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Abstract: We propose a two parameter Inverted Generalized Expohef@&) and a three parameter Generalized Inverted
Generalized Exponential (GIGE) probability models as galimations of the one-parameter Exponential distribuiad some other
distributions in the literature. We explore the statidtfm@perties of the GIGE distribution and its parametersenestimated for both
censored and uncensored cases using the method of maxifelindod estimation (MLE). An application to a real data isetlso
provided to assess the flexibility of the GIGE distributiareosome of its sub-models.
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1 Introduction

([1]) and (]2]) proposed and studied a generalization of the Exponedisaiibution called the Generalized Exponential
(GE) distribution by introducing a shape parameter to thediential distribution. The cumulative density functicdf)
of the Generalized Exponential (GE) distribution is givem b

Fee(X) = (1—e )¢ x>0, a>0A>0 (1)
The corresponding probability density function (pdf) isegi by;

fee(X) = are X (1—e Mol x>0,a>0,A>0 2)

where;
o is a shape parameter
A is the scale parameter

Beside, inverted distributions have been studied by a nurobeesearchers. For instance, the Inverted Exponential
distribution was introduced by4]) and its applicability as a lifetime model has been idesdifby ([]). Practically, if a
random variable X has an exponential distribution, the aldd Y = % will have an Inverted Exponential (IE)

distribution.

Motivated by the work of @]), we shall first introduce a two parameter probability miokieown as the Inverted
Generalized Exponential (IGE) distribution which is preally the inverse or reciprocal of the Generalized Expdiaén
(GE) distribution. With this understanding, we shall fuatlpropose a three parameter model named the Generalized
Inverted Generalized Exponential (GIGE) distribution.

However, the rest of this article is organized as followsSkttion 2, we present both the IGE and GIGE distributions,
Section 3 deals with some basic statistical properties efptoposed models coupled with the estimation of model
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parameters; Section 4 provides the estimation of the modednpeters using the method of maximum likelihood
estimation (MLE) for both the Censored and Uncensored cé&Sestion 5 discusses the application of the GIGE
distribution using a real data set followed by a concludemark.

2 The Generalized Inverted Generalized Exponential Disttution

We shall start by proposing the Inverted Generalized Exptale(IGE) distribution. Let X denote a non-negative
continuous random variable and given that the Generalizgmiential distribution is as defined in Equatidr) and
Equation ), therefore, the cdf and the pdf of the Inverted GeneralErponential distribution are respectively given

by;

A
X

Fice(x) =1—(1—e &) x,a,A >0 ®)

A A
X X

fice(x) = are”Ix2(1—e %)l :xa,A >0 (4)

where;
o is a shape parameter
A is the scale parameter

We can otherwise name the Inverted Generalized Exponedigalibution as the Complementary or Reciprocal
Generalized Exponential distribution.
We present the Reliability function and the Failure ratgpeesively as;

x[>

See(x) = (1—e (3@ (5)

Forx>0,a >0andA >0
hIGE(X) = G/\ef(%xfz(l_e*(%))fl )
Forx>0,a >0andA >0

With this understanding, we can confidently propose the @dized Inverted Generalized Exponential (GIGE)
distribution by generalizing the IGE distribution as folls;

A
X

/) X,a,A,y>0 )
Differentiating Equation?) with respect to x gives the pdf of the propose GIGE distidiuts;

Faice(X) =1—(1—e "

foice(X) = aAyx 26 %) (1—e 531 xaA,y>0 8)

where;
a andy are shape parameters
A is the scale parameter

For notation purposes, we writ¥;~ GIGE(A, a, y)

The plot for the pdf and cdf of the GIGE distribution at vaisquarameter values are given in Figure 1 and 2 respectively.

As shown in Figure 1, the proposed GIGE distribution is pesliy skewed and the shape of the model is unimodal.

Special Cases:
Some known distributions in the literature are found to Heswdels of the proposed GIGE distribution. For instance,

—Fory =1, we get the Inverted Generalized Exponential (IGE) distion.
—Fora = y=1, we get the Inverse Exponential distribution.

