TWMS J. Pure Appl. Math., V.6, N.2, 2015, pp.XX-XX

ON A HYBRID NUMERICAL ALGORITHM FOR THE SOLUTIONS OF
HIGHER ORDER ORDINARY DIFFERENTIAL EQUATIONS

TIMOTHY A. ANAKE!, SHEILA A. BISHOP!, OLASUNMBO O. AGBOOLA!

ABSTRACT. A hybrid Adam-Moulton type one step numerical algorithm is proposed in this
paper. The numerical algorithm is implemented in the block mode. Characterization of the
method in terms of convergence and region of stability is given. Numerical experiments per-
formed reveals the convergence of the method at very reasonable cost.
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1. INTRODUCTION

We propose a numerical algorithm for the solution of higher order ordinary differential equa-
tions(ODE), of the form:

j=f(z.y@),y(x), =€la,T]
y(a) = o, (1)
y(a) = &1,

where T'> 0, f:[a,T] x R™ x ®™ — R™ is a smooth function and &y, &; € R™. The existence
and uniqueness of the solutions of (1) has been discussed in [12].

The mathematical modeling of physical phenomena in science and engineering often give rise
to problems of this nature.

In order to avoid increasing the dimension of the problem, a situation associated with reducing
(1) to a system of first order equations, (See [11]), we intend to solve the problem directly. This
latter approach is preferred due to its advantages over the former, [4, 5].

In what follows, we shall develop an implicit single step method which is a hybrid of the
continuous linear multistep method proposed in [4]. This we hope to achieve by the inclusion
of offstep points. The motivation for the development of this method comes from the desire to
combine the advantages in single step methods with the efficiency of multistep methods, (see [7]
and [8]).

The derivation and specification of the algorithm is presented in section two. In section
three, we characterize the algorithm in terms of convergence and region of stability and then
the implementation is discussed in section four. Lastly, numerical experiments are conducted to
determine the efficiency of the algorithm
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2. DERIVATION OF THE METHOD

Let the polynomial of the form

= Z a;x’ (2)
=0

approximate the exact solution of (1) in the partition a = zp < 21 < -+ < Ty < Tpp1 < -+ <
xn =T, such that the step-size h, is defined as h = 41 —xpn, n=0,1,--- N — 1.
Now, consider the one step design: x, < Tp+y, < Tni1, s =1,...,t, where vg, V s, are offstep

points and v € Q. Then, by interpolation of (2) at points z,4,, ,, and zp+,, and collocation of
(1) at zp4r, 7 = 0,14, 1, we obtained the system

8
Yn+v, = Z a’ixil+y57 s=1-— 17 t (33‘)
8
frar = Zz(z — Da;zx nfr, =0,vs, 1. (3b)
i=0

Equations (3a) and (3b) are respectively interpolation and collocation equations. The system
(3) is solved for the unknown coefficients, a; which are substituted into (2). Using a scaling
factor, z € Z, defined as z = H%, such that z < 1, a continuous representation of our

implicit hybrid algorithm and its first derivative is obtained as follows:

Yn+r = @nJrV + h2 [Z /81 fn+z + Z /31/5 fnJer} (4a)

yn—i—r - (i>n+1/ + h |:Z /62 fn—i-% + Z ﬂl/s fn-i-Vu} (4b)

where @1, (2) = o,y (2)Tntu, )+, (2)Tnts,, - Obviously, ar(z) and B,(2), are continuous
coefficients of z. By way of definition, yn+; = y(2n4n), is the approximation of the exact solution
at the point 45, fnrj = f(@nt4,Y(@n+j), Y(@nyj)), for arbitrary j.

