontt (%) n
o — gon i <Z<.><2”— if 5 <k<n,  (26)
i=o 8k(1— £)
where 6 = 0.98 and H is the binary entropy function
H(z) = —zlogy(x) — (1 — ) logy(1 — ), (27)

where 0log, 0 is taken to be 0. In addition, if n = 2n’ is even and 0 < k < n’,
we also have the following estimate (Lovdsz et al., 2003, Lemma 3.8.2)

S ()<= () ()

Jj=

We now apply Proposition 1 and Lemmas 2-3 to derive estimates for the prob-
ability that a d-player two-strategy evolutionary game has a certain number
of internal equilibria. The main theorem of this section is the following.

Theorem 6 Suppose that the coefficients {fi} in (5) are symmetrically dsitributed.
Let pp,, 0 < m < d—1, be the probability that the d-player two-strategy random
game has m internal equilibria. Then the following assertions hold
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(a) Upper-bound for p,, for all0 <m <d-—1,

s L (5w 5 () (00D)] @

J:gzm
j—m even

[ n d—2
2 52<d1>H(d1)+< 1)] if Slem<d—1,

IN

As consequences 0 < pm < for all0 <m < d-—1, pg_1 < Qd%l,

pa—2 < 4% and hm Pd—1 = liﬂolopdfz =0.
In addition, if d — 1 = 2d’" is even and 0 < m < d' then

megl (7)) () (7)) e

(b) Lower-bound for py and p;:

1 d—1
po > 5d=1 and py > EyE (32)

(¢) Ford=2: Po=p1 =
(d) For d=3:p; =

Proof (a) This part is a combination of Decartes’ rule of signs, Proposition 1
and Lemmas 2-3. In fact, as a consequence of this rule and by Proposition 1,
we have

Pm < Z pj,d—1:2d%1 Z (dj1)>

Jjijzm jij>m
j—m: even j—m: even
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which is the inequality part in (29). Next, applying Lemma 2 for ¥ = m and
n =d — 1 and then Lemma 3, we obtain

1 d—1
= > ()
[ v [d—1 d—2)\ |
3 Z?:é ( , +(—1)m< ) if m is even

3 Z}té_m (d_. 1) — (=™ (d_ 2) if m is odd

J m—1
d—1—-m

1 d—1 d—2
3 (5 ()]

1 | sata-va(720) 4 (d‘gﬂ if 45l <m<d-1,

m—1

<

. 2d_1_2(d71>H(dT1> (42 it 0<m< it

T m—1

This proves the equality part in (29) and (30). As a result, the estimate p,, < %
for all 0 < m < d—1 is followed from (29) and (24); the estimates pg—; < le,l
and pg_o < 2dd;_11 are special cases of (29) for m = d—1 and m = d — 2,
respectively.

Finally, the estimate (31) is a consequence of (29) and (28).

(b) It follows from Decartes’ rule of signs and Proposition 1 that

1 d—1
Po 2 Po.d-1 = 551 and p1 > p1,d-1 = 9d 1"

(¢) For d = 2: from parts (a) and (b) we have

1 < < 1
9 = Po,P1 = 23
which implies that pg = p; = % as claimed.
(d) Finally, for d = 3: also from parts (a) and (b) we get
1 <y < 1
9 = pP1 = 27

SO0 p1 = % This finishes the proof of Theorem 6.

Remark 2 Note that in Theorem 6 we only assume that Sj are symmetrically
distributed but do not require that they are normal distributions. When {8}
are normal distributions, we have derived (Duong and Han, 2015, 2016) a
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closed formula for the expected number E(d) of internal equilibria, which
can be computed efficiently for large d. Since E(d) = an;lo mpm,, we have
Pm < E(d)/m for all 1 < m < d — 1. Therefore, when {8;} are normal, we
obtain an upper bound for p,,, as the minimum between E(d)/m and the bound
obtained in Theorem 6. The comparison of the new bounds with E(d)/m in
Figure 2 shows that the new ones do better for m closer to 0 or d — 1 but

worse for intermediate m (i.e. closer to (d —1)/2).

4.2 Estimates of p,,: general case

In the proof of Proposition 1 the assumption that {ax} are symmetrically
distributed is crucial. In that case, all the 2" binary sequences constructed are
equally distributed, resulting in a compact formula for py ,. However, when
{ax} are not symmetrically distributed, those binary sequences are no longer
equally distributed. Thus computing py , becomes much more intricate. We
now consider the general case where

P(a; >0)=a, P(a; <0)=1—-—a forall i=0,...,n.

