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An investigation into the dynamical behaviour of an inclined railway bridge traversed
by uniform partially distributed moving railway vehicle, and supported by an elastic
foundation is carried out. The effects of shear deformation and rotatory inertia are taken
into consideration. The resulting coupled partially differential equations are solved

using finite difference method. It was found that the foundation moduli and angle of
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INTRODUCTION

An inclined railway bridge is a railway bridge set
at an angle, not perpendicular to a horizontal plane.
However, the work done is the same: Work = Force x
Distance, and the distance is increased, whereas the
force is decreased [Molinear et al (2012), Gbadeyan
and Agarana (2014)]. In Elementary Physics, an object
placed on a tilted surface (inclined plane) will often
slide down the surface. The greater the tilt of the
surface (i.e. the angle of inclination), the faster the rate
at which the object will slide down it (Sofi, 2013).
According to Newton’s laws of motion, a Railway
vehicle on an inclined plane will continue to slide
down the plane if there is no applied force to balance
the forces acting on it, especially if the surface is
frictionless or with minimal friction. There are always,
at least, two forces namely: the force of gravity and
the normal force, acting upon the railway vehicle
positioned on an inclined bridge (Gerg and Dukkipati,
1984). The force of gravity acts in a downward
direction, while the normal force acts in a direction
perpendicular to the surface [Molinear et al (2012),
Gbadeyan and Dada (2006)]. An inclined plane
problem is in every way like any other net force
problem with the sole exception that the surface has
been tilted. An inclined plane therefore can be
transformed into the form with which we are more
comfortable, as illustrated in Figure 2. After this
transformation, we can ignore the force of gravity
since it has been replaced by its two components
[Molinear (2012), Sofi (2013)]. We can now solve for

the net force and the acceleration. For a railway
vehicle mowing up the inclined bridge, the applied
force must be greater than the component of its weight

(F};) moving down the inclined bridge, to avoid
sliding down.

Problem Formulation:

A rectangular inclined railway bridge, modelled as
rectangular inclined Mindlin plate, supported by
Winkler foundation and traversed by a partially
distributed moving railway vehicle is considered. M
is the mass of the railway vehicle of rectangular
dimension & and x, and, with one of its lines of

symmetry moving along y =y, the plateis L, by L,

in dimension and let &=ut+¢/, where u is the

2 )
velocity of the load. & is the angle of inclination, F;
is the component of the weight of the railway vehicle
parallel to the inclined plane and F, is the component

perpendicular to the inclined plane.

Assumptions:

(i) The inclined bridge is of constant cross —
section, (ii) the moving railway vehcile moves with a
constant speed, (iii) The moving railway vehicle is
guided in such a way that it keeps contact with the
inclined bridge throughout the motion, (iv) The
inclined bridge is continuously supported by a Winkler
foundation, (v). The moving railway vehicle is
uniformly partially distributed, (vi) The rectangular
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Mindlin railway bridge is elastic, (vii) No damping in
the system, (viii) Uniform gravitational field; (ix)
Constant mass (M) of the railway vehicle moving
up the inclined plane. (x) Constant angle of inclination

W (X, y,0):0:%(x, y,0)

Boundary Conditions:
Wy, ) =M, (X, y,t) =y, (X, y,1) =0,
forx=0andx =L,

. . Wy, ) =M (xy,t) =, (X yt)=0,
Initial Conditions: fory=0Oandy=L,

Fig. 1: A moving railway vehicle on an inclined plane supported by Winkler foundation.

becomes Fir

Fyrav

Fig. 2: Transformed inclined plane to a flat plane.

Problem Solution: by a partially distributed moving Railway vehicle can
The set of dynamic equilibrium equations which be written as [Gbadeyan and Dada (2006), Shadnam,

govern the behaviour of rectangular inclined railway (200D)1;

bridge supported by Winkler foundation and traversed

0 o 2 25
Q Qy—phaW+KW+MfaW:P(x,y,t) 3)
5)( ay ayz afz
2 3 2
X_GMX_BMxy:phaawarpLh_d Vi g 4
x oy a* 12 dt?
_6Mxy _aMy o aQV,y +,Dth3 _dzl//y . (5)
Yoy oy ar 12 dt?
where y, and w, are local rotations in the x- densities of the plate and the load per unit volume

and y—directions respectively, M, and M, are respectively. W(x, y,t) is the traverse displacement of
the plate at time t, g is acceleration due to gravity,

@is the angle of inclination of the plate. The last terms
) _ in equations (4) and (5) account for inertia effects of
Q, are the traversed shearing forces in x— and y— the load in x— and y— directions respectively.

directions respectively, h and h, are thickness of the Also, B=B, B, , where

bending moments in the x— and y-— directions
respectively , M, is the twisting moment, Q, and

plate and load respectively, o and p,  are the '

1-H(x-¢-4) for0O<t<<

H(x—£+8)-H(x—£-2), fore<t<= (6)
T H(x—&+%) forz <t <t

0, for =2 <t
B, =H(y-y+3)-H{y-v.-% @)