In particular, choosing v = ¢, s =1,...,5, i.e t = 5 the procedure described above yields the
discrete schemes

Yntr = a%(z)yn+§ + a5( )yn+5 +h? [Z; Pi2) fuvi + Zﬁyu fn—i—u] (5a)
Yn+tr = %( )yn+2 + Ozs ( )yn+5 +h [Z ﬂz fnﬂ + Z /3’/5 fn+l/s] (5b)
Evaluating (5a) for z = —%, —%, —%, —Land 1 g vield discrete schemes whose coefficients are

given in Table 1. Also, evaluating (5b) for z = g, g, %, é,

— %, 0 and % yield discrete derivative schemes described by their coefficients in Table 2.

Our main numerical algorithm and its first derivative are obtained as follows:

2

Yokt = Wi § ~Vnird + gTroaas [4315fn+1 + 530041, , 5 — 2307/, 2

+T948f,,, 1 — 4827/, 2 + 1578, 1 — 221fn}

h
U1 = Yy g = 6Ynsz + 5rroms [12313fn+1 +55246f,, 5 — 18689f, 2

+19460f,, 1 — 10921, , 2 + 3470, 1 — 479fn}
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TABLE 1. The coefficients for the method (5a)

r oz as  fo B B By B2 Bs S
0 5 .4 409 6366 11679 18532 21255 2334 —95
317728 217728 217728 217728 217728 217728 217728
14 3 - 758 10503 19708 26883 2754 —95
6 362880 362880 362880 362880 362880 362880 362880
13 9 31 —207 2313 19708 35073 3762 —137
3 725760 725760 725760 725760 725760 725760 725760
19 31 —186 213 5426 19353 5862 —221
2 2177280 2177280 2177280 2177280 2177280 2177280 2177280
1 -1 2 —221 1578 —4827 7948 —2307 53994 4315
2177280 2177280 2177280 2177280 2177280 2177280 2177280
TABLE 2. The coefficients for the method (5b)
r ooz as Bo B By By B2 Bs I3}
0 -6 6 —I2|T 5873  _I0607 58876 26465 0962 585
241920 241920 241920 241920 241920 241920 241920
1 g 1313 —45090 149013 101620 119817 8262 29
6 725760 725760 725760 725760 725760 725760 725760
1 g ¢ =413 4266 —55035 134132 105219 _12438 571
3 725760 725760 725760 725760 725760 725760 725760
1 6 6 43 —418 2201 —19708  —39587  —3074 63
2 241920 241920 241920 241920 241920 241920 241920
2 g o =23 1962 —6939 15884 57123  —14742 731
3 725760 725760 725760 725760 725760 725760 725760
5 6 6 289 —2214 7659  —16628 36855 35514 995
6 725760 725760 725760 725760 725760 725760 725760
1 6 6 =479 3470 10921 19460  —18689 55246 12393
241920 241920 241920 241920 241920 241920 241920

3. ANALYSIS OF THE METHODS

In this section, we set out to test the convergence and determine the region of stability of the new
algorithm, (6) .

3.1. Order and error constant. We begin by rewriting (6) as a linear difference operator of the form:

1
Lly(x); h] = y(@) = av,y(@n + ve-h) = aw,y(@n +veh) = b | Y Bifjen +ih) +
i=0
(®)

t
+> " Buii(@n +vsh) |

s=1

where y(z) € C?%a,T], d € R, is an arbitrary test function. Then expand y(z,, +rh) and §j(z, +rh),r =
0,1y, 1 for all r respectively in Taylor series about z,, and collecting terms in powers of y gives

Lly(z); h] = Coy(x) + Crhy V() + Coh®yP (z) + -+ - + CphPyP) () +

9
+Cpy hP Ty () 4 - ©



T.A. ANAKE etal: ON A HYBRID NUMERICAL ALGORITHM FOR THE SOLUTIONS... 3

Where the constant coefficients Cy,q = 0,1,2,... are defined as follows:

Co = Zf:o @i
¢y = Zf:o i
(10)
Cq = % Zf:l oy —q(g—1) (Zf:l 9726 + Zf:l quz)ﬂlu)]
Definition 3.1. (1) The difference operator L and the associated method is said to be of order p if
Co:C1:-~~:Cp:0 andeH#O
(2) The term Cpiq is called the error constant and it implies that the local truncation error(l.t.e) is
defined by:
l.t.e = CpyahPT2yPt2 4 O(RPT3) (11)

We have established from our computation that methods (6) has order p = 7 and error constants
Cpi2 = —3.1173 x 10719,

3.2. Zero stability and consistency.

Definition 3.2. The method (6) is said to be zero stable as h — 0 if its first characteristic polynomial
p(z), satisfies the condition |z4| < 1. Furthermore, those roots for which |z4| = 1 have multiplicity not
exceeding 2.