Observations from the GIGE distribution with parametera , y can be simulated using the following transformation;

1.
X =Ayflog(1—(1-U)7)] ™ (9)
where U is a random variable uniformly distributed @n1).
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Fig. 1: Plot for the pdf of the GIGE distribution@ =1, A =3, y=2

CDF of the GIGE distribution
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Fig. 2: Plot for the cdf of the GIGE distribution @ =1, A =3, y=2

3 Statistical Properties of the GIGE Distribution

This section provides some basic statistical propertiethefproposed Generalized Inverted Generalized Exporientia
Distribution.

3.1 Reliability Analysis

The reliability (survival) function is given by;
S(x) =1-F(x) (10)
Therefore, the reliability function for the GIGE distrilion is given by;

Sice(X) = (1—e V%))a (11)

Forx>0,a >0,A >0,y>0

The corresponding plot for the reliability function of thé&E distribution is as shown in Figure 3;
The probability that a system having ageunits of time will survive up tdx+t’ units of time forx > 0,a > 0,A >
0,y > 0 andt > 0 is given by;
SeiGe (X+1)

Scice (tx) = “Soce () (12)
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Fig. 3: Plot for the Survival function of the GIGE distributionat=1, A =3, y=2

Failure Rate of the GIGE distribution

FailureRate

t|x) = 13
Soice(t[x) e (13)
Hazard function is given by;
__f®
h(x) = T-FX (14)
Therefore, the corresponding failure rate (hazard fungi®given by;
heice (X) = aAyx 2e () (1— e V(%)) (15)
x>0,a>0A>0,y>0
The plot for the failure rate at different parameter valgagrovided in Figure 4.
3.2 Moments
The r-th moment of a continuous random variable X is given by;
p = E[X] = / X f(x)dx (16)
Jo
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If a continuous random variable X is such thét:~ GIGE(a, A, y),the rth moment is given by;
EX' = /Ooo adyx 267 V(%) (1— e V(%)) 1gx (17)
Letf = y(%) in Equation (7) and by following (B]), then;
E[X'] = aATy /0 T e f(1—e ) 1dg (18)
- a/\ryf/ow e—re—9(1+iae—9‘)de
=

where;

(19)

Therefore;

- &
EX'N=aA'yr(d-rf{1 —_ 20
[X'] VI )( 2 (|+1>1r> (20)
The general expression for the moment generating functrf)(of the GIGE distribution is given by;

n oo

V() =ay (%AW’I’(l—r)(l—kZ\ﬁ)) (21)

4 Parameter Estimation

This section provides the estimation of the proposed GIGEitution both for the Censored and Uncensored cases using
the method of maximum likelihood estimation (MLE) as follsw

4.1 For Censored Case:

Censoring is a situation in which the value of an observati@mly partially known. It is a form of missing data problem
and it is common in survival analysis.

Following ([3]), let X; andC; be independent random variables, whielenotes the lifetime aith individual andC;
denotes the censoring time aie- min(X;,C;) fori =1,2,3,....,n. EachX; is distributed according to Equatio)(with
parameters, A andy.

Let m denote the number of failures and IEtand L denote the sets of censored and uncensored observations
respectively.

The likelihood function for the censored case is given by;

L= ig f(ti)*ilc_J:S(ti)

where; f(tj) andS(t;) are the pdf and reliability function of the GIGE distributi@s given in Equations3] and (1)
respectively.

Letl =logL;

| = m(loga +logy+logA) — 2 Z:Iogti —yA Z:ti‘lJr (a—1) Z:Iog (1— e_y(é)) +a Eclog (1— e_y(%)) (22)
2 2 . .

| | 1

N
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Differentiatingl with respect tax, A andy respectively gives;
al m _yA
- = | 1_ y(q)
Jda o +iCZ: og( © )

dl  m ()

RO ARL IO ey

—V(q)
I M St (a—1 th(%)
0V y ic i (1_e—V(q))

The 3x 3 observed information matrix for hypothesis testing artdrival estimation for parametess A andy is given