H(x) is the Heaviside function defined as:
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1,x>0
H(x)=40.5 x=0
0,x<0

K is the foundation of stiffness and M, is the

mass of the foundation. D is the flexural rigidity of
the plane. The bending moments, shearing forces and

0
M, :_D(%Uﬁ]

OX oy
0
M, =—D| ¥y, Vs
Y oy ox
M. _-bl-v) oy, v,
v 2 y  ox

oW
=—K?Gh| y, ——
o, ——won{, )

2 oW

sl
and
aW —
a_ t

From equation (3), the moving load P(x,y,t) can
be expressed as follows [Gbadeyan and Dada (2006),
Gbhadeyan and Agarana (2014)]:

d’y,

From equation (4), the straight derivative v

can be expressed as follows [Gbadeyan and Dada
(2006), Ghadeyan and Agarana (2014)]:

By virtue of the inclined plane, the weight of the
railway vehicle (M, ) has been resolved into its
components. The component parallel to the plane is
M, gsin @ . Therefore, equation (12) becomes:

Application of the boundary conditions to the non-
dimensional form of equations (9) — (14) and (22) —
(24) vyields nine equations with nine unknown
variables: Q,, Q,, M, M, M, v, ., w,., D

and W , from where the solutions are obtained.

1 Gl
P(x,y,t)=—[—ML9—ML 3 }3
ue ot

d’y, 0%, 'y, u oM, oM, oM, uv
=—+U t— +u +u
dt ot oxot  D(v* -1) | ot ot oy

Zy/y

From equation (5), the straight derivative e

a2 o2 | oxat D(v-1)| at at | D1

1 o'W .
P(x,y,t)=—|-M gcos0-M, —~ B-M gsind
ue ot

D21

dZWy782u/y +u82|//y+ u {6My +U5MY+U5MY} uv {

®)

twisting moment can be written as (Gbadeyan and
Dada, 2006)

©)
(10)
(11)

(12)
(13)

(14)

A simply supported rectangular inclined plane
(plate) has been taken as an illustrative example. If the
edge y =0 of the railway bridge (modelled as a plate)

is simply supported, the deflection W along this edge
must be zero. At the same time this edge rotate freely
with respect to the = — axis, that is, there are no
bending moments (M) along this edge [Gbadeyan

and Dada (2006), Gbadeyan and Agarana (2014)]. A
numerical procedure, the finite difference method, can
be used to solve the system of equations (7) — (12) and
(20) — (22) (Gbadeyan and Agarana, 2014)

The resulting set of algebraic equations to be
solved for the nine dependent variables may be written
in matrix form as:

(15)

aMy+uaMy} (16)

OX

can be expressed as follows (Gbadeyan and Agarana, 2014):

Substituting equations (16), (17) and (18) into equations (3), (4) and (5) respectively, we have

o a o )
&+&+phﬂ+KW+M,M:i{—MLgmsﬂfMlMfi{ﬂéergsinHHB
x oy EY RN a Keh | aT
oM, M o 0° o oM oM
Qx,;,izﬂ% e ":Mru Yy L: IR O -
x oy 12 at at yt D -1 | at x | D@’ -1)
oM, M 3 5? 8 8* oM oM, oM
Qy——”——y=ﬂ VZ* 1% #Jru V/Z‘Jr L: Lpu—2 4
x oy 12 at at ' DWE-1| at o

+u M, } (17)
oy
(18)
(19)
{aguuaxyHB (20)
uv oM, oM, (21)
b —1){ a 'y HB

Equations (19), (20) and (21) can be written as first order partial differential equations as follows
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dQ, 9o, o0, M,
ot X

ab, ab, uvM 0 0 oD, .
+KW +M, —-+ gcosf+—-+u—=t+u w“++MX— — . 0Q‘+upQ* B:pho—T—MLgsmH
dx  dy a A a o at T D?-1) D(w?-1)| aGh o aT

= +u —————{—*+u
x ey 12 at 12| &y DE-1| at x| Dr-1| at o J

oM, amw:ﬁawxupﬁ{aw%w u {amx amx} w  [oM, 6MXHB

,5Mxﬁ""w,L*‘”Wx..+plh3{5wx_.+ u {cM 6Mx} uv {8MX aquB

- —rpu—*t- —riu—=*
x oy 12 a 12| &y D@-pla - x| DLE-nl et - oy
where ~ _9v, and oy, .
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where N and M are the number of the nodal points along x and y axes respectively,
Lk = Ki‘jsci‘j +Li,j+1‘SD M,,S°

i Vi i

+N.

i+1,j+1

0
S s R

Each term in equations (25) and (26) isa 9x9 matrix.