The first characteristic polynomial of the algorithm is obtained as follows;
plz) =2 — 2256 4 223 =0, (12)

It can be seen that the conditions in Definition (3.2) are satisfied by (12). Therefore, we conclude that
the numerical algorithm (6) is zero stable. The consistency of the method is established also, by the fact
that the order p = 7 of the algorithm is greater than 1, that is, (1) = 2lo(1) (see [10]).

3.3. Convergence. Since we have established the consistency and zero stability of the algorithm, we
can conclude that the numerical algorithm (6) is convergent (see [9]).

3.4. Region of absolute stability. Absolute stability for the algorithms is determined by means of the
boundary locus method. Consider the stability polynomial

II(z,h) = p(z) —ho(z) =0 (13)

- d
where h = h?)2 and A\ = dfjg: are assumed constant.

The polynomial (13) is obtained by applying the continuous implicit one step hybrid algorithm (6) to the
scalar test problem;

y'=-Ny (14)

Definition 3.3. The algorithm, (6) is said to be absolutely stable if for a given h all the roots zy of (13)
satisfy |z¢] <1, 6 =1,2,...,(r —1).

Definition 3.4. The region R of the complex h-plane such that the roots of the polynomial T1(z,h) lie
within the unit circle whenever h lies in the interior of the region is called the region of absolute stability.

We established from our computation using the boundary locus method, that our algorithm, (6) has
interval of absolute stability to be (—9.87,0).
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3.5. Implementation of the method. The method (6), we use simultaneous solutions of a zero stable
block formula of the form (the zero stability of the block formula has been established in [3]). :

RYAY,M = k' By + h*~7 [CF(Y;,)] (15)
where Yrgﬂ) = (yn+u1a e 7yn+u(t,1) ) ynJru(t) s Yn+1, yn+u1 gy yn+u(t,1) ) yn+um 3 ynJrl)T;
'fr?) = (y’n,fllla ) y’n.fl/(t,l) i ynfu(t) b yn, y‘nfvlv M y‘nfv(t,l) I Z.Jnfu(t) ) yn) 7

F(Yin) = (fas Fatvrs -+ Frtvieny s fn+l,(t),fn+1)T; n represents the order of the derivative of (6); v =n
is the power of h; p is the order of (1); A, B and C are constant coefficient matrices obtained as follows:
A is 12 x 12 identity matrix,

T
s_[1 111 110000
- 1 1 1 2 5
s 3 2 3 ¢ 1+ L1 11
and
r_28549 275 _ 5717 10621 _ 7703 403 —199 1
4354560 20736 483840 1088640 1451520 241920 870912
1027 97 2 197 97 23 19
68040 1890 81 8505 7560 5670 34120
253 165 267 5 363 57 a7
10752 1792 17920 128 17920 8960 53760
272 376 2 656 2 8 2
8505 2835 945 8505 81 945 1701
35225 8375 3125 25625 _ _625 275 _ 1375
870912 48384 290304 217728 96768 20736 870912
a3 3 17 3 3 0
840 14 140 105 280 70
C =
19087 2703 _ 15487 293 _ 6737 263 _ 863
362880 15120 120960 2835 120960 15120 362880
1139 a7 11 166 269 11 37
22680 189 7560 2835 7560 945 22680
137 27 387 17 243 9 29
2688 112 4480 105 4480 560 13440
143 232 64 752 29 8 __4
2835 945 945 2835 945 945 2835
3715 725 2125 125 3875 235 _ 275
7257 3024 24192 567 24192 3024 72576
a9 9 34 o 9 a
- 840 25 280 105 280 35 840 -

