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ABSTRACT. We u~-: coincidence degree ar~n~ent& to prove t .1e 
cxis~-:!nce and uni~:uencss of period ic solutions ·:f the equat:un 

xi"(t) : ax (t) + bX(t) + g(t,:i;(t- r)) + (ix = p(t) 

,.'·>co)= ._:;: (211'), i = o, 1 .~.:,l. 
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l. INTRODUCTION -~~· 

In a recent paper [5] ¥.'~ proved the existence of periodic solution of 
the fourth order delay equation of the- form 

xiv(t) ~ - a i (t) + bx(t) + c±(t) + y(t, x(t- r) = PU) 

x(i) (0) = x(i) (211') i = 0 1 2 3 
' ' ' ' . 

where a, b, r; are const::: ~1ts, 9 is a Caratheodory 'c; functic.u r.. ( t) E £~7r 
and T E [!), 211') is ::: fixed time delay. 

In this paper ·~.-e shall ::~ vestigat·~ the exist ence and unic t. zness of 
211'- periodic ~:olutio: ~ ior the fourth o··der periodic bo11ndary value 
problem with dehy of the form. 

xiv(t) +a i (t) + bx(t) + 9(t, x(t- r)) + dx = p(·' 
(1.1) 

x<il(O) = x(il(211'), i = 0, 1, 2, 3. 

where a, band .~are constants 9 is a Carathe0dory's fur.~;;ion :;(:) E 
L~1r and T E [0, 211') is e. fixed time delay. The unknown function x . 
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[0, 21r] -+ R is defined for 0 ~ t ~ r by x(t - r) = x(21r-(t- r)). It is 
pe:·tinent to nq}e that some problems in biological or physiological 
systems can be modeled 'Qy (ourth order differential equations with 
time delay. For ins tance, the oscillatory movementtj of muscles that 
occur from th~ interaction of a muscle with !.ts load [7]. Other 
applications can be found in [3] and referent::'*> therein. 

ln section 2 of this paper we shall co.r~sider the problem of non
exist-;:::tce of non-trivial 21r periodic solut;ons of some linear ana
logp.;,:::; of (l...i} In section 3 we shall prove that under suitable 
conditions on th;;; constants a , b, d a.ud on the asymptotic behaviour 

uf the ratio g(t, Y) t.he equation (1.1) possesses at least one 21r-
ay 

pmiodic sol.ttion for each p(t) E L~,.. . The techniques of proof uses 
coincidence degree theory [6] and the apriori estimates are obtained 
by adapting the methods established in [4] . 

In section 4 we shall obtain uniqueness results. In what follows 
we shall use the following notations and definitions. Let R denote 
_t,he real time and I the interval [0, 21r], The following spaces will 
b .:: used. L~,.. = Lk(I, R) are the usual Lebesque spaces, 1 < k < oo 

' ~.i.th x E L~11. , 21r-periodic -
• 1.,. ·• 

• • j.. r I R . k - 1 b 1 t 1 '· · x : -+ , x, x, . .. , x are a so u e y 
0 

Hk _ Hk(I R) l continuous n.nd xk E L~7r 
;) 2,.- - , 

in x(il(o) = x(i) (21r) i = 0, 1, 2,3, . . . , k - 1 

wi' ': norm 

' l 

.: tl 
2 / 1 12,.. ) 2 1 k 12,.. 

ll x llu~,. = \)-~r 
0 

x (t)dt + 27r ~ 
0 

lx(i)(tW 

1 and 
w;,;1 = {X : I -+ R, x, x, ... 'xk-1 are absolutely continuous, 
x k E £ 2 

2 .... 
~.nd xCil (O) = x(i)('21r), i = 0, 1, 2, 3, . .. , k - 1} 
with norm 

1 k [21r 
ll xll~;;• = 27r f; .10 lx(i) (t)idt. 

A function ;.t· E W1~1 is a solution of (1.1) if il satisfies (1.1) almost 
E':v~rywhere on R. 
For such a solution we set 

. ' 
II 
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x = x + x where 

11 

i(t) = a0 + 2:)ak cos kt + b~< sin kt) (1.2) 
k=l 

lj~-

00 

x(t) = 2:: (ak cos kt + bk sin kt) (1.3) 
k=n+l 

2. The Linear Case 
We consider in this section the problem of non-existenc~:;Cof non

trivial periodic solution for some linear analogue of (1.1). We shall 
consider the linear equation. 

xiv +ax (t) + bx(t) + c(t)x(t- :·) + dx = 0 

x(i)(O) = x(il(27r), i = 0, 1, 2, 3 

where a, b, dare con~~ants and c(t) E L1-.r· 
We have the folJo.;.·ing res1~l ts. 