Note that the general case allows us to move beyond the usual assumption in
the analysis of random evolutionary games that all payoff entries a;’s and by’s
have the same probability distribution resulting in o = 1/2 (see Lemma 1). In
the general case it only requires that all a;’s have the same distribution and
all by’s have the same distribution, capturing the fact that different strategies,
i.e. A and B in Section 2, might have different payoff properties (e.g., defectors
always have a larger payoff than cooperators in a public goods game).

The main results of this section will be Theorem 7 and Theorem 8. The
former provides explicit formulas for py , while the latter consists of several
upper and lower bounds for p,,. We will need several technically auxiliary
lemmas whose proofs will be given in Appendix 7. We start with the following
proposition that provides explicit formulas for py ,, for k € {0,1,n —1,n}.

Proposition 2 The following formulas hold:

n : 1

n+1 n+1 2n ifoa=35

. n=0"T"+(1l-« , n = PR S ‘
Po, ( ) P, {2@(1 — o)z et T if o # 3

n
2

naz(l—a)? ifn even,

l-«a a

n

as(1—a)? ifn is even,
® Pnn= n+1 +1 .
' 27z (1—a) = ifnis odd.

In particular, if o = %, then po.n = Pi.n = 2% and  Pin =Ppn_1n = 3n-

Proof See Appendix 7.4.
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The computations of py, ,, for other k are more involved. We will employ com-
binatorial techniques and derive recursive formulas for py ,. We define

ug,n = P(there are k variations of signs in {ao, ..., an}‘an > 0),
vg,n = P(there are k variations of signs in {ao,. .. ,an}’an < 0).
We have the following lemma.

Lemma 4 The following recursive relations hold:

Uk = QUL 1 + (1 — Q)Vp—1n—1  and Vkn = QUp—1n—1 + (1 — @)Uk n—_1.
(33)

Proof See Appendix 7.5.

We can decouple the recursive relations in Lemma 4 to obtain recursive rela-
tions for {uy ,} and vy, separately as follows:

Lemma 5 The following recursive relations hold
Ug,n = (1 — a)(Uug—2,n—2 — Uk,n—2) + Ukn—1,
Vk,n = a(l — @) (Vk—2,n—2 — Vk,n—2) + V-1

Proof See Appendix 7.6.

Using the recursive equations for uy , and vy, we can also derive a recursive
relation for py .

Proposition 3 {py .} satisfies the following recursive relation.
Pk = a(l - a)(pk*Q,n*Q - pk,n72) +pk,n71~ (34)
Proof See Appendix 7.7.

Remark 3 Proposition 3 provides a second-order recursive relation for the
probabilities {pg » }. This relation resembles the well-known Chu-Vandermonde

identity for binomial coefficients, {bk,n = <Z> }, which is that, for 0 < m <
n,
" Im
bk,n = Z < > bk—j,n—m-
— \J
7=0
Particularly for m = 2 we obtain
br,n = bkm—2 +2bg—1n—2 +bp—2n—2

=bk—2.n-2 — bkn—2 + 2(bkn—2 + bk—1,n—2)
= by—2,n—2 — bkn—2 + 2bp n_1,

where the last identity is Pascal’ rule for binomial coefficients.
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On the other hand, the recursive formula py, ,, for a = % becomes

1
Pkn = Z(pkflnf? - pk,n72) +pk,n71~

Using the transformation ay , := %pk,n as in the proof of Theorem 7, then

Ak = Ak—2n—2 — Ak n—2 + 2ak,n717

which is exactly the Chu-Vandermonde identity for m = 2 above. Then it is
no surprise that in Theorem 7 we obtain that ay., is exactly the same as the

binomial coefficient ay ,, = <Z>
In the next main theorem we will find explicit formulas for {py .} from

the recursive formula in the previous lemma using the method of generating
functions. The case a = % will be a special one.

