View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by Covenant University Repository

Applied Mathematical Sciences, Vol. 9, 2015, no. 86, 4255 - 4260
HIKARI Ltd, www.m-hikari.com
http://dx.doi.org/10.12988 /ams.2015.5128

Existence of Fixed Points of Some Classes of
Nonlinear Mappings in Spaces with
Weak Uniform Normal Structure
Godwin Amechi Okeke

Department of Mathematics, College of Science and Technology,
Covenant University, Canaanland, KM 10 Idiroko Road,
P.M.B. 1023 Ota, Ogun State, Nigeria

Mufutau Adesina Olabiyi

Department of Mathematics
University of Lagos, Akoka, Lagos, Nigeria

Copyright © 2015 Godwin Amechi Okeke and Mufutau Adesina Olabiyi. This article
is distributed under the Creative Commons Attribution License, which permits unrestricted
use, distribution, and reproduction in any medium, provided the original work is properly
cited.

Abstract

In this paper, we prove some fixed point results for some classes of
nonlinear mappings recently introduced by Okeke and Olaleru [5]. Our
results improves several other known results in literature, including the
results of Sahu et al. [8] and Sahu [7].
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1 Introduction and Preliminaries

Let C' be a nonempty subset of a Banach space X and S : C' — C a Lipschitzian
mapping, we use the symbol o(S) to denote the exact Lipschitz constant of .S,
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ie.,
o(S) =inf{k € [0,00] : || Sz — Sy|| < k||z —y| forall z,y e C}. (1.1)

A mapping T : C' — (' is said to be
(a) nonexpansive if o(T) = 1,
(b) asymptotically nonexpansiveif o(T™) > 1 for alln € N and lim,, o, o(T") =
L,
(¢) uniformly L-Lipschitzian if o(T™) = L for all n € N and for some L €
(0, 00).

Sahu [7] recently introduced the following classes of nonlinear mappings as
intermediate classes between the class of asymptotically nonexpansive map-
pings and that of mappings of asymptotically nonexpansive type (see, Goebel

and Kirk [3], Kirk [4]).

Definition 1.1 [7] Let C be a nonempty subset of a Banach space E and
fix a sequence {a,} in [0,00) with a, — 0. A mapping 7" : C — C will be
called nearly Lipschitzian with respect to {a,} if for each n € N, there exists
a constant k, > 0 such that

Tz — T"y|| < kn(llz —y|| +an) ¥V 2,y € C. (1.2)

The infimum of constants k, for which (2.18) holds will be denoted by n(71")
and called nearly Lipschitz constant. Notice that

[Tz — Ty

cx,yeCx . 1.3
T van oY “} (13)

1) =sup {

A nearly Lipschitzian mapping 7" with sequence {(a,,n(7"))} is said to be

(i) nearly contraction if n(T™) < 1 for all n € N,

(i) nearly nonexpansive if n(T™) < 1 for all n € N,

(iii) nearly asymptotically nonexpansive if n(T™) > 1 for all n € N and

lim,, o n(T™) < 1,

(iv) nearly uniformly k-Lipschitzian if n(T") < k for all n € N,

(v) nearly uniformly k-contraction if n(T™) < k < 1 for all n € N.

Inspired by the facts above, Okeke and Olaleru [5] introduced the following
classes of nonlinear mappings.

Definition 1.2 Let C be a nonempty subset of a Banach space E, ¢ : RT =
[0,00) — RT be a continuous strictly increasing function such that ¢(0) = 0,
limy o0 #(t) = oo and fix a sequence {a,} in [0, 00) with a, — 0. A mapping
T :C — C will be called ¢-nearly Lipschitzian with respect to {a,} if for each
n € N, there exists a constant k, > 0 such that

Tz — T"y|| < kn.¢(|lz —y|| +an) V z,y € C. (1.4)
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The infimum of constants k,, for which (1.6) holds will be denoted by 7(7")
and called ¢-nearly Lipschitz constant. Notice that

[Tz — Ty
(lz =yl + an

77(T")—smp{q5 ) :x,yEC,x#y}. (1.5)
A ¢-nearly Lipschitzian mapping T" with sequence {(a,,n(T™))} is said to be

(i) ¢-nearly contraction if n(T") < 1 for all n € N,

(ii) ¢-nearly nonexpansive if n(T™) < 1 for all n € N,

(iii) ¢-nearly asymptotically nonexpansive if n(T™) > 1 for all n € N and

lim,, 0o n(T™) < 1,

(iv) ¢-nearly uniformly k-Lipschitzian if n(T™) < k for all n € N|

(v) ¢-nearly uniformly k-contraction if n(T") < k < 1 for all n € N.

Observe that if ¢ is identity in Definition 1.2, then we obtain the concepts
introduced by Sahu [7] (see Definition 1.1 above).

Our purpose in this paper is to prove some fixed point results for the classes
of nonlinear mappings defined by Okeke and Olaleru [5], as given in Definition
1.2 above.

The following definitions and lemma will be needed in this study.

Definition 1.3 [7] Let C be a nonempty subset of a Banach space E and
T :C — C amapping. T is said to be demicontinuous if whenever a sequence
{z,} in C converges strongly to x € C, then {T'z,,} converges weakly to Tx.

