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Abstract

In this study, we prove a strong convergence of Noor type scheme for a uniformly L-Lipschitzian and
asymptotically pseudocontractive mappings in the intermediate sense without assuming any form
of compactness. Consequently, we also obtain a convergence result for the class of asymptotically
strict pseudocontractive mappings in the intermediate sense. Our results are improvements and
extensions of some of the results in literature.
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1 Introduction

In the sequel, we give the following definitions of some of the concepts that will feature prominently in
this study.

Definition 1.1. Let T : C — C be a mapping. T is said to be
(1)asymptotically nonexpansive (Sahu et al. (2009)) if there exists a sequence {k,} C [1, o)
with k,, — 1 as n — oo such that

Tz — T"y|| < knllz —y||,Vn > 1,2,y € C. (1.1)

Goebel and Kirk (1972) introduced the class of asymptotically nonexpansive mappings as a genera-
lization of the class of nonexpansive mappings.

(2) asymptotically nonexpansive in the intermediate sense (Zegeye et al. (2011)) if itis continuous
and the following inequality holds:

lim sup sup (|T"z — T"y|| - o — yl|) < 0. (1.2)
n— oo I,yEC
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Observe that if we define

Co = max{o, sup (|7 — Ty|| — |1z — yH)}, (1.3)

z,yeC
then ¢, — 0 as n — oco. Hence, (1.2) can be reduced to
|T"2 — T y|| < |z — yl| + Cny VR > 1,2,y € C. (1.4)

The class of asymptotically nonexpansive mapping in the intermediate sense was introduced in 1993
by Bruck et al. (1993). We remark that the class of mappings which are asymptotically nonexpansive
in the intermediate sense contains properly the class of asymptotically nonexpansive mappings.

() strict pseudocontractive (Qin et al. (2010)) if there exists a constant k € [0, 1) such that

1T = Tyl* < llz — y|I* + k(I = T)z — (I = T)yl*, Vz,y e C. (1.5)

The class of strict pseudocontractive maps was introduced in 1967 by Browder and Petryshyn (1967).
Marino and Xu (2007) established that the fixed point of strict pseudocontractions is closed convex
and they obtained a weak convergence theorem for strictly pseudocontractive mappings by Mann
iterative process.

(4) asymptotically strict pseudocontractive (Zegeye et al. (2011)) if there exists a constant k£ €
[0,1) and a sequence {k,} C [1,00) with k,, — 1 as n — oo such that

IT" = T"y|* < knllz =yl +KI(I = T™)z — (I = T"yl*, Va,y € C. (1.6)

The class of asymptotically strict pseudocontractive mappings was introduced by Liu (1996). We
remark that the class of asymptotically strict pseudocontractive mappings is a generalization of the
class of strict pseudocontractive mappings.

(5) asymptotically strict pseudocontractive in the intermediate sense (Qin et al. (2010)) if there
exist a constant k € [0, 1) and a sequence {k,} C [1,00) with k,, — 1 as n — oo such that

Jim sup sup (|77 = T"y|* = knlle = y|* =K = T") = (1 = T")y|") <0. (17)
x,y
Put
¢ = max {o, sup (17" = T"y|I* — kallz = yl* = kIl (T = T")z = (I - T”>y|\2>} SN
T,y

It follows that {,, — 0 as n — oo. Then, (1.7) is reduced to the following:
1Tz — T"y||* < knllz —y||> + k(T =Tz — (I = T")y||> + o,V > 1,2,y € C. (1.9)

Sahu et al. (2009) introduced the class of asymptotically strict pseudocontractive mappings in the
intermediate sense. Zhao and He (2010) obtained some weak and strong convergence results for
this class of nonlinear maps. We remark that if (, =0 Vn > 1in (1.9), then we obtain (1.6), meaning
that the class of asymptotically strict pseudocontractive mappings in the intermediate sense contains
properly the class of asymptotically strict pseudocontractive mappings.
(6) pseudocontractive (Qin et al. (2010)) if for any =,y € C, there exists j(z —y) € J(z — y) such
that
(T — Ty, j(z —y)) < |z —yl?, (1.10)

and it is well known that condition (1.10) is equivalent to the following:
lz =yl < llo—y+s[(I = Tz) = (I =Ty)]l,Vs > 0,2,y € C, (1.11)