Theorem 7 py, is given explicitly by: for o = 3,
Pkn = on ke
Fora# 1:
(i) if k is even, k = 2K', then

n n— m n—k'—m n—m
Yim=13] Tt (k > (=D)"F (a1 - a))

"'m—k'"—m,2m —n

if n even,

E,on—k —m,2m—n

Pen =
— m n— /—m n—m
ST A ( ) (1) =m(a(1 - a)

+2 Ck]) ()P a1 - @) ifn odd

1) if k is odd, k = 2K’ + 1, then
(ii) if

m b _
Pk.n =2 Z (k’ n—k —-—m-—1 2mn+l) (=1)" e 1(a(1_a))" "

Proof See Appendix 7.8.
Ezample 3 Below we provide explicit formulas for {py,} for 0 <k <n < 4:
e n=1: poi=ac’+(1-a)? p1=2a(-a);
e n=2: pa=ac’+(1-a) pa=2a(l-a), prs=a(l-a);
e n=3: pz=a'+(1-a)* piz=2a(l-a)a®—-a+1l),
P23 =2a(l—a)(@® —a+1), p33=2a*(1-a)?
e n=4: ppa=a’+(1-a)’, pra=2a(l-a)2e®—-2a+1),
P2 =3a(l —a)(2a® —2a+1), p3s=4a*(1—a)? pis=a*(1—a)
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Direct computations verify the recursive formula for £k = 2,n =4

P24 = ol —a)(po2 — p2,2) + P23

We now apply Theorem 7 to the polynomial P in (5) to obtain estimates
for pm,0 < m < d — 1, which is the probability that a d-player two-strategy
random evolutionary game has m internal equilibria. This theorem extends
Theorem 6 for @ = 1/2 to the general case although we do not achieve an
explicit upper bound in terms of d as in Theorem 6.

Theorem 8 The following assertions hold

Pm < Z Pk,d—15

k>m
k—m even

(i) Upper-bound for pp,

where py q—1 can be computed explicitly according to Theorem 7 with n
replaced by d — 1.

(ii) Lower-bound for po: po > a4+ (1 —a)? > 5 L

d—1 -
d—1 ; _ 1
{2d—1 ZfO[ - 2

(iii) Lower-bound for py: p1 >

20(1 — (1—a)®~!_qd=! . 1
a(l —a)—F——"— if a # 5.
(iv) Upper-bound for pg_o:

(d—1)a"T (1—a)F  ifd odd,

o < P 4
POTE ot - 0 45+ 52 - 2)] i even
-1
< (;d I when d >3

qd—1

As consequences:

(a) Ford=2:py=a?+(1—a)? and p; = 2a(1 — «).
(b) Ford=3, pp =2a(l —a).

Proof We will apply Decartes’ rule of signs, Proposition 2 and Theorem 7 for
the random polynomial (5). It follows from Decartes’ rule of signs that

Pm < Z Dk,d—1,

k>m
k—m even

where pj q—1 is given explicitly in Theorem 7 with n replaced by d — 1. This
proves the first statement. In addition, we can also deduce from Decartes’
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rule of signs and Proposition 2 the following estimates for special cases m €
{0,1,d —2,d — 1}:

. 1
* po>poa1=0a'+(1-a)!> min o'+ (1-0a)]= 541
d—1 . 1
a1 if @ = 5
e p1>pra=19> )l g
{204(1 — a)i(l a)k;aa ' if  # %;

(d—1aT (1—a)= ifdodd,

o < Pi_o90 g1 =
® Pd-2 = Pd-2,d-1 ag(l—a)g[g(laa‘f'lga)*‘(d—m] if d even,

J@=1)(a(l —a))F ifdodd,

) La(l - a)¥? 1 —2(a(l — @)¥? if d even,
d—1 _ .

_ Ja=-na/a= =4=L if d odd,

= |maxocp<r f(B) = 4L if d > 3 even;

d
where, 1= a(l — «a), f(B):= gﬂd/%l —28%2 and to obtain the last inequality

1
we have used the fact that 0 < f=a(l —a) < 1 and
d 1 1
F1(8) = dﬁd/Q—Q(Z -5 —ﬁ) >0 when 0< A< and d>3.
_ T (1—a)T  ifdisodd,
. _ _ _ p—
Pd-1 = Pd-1,d-1 2043(1704 5 ifdis even,

e N

_JaE =g ifdis odd,
T 2(1/4)2 = 5 if dis even.

These computations establish the estimates (ii) — (v) of the theorem. For the
consequences: for d = 2, in this case the above estimates (ii) — (v) respectively
become:

po>a’+(1-a) p > =2a(l —a), and

o 1-a
Poﬁa(l_a)[l_a ]
which imply that po = a? + (1 — @), p1 = 2a(1 — ).