Definition 1.4 [2] The normal structure coefficient N(FE) of a Banach space
FE is defined by

N(F) = inf{ diam(©) . ' is nonempty bounded convex subset of E with

re(C)
diam C > 0},

where r¢(C) = infiec{sup,cc ||z — yl|} is the Chebyshev radius of C relative
to itself and diam (C) = sup, ,ec |7 — y|| is diameter of C. The space E is
said to have the uniform normal structure if N(E) > 1. A weakly convergent
sequence coefficient of E is defined by

WCS(FE) =sup{k : klimsup,_, . ||z.| < diam,({z,}) for all {z,} in E with
x, — 0}.

The space FE is said to have the weak uniform normal structure if WCS(E) > 1.

Definition 1.5 [1] Let C' be a nonempty subset of a Banach space E. A
nonempty closed convex subset D of C' is said to satisfy property (w) with
respect to a mapping 17" : C' — C' if

wr(x) C D for every x € D, (1.6)
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where wr () denotes the set of all weak subsequential limits of {T"x : n € N}.
Moreover, T' is said to satisfy the (w)-fized point property if T has a fixed point
in every nonempty closed convex subset D of C' which satisfies property (w).

Lemma 1.6 [8] Let C be a nonempty closed convex subset of a Banach space
and T : C' — C' a mapping such that T"u — v as n — oo for some u,v € C.
Suppose that T is demicontinuous at v. Then v is a fixed point of 7" in C.

2 Main Results

Theorem 2.1 Let E be a Banach space with weak uniform normal structure, C'
a nonempty weakly compact convex subset of £ and T : C' — C a ¢-nearly Lip-
schitzian mapping with sequence {(a,,n(7™))} such that limsup,,_,.. n(T") <
VWCS(FE). Also suppose that there exists a nonempty closed convex subset
M of C' which satisfies property (w) with respect to T. Then

(a) for an arbitrary zp € M, there exists an iterative sequence {z,,} in M
defined by

Ty = W — 711;120 T"Cpm—1 Vm e N, (2.1)

(b) if T" is asymptotically regular on C, then there exists an element v € M
such that

{z,;,} converges strongly to v € M. Further, if T' is demicontinuous at
v, then

ve F(T).
Proof. (a) We can easily construct a nonempty closed convex separable subset
Cy of C which is invariant under each 7" (i.e. T"(Cy) C Cy forn =1,2,---),
we suppose that C' itself is separable.

Due to the separability of Cy, we can select a subsequence {1"z} such
that {T™z} is weakly convergent for each x € C. For every o € M C C, we
consider a sequence {T"x} in C. Suppose that w — lim,, o, T"x¢ = x; € C.
Using property (w) we have that x; € M. By induction, we can construct a
sequence {z,,} in M defined by (2.1).

(b) Suppose that 7' is asymptotically regular on C. The weak asymp-
totic regularity of T' ensures that z,, = w — lim,_,o T"""x,,_, for each r €
N. We are to show that {z,,} converges strongly to a fixed point 7. We
set L := limsup,_,.n(T"), D, = limsup,_, . ||Tm — T"2y|| and R,, =
limsup,,_,o |€m+1 — T"@p|| for all m = 0,1,2,--- Using the property of
WCS(E), we obtain

1
Ry, = limsup ||y 41 — T2 || < D{T"m}]. (2:2)
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Using the asymptotic regularity of T and the w-[.s.c. of the norm ||.||, we obtain

DH{T"x,,}] limsup,, ., (limsup,_, . |T"zm — Tz pm]|)

IA I

lim sup,, , . (Hmsup, _, o (| 7" T — T2 ||
T 2 — T )

< limsup, . (imsup, . (n(T").¢(||xm — T"2m|| + an)))

= Llimsup,_, (¢([|vm — T"2nll))

< Llimsup, . (¢(limsup, o (|T*2m-1 = T"zml])))

< Llimsup,_,(é(limsup, (| T5Tm-1 — T" 21|
T 2y = T )

< Llimsup,_, . (¢(limsup, .. (| 752 m-1 — T 21|
+n(T) ([T 2m—1 — 2l + ar))))

< L2lmsup, oo (T rmr — Fll)) = I X $(Rnr). (23

We set A := #;(E) < 1. Using (2.2), we have

O(Run) S AX G(Rin1) SN2 X G(Rya) - A" X 6(Ro) =0 (24)

as m — o0o. For each m € N, we obtain

me-i-l - me < hmsuPnaoo(me-H - Tnme + ||T"xm - xm”)

< Ry, +limsup,_, . (limsup, . [|T"%m — T"Tpm—1||)

< R, +limsup,,_,..(limsup,_, |77, — T" " 24|
HINT"* 21 = T 1]]))

< R, +limsup,,_, (¢(limsup,_, . (n(T™)x
([zm = T'2m || + an))))

< A+ L).¢(Rm1)

< ()\ + L))xm_l X gb(Ro). (2.5)

We see that {z,,} is a Cauchy sequence in M and hence there exists an element
v € M such that lim,, .., z,, = v. Clearly,

lo=T"] < o= sl + [mss — T + [T — T

< o=zl + l[@men = T | +0(T7) %
Ol zm —vll + an). (2.6)

Taking limit superior as n — oo on both sides, we obtain

limsup [|v = T"0|| < [Jv = Zmia || + ¢(Bm) + Lllwm — o] =0,

n—o0

as m — oo. Hence, we have that T"v — v as n — co. Furthermore, we as-
sume that 7T is demicontinuous at v. Therefore, using Lemma 1.6, we obtain
ve F(T). O

Remark 2.2 The results of Theorem 2.1 improves and generalizes several

other known results in literature, including the results of Sahu et al. [8] and
Sahu [7].
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