(7) asymptotically pseudocontractive (Qin et al. (2010)) if there exists a sequence
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{kn} C [1,00) with k,, — 1 as n — oo such that
(T"z — Ty, x —y) < kallz —y||>, Yn> 1,2,y € C. (1.12)
Observe that (1.12) is equivalent to
1T = T"y||* < (2kn = V)llz = y|I* + [l —y = (T"x = T"y)|*,Vn > L,z,y € C. (1.13)

The class of asymptotically pseudocontractive mapping was introduced in 1991 by Schu (1991).
Rhoades (1976) produced an example to show that the class of asymptotically pseudocontractive
mappings contains properly the class of asymptotically nonexpansive mappings.
(8) asymptotically pseudocontractive mapping in the intermediate sense (Qin et al. 2010)) if
there exists a sequence {k,} C [1,00) with k, — 1 as n — oo such that

lim sup sup ((T"z — T y,x —y) — kn|lz — y|*) < 0. (1.14)
n— oo z,yEC
Put
Tn = max {0, sup ((T"z —T"y,x — y) — knllz — yHQ)} . (1.15)
z,yeC

It follows that 7,, — 0 as n — oco. Hence, (1.14) is reduced to the following:
(T"x —T"y,x —y) < knllz — y||* + m0,¥n > 1,2,y € C. (1.16)
In real Hilbert spaces, we observe that (1.16) is equivalent to
T 2 — T y|]* < (2kn — D|z —y||* + [|(I = T™)x — (I = T™)y|” + 270, ¥n > 1,2,y € C.  (1.17)

X. Qin et al. (2010) introduced the class of asymptotically pseudocontractive mappings in the interme-
diate sense. We remark that if 7, = 0 Vn > 1, then the class of asymptotically pseudocontractive
mappings in the intermediate sense is reduced to the class of asymptotically pseudocontractive
mappings.

X. Qin et al. (2010) proved the following theorem.

Theorem QCK. Let H be a real Hilbert space, C C H be nonempty closed bounded and convex. Let

T be a uniformly L-Lipschitzian and asymptotically pseudocontractive self-map of C'in the intermediate
sense with sequences {k,} C [1,00) and {7} C [0, c0) defined as in (1.17). Assume that F'(T) is

nonempty. Let {z,} be a sequence defined by 1 = z € C and

(1.18)
Tnt+1 = anT"yn + (1 — Oén)mnz n > 17

where {a,} and {8, } are sequences in (0, 1). Assume that the following conditions are satisfied:
(1) X002 T < 00, fle(qi —1) < oo where q,, := 2k, — 1 foreach n > 1;

(i) a < an < Bn < bforsome a > 0and some b € (0, L72[v/1+ L2 — 1]).

Then the sequence {z,} generated by (1.18) converges weakly to a fixed point of 7.

Zegeye et al. (2011) proved a strong convergence theorem of Ishikawa type scheme (1.18) for
the class of asymptotically pseudocontractive mappings in the intermediate sense without the use of
the hybrid method adopted by X. Qin et al. (2010).

Theorem ZRC. Let C' be a nonempty, closed and convex subset of a real Hilbert space H and T :
C — C'be uniformly L-Lipschitzian and asymptotically pseudocontractive mapping in the intermediate
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sense with sequences {k.} C [1,00) and {7, } C [0, 00) defined as in (1.14). Assume that the interior
of F(T') is nonempty. Let {z,,} be a sequence defined by z; =z € C and

Yn = BT xn + (1 — Bn)xn
(1.19)
Tnt1 = anT"yn + (1 — an)an, n>1,

where {a,} and {3, } are sequences in (0, 1). Assume that the following conditions are satisfied:
()30, T <00, 3°°° (g2 — 1) < co where g, := 2k, — 1 for each n > 1;

(i) a < an < Bn < bforsome a > 0and some b € (0, L™2[v/1+ L2 — 1]).