D
|
< |-
>
N2
"
+
Q
_. <
> M
-
=
7N
H
|
CD‘
=
>
N
~_

by;
ha ey
\](e) = - ‘]G,C{ Ja7y
Jyy
where;
A
3 m N . e V&)
ha= gy = gpt @ DA T +<a—1>((1_e o

<_ (1_;)’(%))(%) o
Ay dizzlhl B .Zptrle (a=1)x gptil<(1 i:t)l';tl ))>
) (1_ (1—eyy<%>) (?_')) ’ aigcti_l<(1 i_;/(T’()%)))

(2- ﬁ(?—)) (25)

Ja.a = j—;'z --= (26)

Jyy = Z—;lz = —% —(a— 1))\22:(2((1_%(2))2) - aAZigcti*((l_%(i;))Z) (27)

4.2 For Uncensored Case:

Let X3,Xp,..X, be a random sample of 'n’ independently and identicallyriisted random variables each having a
Generalized Inverted Generalized Exponential distrisutlefined in Equatiorsj, the likelihood functiorL is given by;

n
L(X|a,A,y) = |‘! (a)\ yx-2e 1) (1— e—V(%))a—l) 8)
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Following Oguntunde et gR014),

Letl =logL(X|a,A,y),

n n /\ n - (A)
| =nloga +nlogy+nlogA —2% log(x)— Y y(=)+ (a—1) T log(1—e "% (29)
i; I i; X i; ( )
Differentiatingl with respect tax, A andy respectively gives;
dl_n n —y()
36" a +i;Iog(1—e ) (30)
d n oA n (M)
==Y () (a-D)y 31
bR ACIRICEEDY ) (31)
A n DA 0 (A)e V)
ay LDy (32)
dy v G X G 1-e )

Setting% =0, % =0, 5—),' = 0 and solving the resulting nonlinear equations gives theimam likelihood estimates of
parameters, A andy.

5 Application

To assess the flexibility of the proposed GIGE distributiva,make use of a censored data given B ([[8]) and ([3]).
The data consist of death times (in weeks) of patients wititeaof tongue with aneuploid DNA profile. The observations
are; 1, 3, 3,4, 10, 13, 13, 16, 16, 24, 26, 27, 28, 30, 30, 351481, 65, 67, 70, 72, 73{4, 77,79, 80, 81, 87, 87, 88,

89, 91, 93,93, 96,97, 100,101, 104,104, 108 109, 120, 131, 150, 157, 167,231, 240, and400, where the twenty-one
observations written in bold denote censored observatidresanalysis in Table 1 is performed with the aid of R sofawar
The Log-likelihood and Akaike Information Criteria (AIC)if the GIGE, IGE and IE distributions are provided.

Table 1: Descriptive Statistics on Death Times

Min Q1 Q2 Mean Q3 Max Var Skewness| Kurtosis
1.00 | 30.00| 78.00| 81.76 | 100.20 | 400.00| 4774.898| 2.193221 | 10.35995
Table 2: Performance of the GIGE, IGE and IE distributions
Distribution Parameters LOG-Likelihood AIC Rank by AIC
GIGE (Proposed) a =5.771e—01 -300.856 607.712 2
y=4.0602—03
A =2787%+03
IGE (Proposed) a=05771 -300.856 605.712 1
A =113186
IE ([4]) A =17.3795 -306.107 614.213 3
It is good to note that the model with the lowest AIC is rankeel bhest.
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6 Conclusion

A two-parameter Inverted Generalized Exponential (IGEStriiution and a three-parameter Generalized Inverted
Generalized Exponential (GIGE) distribution are definedhiis article. The basic statistical properties of the GIGE
distribution are rigorously studied. The model is posiiivgkewed and its shape is unimodal. A number of distribigion
are found to be sub-models of the GIGE distribution. We et the parameters of the GIGE distribution for both the
Censored and Uncensored cases using the method of maxirkelihdod estimation (MLE). The result based on the
data used, shows that the two-parameter Inverted GeredlaExponential (IGE) distribution is better than the
three-parameter Generalized Inverted Generalized Exyiah€GIGE) distribution. This in turn means that, geniial

the IGE distribution by introducing another shape parantaggy not be needful except if the data set is more skewed.
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