The procedure is a block by block procedure where starting values for subsequent blocks are obtained from
the previous block for the implementation of the method over the subintervals: [zg, z1], [z1,22], -, [Tn=1, ZN]

4. NUMERICAL EXPERIMENT

The derived method is experimented on some sample problem to illustrate its performance. Our results
are compared with previous results obtained from other authors.
1
Problem 4.1. y" —z(y')? =0, y(0) =1, ¥/ (0) = 5 h=0.01

Theoretical solution:

1+1l 24 x
= —In
y 2"\,

Problem 4.2. 3’ = (y?;) -2y, vy (%) _1 Y (f) = ?; h =0.01

Theoretical Solution:
y(w) = (sina)?
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TABLE 3. Absolute errors in the new method to errors in [1, 2] for Problem 4.1

X Exact Computed Error in  Error in [1] Error in [2]
Result Result method (6) -
0.1 1.050041728 1.050041728 6.2172E-15 7.5028(-13) 4.8627(-14)
0.2 1.100335345 1.100335345 2.4425E-14 9.7410(-12) 2.1604(-13)
0.3 1.151140433 1.151140433 5.6843E-14 3.7638(-11) 5.2557(-13)
0.4 1.202732549 1.202732549 1.0347E-13 9.7765(-11) 1.0254(-12)
0.5 1.255412806 1.255412806 1.6742E-13 2.0825(-10) 1.8032(-12)
0.6 1.309519597 1.309519597 2.5091E-13 3.9604(-10) 3.0078(-12)
0.7 1.365443745 1.365443745 3.6016E-13 7.0460(-10) 4.8991(-12)
0.8 1.423648920 1.423648920 5.0493E-13 1.2095(-09) 7.9460(-12)
0.9 1.484700266 1.484700266 6.9522FE-13 2.0511(-09) 1.3702(-11)
1.0 1.549306129 1.549306129 9.4836E-13 3.5066(-09) 2.1885(-11)

TABLE 4. Absolute errors in method (6) to errors in [1, 6] for Problem 4.2

X Exact Computed Error in ~ Error in [1] Error in [6]
Result Result Method (6)

1.1035988 0.7971525560 0.7971525560 3.9946E-11 1.8811(-10) 2.8047(-10)
1.2035988 0.8711181669 0.8711181669 3.3286E-11 2.4539(-10) 2.7950(-10)
1.3035988 0.9302884674 0.9302884673 2.5298E-11 3.0306(-10) 2.1490(-10)
1.4035988 0.9723045242 0.9723045242 1.6302E-11 3.5819(-10) 5.4975(-11)
1.5035988 0.9954912899 0.9954912899 6.6553E-12 4.0838(-10) 1.1545(-10)
1.6035988 0.9989243811 0.9989243811 3.2564E-12 4.5128(-10) 4.4825(-10)
1.7035988 0.9824669315 0.9824669315 1.3038E-11 5.0696(-10) 1.1840(-09)
1.8035988 0.9467750474 0.9467750475 2.2300E-11 5.0696(-10) 1.1840(-09)
1.9035988 0.8932716519 0.8932716519 3.0673E-11 5.1697(-10) 1.6318(-09)
2.0035988 0.8240897564 0.8240897565 3.7823E-11 5.1381(-10) 2.0567(-09)

5. CONCLUSION

Hybrid numerical algorithm of a one step method of order p = 7 has been developed in this paper. The
algorithm gives convergent solutions with very low errors and is absolutely stable. Implementation of the
algorithm is by block method which apart from generating simultaneous solutions also gives derivative
solutions. The experiment performed with the numerical algorithm proposed in this paper shows that it
performs better than the methods proposed in earlier [1, 2] and [6].