Then the sequence {z,} generated by (1.19) converges strongly to a fixed point of T

Noor et al. (2001) gave a three-step iteration process for solving non-linear operator equations in
real Banach spaces.

Consider the following Noor iteration scheme: Let T : C' — C be a mapping. For an arbitrary z € C,
the sequence {z,}n2o C C defined by

Yn = (1 = Bn)zn + BnTzn (1.20)

zn = (1= 9n)ZTn + nTzn, n >0,

Tnt1 = (1 — an)zn + anTyn
where {an }nZo, {8n}neo and {v»}o2, are three sequences satisfying a., 8-, v» € [0, 1] for each n.
Olaleru and Mogbademu (2011) and (2012) obtained some convergence results for the modified
Noor iterative scheme introduced by Rafiq (2006). Zhou (2009) introduced a new three-step iterative
scheme with errors.

It was established by Bnouhachem et al. (2006) that three-step method performs better than
two-step and one-step methods for solving variational inequalities. Glowinski and P. Le Tallec in 1989
applied three-step iterative sequences for finding the approximate solutions of the elastoviscoplasticity
problem, eigenvalue problems and in the liquid crystal theory. Moreover, three-step schemes are
natural generalization of the splitting methods to solve partial differential equations, (see Qihou
(2002), Senter and Dotson (1974), Shahzad and Udomene (2006), Suantai (2005)). What this means
is that Noor three-step methods are at times robust and more efficient than the Mann (one-step) and
Ishikawa (two-step) type schemes for solving problems of nonlinear equations.

The following question is natural:
Is it possible to obtain a strong convergence of Noor type scheme (1.20) to a fixed point of asymptoti-
cally pseudocontractive mappings in the intermediate sense?

We give the following definitions and lemmas which will be useful in this study.

The folowing function was studied by Alber (1996), Kamimula and Takahashi (2002) and Reich
(1996). Let ¢ : H x H — R defined by

o(z,y) = ||=|1> — 2(z,y) + |ly||* forany
z,y € H. (1.21)

From the definition of ¢, we observe that:
(=l = llyl)? < o(a,y) < (=l + lyl)* forany z,y € H. (1.22)

The function ¢ has the following property:

o(y,z) = d(z,2) + d(y,2) + 2(z —y,x — 2) forallz,y,z € H. (1.23)

Lemma 1.2. (Zegeye et al. (2011)) Let {a.} be a sequence of nonnegative real numbers satisfying
the following relation:
An41 S (1 + ’Yn)an + On, N 2 no, (124)
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where, ng is some nonnegative integer. If >~ v, < coand >_ |on| < co. Then, lim,,—,« a, exists.

Lemma 1.3. (Zegeye et al. (2011)) Let H be a real Hilbert space. Then the following equality
holds:

oz + (1 = a)yl* = allz|* + (1 = a)lyl* — a(l — )z — yI, (1.25)

foralla € (0,1) and z,y € H.

In this paper, we consider the following Noor type iterative scheme and use it to obtain a strong
convergence for an asymptotically pseudocontractive mappings in the intermediate sense.

Let T : C — C be a mapping. For an arbitrary zo € C, the sequence {z,};~o C C defined
by
Zn = (1 = yn)Zn + T " Tn, n >0,
Tnt1 = (1 - Oln)l,‘n + anTnyn (1.26)
where {a, }5,, {8n}5%0 and {7,152, are three sequences satisfying a,., 8n, v € [0, 1] for each n.