Similarly for d = 3, estimates (i) and (ii7) respectively become
1 4f =1
p1>{; R —2(1-a), and p; <2a(1-a),
a

from which we deduce that p; = 2a(1 — «).
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5 Numerical simulations

In this section, we perform several numerical (sampling) simulations and calcu-
lations to illustrate the analytical results obtained in previous sections. Figure
1 shows the values of {p,, } for d € {3,4, 5}, for the three cases studied in The-
orem 4, i.e., when S are i.i.d. standard normally distributed (GD), uniformly
distributed (UD1) and when S = ay — by with a; and 8y being uniformly
distributed (UD2). We compare results obtained from analytical formulas in
Theorem 4 and from samplings. The figure shows that they are in accordance
with each other agreeing to at least 2 digits after the decimal points. Figure 2

! i
GD . UD1 ' uUD2
! 1
i ! | | .
|
% 0000850! 0000896 | 0.0009115 | | (a) Analytical
i
& . T GD ' UD1 ' UD2
2 i ' : :
E 3 0047633! 004886291 0.0486944 0.0165236! 0.0178047 ! 0.0172256 i i
2 ' i : : : GD ! UD1 ! UD2
2 ! i ! ! | i
5 0.2806971 0.282079 | 0.282036 i i
o 2 ! i 0.2231283 0.225839 i 0.224682 0.134148 | 0.138889 | 0.135556
2 i ' i i ! (5/36) | (61/450)
5 T \ T T 1 i
s 1 ! ! ! i i
i
S 1 oas1268| 0451118 1 0451268 0.483476! 0482202 | 0.482779 05 | 05 i 05
€ ! i ! ! L (172) L(12)
2 v H ! ! I !
H 1 ! 1 Il
0 0219552 | (217044' 0.21709 0.2768721 0.274154 1 0.275313 0.365852! 0.361111 | 0.364444
' ! ! ! 1 (13/36) 1 (82/225)
1
5 4 3
Number of players (d)
' i
GD | UDt1 ! uUD2
! 1
i ! | | . .
i
. 4 0.000032 ! 0.000894 | 0.000888 i i (b) Simulation
i
S . T GD ' UD1 ' UD2
© 1 ! : :
€ 0.048744| 0.048827 | 0.048167 0.016711! 0.017603 ! 0.017046 i i
2 3° 1 : : : GD ! UD1 ! UD2
2 ! | ; ! | |
= 02819781 0.281879 | 0.28164 | ]
% 2 ! 1 0.2232353 0.226088 i 0.224586 0.134101 | 0.139299 | 0.135657
! 1 1
— ! 1 L L + +
o i : | | : :
- i i
8 1 0450594 | 0.451114E 0.452132 0.482582! 0481941 | 0.48316 0.500358 | 0.499546 ; 0.500416
£ : ' : : i |
=} I H ! [ | |
z ! i ! ! i i
0 0.2177521 0.217286, 0.217173 0.277472, 0.274368 1 0.275208 0.365541] 0.361155 ! 0.363927
i i
1 5 1 1 : 1
j
5 4 3

Number of players (d)

Fig. 1 Numerical vs. simulation calculations of the probability of having a concrete number
(m) of internal equilibria, pm,, for different values of d. The payoff entries aj and by were
drawn from a normal distribution with variance 1 and mean 0 (GD) and from a standard
uniform distribution (UD2). We also study the case where B = aj — by itself is drawn
from a standard uniform distribution (UD1). Results are obtained from analytical formulas
(Theorem 2) (panel a) and are based on sampling 10® payoff matrices where payoff entries
are drawn from the corresponding distributions. Analytical and simulations results are in
accordance with each other. All results are obtained using Mathematica.



28 Manh Hong Duong et al.

compares the new upper bound obtained in Theorem 6 with that of E(d)/m.
The comparison indicates which formulas should be used to obtain a stricter
upper bound of p,,.

10 20 30 40

101 10

20

20

30 H 30

Number of players (d)

40 40

10 20 0 40 10 20 30 40
Number of equilibria (m) Number of equilibria (m)

Fig. 2 Comparison of the new upper bounds of py,, derived in Theorem 6 with that of
E(d)/m: panel (a) for the bound in (36) and panel (b) for the bound in (37). Black areas
indicate when the former ones are better and the grey areas otherwise. Clearly the bound in
panel (a) is stricter/better than that of panel (b). For small d, the new bounds are better.
When d is sufficiently large, we observe that for any d, the new bounds are worse than
E(d)/m when m is intermediate while better otherwise. Overall, this comparison indicates
which formulas should be used to obtain a stricter upper bound of p,.

6 Further discussions and future research

In this paper, we have provided closed-form formulas and universal estimates
for the probability distribution of the number of internal equilibria in a d-player
two-strategy random evolutionary game. We have explored further connections
between evolutionary game theory and random polynomial theory as discov-
ered in our previous works (Duong and Han, 2015, 2016; Duong et al., 2017a).
We believe that the results reported in the present work open up a new ex-
citing avenue of research in the study of equilibrium properties of random
evolutionary games. We now provide further discussions on these issues and
possible directions for future research.