REFERENCES

[1] Adesanya, A.O., Odekunle, M.R., Adeyeye, A.O., (2012), Continuous Block Hybrid-Predictor-Corrector
Method for the Solution of ¢y = f(z,y,y’), Intern. J. of Math. and Soft Computing, 2(2), pp.35-42.

[2] Adesanya, A.O., Odekunle, M.R., Alkali, A.A., (2012), Order Six Block Predictor-Corrector Method for the
Solution of y"" = f(zx,y,y’), Canadian J. of Sci. and Engr., 3(4), pp.180-185.

[3] Anake, T.A., (2011), Continuous Implicit Hybrid One Step Methods for the Solutions of Initial Value Prob-
lems of General Second Order Ordinary Differential Equations, Ph.D Thesis, Covenant University, Canaan-
land, Ota, Ogun State, Nigeria.

[4] Awoyemi, D.O., (1992), On some Continuous Linear Multistep Methods for Initial Value Problems, Ph.D
Thesis, University of Ilorin, Ilorin, Nigeria.

[5] Awoyemi, D.O., (2001), A new Sixth-order algorithm for general secondary order ordinary differential equa-
tion, Intern. J. Comput. Math, 77, pp.117-124.



[12]

TWMS J. PURE APPL. MATH., V.6, N.2, 2015

Awoyemi, D.O., Adebile, E.A., Adesanya, A.O., Anake, T.A., (2011), Modified block method for the direct
solution of second order ordinary differential equations, Intern. J. of Appl. Math. and Comput., 3(3), pp.181-
188.

Brush, D.G., Kohfield, J.J., Thompson, G.T., (1967), Solution of ordinary differential equations using two
“off-step” points, Journal of the ACM, 14(4), pp.769-784.

Gear, C.W., (1964), Hybrid methods for initial value problems in ordinary differential equations, SIAM
Journal of Numerical Analysis, 2, pp.69-86.

Henrici, P., (1962), Discrete Variable Methods in ODE, John Wiley and Sons, New York.

Lambert, J.D., (1973), Computational Methods in Ordinary Differential Equations, John Wiley, New York.
Shampine, L.F.; (1994), Numerical Solution of Ordinary Differential Equations, Chapman and Hall, New
York.

Wend, D.V., (1969), Existence and Uniqueness of Solutions of Ordinary Differential Equations, Proceedings
of the American Mathematical Society, 23(1), pp.27-33.

Timothy A. Anake is currently a Lecturer and
Postgraduate Studies Coordinator of the Depart-
ment of Mathematics, School of Natural and Ap-
plied Sciences, College of Science and Technology,
Covenant University, Canaanland. He got B.Sc.
degree in Mathematics from the University of Uyo
and M.Sc. degree in Mathematics from the Uni-
versity of Ibadan. In 2011 he got Ph.D. degree in
Mathematics from Covenant University, Ota. His
current research interests include numerical solu-
tions of differential equations, moving boundary
problems using mesh free methods and solutions
of Schrodinger equations.

Sheila A. Bishop graduated from the Univer-
sity of Benin in 1998 with a Bachelor of Science
Education degree in Mathematics and obtained a
Master degree in Mathematics from the University
of Ibadan in 2005. She joined Covenant University
in 2007 as an assistant Lecturer in the Department
of Mathematics. She obtained her Ph.D. degree
in Mathematics in 2012. She has a teaching expe-
rience of over a decade in both public and private
schools.




T.A. ANAKE etal: ON A HYBRID NUMERICAL ALGORITHM FOR THE SOLUTIONS...

Olasunmbo O. Agboola holds Bachelor of Sci-
ence Education (First Class Hons.) and Master
of Science degrees from the University of Ilorin,
Ilorin, Nigeria. He is an Assistant Lecturer in
the Department of Mathematics in the College
of Science and Technology. His research interests
are in analytical dynamics and numerical analysis.
Presently, he is undertaking his Doctor of Philos-
ophy (Ph.D) degree programme at Covenant Uni-
versity where he equally teaches undergraduate

courses in Mathematics.