2 Strong convergence theorem for asymptotically
pseudocontractive mappings in the intermediate sense

Theorem 2.1. Let C be a nonempty, closed and convex subset of a real Hilbert space H and T : C —
C be uniformly L-Lipschitzian and asymptotically pseudocontractive mapping in the intermediate
sense with sequences {k,} C [1,00) and {r,} C [0,00) defined as in (1.14). Assume that the
interior of F'(T) is nonempty. Let {z,} be a sequence defined by z; = = € C and

Yn = (1 — Bn)xn + BT 20
2Zn = (1 = )T + T " Tn, n >0, (2.1)
Tn4+1 = (1 - an)xn + Ol'n,Tmyn
where {a, }, {8} and {v, } are sequences in (0, 1). Assume that the following conditions are satisfied:
(i) Y00 T <00, 3% (gn — 1) < oo Where gy, := 2k, — 1 for eachn > 1;
(i) a < an < Bn < yn < bfor some a > 0 and some b € (0, L™ 2[v/1+ L2 — 1)).
Then the sequence {z,} generated by (2.1) converges strongly to a fixed point of 7.

Proof. Fix p € F(T'). From Lemma 1.3, (2.1) and (1.17), we obtain

lzn = pI* = [0 =) (@n —p) + 10 (T" 20 — p)|?
= (L= )lzn = pl® + 7l T"2n = pl> = (1 = y) 1T 20 — znl|®
< (@ =y)llzn = pll* + y{anllzn = pll* + llon — T"znl|* + 270}
(L = )1 T 20 — znll®
< ullzn = pl? +nllzn — T @n|? + 29070 — (1 = ¥) T 20 — zal|?
< gullen = plIP + V2T 20 — x| + 270 (22)
llzn — T"anQ = QA =m)(@n =T "2a) + (T 0 — T”zn)|\2

= (I =)llzn = T zul? + yllT" 20 — T2 |?

(1 = y) [T 20 — znl|®

(1 = yn)llzn — TnZnHQ + ’YZLQH%L - TnInHQ

Y (1 = )| T @0 — znll*. (2.3)
Using Lemma 1.3, (1.17), (2.1), (2.2) and (2.3), we obtain:

IN
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lyn —plI? = [[(1=Bn)(@n —p) + Bu(T" 20 — p)||°
= (1=Bn)llzn —plI> + BulT" 20 — plI* = Bu(l — Bu)IT" 20 — znl|?
< (A =Bu)llzn —plI* + Budanllzn — plI> + 20 — T"zn||* + 270}
—Bn(1 = BT 2 — n|?
< (1= Ba)llzn = plI? + Br{an(gnllen — pl* + 2l T @0 — wn||* 4 270)+
(L= va)llzn = T"zn|* + i L?|J2n — T @0 |?
V(1 =) [T 20 — xn|* 4 270}
< quuwn - pH2 + ﬁnqn'YerHTnx'ﬂ - x'ﬂHZ + 2qnTn
+Bn(1 = ) llzn — T 2ul? + Buyn L2 lzn — T an||*—
Brnyn(1 = ) |IT" &0 — zul|® + 27
< @llzn =P = B (1 = Y = Yngn — 2 L) | T @0 — @a|?
+Bn(1 = ) |0 — T 20?4+ 270 (1 + gn). (2.4)
Using Lemma 1.3, (1.17), (2.1) and (2.3), we have
lyn =T ynll? = (1= Ba)(@n — T Yn) + Bu(T" 20 — T"yn) |

= (1=Bu)llzn =T ynll* 4+ Bul T" 20 — T yn?
—Br(1 = Ba)IT" 2 — x|
< (1= Ba)llzn = T yull® + B L2 |20 — T" 20 ?
(L= B)lIT" 20 — za*
(1= Bu)llan — T yull” + BaL*{(1 — ) |lzn — T"2alI*+
VaL?||2n — T @nl|? = (1 = ) [T @0 — @n*}—
Bn(1 = BT 2 — n|?
= (1—=Bu)llzn — T ynll® + BAL* (1 — vn) [l — T"2n|*—
BaL?yn(1 = yn = 7o L) | T" 20 — 2>~
ﬁn(l _ﬂn)”TnZn _$n|‘2~ (25)
Using (1.17), (2.4) and (2.5), we have
1T yn = pII> < gullyn =2l + lyn — T"yull® + 270
< g{anlzn = plI> = Buvn(l = Yo — Yndn — Vo L) | T w0 — on|*+