Theorem 2.1 

(2.1) 

Let n ~ 1 be au integer and let the following conditiolW, be satis-
fied. 1 

(i) a =I= 0 
(ii) b > n2 

(iii) 0 < d < n 

' ,· 

(iv) n2 
:::; a-1c(t) :::; (n + 1)2 holds uniformly a.e. in t E [0, 21r] 

with strict inequalities n 2 < a- 1c(t), a-1c(t) < (n+ 1 )2 hold
ing or; subsets of [0, 21r] of positive measure. 

Suppose that there exists ~.:onstant o > 0 with t5 > lal- 1 t~1en the 
boundary value probler:~ (2.1) has no non-t rivial periodic solution 
. w4,l 
In 27f . 

Proof. 
We set f(t ) = a- 1c(t) and rewrite (2 .]) in the form 

a-1 [xiv(! ) + bx(t) + dx(t)]+ x +f(t)x(i: - r) = C: · (~.2) 
~· 

Let x = x + x E Hi1f be an)' solution of (2.2), Then on rnljltiplying 
(2.2) by x(t -r) --i:(t ) and integrati::1g over I , we obtain 1,+ 12 = 0, 
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where 

1 1211" . . . 
0 = -

2 
~ (x(t- T)- x.·(t))a-t[xw + bx + dx]dx =It. 

7r 0 ...-' 

+-2~ r,. (x(t ~) ~ i(t)){x +f(t)x(t- T) }dt := I2 
r. Jo 

=It + I2 

To e3timate I 1 we observe from definition (1.2) and (1.3) that 

1 12,. . I . n 

2 x(t - T)xw(t)dt = "L k5 (a~ + b~) sin kT 
7r 0 I k=t 

I 
1 12'' n 2rr xl1(t- T)x(t)dt = - L k3 (a~ + b~) sin kT 

0 k=t 

\',.\ 

2
1 12

,. x(t- T) X (t) = - t k4 (a~ + b~) cos kT 
rr o I k=t . 

I 
I 

1 {2,.. n 

2
7r Jo x'(t - · T)xdt =-L(a~ + bD sin kT 

0 k= l 

, l 

Thu~; , 
n 

I 1 = a-1 'Llk5
- bk3

- dk][a~ + b~k] sin kT 
k=l 

n 

IItl :s; la- 1 I "L{Ik5 -bk3 +dkl[a~+b~]} 
k=l 

from conditions (ii) and (iii) we get 

rrn:-. 

IItl :s; 1 la-1 lt k2(a~+b%) = ~~~
1

1
2

,. x2 (t)dt 
k=t 0 

:s; la-tllxl~ 
:s; lal-1 1±1}1 ~ 

2.-

I2 = 2~ 12

,. (x(t- T)- i(t))(x +f(t)x(t - T))dt 

n 1 {2tr . 
=- L k4 (a~ + bD coskT + 2rr Jo f(t)x2(t- T))dt 

k=l 0 
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1 l 27r . . 1 1211" .. + - r(t)x(t - T)x(t - T)dt +- x2dt 
271" 0 271" 0 

1 1 211" . - - r(t) x(t' x(t- T)dt 
271" 0 '2 

1 

1
211" 1 1211" "2 '2 > -- x dt-- r (t)x (t- T)dt 

271" 0 271" 0 

1 1211" . . 1 1 211" .. + -
2 

r (t)x(t- T)x(t- T)dt +- x2 (t)dt 
7r 0 271" 0 

1 1211" . . 
-

2
71" 

0 
r(t)x(t)x(t- T)dt 

using 
- ab =(a-b)2 a2 b2 

2 -2- 2 \ 
I 

we get 

1 [211".. 1 1 211" . 
- 271" J.p.,. x2 (~)dt + 2~ 0 

r(t)x
2
(t - r)dt 

+ 2~ fo r (t)x2(t- T)x(t- T)dt 

T·~! { 

1 1 211" "2 1 1 211" r(t) . .. . 2 +- x (t)dt +- -
2
-[x(t- T) + x(t- T) - x(t )] dt 

271" 0 271" 0 

1 1 2,. r(t) [_,_2( \ .:.2( ) _,_ ( ).:.' ) .:. 2( )] +- --X t -- j- X t - T - 2x t - T X~t - T - X t dt 
271" 0 2 

1 ;;
2
,. 1 ;;

2
" r(t) = -- x2(t)dt +- --x2 (t- T)dt 

271" 0 271" 0 2 
'7r 1f () 