Computations of probabilities {py,}. Although we have found analytical
formulas for p,, it is computationally challenging to deal with them because
of their complexity. Obtaining an effective computational method for {p,,}
would be an interesting problem for future investigation.

Quantification of errors in the mean-field approzimation theory (Schehr
and Majumdar, 2008). Consider a general polynomial P as given in (6) with
dependent coefficients, and let P,,([a,b],n) be the probability that P has m
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real roots in the interval [a,b] (recall that n is the degree of the polynomial,
which is equal to d — 1 in Equation (1)). The mean-field theory (Schehr and
Majumdar, 2008) neglects the correlations between the real roots and simply
considers that these roots are randomly and independently distributed on the
real axis with some local density f(¢) at point ¢, with f(¢) being the den-
sity that can be computed from the Edelman-Kostlan theorem (Edelman and
Kostlan, 1995). Within this approximation in the large n limit, the probability
P,.([a,b],n) is given by a non-homogeneous Poisson distribution, see (Schehr
and Majumdar, 2008, Section 3.2.2 & Equation (70)). By applying the mean-
field theory one can approximate the probability p,, that a random d-player
two-strategy evolutionary game has m internal equilibria by a simpler and
computationally feasible formula. However, it is unclear to us how to quantify
the errors of approximation. We leave this topic for future research.
Ezxtensions to multi-strategy games. We have focused in this paper on ran-
dom games with two strategies (with an arbitrary number of players). The
analysis of games with more than two strategies is much more intricate since
in this case one needs to deal with systems of multi-variate random polynomi-
als. We have provided (Duong and Han, 2016, 2015) a closed formula for the
expected number of internal equilibria for a multi-player multi-strategy games
for the case of normal payoff entries. We aim to extend the present work to the
general case in future publications. In particular, Decartes’ rule of signs for
multi-variate polynomials (Itenberg and Roy, 1996) might be used to obtain
universal estimates, regardless of the underlying payoff distribution.

7 Appendix

In this appendix, we present proofs of technical results in previous sections.

7.1 Proof of Lemma 1

The probability distribution, fz, of Z = X — Y can be found via the joint
probability distribution fx y as

f2(2) =/_°° oy (oo — 2)de = /_OO (g + 29) dy.

Therefore, using the symmetry of fxy we get

fz(—=2) = /00 Ixy(z,z+2)de = /00 fxy(x+zz)de = fz(2).

— 00 — 0o

If X and Y are i.i.d with the common probability distribution f then

fxy(z,y) = f(x)f(y),

which is symmetric with respect to x and y, i.e., X and Y are exchangeable.
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7.2 Proof of Proposition 1

We take the sequence of coefficients (ay, . .., a,) and move from the left start-
ing from ag to the right ending at a,. When there is a change of sign, we
write a 1 and write a 0 when there is not. Then the changes of signs form a
binary sequence of length n. There are 2" of them in total. Thereby py, ,, is the
probability that there are exactly & number 1s in the binary sequence. There

are such sequences. Since {8} are independent and symmetrically dis-

n
k
tributed, each sequence has a probability 2% of occurring. From this we deduce
(23).

7.3 Proof of Lemma 2

Since éjo (?) (=1)7 = (14 (=1))" = 0, we have

£)cr--£ )

j=0
According to (Duong and Tran, 2018, Lemma 5.4)

() ()

Jj=0

:k ()= (32},

J

> ()-x ()= (o)

Therefore,

or equivalently:

j: even j: odd
= no(n ko (n
Define S, = >, (j) and S, = Y, (]) Then using the property that
= §=0

=k
n n -
L) = .| we get Sk, = Sp—k.n and
(J) (n_j> g k, k,

> (5) =gl 0 (G = glssa vt (1))
> (5) =3l -0t (L21) = 3l (320)]

This finishes the proof of this Lemma.
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7.4 Proof of Proposition 2

The four extreme cases k € {0,1,n — 1,n} are special because we can char-
acterise explicitly the events that the sequence {ag,...,a,} has k changes of
signs. We have

n:P{a0>0,...,an>0}+P{a0<0,...,an<0)}

an+1 4 (1 _ a)nJrl.

pl,n:P{ Uz;é {ap > 0,...a; > 0,ar41 <0,...,a, <0}

U{ao<0,...ak<0,ak+1>O,...,an>0}}

—

3

( k+1 )n—k +(1- a)k+1an—k)
k=0
n—1 n—1
1—a\k
a(l —a)” -
Y (755) rera-w X (0)

k=0 k=0

% f - %7 n n

() ()
ol —a)"— +at(l—o)— 1= if a # 3

NE: if o =
B 2a(1—a)% if o 1

D = P{{ao >0,a; <0,...,(-1)"a, >0} U{ap <0,a1 >0,...,(—-1)"a, < 0}}

n+1

ot (I-—a)z ifnisodd

{ (1 )5+ (1—a)5 a% ifnis even,

% if s odd.