ﬂn(l - 'Yn)Hxn - TnZnHQ + 2Tn(1 + qn)}+

(1= Ba)l|#n — T yull® + BoL*(1 — ) |20 — T™ 20—

BaL*An(1 = v — Y L) | T @ — @a ||~

ﬂn(l - ﬂn)“TnZn - $n|‘2 + 27y

= gullzn = plI> = Brvngn (1 — Y0 — Yngn — YR L) T @0 — z0l]*+
Bran(1 = vu)llen = T"20|” + 2¢n7n (1 + gn)+
(L= Bn)llzn — T ynll? + BaL?(1 — o)l — T 20> —
BaL*n(1 =y — Y L) | T 2 — 2a |~
Bn(1 = Bu)|T" 20 — @all® + 27
Gollzn = plI> = Bam@n(1 — Yo = Yngn — Vo L*) | T xn — xn|*+
(1= B)llzn — T ynll® 4+ 270 (1 + gn + q3)- (2.6)
Using Lemma 1.3, (1.17) and (2.6), we obtain:
(e [(1 = an)(@n = p) + an(T"yn — p)|I?
(1= an)|zn = plI* + anllT"yn — plI* — an(l = an) [T yn — xn?
(1= an)lzn —plI* + an{ag; llzn — plI°—
ﬁn’YnQn(l — Yn — Ynqn — 7%L2)||Tn$" - ‘TnHQ—"_
(1= Ba)llzn = T ynl® + 27 (1 4 gn + 42)}—
an (1= ) [Ty — |
quHxn - p||2 - an/@n’YnQn(l —Yn — Yndn — ’Y'rQLLZ)”Tnxn - -TnH2+
an(1 = B)l[zn = T yull* + 270 (1 + gn + 1) —
an (1 = an) | T"yn — zal?
< quHxn - p||2 - anﬁn’YnQn(l —Yn — Indn — ’Y'rQLLZ)HTnxn - -TnH2+
270 (1 + gn + ¢2). (2.7)

From assumption (i) 0 < a, < 3, implies that 0 < an(1 — Bs) < an(l — an) and ||z, — Ty ||* =

IA

IN

IA
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[(=1)(@n — T yn)II* = | = 1Plzn — T"yn||* = llzn — T"yall*. So that an(l — Bn)[|zn — T ynl* —
an(1 = ap)||zn — T™yn||® = —k||zn — T™yx||* for some constant k£ > 0. Hence, we obtain (2.7).
Observe from condition (i) b € (0, L™2[y/1 + L2 — 1]) implies that b > 0 and b < L™2[/1 + L2 — 1].
This implies that bL? < +/1 + L% — 1, hence 1 4+ bL? < /1 + L2. On squaring both sides, we obtain
(14bL%)? < (V1 + L2)? sothat 1 +2bL% + b2L* < 1 4 L?, so we obtain L? — 2bL% — b*>L* > 0, by
dividing through by L?, we obtain 1 — 2b — b*L? > 0. Hence, % > 0.

Inview of the fact that ~,, < b and condition (ii), there exists no such that

_ _ 12312
1= Yo = Yngn — 2 L? > 1%% >0, VYn>no, (2.8)
hence, (2.7) gives
[Zns1 = plI* < {1+ (g2 = D}zn = pl|* + 270 (1 + gn + 42), ¥n > no. (2.9)
Hence, by Lemma 1.2 we have that lim,,—, « ||zn — p|| exists.
Using (1.23), we obtain
¢(p, n) = (Tni1,Tn) + AP, Tny1) + 2(Tng1 — P, Tn — Tngr). (2.10)
This implies
1 1
(Tp41 — P Tn — Tny1) + §¢’($n+17 Ty) = 3 {0 zn) — ¢(Dy Tnt1)} - (2.11)

Since the interior of F'(T") is nonempty, there exists z* € F(T) and r > 0 such that z* + rh € F(T),
whenever |||l < 1. Hence, by replacing p with z* + rh in (2.10) and using it in (2.11) and by using
assumption (i), we have