1 1 .. 2 1 1 r t . 2 . 2 +- x (t)clt +- --[-x (t- T) -- x (t)]dt 
271" 0 271" 0 2 
1 1 211- r(t) . 1 1 2

,. r (t) . . . - - --;:-~x2 (t - T)dt + - --· [x(t - T) + x(t - T) - x(tJ] 2 clt 
271" 0 ~ 271" 0 2 

1 ( 1 12
,. .. . ) 1 ( 1 1~" .. ) =- - [x2(t- T) - f (t )x2 (t - r )]dt + ~ - x2(t- T) 

2 271" 0 L. 271" 0 

1 ( 1 [ 2"[ ( ).:..2( ) '"2( )l ) +2 27r lo f\t X t - T -X t - T dt 

1 1 211" r(t) . . . .. +- _:_[x(t- T) + f' ~t - T)- x(tWdt 
2n 0 2 _ 

_, 
~ 

I ( I r2 -r '"2 ) -2 21r Jo :r (t - T)dt 
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Since f(t) ~ n 2 for a.e., t E [0, 21r] the last two terms imply that 

-- -~ x (t- r)dt 1 ( 1 i2 
... ·· 2 ) 

2 27r 0 - _. 

+~ ( 2~ J0
2 

... r(t)[:t:(t - r) + (x(t - r)- xW) dt 

~ -- ·- x2(t- r)dt +- - x2(t - r)dt 1 ( 111
2

.,. ) n
2 

( 1 12
.,. ) 

2 27rl 0 2 2"1 0 

n2 ( 1 12.... . )2 

+- -- x(t- r)x(t) dt 
2 27r 0 

n2 1 2.,. . . n2 1 21f . . +- ~(t- r)x(t- r)dt- ~- x(t- r)x(t)dt ~ 0 
27r o I ~7r o 

Since the last trvo terms are zero by orthogonality of x and x and 
·the sum of the first two terms is non-negative by Parseval's equality. 
It follows that 

! 2 ~ ~ ~2_ {
2 

... [P(t- r)- r(t)x2(t- r)J) dt 
2 \27r }0 

1 ( 1 , r21f . .. ) +2 _27r1J o [r(t)x2 (t- r) - x
2
(t- r)]dt ~ olxl;lJ,.. 

by Lemma (2.2) and (2.3) of [4]. Therefore, 

o = I1 + I2 ~ o1±1~2 -lal- 1 <51 ±1~~ 
2~ 2• 

= (o -lal- 1 )ol±l~~ 
2.-

Sin .. ·;;! o > lal-1 we conclude that x = 0 and hence x =constant. 
It is clear thn.t x = constant cannot be a solution of (2.1) since 
d i= 0. 
Therefore x = 0. 

·3 . The Non-Linear Case 
We shall consider here the non-linear boundary value problem of 

,the form. 
' xiv +a i +bx + g(t, x(t- r)) + dx = p(t) 

x(i} (0) = x(i) (27r) i = 0 1 2 3 ' ' ) ' . 

(3.1) 

where a, b, d are constants and p(t) E L~.,., g : I x R --t R is such 
that g(t + 2-;r, x) = y(t, x) and is a Caratheodory function with 
respect to L~.,., that is 

... 
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(i) g(· , x) is measurable on I for each x E R 
(ii) g(t) is continuous or. R for a.e. t E I 

(iii) for each r > 0 there exists Yr E L~,. such that 

lg(t , xi ~ Yr(t) 

( ;. 

\ 

;\II f 

,., 
~ ( .' 

-~ ,. 
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' (3.2) 

For almost everywhere t E I and all x G R such that lxl ~ r . 
We have the following Lemma. 

Lemma 3.1 
Let all the conditions of theorem 2.1 be satisfied. Assume that 

o., /3 E L~,. satisfy the followiJ:g conditions: 

n2 ~ a-1a(t) ~ a-1 f3(t) ~ (n + 1)2 

For a.e. t E [0, 21r] where n ? 1 is an integer and n 2 ~ a- 1o.(t) , 
o.- 1f3(t) < (n+1)2 on subsets of [0, 21r] of positive measure. S>uppo~e 
that there exists constant c > 0, and 50 > 0 with 

a- 1o.(t) - c ~ a-1c(t) ~ a-1/3(t ) + c I (~.3) 
I ' 

Then 
~ 1 

{2,. 
Jo ixi" +a i +bx + c(t) x(t - r) + dxidt ? 6o l xi H~;.! 