B ﬁ(1—04)ﬁ if n is even,
20" (1 — )"t

It remains to compute p,_1 .

i
L

Pn—1,n = P{ak and ay41 have the same signs and there are n — 1 changes of signs in
0

£
I

(ao,...,ak,ak+17...7an)}

n—1
=: Z’Yk.

k=0
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We now compute ;. This depends on the parity of n and k. If both n and &
are even, then

’yk:P<ao>0,a1<0,...,ak>0,ak+1>O,...an<0)

+P(a0<0,a1>0,...7ak<07ak+1<0,...an>0>

n+2 n+2 n

2 +(l—a) 2 az.

= (lfa)%a
If n is even and k is odd, then
’yk:P(ao >0,a1 <0,...,a5 <0,ar41 <0,...an<0)
+P(a0<0,a1 >0, a5 > 0,a541 >0,...an >0)
= anT“(l —a)? +(1- a)%ﬂa%.
Therefore, in both cases, i.e., if n is even we get
=a?(l—a)2.

From this we deduce p,,_1, = na? (1 — «)%. Similarly if n is odd and k is
even

'yk:P<ao>O,a1<0,...,ak>0,ak+1>0,...an>0)
+P(a0<o,a1>o,...,ak<o,ak+1<0,...an<0)

n+3 n—1 n—1 n+3

=l-a)7a?z +(1l—-a)z a=.

If both n and k are odd
'yk:P(a0>0,a1 <0,...,ak <0,ar41 <0,...an>0)

+P(a0<0,a1>0,...,ak>0,ak+1>O,...an<0>

n41 n+1 ntl  n4l

=a?(l-a)? +(1-a) 2 a 2.
Then when n is odd, we obtain

1 ‘ n— L — n
pn—17n=n_2|— [(1—04)Toz T +(l-a)zaz? |[+(n—1Na = (1—-a)>

n+1 nt1 [n+1 « 11—«
o ( @) [ 2 l1-a o +n )}
In conclusion,
nas(l1—a)? if n even,

T @ 0 2 (2 250) + 0] o
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7.5 Proof of Lemma 4
Applying the law of total probability
P(A|B) = P(A|B,C)P(C|B) + P(A|B,C)P(C|B),
we have:
P (k sign switches in{ao, . .., an}|an > 0)
= P(k sign switches in {ao, ... ,an}’an >0,an-1 > 0)P(ap—1 > 0la, > O)

+ P(k: sign switches in {ay, ..., an}‘an > 0,an-1 < 0)P(ap_1 < O0|a, > O).

Since a,,—1 and a,, are independent, we have P(a,_1 > O‘an >0)=Plap_1 >
0) and P(an—1 < 0]ap > 0) = P(an,—1 < 0). Therefore,

P(k; sign switches in {ao, ..., an}|an > 0)
= P(k sign switches in {ay, ... 7an}|an >0,a,_1 > O)P(an,1 > 0)
+ P(k sign switches in {aq, .. .,an}}an >0,a,-1 < O)P(an_l <0)
= P(k sign switches in {ao, ... ,an_l}‘an_l > O)P(an_l > 0)

+ P(k — 1 sign switches in {aq, . .. ,an,l}‘an,l < O)P(an,l < 0).
Therefore we obtain the first relationship in (33). The second one is proved
similarly.