* 1
0 < (it = (2" +7h), 20 — Znsn) + 30(Ens1,2a) + M((Gh = 1) +70), (2.12)

for some M > 0. Consequently, from (2.11) and (2.12) we have that
T{h, @n — Tng1) < (Tng1 — T Tn — Tng1) + 30(@nt1, 2n) + M((g) — 1) + )

= 36", zn) — Oz, np1)) + M((qn — 1) + 70), (2.13)
hence, ) )
<h7 Tn — xn+1> < ?(QZ)(I*,QZ") - ¢(I*a$n+l)) + ;M((q;i - 1) + Tn)- (2-14)
But h with ||h|| < 1 is arbitrary, we obtain
1 . . 1
l2n = @niall < 5 ($(@7, 2n) — $(a7, Tnta)) + ;M((qi —1) + 7n). (2.15)

Hence, if n > m > ng, we obtain
lzm —znll [Tm = Tm41 + Tmgr — = Tn1 + Tno1 — T
Sl — miga|
3 o (B(x", 2i) — P(a*, wirn)) + 2320 (g — 1) +7)
3 (B2 2m) — Bz, 20)) + L 0 (6 — 1) + 7). (2.16)
But {¢(z*, zm)} converges, >, < oo and 3(gn — 1) < co. Hence, we have that {z,} is a
Cauchy sequence. But H is complete, this implies that there exists y* € H such that

[N IA

zn =y € H. (2.17)

Since {z,} is a subset of C' which is closed and convex we have that y* € C. Since C is complete,
we claim that y* € F(T). Using (2.7) and (2.8), we obtain
a®(1 —2b— L?v?)

3 1T %0 = @nl® < gallen = yII° = @ns1r = 9" + 2701+ gu +qn).  (2.18)
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Hence,
lim || 7"z, — z.|| = 0. (2.19)
n—oo

Since z, — y* we obtain T"z,, — y* as n — oo.
Next we, show that ||T"y* — y*|| — 0 as n — oo. Recall that T is uniformly L-Lipschitzian and
Tn — y* as n — oo, we obtain

IT"y" — T x| < Llly* — zn|| = 0, asn — oo, (2.20)

hence,

Ty - y* asn — oo. (2.21)
Consequently, by continuity of 7' we obtain y* = lim,, oo (T™y*) = lim, e T(T" " 'y*) =
T(limy,— o0 (T™'y*)) = T(y*), meaning that y* € F(T). The proof of the theorem is complete.

We obtain the following corollaries to Theorem 2.1.

Corollary 2.2. Let C be a nonempty, closed and convex subset of a real Hilbert space H and T :
C — C be uniformly L-Lipschitzian and asymptotically pseudocontractive mappings with sequences
{kn} C [1,00). Assume that the interior of F(T") is nonempty. Then the sequence {z,} generated by
(2.1) converges strongly to a fixed point of T

Proof. Let 7, = 0 for alln > 1 in Theorem 2.1, and the proof follows.
If we assume that T' is asymptotically nonexpansive in corollary 2.2, then we obtain the following
corollary.

Corollary 2.3. Let C be a nonempty, closed and convex subset of a real Hilbert space H and
T : C — C be asymptotically nonexpansive mappings with sequences {k.} C [1,00). Assume that
the interior of F(T') is nonempty. Then the sequence {x, } generated by (2.1) converges strongly to
a common fixed point of 7.

Proof. Recall that every asymptotically nonexpansive mappings is uniformly L-Lipschitzian with
L := max,>:1{kn} and asymptotically pseudocontractive mapping, hence the proof follows from
corollary 2.2.

Remark 2.4. If v, =0 Vn > 1 in Theorem 2.3 we obtain Theorem ZRC which is an improvement of
Theorem QCK since the Noor type iterative scheme we used is more general than the Ishikawa type
iterative scheme used in Theorem QCK and Schu (1991). Our convergence is strong and does not
require the complex computation of C,, N @,, for each n > 1 as was the case of Qin et al. (2010).
Corollary 2.3 extends the results of Schu (1991) in the sense that our resuts does not require that T’
be completely continuous or C' be compact.