It 

(3.4) 
. > 

Proof. 
;I 

The proof follows the same procedure as in Lemma 3.1 of [51. 
We shall now prove the following existence result for equation (3.1). 

Theorem 3.1 
Let a, b, d be constants such that 

(i) a i= 0 
(ii) b > n2 

(iii) 0 < d < n 

and let g be a Cara theodcry's function such that the inequalities 

n2 ~ o.(t) ~ lim inf g(t, y) ~ lim sup g(t, y) ~ f3( t) ~ (n + 1)2 

o. lui -too ay lui-too ay a 
(3.5) 

hold uniformly for a.c. t E I , where n ? 1 is an integer, o., /3 E L~,. 
and the strict inequalities n2 < a- 1c(t), c.- 1c(t) < (n + 1)2 hold on 
subsets of I of positive measnre. Suppose that there exists 6 > 0 
such that 6 > lal- 1 then the boundary value problem (3.1) has at 
least one solution in wi;1

. 
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Proof. 
I ~t c > 0 be a.Ssociated to a_../3 in Lemma 3.1 then by (3.5) the. ' 

exists a constant r = rfc) such that 

a(t) _ € < g(t, y) < {3(t) + c 
a - ay - a 

1or a.e. t E I apd ally E R with IYI ~ r. 
Define a funetifn 

by 

Y(t,y) = 

;. 

r 
Hence, 
t 

I Y.R-TR 
I 

I Y- 1g(t, y) 
1 

if IYI ~ r 

I I yr- 1g(t, r) + (1 - yr-1){3(t), 0:::; y < r 
I . 

I yr-2g(t, r) + (1 + yr- 1){3(t ), -r < y:::; 0 

a(t) _ c < Y(t, y) < {3(t) + c 
a - ay - a 

For a.e. t E [0, 21r} and ally E R with IYI ~ r. 

(3.6) 

(3.7) 

(3.8) 

Define g and <P by g(t, x) = Y(t, x)x, <P(t, x) = g(t, x)- g(t, x) and 
olJserve that both g and <P are caratheodory's functions. 
Hence there ~xists Yr E L~11' su~h that 

l<P(t, x)l :::; Y,.(t) 

for a.e. t E I and all x E R where Yr = Yr(a, {3). 
Thus equation (3.1) is equivalent to 

I 

(3.9) 

xiv +a i +bx + Y(t, x(t- r))x(t- r) + ¢(t, x(t- r)) + dx = p(t) 

x(i)(O) = x(i)(21r), i = 0, 1, 2, 3 
'! (3.10) 
Tt- apply coincide!'lce degree theory [6] to (3.1) written in the form 
(3.10) we set 

X - w4,1 7- Ll 
- 211'' .... - 211'> 

1 
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To complete the proof we choose p such that p > b"01 (IYriL~w + 
IPI£1 ) ~ o 

b ~ 

4. Uniqueness Result 
In this section we shall establish a uniqueness result for equation 

(3.1). 

Theorem 4.1 
·Let all the conditions of theorem 3.1 hold with g satisfying 

n2 ::; o:(t) ::; g(t, ±) .- g~t, y)) ::; j3( t) ::; (n + 1)2 (4 .1) 
a a(x-y) a 

for a.e . t E [0, 2rr] and all x i= iJ E R with a and f3 as in theorem 
3.1. 
Then problem (3.1) has a unique :>olution for each P E £~11" 

Proof. 
, Since.condition {4.1) implies (3.5), theorem 3.1 ensures the exis
t~nce of at least one solution. 

Now let x andy be solutions of (2.1). Then by setting v = x- y, 
v i~ a solution of the problem 

., viv +a v +bii + g(t,v + iJ- g(t,y) + dv = 0 (4.2) 

Ikfine f : I x R -t R by 

n .:;, f(t) = 
" . ' { -u-t [g(t, v + y) - g(t, i;)], if vi= 0 

L. o:(t), if v = 0 

Then (4.2) can be written in the form 

f .. 
witli 

• j. 

viv +a v +bii + f (t)v + dv = 0 

a(t) < f(tJ. < f3(t) 
~'L( 1 I 

a - a - a 
for a.e. t E I and all v E R . 

(4.3) 

' If~ v · = 0 on every subset of [0, 21r] of positive measure then v = 
constant = 0. 
Si~ce d i= 0. Hence x = y. 

S\.Ippose on the other hand that, v(t) i= 0 on a certain subset of 
[C, 2rr] of positive measure, then using the arguments of theorem 
2.1 we arrive that v = 0 and hence x = y. 0 

J~!~ . 
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