Effects Of The Angle Of Inclination On The Deflection Of The Bridge:
From equation (18), we have

2

P(x,y,t)=i{—MLgcose—MLﬂ}s-mgsina

HE ot

For free vibration, P(x, y,t) =0, which implies
2

1 —MLgcosé?—MLM B-M_gsind=0
LE ot
1 o*W

—{—MLg cosd-M, ?}B= M, gsind
ue

2
{—MLgcose—ML;—VZV}B—AMLgsinB:O

2
aatvzv =—(§ gsin 8+ g cos 9)

For very small 4, sin@ —6 and cosd —1.
Considering small inclination, (i.e., & —0), equation (30) becomes:

M o'W
—TL|:g+ 2 i|B=Mng
where pue=A.
For numerical illustration purpose, let M, =10kg , A=2m?, g=9.81.If B=1, then
2
-9.81= aatvzv

(22)
(23)

(24)

(25)

(26)

(@7)

(28)

(29)

(30)

(1)

(32)

That is, if @ tends to 0, the acceleration of the deflection is approximately the acceleration due to gravity in

the opposite direction.

Integrating both sides of equation (32) twice, we have
—-9.81t* +ct+k =W

where ¢ and k are constants.

Considering when @ is not small,
2

M
—T{gcose+a W}B:MLgsina

atZ

which can be written as
2

B=1

ggsinﬁz—gcosa—a

2 !

Specifically, for 8 =90", equation (35) becomes
A W
RS

So for 6 =90 and for free vibration and letting B =1, =90, A=2, we obtain

(33)

(34)

(3%)

(36)
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-2gt> +ct+k =W
where ¢, and k; are constants.
Now, for @ = 90°, equation (35) can be written as
o°W

atz

—g(2sin @+cos b) =

For forced vibration, we have
2

61:2

M .
P=—f{gcos@+aW}B—MLgsm9

where P is the applied force.

2
A (P+MLgsin0)—gcosezaatV2V

L

@37)

(38)

(39)

(40)

For numerical illustration purpose, let M, =10kg, A=2m*, g=9.81ms?, B=1, 0<#<90°, equation

(40) becomes

_% (P +98.1sin #) —9.81cos 6 =

2

where ¢ = ow is the acceleration of the deflection.

(41)

From equation (27), &=k tan @, where k =(M, B’ )71 , is a constant.

RESULTS AND DISCUSSION

The numerical calculations were carried out for a
simply supported rectangular inclined plate (inclined
railway bridge) resting on a Winkler foundation and
subjected to a moving railway vehicle (load.).
Damping effect was neglected. For specific values of
other parameters, deflection of the bridge is calculated
and plotted (in Figure 3) as a function of time. It
shows the deflection of the railway bridge for various
values of velocity u . It can be seen that the response
maximum amplitude of the bridge decreases as
velocity decreases. In Figure 4, acceleration of the
deflection of the bridge, « , without an applied force,
is plotted against time. We can see that « increases
gently, then later sharply with time, at a given value of
angle of inclination, &, as k, increases. Figure 5

0.02 -

shows that deflection of the railway bridge decreases
with time if there is no applied load. In Figure 6 we
plotted the deflection of the bridge under an applied
load against time. It is clear that deflection increases as
the applied load increases. Similarly, Figure 7 shows
that the acceleration of the deflection of the bridge at
different values of applied load decreases as with an
increase in the applied load. Also, Figures 8 and 9
represent instantaneous dynamic response of the
railway bridge, at any instant of time and at a given
angle of inclination, for both forced and free vibration
cases. The figures show, respectively, that deflection
of the bridge decreases with an increase in time for
forced vibration case, while the deflection increases
with an increase in time for the free vibration case, at a
given angle of inclination.

-0.02 -

-0.04 -

-0.06

Deflection

-0.08 -

0.1 -+

-0.12 -

Time (T)

08

——U=35
----- U=4.5

—U=55

Fig. 3: Deflection of the bridge at different values of velocity and time.
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Fig. 4: Acceleration of deflection of inclined plate at various values of £ .
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Fig. 5: Deflection of the bridge without applied load at given inclination angles.
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Fig. 7: Acceleration of deflection of the bridge at different values of applied load and different angles of
inclination.
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Fig. 8: Deflection of the railway bridge for forced vibration, at any instant of time and at a given angle of

inclination.
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Fig. 9: Deflection of the railway bridge for free vibration, at any instant of time and at a given angle of inclination.

Conclusions:

The structure of interest was an inclined railway
bridge on Winkler elastic foundation, under the
influence of a uniform partially distributed moving
railway vehicle). The problem was to determine the
dynamic response of the whole system. Finite
difference technique was adopted in solving the
resulting first order coupled partial differential
equations obtained from governing equations for the
simply supported bridge. The study has contributed to
scientific knowledge by showing that the angle of
inclination of an incline railway bridge in addition to
the elastic subgrade on which the bridge rests, have a
significance effect on the dynamic response of the
bridge to a partially distributed moving railway
vehicle. Also, the influences of the moving railway
vehicle speed and total mass of the moving railway
vehicle on the dynamic response of the inclined bridge
are significant in most cases.
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