3 Strong convergence theorem for asymptotically strict
pseudocontractive mappings in the intermediate sense

Theorem 3.1. Let C be a nonempty, closed and convex subset of a real Hilbert space H and T :
C — C be a uniformly L-Lipschitzian and asymptotically strict pseudocontractive mapping in the
intermediate sense with sequences {k,} C [1,00) and {¢,} C [0,00) as defined in (1.9). Assume
that the interior of F/(T)) is nonempty. Let {z,} be a sequence defined by 1 = z € C and

Yn = (1 - /Bn)xn + BnTnZn
2Zn = (1 = Yn)Zn + T "Tn, n >0, (3.1)
(

Tnt1 = (1 — an)zn + T yn
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where {a, }, {8»} and {v, } are sequences in (0, 1). Assume that the following conditions are satisfied:
(1) 202 G < 00, 300, (k3 — 1) < o0

(i) a < an<Bn<mm< b for some a > 0and some b € (0, L 2[v1+ L2 —1]).

Then the sequence {z,} generated by (3.1) converges strongly to a fixed point of 7.

Proof. Observe that any L-Lipschitzian and asymptotically k-strict pseudocontractive mapping 7'
in the intermediate sense is uniformly L-Lipschitzian and asymptotically pseudocontractive mapping
in the intermediate sense with ¢, := k,, and 7,, := %Cn Vn > 1, consequently, the conclusion follows
from Theorem 2.1.

Corollary 3.2. Let C be a nonempty, closed and convex subset of a real Hilbert space H and
T : C — C be an asymptotically strict pseudocontractive mapping with sequences {k.} C [1,00).
Assume that the interior of F'(T") is nonempty. Then the sequence {z,} generated by (3.1) converges
strongly to a fixed point of T'.

Proof. Recall that any &-strict pseudocontractive mapping 7" is uniformly L-Lipschitzian, since | 7"z —

T"y|| < Lllz — y||, Va,y € C, where L = max{ "V —DU=01 (Kim and Xu (2008)). Hence, the
proof follows from Theorem 3.1 with ¢,, = 0 for all n > 1

Remark 3.3. Observe that Corollary 3.2 extends Theorems 3.1 and 4.1 of Kim and Xu (2008),
Qin et al. (2010) and Corollary 3.2 of Zegeye et al. (2011) in the sense that we obtained a strong
convergence and do not require the computation of C,, N Q,, for all n > 1. If we take v, = 0Vn > 1,
then we obtain Corollary 3.2 of Zegeye et al. (2011).

Example 3.4. Let X =R and C = [0, 1], for each = € C. Define

e"/zx, if x€]l0, %]
Tx = (3.2)
0, if ve(3,1]
where 0 < k < 1. Then T : C' — C'is not continuous at = = 1, this impies that 7" is not Lipschitzian.

Set C, := [1, 3] and C> := (3, 1]. Hence, we obtain

|[T"z — T y| = e_\/E"|a: —y| <|z—y|forallz,y € C; and n € N. and
|T"z —T"y| =0 < |x —y| foreach z,y € C> and n € N.

For z € C; and y € C>, we obtain:

[T =Ty = |e=VEz — 0] = [e"VF" (z — y) + eVF"y|

< e-“|x—y|+e—“|y|

< |lz—yl+e V" vneN (3.3)
Thus,
T =T Y2 < (o —y|+e V)2

< Jo—yl+e Vo —Tra— (y— T y)> +e V*" M, (3.4)

for each z,y € C, n € N and for some M > 0.
Hence, T is an asymptotically k-strict pseudocontractive mapping in the intermediate sense.

Remark 3.5. Observe that since T is not continuous, T is not asymptotically k-strictly pseudocon-
tractive and asymptotically nonexpansive in the intermediate sense.
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