7.6 Proof of Lemma 5

From (33), it follows that

Ukn — QUL n—1 v Uk+1,n — OUk4+1,n—1
kn—1 — .
1-a ’ 11—«

(35)

Vk—1,n—1 =

Substituting (35) into (33) we obtain

Uk+1,n+1 — QUEKL+1,n
l—«

Uk4+1,n — OUE4+1,n—1
1l -«

= QUkg—-1,n—-1 + (1 - Oé) )

which implies that

Upt1,n+1 = (I —a)oug—1,n—1 + (1 — @) (Ukt1,n — QUKL1,n—1) + QUL+1,n

=(1—-a)aug_1,n-1 — a(l — @) Uk+1n-1 + Ug+1,n-

Re-indexing we get uy , = (1 — a)a(ug—2,n—2 — Uk n—2) + Uk n—1. Similarly we
obtain the recursive formula for vy, .
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7.7 Proof of Proposition 3
From Lemmas 4 and 5 we have

P = QU n + (1 — a)vg
= ala(l - Oé)(uk—Q,n—Q — uk,n—Q) + uk,n—l]
+(1—a)a(l — a)(vg—2.n—2 — Vk.n—2) + Vkn—1]
=a(l — o)[a(uk—2mn—2 — Ugn-2) + (1 — @) (Vk—2,n—2 — Uk n—2)]
+ aug -1+ (1 — a)vg p_1

=o(l — ) (Pr—2,n—2 — Pkn—2) + Phin—1-

This finishes the proof.

7.8 Proof of Theorem 7

Set 1/A? := a(1—a). By the Cauchy-Schartz inequality a(1—a) < M =
%, it follows that A2 > 4. Define ag,n = A"pg n. Substituting this relation into
(34) we get the following recursive formula for ay ,,

Apn = Q-2 n—2 — Ak n—2 + Aak,nfb

According to Proposition 2

e ) () o
(36)
_gn | if a=1,

Also ag,, = 0 for k > n. Let F(z,y) be the generating function of ay, ,,, that is

F(z,y) = Z Z gt y".

k=0n=0

Define

oo

o0
glz,y) = Z apny” + Z a1, nxy"”.
n=0

n=0

From (36)-(37) we have: for o = 1

> > 1 d 1 l—y+2ay
gle,y) =) y" +ay ny"‘1=:444*-%$y4*< ) = :
nz_;) nz:% l—y dy\1—y (1-y)?



Distribution of the number of internal equilibria in random games 35

and for a # %
9(z,y)

=3 [o(7 ) () e () - ()
2(1aa>gy”+[l—a+2‘“flé£ > ()

]

= [a- M} i(aA)"y" +[1-a+ M} i(u — a)A)ryn
]
(

o0

M

n=1

n=0 1 -2 n=0

2a(1 — a)x} 1
1—- 2« —(1—-a)Ay

1 a)x) (1 (- a)Ay) + ((1 —a)(1-2a) +2a(1 — a)x) (1 - aAy)

+{1—Oz+

(a(l —2a) — 2«

(1=20)(1 —ay)(1 - (1 - a)Ay)
2 2
1- Y42
1—Ay+y?’
Note that in the above computations we have the following identities
1 o 5 1l-«a
=), % =(aa?,

Now we have

oo o0
=D awat"y"

= (1-a)242%, (1-ady)(1-(1—a)Ay) = 1—-Ay+y>.

k=0n=0
= g(IC, y) + Z Z(ak72,n72 — Qk,n—2 + Aak,nfl)xkyn
k=2n=2
9@, y)+ 3 Y an-an2t"y" = 3D ks +AY Y arnazty”
k=2n=2 k=2n=2 k=2n=2
(38)
=g(x,y)+ () + 1)+ (I11). (39)

We rewrite the sums (I), (II) and (III) as follow. For the first sum

0o 0o oo o
- Z Z ak72,n72xkyn = $2y2 Z Z ak,nmkyn = $2y2F($, y)

k=2n=2 k=0n=0
For the second sum

oo oo oo o o oo
k. n k. n n n
= E E A n—2T Y = E E Ak n—2T Y — E ao,n—2y - E a1,n—233y

k=2n=2 k=0n=2

QZZaknx ¥y -y Za()ny -y Za1n;vy

=0n=0
:yQ(F(ﬂ%y) — g(z,y)).
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And finally for the last sum
oo oo
(IID) = > apn-12"y" = y(F(z,y) - g(x,y)).
k=2n=2
Substituting these sums back into (39) we get
F(z,y) = g(z,y) + 2y F(,y) =y (F(x,y) — g(z,9)) + Ay(F(z,y) - g(2,y)),
which implies that

_ 9(zy)(1— Ay +y?)
P =0 ay 12— a2y

_ 1
For a = 3, we get

Y (1-9)? (1-y)?2—-2%y? 1-y-—uay
= (L+a)y"
n=0
B oo n n .
S (1)t
n=0 k=0

which implies that oy, = (Z) Hence for the case o = %7 we obtain py ,, =

1 n

For the case a # % we obtain

2y | 2 2 2

Bl aye -
1—Ay+y? 1—Ay+y?2 —22y?  1— Ay+y? —22y?’

Finding the series expansion for this case is much more involved than the
previous one. Using the multinomial theorem we have

F(l‘,y) =

=Y X () @
m=0 0<ijl<m ~ 7’
itjt+l=m

_ = m 1\ Al..26, 2i425+1
_Z Z (i,j,l>( 1)7 A"y

_ - m _1\ym—i—=l gl 25, 2m—I
=2 (im—i—ll)( ATy
0<i,l<m
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Therefore
1 > m
— _ _1\ym—i—=l gl .2i 2m—I
Fley) = £(A—29+209) Y (1 5 g) GOy
m=0 0<i,I<m
i+l<m
_ - m ) m—i—l 4l—1 2i, 2m—1 2, 2m—I+1 2i+1, 2m—I+1
= Z o (-1) A (A:z: y — 2z"'y + 227"y )
m=0 0<i,l<m <z,m i1l

(40)

From this we deduce that:

If k is even, k = 2k’, then to obtain the coefficient of zFy™ on the right-hand
side of (40), we select (i, m,[) such that

(i=K&2m—1l=n&0<il<m) or (i=k&2m—I+1=n&0<il<m).
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Then we obtain

— - m _1\ym—Fk'—(2m—n) g42m—n
Ok _Z[n] (k;’,m—k’—(Qm—n),Qm—n) (=) A

n

m o m—k)’—(2m—n+1)+1 2m—n
+2 Z <k’,m—k’—(2m—n—|—1),2m—n—|—1>( 1) 4

m=[251]

- m n—k’—m —
= Z (k’nk’QOTL)(_l)Lk A
.| K K

m=[%

n m n—k'—m 42m—n
22 % (ko tam ) (DA

m=[254]

" m m
n 2
Zm:(ﬂ [(k’,n—k'—m,Qm—n) + (k’,n—k’—m—l,2m—n+1>

! .
X(—1)n—k—mAZm=n if p even,

B n m m
n 2
Zm:(ﬂ [(k’,n—k'—mﬂm—n) * (k’,n—k’—m—l,Qm—n—i—l)

n-l —1 /
X(_l)nfk’,mAmen ) <|_ ]j/ —|> (_1)["7]719 +1A71 if n odd

n —k+1 m . 2m— .
B4 B (k",n -k —m,2m — n) (=i AT A n even,

= n n—k+1 m 1 n—k/—mAQm—n
Zm:(%1 Zm—n+l (k’,n — kK —m,2m — n> (=1)

n—1 . ,
+2 <( k% ]> (—)IF= 1=+ 4141 if i odd.

Similarly, if k is odd, k = 2k’ 4 1, then to obtain the coefficient of 2*y™ on the
right-hand side of (40), we select (i, m,[) such that

(i=k &2m—-1+1=n& 0<1i,l<m),

and obtain

n

_ m _1\n—k'—=m—1 g2m-n
e, = 2 Z (k’,n—k’—m—1,2m—n—|—1>( 1) 4 '

m=[251]

From ay,, we compute py , using the relations py , = aA’“;{‘ and A% = a(llfa)

and obtain the claimed formulas. This finishes the proof of this theorem.
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Remark 4 We can find ay, , by establishing a recursive relation. We have

1 _1—Ay+y2—x2y2
F(x,y) — A
_ Aﬂﬁy Ay A — A?/4
T2 2 g W
Axy Ay A2 — (2y "
= o ey (Fa-a)
n=0
=S amemy () -y
n=0
Azy Ay A2 — 2 n
S g U= S ()
n=0 k=0
2 2 2\ k,n
=1+ (5~ AM—z“’* 1“4/422 Cin(5)
n=2 k=0

=: Z bty = B(x,y).
where

2 2
boo=1, bor=-—4A, ba=-- and

ben = (1— A2/4)(—1)ka,n(%)n for 0<k<n,n>2.

Using the relation that

F(x,y)B(x (ZZaknxy)<Z Zbk/n/x y" ) 1,

n=0 k=0 =0k'=

we get the following recursive formula to determine ax N

1 N-1 K—1N—1
@0 = p— = 1, aon=-— E a0,nbo,N—n, QKN =— E E apnbr—k,N—n-
0,0
’ n=0 k=0 n=0

It is not trivial to obtain an explicit formula from this recursive formula. How-
ever, it is easily implemented using a computational software such as Mathe-
matica or Mathlab.
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